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PROCEEDINGS AT THE MEETINGS 
OF THE PHYSICAL SOCIETY 

SESSION 1934-35 

Except where the contrary is stated the meetings were held at the Imperial College 
of Science and Technology , South Kensingtony the President being in the Chair. 

October 19, 1934. 

The President announced that the Council had elected the following to Student 
Membership of the Society: Gordon Lennox James Bailey, G. W. T. Bird, Philip 
Sydney Brown, Ronald Bruce, Kenneth John Coppin, Mauekj Dhauji Dand, 

F. H. D. Fades, Edward Waddington Foster, William Gerald Harper, Kenneth 
Albert Harwood, Frank Holmes, Leonard House, Arnold Stanley Knight, Herbert 
Kolsky, George James Kynch, George Henry Lean, John Louis Michiels, Bryan 
Oliver Payne, Harry Plummer, Ivor William Ramsay, Thomas Henry Redding, 
M. A. Samad, Leslie Hamilton Tarrant, E. J. Whitmore. 

The following presentation to the Joint Library was announced from the Chair 
as having been received since the last meeting; the thanks of the Society was 
accorded to the donor : 

Hoare, F. E.y a Textbook of Thermodynamics. Presented by the author. 

The following papers were read : 

“Velocity of sound in sheet materials. Chladni’s figures at high frequencies,’’ 
by A. B. Wood, D.Sc., F.Inst.P. and F. D. Smith. 

“ The measurement of loudness,” by N. R. Campbell, Sc.D., F.Inst.P. and 

G. C. Marris. Followed by a discussion. 

A demonstration of simple apparatus for measuring the pull between two 
magnetized surfaces was given by Professor J. T. MacGregor- Morris, M.I.E.E. 
and Mr C. R. Stoner, B.Sc. (Eng.), A.M.I.E.E. 

November 2, 1934. 

The following were elected to the Fellowship of the Society: Edmond van 
Aubel, Thomas Lydwell Eckersley, Leonard Frederick Ennever, William Francis 
Harling, Alfred Leonard Green, Maurice Milbourn, William Douglas Oliphant, 
Percy Watson Perryman, Basil Ferdinand Jamieson Schonland, Frank Arthur 
Short, Arthur Simons. 

The following papers were read : 

“A study of oxide films on liquid metals by electron-diffraction,” by R. O.. 
Jenkins, A.R.C.S., B.Sc. 

“Electronic theory and the magnetron oscillator,” by E. W. Benham. 

PHYS. SOC. XLVII b 



X Proceedings at meetings 

The following papers were read in title : 

“The absolute measurement of electrical resistance by a new rotating-coil 
method/* by H. R. Nettleton, D.Sc. and E. G. Balls, M.C., B.Sc., A.I.C. 

“ A new precision tintometer,** by J. J. Manley, M.A., D.Sc. 

“ The propagation of medium radio waves in the ionosphere,** by D. F. Martyn, 
Ph.D., A.R.C.SC. 

“Long-distance observations of radio waves of medium frequencies,** by D. F. 
Martyn, Ph.D., A.R.C.Sc., R. O. Cherry, M.Sc. and A. L. Green, Ph.D. 


November i6, 1934. 

The following were elected to the Fellowship of the Society : Charles Drummond 
Ellis, Donald Harry Smith, H. L. Brooke Woodyatt. 

The President announced that Bhunthin Attagara and Keshab L. Chatterjee 
had been admitted to Student Membership of the Society. 

The following papers were read : 

“On the behaviour of suspended particles in air, and the velocity of sound at 
supersonic frequencies,*’ by E. B. Pearson. (With demonstration.) 

“The use of micro-photometric methods in divided beam spectrophotometry,** 
by D. H. Follett, M.A., A.Inst.P. 

The following papers were read in title : 

“The energy of agitation of positive ions in argon,** by F. Llewellyn Jones, 
M.A., D.Phil. 

“ The computation of the integrals required in mutual-inductance calculations,** 
by N. F. Astbury, M.A. 

“ On observations of points connected by a linear graph,** by Miss B. M. Dent, 
M.Sc. 

A demonstration on the velocity of sound in sheet materials was given by 
A. B. Wood, D.Sc., F.Inst.P. and F. D. Smith. 


December 7, 1934. 

The following were elected to the Fellowship of the Society : Ursula Andre wes, 
Mark Benjamin, Robert Roscoe, William Stanley Mabe (transfer). 

The following paper was read : 

“An interference extensometer and some observations on the el^ticity of lead,** 
by Bruce Chalmers, B.Sc., Ph.D. 

The following papers were read in title : 

“The magnetic properties of amorphous manganese,** by L. F. Bates, D.Sc., 
Ph.D., F.Inst.P. and D. V. Reddi Pantulu, B.Sc. 



Proceedings at meetings xi 

“ Colour-vision characteristics of two trichromats,” by W. D. Wright, D.Sc., 
Ph.D., A.R.C.S., D.I.C. and F. H. G. Pitt, A.R.C.S., D.LC., B.Sc. 

** On the potential acquired in the natural electric field by a vertical rod standing 
on the ground, insulated at the bottom and carrying a collector at the top,” by 

L. H. G. Dines, M.A. 

“The band systems of cadmium fluoride,” by R. K. Asundi, R. Samuel and 

M. Zakiuddin. 

“Rotational analysis of the ultra-violet bands of phosphorus monoxide,” by 
A. K. Sen Gupta. 

“Time-marking a cathode-ray oscillograph by means of harmonics,” by L. F. 
Richardson, B.A,, D.Sc., F.Inst.P., F.R.S. 

The following demonstrations were given : 

A demonstration of the properties of mumetal as applied in an earth inductor 
compass, by Captain O. E. Chapman. 

A demonstration of apparatus for the measurement of the viscosity of liquids at 
high pressures, by C. (?. Mason, O.B.E., M.A., F.Inst.P. (By the courtesy of the 
Burmah Oil Company, Ltd.) 


December 21, 1934. 

Meeting held at the Northampton Polytechnic Institute, St John Street, E.C. i 
by invitation of the Principal.- 

The following papers were read : 

“Ionization charts of the upper atmosphere: Part II,” by G. Millington, 
M.A., B.Sc. 

“Some experiments on electronic oscillations,” by W. A. LeYshon, Ph.D., 
F.Inst.P. 

The following papers were read in title : 

“Models of the superposition and interpenetration of components in gas 
mixtures adsorbed upon thermionic, photoelectric and catal)rtic surfaces: Part I, 
Principles,” by M. C. Johnson, M.A., D.Sc., A.Inst.P. 

“Adsorption of gaSes on mercury,” by R. S. Burdon, B.Sc., F.Inst.P. 

“Convergent polarized light and Hertz’s problem for a uniaxial material,” by 
F. F. P. Bisacre, M.A., B.Sc. 


January i, 2, 3, 1935. 

The Twenty-fifth Annual Exhibition was held at the Imperial College of Science. 
The following discourses were delivered : 

“The Architecture of Molecules,”. by B. Wheeler Robinson, M.A., Ph.D. 

bz 
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“The Problem of Ether Drift/* by C. V. Drysdale, C.B., O.B.E., D.Sc., 
M.LE.E., F.InstP. 

“Giant Telescopes/’ by H. Spencer Jones, M.A., Sc.D., F.R.S. 

January i8, 1935. 

The following were elected to the Fellowship of the Society : Walter Betteridge, 
Leslie Giddens Brazier, Vivian Frederick Davey, W. E. Duncanson. 

The President announced that the Council had elected James Henry Herbert 
Merriman to Student Membership of the Society. 

Prizes and certificates awarded for the sixth competition in Craftsmanship and 
Draughtsmanship were presented. 

An address was given by Mr W. Taylor, F.Inst.P., F.R.S., prepared by himself 
and Mr H. W. Lee, B.A., on “The Development of Photographic Lens Design.” 

February i, 1935. 

The following were elected to the Fellowship of the Society : P. M. S. Blackett, 
Charles Samuel Franklin, Henry Stafford Hatfield, A. W. Isenthal, Joseph Albert 
Lauwerys, Alexander D. McDonald, Charles Ernest Rickard, David A. Richards, 
George Reginald Stanbury, Ivor Willows Stray, Harold W. Thompson, F. W. G. 
White, Bernard George Whitmore, Dorothy Wrinch, Norman Lawrence Yates- 
Fish. 

The Twentieth Guthrie Lecture was given by Professor A. H. Compton, of 
Chicago University, who took as his subject, “ An attempt to analyse Cosmic Rays.” 

February 15, 1935. 

The following were elected to the Fellowship of the Society: Richard Ablett, 
Herbert Langerman Crook, Kenneth Macfadyen, Harold Miller, David Evered 
Harrell Jones (transfer), Frederick Henry George Pitt (transfer). 

The following papers were read : 

“ On a theory of the action of rectangular short-wave frame aerials,” by L. S. 
Palmer, D.Sc., Ph.D., M.I.E.E., F.Inst.P. and Denis Taylor, M.Sc. 

“On the current variations in a short-wave square frame aerial when revolving 
in its own plane,” by L. S. Palmer, D.Sc., Ph.D., M.I.E.E., F.Inst.P. and R. Witty, 
B.Sc., A.Inst.P. 

A demonstration of a relay that operates two circuits alternately with delayed 
action was given by D. S. Perfect, D.Sc. 

March i, 1935. 

The following were elected to the Fellowship of the Society: Harold Albert 
Nancarrow, Eric Henry Dock (transfer). 
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The President announced that the Council had elected Gordon Edward Ashwell 
to Student Membership of the Society. 

The following papers were read : 

“ Time and amplitude relations in seismology,” by Harold Jeffreys, F.R.S. 

“A negative-resistance device and its application to harmonic analysis,” by 
C. W. Oatley, M.A., M.Sc. 

The following papers were read in title : 

“ Rapid mathematical methods for trichromatic colorimetry,” by J. G. Holmes, 
A.R.C.S., B.Sc. 

“Note on additional experiments on the effective rotation temperature of the 
negative glow in nitrogen,” by N. Thompson, B.Sc. 

“The band spectrum of beryllium monoxide,” by A. Harvey, Ph.D., F.Inst.P. 
and H. Bell, M.A. 

“The efficiency of excitation of the nitrogen first positive bands by electron 
impact,” by S. E. Williams, M.Sc. 

The following demonstrations were given: 

“Visible Frequency Valve-Instructor.” A demonstration of some of the pro- 
perties of a three-electrode valve at visible frequencies, by Professor H. F. Trewman, 
M.A., M.I.E.E. 

“ The C.R.O. Valve-Instructor.” An application of the cathode ray oscillograph 
to instruction in the behaviour of thermionic valves in a variety of circuits, by 
G. F. Nicholson. 


March 15, 1935. 

Annual General Meeting, 

The Minutes of the previous Annual General Meeting were read and accepted 
as correct. 

The reports of the Council and Hon. Treasurer and the accounts were adopted. 

The Officers and Council for 1935-6 and the Auditors were elected. 

The Twelfth Duddell Medal was presented to Dr W. Ewart Williams. 

Votes of thanks were accorded to the retiring Officers and Council and to the 
Governors of the Inlperial College of Science and Technology. 

Ordinary Meeting, 

Robert Cockbum was elected to the Fellowship of the Society. 

The President announced that the Council had elected Arthur Thomas Gill to 
Student Membership of the Society. 

The following presentations to the Joint Library were announced from the 
Chair as having been received; the thanks of the Society were accorded to the 
donors : 
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Levy, H. and Baggott, E. A., Numerical Studies in Differential Equations. Vol. i. 
Presented by Professor H. Levy. 

Childs, W. H. J., Physical Constants. Presented by the author. 

Philosophical Magazine^ Nos. 214, 215. Presented by Major C. E. S. Phillips. 

The following paper was read : 

“The rectifier selenium-sulphur photoelectric cell,’’ by G. P. Barnard, B.Sc., 
A.Inst.P. 

The following papers were read in title : 

“Absolute intensities in the spectrum of quartz mercury arcs and their variation 
with temperature changes of the surrounding air,” by A. J. Maddock, M.Sc., 
A.Inst.P. 

“The band spectrum of vanadium oxide,” by P. C. Mahanti, M.Sc. 

“A new method of measuring the time and efficiency of photographic shutters,” 
by E. D. Eyles, B.Sc. and E. W. H. Selwyn, B.Sc., A.R.C.S., F.Inst.P. 


ApHl 5, 1935. 

The following were elected to the Fellowship of the Society: Charles Alfred 
Coulson, Ifor Ceredig Jones, and Franz Simon. 

The President announced that the Council had elected Madge G. Adam and 
Donald Martin Knight to Student Membership of the Society. 

The following papers were read : 

“The effect of pressure on supersonic dispersion in gases,” by W. Railston, 
M.Sc. and E. G. Richardson, B.A., Ph.D., D.Sc. 

“The effect of temperature on supersonic dispersion in gases,” by H. L. 
Penman, M.Sc., A.Inst.P. 

“The surface tension of a moving water sheet,” by W. N. Bond, M.A., D.Sc., 
F.Inst.P. (With demonstration.) 

The following paper was read in title : 

“ Magnetic susceptibility of cerium chloride in aqueous solution and its variation 
with temperature,” by J. Liquier-Milward, D.Sc., Ph.D. 


May 3, 1935. 

John Stewart was elected to the Fellowship of the Society. 

The following papers were read ; 

“ Liquefaction of hydrogen by the expansion method,” by F. Simon, A. H. 
Cooke and H. PsARsdN. 

“ On vortex motion in gaseous jets and the origin of their sensitivity to sound,” 
by G. B. Brown, M.Sc., Ph.D. (With demonstration.) 
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** A discussion of the transition metals on the basis of quantum mechanics,” by 
N. F. Mott, M.A. 

The following papers were read in title : 

“Experiments relating to the distribution of alternating electric currents in the 
earth and the measurement of earth resistivity,” by S. Whitehead, M.A., Ph.D., 
A.M.LE.E., F.Inst.P. and W. G. Radley, B.Sc. 

“The quantitative measurement of the intensity of X-ray reflections from 
crystalline powders,” by J. C. M. Brentano, D.Sc., F.Inst.P. 

“The direct measurement of the Peltier coefficient,” by A. J. Woodall, B.Sc., 
Ph.D., A.Inst.P. 

“The longitudinal thermoelectric effect: (2) Nickel in longitudinal magnetic 
fields,” by T. H. Pi, M.Sc. and W. Band, M.Sc. 

“The longitudinal thermoelectric effect: (3) Aluminium,” by M. K. Li, M.Sc. 
and W. Band, M.Sc. 

“The longitudinal thermoelectric effect: (4) Aluminium {continued),^' by 
W. Band, M.Sc. 

May 17, 1935. 

The following were elected to the Fellowship of the Society: David Forbes 
Martyn, Eugene Bloch. 

The following presentations to the Joint Library were announced from the 
Chair as having been received; the thanks of the Society were accorded to the 
donors : 

Journal of the Institution of Electrical Engineers y Vols. 64 and 65. Presented by 
Mr W. H. Nottage. 

Journal of the Institution of Electrical Engineers, Vol. 66. Presented by Mr Albert 
Campbell. 

The following papers were read : 

“The twinning of single crystals of tin,” by Bruce Chalmers, B.Sc., Ph.D. 

“ An investigation of the wet and dry bulb hygrometer at low temperatures,” by 
J. H. Awbery, B.A.^ B.Sc., F.Inst.P. and Ezer Griffiths, D.Sc., F.Inst.P., F.R.S. 

The following papers were read in title : 

“ Comparison of X-ray wave-lengths by the plane grating vacuum spectrograph 
and the structure of the K line of carbon,” by D. P. R. Petrie, M.Sc. 

“A spectrographic examination of arcs between plain soot carbons and its 
connection with the candle-power per ampere of the positive crater,” by J. T. 
MacGregor-Morris, M.I.E.E. and D. E. H. Jones, M.Sc., A.Inst.P. 

“Spherical sound waves of finite amplitude,” by N. W. McLachlan, D.Sc., 
M.I.E.E. and A. L. Meyers, B.Sc., A.M.I.E.E. 

“The temperature variation of the viscosity of aqueous solutions of strong 
electrolytes,” by W. J. Sulston, B.Sc., A.Inst.P. 
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June 7, 1935. 

Dorothy Jessie Alexander was elected to the Fellowship of the Society. 

The President announced that the Council had elected the following to Student 
Membership of the Society: Arthur HafFord Cooke, Raymond Frederick Cyster, 
Samuel Silver, Abraham Yanovsky. 

The following papers were read : 

‘*A correction to the theory of the Rayleigh disc. Measurement of sound 
intensity in water,*’ by A. B. Wood, D.Sc., F.Inst.P. 

“Experimental determination of the frequencies of free circular plates,” by 
A. B. Wood, D.Sc., F.Inst.P. 

“The statistical theory of errors,” by N. R. Campbell, Sc.D., F.Inst.P. 

The following papers were read in title : 

“ The breakdown of dielectrics under high voltage, with particular reference to 
thermal instability,” by S. Whitehead, M.A., Ph.D., A.M.I.E.E., F.Inst.P. and 
W. Nethercot, M.A., B.Sc. 

“The variation of voltage distribution and of electron transit time with current 
in the planar diode,” by R. Cockburn, B.Sc. 

“ The electrical conductivity of some strong electrolytes in dilute solution, and 
its variation over the temperature range 18° C. to 25° C.,” by C. J. B. Clews, B.Sc., 
A.Inst.P. 

“All improved counting circuit,” by H. P. Barasch. 


June 21, 1935. 

The following papers were read : 

“A null dynamometer method of measuring the inductance and the effective 
resistance of iron-cored chokes carrying direct current,” by G. D. Pegler, B.Sc. 

“ The electrical properties of soil at frequencies up to 100 megacycles per second 
(with a note on the resistivity of ground in the United Kingdom),” by R. L. Smith- 
Rose, D.Sc., Ph.D., A.M.I.E.E. 

The following papers were read in title : 

“The lattice dimensions of zinc oxide,” by C. W. Bunn. 

“ The structure of the ionosphere,” by J. Hollingworth, M.A., D.Sc., M.I.E.E. 

“The effect of the aeration of the water used in the determination of the 
mechanical equivalent of heat,” by T. H. Laby, M.A., Sc.D., F.Inst.P., F.R.S. 
and E, O. Hercus, D.Sc., F.Inst.P. 

“Longitudinal thermoelectric effect (5) Silver,^* by J. L. Ch’en, M.S. and 
W. Band, M.Sc. 

“ Thermomagnetic hysteresis of nickel,” by Y. K. Hsu, M.S. and W. Band, 
M.Sc. 



REPORT OF COUNCIL FOR THE YEAR 
ENDING FEBRUARY 28, 1935 

MEETINGS 

During the period under review 14 Ordinary Science Meetings were held at the Imperial 
College of Science and Technology. At these meetings 56 papers were presented and 
7 demonstrations given. 

A Science Meeting was held on December 21, 1934, at the Northampton Polytechnic 
Institute, by the kind invitation of the Principal, Mr S. C. Laws, and a number of 
demonstrations were given in the laboratories of the Institute. 

On January 18, 1935, Mr William Taylor delivered a lecture prepared by himself and 
Mr H. W. Lee on “The Development of Photographic Lens Design**. 

SUMMER MEETING AT THE ROYAL NAVAL COLLEGE, 

GREENWICH 

A meeting of the Society was held at the Royal Naval College, Greenwich, on June 16, 
1934, by the kind invitation of the President, Vice-Admiral Sir B*. E. Domville, and 
Professor G. B. Bryan. 

The Painted Hall and other historical features were open to inspection by members 
and their guests. 

A lecture on the history of the College was given by Professor G. A. R. Callendar in 
the forenoon and in the afternoon Professor Bryan delivered an interesting address dealing 
with certain anomalies and difficulties observed in lecture experiments. 

In the Mechanics and Physical Laboratories experiments were shown by Professors 
Haigh and Bryan and their staffs. Dr L. J. Comrie gave a lecture, with demonstration, on 
some modern calculating, adding and printing machines. 

GUTHRIE LECTURES 

The Nineteenth Guthrie Lecture was delivered on May 4, 1934, by Sir Charles 
Vernon Boys on “My recent progress in Gas Calorimetry**, and the Twentieth Guthrie 
Lecture was delivered on February i, 1935, by Professor A. H. Compton of Chicago 
University on “An attempt to analyse Cosmic Rays**. 

INTERNATIONAL CONFERENCE 

An International . Conference on Physics, organized by the Royal Society and the 
Physical Society, was held in the week October 1—6, i934> in conjunction with the meeting 
of the Union of Pure and Applied Physics. Meetings for the discussions of papers on 
Nuclear Physics and on the Solid State of Matter were held in London and Cambridge, 
those in London taking place either at the rooms of the Royal Society or in the Royal 
Institution. About 30 papers were contributed by authors from 10 different countries, 
and no less than 600 persons were enrolled as members of the Conference ; zoo of these 
were visitors from foreign countries. 

The proceedings of the Conference are being published by the Society, and Fellows 
will in due course receive particulars and order-forms. 



THE DUDDELL MEDAL 

The Eleventh Duddell Medal was presented to Mr H. Dennis Taylor on March i6, 
1934, for his work on optical design. 

ITie Council has awarded the Twelfth Duddell Medal to Dr W. Ewart Williams for 
his work on interferometry. 


ANNUAL EXHIBITION 

The Twenty-fifth Annual Exhibition was held on January i, 2 and 3, 1935, at the 
Imperial College of Science and Technology by the courtesy of the Governing Body. 

There were 79 exhibitors in the Trade Section and 32 in the Research and Experi- 
mental Section. The attendance during the three days was close on 9000. 

The following discourses were given : 

“The Architecture of Molecules*’, by B. Wheeler Robinson, M.A., Ph.D. 

“The Problem of Ether Drift**, by C. V. Drysdale, C.B., O.B.E., D.Sc., M.I.E.E., 
F.Inst.P. 

“Giant Telescopes**, by H. Spencer Jones, M.A., Sc.D., F.R.S. 

PROGRESS REPORTS 

The Society has for some time past had under consideration the possibility of issuing 
a series of annual progress reports on physics. The first volume of the series has just been 
issued and is now on sale. It contains reports on the various main branches of physics, 
together with a number of reports on special subjects. The volume runs to some 370 pages, 
the format being that of the Proceedings^ and the price, bound in cloth, is izs. 6 d. to 
non-Fellows and gs. od. to Fellows of the Society. 


REPRESENTATION ON OTHER BODIES 

The three members now representing the Physical Society on the British National 
Committee for Physics are Dr E. Griffiths, Mr T. Smith and Mr J. H. Awbery. 

Professor A. Ferguson, Dr D. Owen, Professor G. F. J. Temple and Mr J. H. Awbery 
represent the Society on the Committee of Management of Science Abstracts. 

Professor E. V. Appleton and Dr A. B. Wood are the representatives of the Society 
on the National Committee for Radio-Telegraphy. 

Dr D. Owen and Dr E. Griffiths represent the Society on the Board of the Institute 
of Physics. 

Dr W. M. Hampton is the Society's representative on the Council of the Fourth 
Glass Convention. 


OBITUARY 

The Council records with deep regret the deaths of the following Fellows: Madame 
Curie (Honorary Fellow), Professor A. P. Chattock, Mr T. F. Connolly, Sir Alfred Ewing, 
Professor W. M. Hicks, Mr C. F. B. Kemp, Mr A. Lynch, Rev. S. A. McDowall, Mr 
M. J. Salter, Sir Arthur Schuster, Mr G. P. Simpson, Professor the Rev. S. Sircom, 
Mr J. B. Styring, Dr F. Wenner, Mr F. J, Witts. 



MEMBERSHIP ROLL AT DEC. 31, 1934 



Total 




Total 


Dec. 31, 1933 

Changes during 1934 


Dec. 31, 1934 

Honorary Fellows 

12 

Deceased 


I 

II 

Honorary Fellows 

8 



— 

8 

{Optical Society) 






Ex-officio Fellows 

4 



- 

4 

Ordinary Fellows 

921 

Elected 

29 




Student transfers 

7 






36 





Deceased ... ... ii 






Resigned or lapsed ... 25 

36 





Net change ... 


921 

Students 

60 

Elected 

Transferred to Fellow 7 

16 





Resigned or lapsed ... 2 

9 





Net increase ... 


7 

67 

Total Membership 

1005 

Net increase ... 


6 

lOII 





REPORT OF THE HONORARY TREASURER 

The accounts for the year ended December 31st, 1934 show an excess of income 
over expenditure of £95. 7^. lod. The estimated value of the Society’s publications 
has been shown in a footnote on the Balance Sheet. 

The special account for the suggested publication of annual reports on the 
progress of physical science now stands at £142. lo^. od. As mentioned in the 
Report of the Council the first volume of the series has just been published. 

The Society’s investments have been valued at market prices on December 31st, 
1934 through the courtesy of the Manager of the Charing Cross Branch of the 
Westminster Bank. 


March 1st, 1935 


(Signed) ROBERT S. WHIPPLE 
Honorary Treasurer 
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* Seventy-nine Fellows paid reduced subscriptions by the arrangement with the Institute of Physics, the total rebate being ^£26. 16r. 2d. 
t Voluntary subscriptions are subscriptions paid by Fellows who compounded for the low sum of £10, 
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LIFE COMPOSITION FUND ON DECEMBER 31ST, 1934 


jC »• <*• 

56 Fellows paid £10 . ^ . . . . 550 0 0 

1 FcUow paid ;a5 16 0 0 

15 Fellows paid £21 ......... 815 0 0 

1 FeUow paid £80 80 0 0 

21 FeUows paid £81. lOf 661 10 0 


£1671 10 0 


Carried to Balance Sheet 


W. F. STANLEY TRUST FUND 


I s. d, 
884 0 0 


£300 Southern Railway Preferred Or- 
dinary Stock ..... 287 0 0 

£442 Southern Railway Deferred Ordinary 
Stock 97 0 0 


£334 0 0 


£884 0 0 


Carried to Balance Sheet 


DUDDELL MEMORIAL TRUST FUND 


Capital 


£ r. d. 
. 486 0 0 


£400 War Loan 3^ % Inscribed 
Account . . . . . 


*‘B” 


Honorarium to Medallist 
Balance carried to Balance Sheet 


Revenue 


5. a. 

15 0 0 Balance on December 81st, 1038 
28 12 0 Interest . . . . . 


£38 12 9 


£ s. d. 
486 0 0 


£ s. d. 
24 12 0 
14 0 0 


£88 12 9 


OPTICAL CONVENTION, 1926, TRUST ACCOUNT 


Balance carried to Balance Sheet 


£ s. d. 
87 0 9 


£87 0 9 


Balance on December 31st, 1983 
Sales of Publications 


£ S. d. 
81 18 8 
5 2 6 


£87 0 9 


Enmenses in connexion with Library 
Bahince carried to Balance Sheet . 


A. W. SCOTT BEQUEST 


£ r. d. 


12 5 7 

100 10 6 


£212 5 1 


Balance on December 81 st, 1988 


£ r. d. 

212 5 1 


£212 5 1 


“SPECIAL REPORTS ON PHYSICS” ACCOUNT 

£ r. d. 

142 10 0 


£142 10 0 


£ d, 
142 2 0 
8 0 

£142 10 0 


Balance carried to Balance Sheet 


Balance on December 81st, 1088 . 

Donations during 1984 . 
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ELECTRONIC THEORY AND THE MAGNETRON 

OSCILLATOR 

By W. E. BENHAM 

Received August 9, 1934. Read November 2, 1934. 

ABSTRACT, The present paper extends previous analysis* to cover any degree of space- 
charge limitation. In addition to terms involving initial velocities and accelerations of 
electrons, the effect of a magnetic field of constant value has been included. 

The potential-distribution is shown to be but slightly influenced 'by the magnetic 
field under steady-state conditions. It is shown that Langmuir’s results for this casef still 
apply fairly accurately for potential-minimum calculations in the presence of a magnetic 
field. Particular attention is given to the value of the electric field at the cathode and to 
the average initial velocity of those electrons which reach the potential-minimum and 
thus constitute the anode current. The prolongation of electron transit time by the mag- 
netic field is fully discussed. 

The electron-velocity is composed of a forward component parallel to the electric 
field and a drift component at right angles to both electric and magnetic fields. The 
forward velocity may be oscillatory in character but the drift velocity is unaffected by 
alternating fields. 

The general solution for the forward velocity contains two arbitrary functions the 
correct choice of which is fully discussed. The inclusion of a magnetic field is definitely 
of assistance in establishing that the choice of the arbitrary functions is governed mainly 
by the necessity for avoiding infinite values, rather than by boundary conditions of the 
usual type. This anomalous state of affairs arises from the non-linearity of the original 
equations, which involves the introduction at an early stage of the arbitrarily ^signed 
boundary values of the steady-state components of velocity and acceleration as well as 
those of the direct and alternating current. 

Formulae are given for the components normal and parallel to the plates of the electron- 
velocity averaged over all electrons, and application is made to a real and to a virtual cathode. 


§1. INTRODUCTION 

I N the vacuum-tube theory of some twenty years ago it was considered sufficient 
to know the relations existing between direct currents and voltages, as obtained 
theoretically or by direct measurement, to be well acquainted with the processes 
that take place in high-vacuum tubes. At the present day the same outlook is still 
• W. E. Benham, Pful, Mag, 11, 457 (1931). t Pbys. Rev, 21, 419 (1923)* 
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very general, and not without abundant experimental justification. In the design of 
vacuum tubes for broadcast or commercial transmission and reception a number 
of constants have now, of course, to be determined in addition to the static 
characteristic curves. The most important of these are the electrostatic capacities 
between the several pairs of electrodes associated with the tube. Where curves 
other than the static characteristic curves are quoted, such as those showing audio 
output power and efficiency as a function of output impedance, such curves can 
generally be regarded as known from the static characteristics, though in practice 
dynamic measurements are usual where the saving of time is a major consideration. 

It is generally true that the higher the frequency of the alternating current for 
which a given vacuum tube is designed the greater is the uncertainty that attaches 
to any estimate of the performance based on static characteristics. In addition to 
the limitations of efficiency associated with interelectrode capacities already 
referred to, dielectric and eddy-current losses may be paramount. In many cases 
the electron-inertia is rightly considered negligible in comparison with other factors. 
What is not generally appreciated, however, is that electron-inertia may be of 
importance even at audio frequencies. For example, the operating interelectrode 
capacities are known to depend on the space-charge conditions between the 
electrodes. If the electrons were possessed of charge but were fixed in space, they 
would invariably increase the capacity as compared with the electrostatic value. 
Owing to the finite mass of the electron the capacity is lessened by an amount 
depending on the space-current conditions and geometry of the electrode-pair 
considered, and only to a minor extent on the frequency (except at frequencies 
comparable with T~^, where T is transit time of electrons). 

It is, admittedly, difficult to predict with certainty the effect of space-charge 
inertia in multi-electrode valves. It is possible, however, to say with confidence 
that a stage is rapidly approaching where greater attention will have to be paid to 
this question. In the pentagrid tube, for example, we have a virtual cathode formed 
between a pair of grids and serving as electron-source to succeeding grids. 

It appears that a virtual cathode is possessed of remarkable properties, accurate 
information concerning which can only be obtained by means of an exhaustive 
theoretical study covering electron-inertia, together with the initial velocities and 
accelerations at the real cathode. 

In the attempt to establish some of the properties of a magnetron oscillator, a 
magnetic field applied parallel to the plates of a parallel plane diode was studied, 
first of all by neglecting initial velocities and accelerations, and anomalous results 
were obtained at the critical plane, which is the turning-point of electrons in the 
diode. Now the critical plane in a magnetron differs from a virtual cathode* only 
in respect of the existence of a drift-velocity component parallel to the plates. A 
study of the critical plane should therefore result in information which can be 
applied to virtual cathodes in general. With a view to obtaining further information, 
initial velocities and accelerations have been included, and the general solution has 
been derived. 

• L. Tonks, Phys, Rev, 29 , 913 (19*7). 
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§a. NATURE OF THE PROBLEM 

(2.1) General conceptions. The problem involved in generalized electronic 
theory is very similar in nature to that of the motion of charged particles in free 
space under the influence of electromagnetic waves, but with one important 
difference. In illustration of this difference we may consider two equal electro- 
magnetic waves travelling in opposite directions. Let them meet at a point. If the 
electric vectors of the two waves are parallel, a quasistationary condition, in which 
the magnetic forces in the waves cancel one another, will obtain at the point con- 
sidered and also along the line of overlap of the waves. Further, if the waves 
considered have travelled sufficiently from their respective source to be considered 
plane, they will meet in a plane and a volume will be traced out in which the above 
quasistationary state applies. 

If in this volume we insert a plane thermionic cathode in a condition to emit 
electrons, and orient the cathode at right angles to the electric vectors of the waves, 
the motions of the electrons in the space will be governed by the same considerations 
as apply in the practical case of a valve subjected to alternating potentials. 

The illustration serves to show that the problem is somewhat simplified as 
compared with the general electromagnetic problem, which has hitherto defied 
solution, in that terms representing the magnetic vectors may be dropped out of 
the equations. This simplification is fortunate in that the complication is already 
considerable in view of the mutual repulsions of the electrons. Secondary magnetic 
effects due to the motions of the electrons themselves are small for velocities low 
compared with r, and these will be neglected along with the magnetic vectors, the 
only magnetic field considered being one of constant value. 

Still another conception which it is desirable to introduce at an early stage is 
the subdivision into alternating and direct-current components of certain of the 
physical quantities appearing in the equations. This operation is effected in the 
ordinary course of the analysis, but a word as to its justification may not be out of 
place here. In previous work the vector quantities all occurred in the same direction. 
Any vector could therefore be subdivided into components of a Fourier series 
which could be added together at any point where desired. In the present case we 
have to justify the operation of choosing components of the physical quantities 
parallel to the axes of co-ordinates and afterwards effecting the harmonic sub- 
division. In this connection we have to deal with the non-linear expression £/V. U, 
which, when components are taken parallel to the axes, represents nine terms in all. 
While the velocity U of the electrons is itself a vector, UV denotes the scalar 
operator ‘ ^ ^ 

The ^-component of (TV. U is thus 


/ a 


, TT 
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If we effect harmonic subdivision before dividing into components parallel to the 
axes, we obtain (JJ being independent of t) 

c/v.f/= U'? .n+(Uv .u+uv .n)+uv .u. 

The ^-component of (UV .u+uV . U) is 






dy 


+ u. 


dz, 




dx 




^dy' 


* dz. 


)v. 




the result which is also obtained by choosing components first and afterwards 
effecting subdivision. We may therefore consider the method of harmonic sub- 
division as justified when used without further comment in § 5 at (5.1). 

A few preliminary considerations will now suffice to pave the way for the analysis. 

(2.2) Notation, In the case of the treatment applicable to individual electrons 
(2.4) the notation used is quite straightforward. The use of fluxional notation to 
indicate differentiation following the motion of the electron is quite usual and rather 
more satisfactory than the use of total differential notation djdt, since the differ- 
entiation is, in fact, partial, dx d d 




'ar 


a__ a I 

where (which <^) represents the instant at which the electron in question left 
the origin. Thus only in the time-steady state can x, y, z be regarded as total 
differentials. 

In the general case, the coordinate system used is 

{x, y, z, t), 

where Xy jy, z are now independent variables, and d/dt denotes partial differentiation 
with respect to time at constant (x, z). The velocity in the general case is repre- 

sented by U having components Ux, Uyy parallel to the axes. At a later stage, 
when Ux comes in for special consideration, the suffix x is omitted. This does not 
lead to confusion and permits of the use of the suffix o to denote forward velocity 
of emission. The various components of U in the harmonic sense are represented 
by subdivision of U into components of zero order fJ, first order «, second order u' 
and so on. 


(2.3) No restriction to small amplitudes. The values of the harmonic components, 
of U are determined by assigning to the total current J the wave form 

7 = 7 +ji sin pt -i-ja sin^ pt+,,,y 

the number of available equations being equal to the number of harmonics it is 
desired to consider. Thus, at any selected value of x 

u=fU). 

«=^ Jjf t)> 
u'—h(U,J, , t), 
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and so on. In general it is only necessary to determine the functions / and g. The 
function h was determined for planes and cylinders in the absence of a magnetic 
field, but the calculation is highly laborious. In cases where we are investigating 
the ability of a valve to give rise to oscillations it may safely be assumed that the 
tube and associated circuit will distinguish between harmonics and fundamental, 
so that we should always be able to pick out the latter. In most cases, therefore, 
determination of the properties of the fundamental component gives all the 
information necessary to the problem, and it is to be noted that with the inclusion 
of initial velocities and accelerations the restriction u<U disappears, the solution 
obtained being entirely independent of this assumption except when applied at 
points sufficiently close to the anode, for the electron current to be cut off during 
part of the cycle. This only occurs for magnetic fields in the neighbourhood of the 
critical value. 

The above applies equally to the solution for individual electrons, but in this 
case the solution is inadequate for other reasons; see (2.6). The treatment outlined 
in (2.4) is given chiefly in order to facilitate understanding of the main problem. 

(2.4) Equations and solution for individual electrons of the space charge. Consider 
the motion of charged particles under the combined influence of a uniform magnetic 
field H and an electric field X which will be non-uniform in general. Let the axis 
of z be taken along H and that of x along X. If we choose a right-handed system 
(x, y, z)y the equations of motion of any selected particle are 

mx=eX-\-eHy'^ 

my^—eHx (i), 

mz^o 

where m and e are the mass and negative charge of an electron. 

The four cases to be considered are as follows: (a) X uniform and constant; 
(h) X uniform, but varying in time; (c) X non-uniform, but independent of time 
at a given value of x; (d) X non-uniform and varying with time. 

The first two cases are dealt with in (2.41), the second two in (2.42). 

(2.41) Space-charge forces negligible, (a) X uniform and constant. The integrals 
of (i) are as follows: 


X 

x = Xq cos a}t +yo sin cut + ^ sin cut 

(2). 

y=^ —Xq sin cut +yo cos cut — ^ (i — cos cot) 

( 3 ). 

Z — Oy 



in which the suffix o corresponds to initial velocity components, and co is written 
for {ejm) H. The quantity represents the natural angular frequency of rotation 
of electrons about the lines of magnetic force, and will require such frequent 
discussion that for the future we shall refer to oj as the field frequency y for want of a 
better term. In this and in other connections the word “frequency** will be freely 
used where “angular frequency**. is to be understood. 
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A further integration gives the path of the particles: 

*=^sin«>f+i^^o+^)(i“COS “'0 ( 4 )> 

2, A X * 

y = ^ COS oi^— sin a>f ^(ca^—sin aif) ■ (5), 

O) 0} oitl 

We note from (4) the effect of tangentially emitted electrons on the forward path 
(that in the x direction). It can be shown that the maximum value of x is affected 
more by the % term than by the term. 

The X component of acceleration at the origin is given by 

«i,=o> (^0+^) =“*>+£ -ST (6)- 

By equation (3) there is a mean transverse velocity of drift given by —XjH, This 
was referred to by Chapman as the drift velocity of the free chargd^. Chapman also 
drew attention to the fact that the mean value of x was zero despite the electric 
field being in the direction of x. This conclusion corresponds, of course, to perfect 
freedom of motion of the particles. In the case of a valve the anode may collect 
electrons so that the cycloidal path is interrupted, and in this case there will be a 
resultant motion of electrons in the jc-direction. 

By direct integration of the second equation of (i) we see that 

^ = (7). 

This equation shows how the drift velocity varies with distance from the origin. 
It also shows that if we take up a position of observation at any selected value of x 
and Watch charges moving in the yz plane, the average effect observed will be that 
o||i constant drift velocity. It is to be noted that equation (7) holds good in all the 
cases {a) to {d) under consideration. 

{b) X uniform^ but varying in time. Let 

X, Xi X==X-Xi cos pt (8), 

in which p will be referred to as the impressed frequency. Thus, in the concrete 
case of the magnetron oscillator, p would depend on the natural frequency of the 
associated circuit. On the other hand, p is also to be thought of as the frequency 
at which the system will oscillate, if it oscillates at all. We thus adopt the method of 
impressing a disturbance of frequency p on the system and studying the reactions 
of the system to that disturbance. The forward-velocity component may be 
obtained by solving for x by means of the equation 

Sl + u}^ x=~pXi sin pt (9). 

The solution obtained is 
*==*b co8<i> sin to 

xT— sinp^+sinp/o cos to (/— <9)+- cosp<;,sinto (l— A>)1 (10). 


Proc, roy. Soc. A, 122 , 378 (1929). 
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in which represents the instant at which the electron in question left the 
origin. 

It must be noted that Xq is now a function of given by substituting (8) in (i) 

and putting 

^ = (oy^ 4- “ (-? X-i cos pt^» 

(2.42) Space-charge forces not negtigihle, (^:) X non-unifomiy hut independent of 
time at a given value of x. 

The non-uniformity of the field may be expressed by the Maxwellian equation 

(II), 

where J is Maxwell’s total current. Since J will here be independent of time, the 
effect of space-charge is to give rise to a field X such that 

X^^TTC^J ,t-\-XQ, 

in which t^ is taken as zero at the origin to indicate the time steady state. 

Instead of equation (8) we require the equation 

x-{-<d^x=^rrJ (12), 

the steady-state solution of which is 

X e J 

x — Xa COS co/ + - sin cu/ + 477 — c^ — (i — cos co/) (13), 

CO ^ m CO* ' \ on 

in which x^ is given by equation (6). 

If we put J equal to o equation (13) reduces to equation (2), as would be ex- 
pected, since if there is no space current the number of electrons will be insufficient 
to give rise to a non-uniform field. It is important to note that J represents the 
contribution of all electrons to the space current: equation (ii) is fundamental ai^ 
applies exactly whether or no a velocity-distribution exists. 

{d) X non-uniform and varying with time. This is the general case. Writing 

J=j+ji 9 mpt 

in equation (i2), we obtain the following solution: 

g T 

x — Xq cos cj + ~ sin CO — ^o) + 4^^ — {i — cos co (^— ^o)} 

4^ ^ ^ Vi r Pi 

+ r — sin 4- sin pt^ cos co (^ — + £ cosptosmo) — fo)J •••(i4)- 

The value of Xq is related to that of the field at the origin. We have, by integration 
of (ii) with respect to t over the interval 

X-XQ= 47 rc^ ^^Jdt^j^nc^ (t-to) + ^^ (cos/>fo“cos/)^)j ...(15). 

The right-hand side vanishes when t = to, and we see that Xq remains indeterminate. 
This, however, would be expected since it is not sufiicient to know the space 
current, but we require also to know the total emission. If «o the number of 
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electrons emitted with forward components of velocity lying between *o and 
x^+dxo, and if Jg denote total emission plus displacement current, both reckoned 
per cm? of cathode surface, 


r r * ^^0 


cathode 


.(i6). 


Now the Schottky* effect results in a slight variation of total emission with field- 
strength, but the alternating field itself may be considered insufficient to be 
effective in this respect. Again, the total emission is subject to random variations 
known as “Schroteffekt^f; these variations, which amount to a very small fraction 
of the total emission, could if desired be represented by regarding Jq as modulated 
by the current to which they give rise. For present purposes we may neglect both 
Schottky and Schroteffekts. Then Hq will be independent of toy i.e. the space charge 
immediately in front of the cathode is independent of the alternating field at the 
cathode, a consideration which also follows from the inability of the electrons to 
respond to periodic forces immediately on emerging from the cathode. Thus Wo 
and Xq will be independent of tg. We may then split equation (i6) into two equations 

= 


and 


Ji 


sin ptg = 


JL ^^0 

^TTC^ dtg 


cathode 


(i 7 )- 


On integrating equation (17) with respect to to, and subject to the condition that 
JCo = ^0 when _ 

•(18). 


Xo=‘Xo+^^ (i - cos pto) 


The acceleration at the cathode is given by 


^0 ^ <0^0 + 4^ cos ptg)^ (19). 

The electric field at any point of the system is given by equation (15), which with 
the aid of equation (18) becomes 

X=Xo+4Trc’‘ 1^7 (*-*0)+'^ (i -cos (20). 


It will be seen that the field frequency to does not enter into the expression, a 
result that appears to conflict with the potential-distribution obtained in § 4, 
which does depend on cd. The apparent paradox is explained by the alteration of 
— ^o)- The electric field as given by equation (20) is thus to be regarded as modified 
by a magnetic field through modification of the transit time. 

(2.5) Examination of the solution in particular cases. When the field-frequency co 
becomes equal to the impressed frequency/), casual inspection of the solutions (10) 
and (14) suggests a resonance phenomenon similar to that corresponding to dis- 
persion phenomena in general. With due care in the taking of limits, however. 


• Schottky, Ann. Phys., Lpz., 44 , loii (1914).. 
t Ibid. 67 , 541 (1918); 68, 157 (1922). 
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equation (14) is seen to remain finite in the case where co and to assume the value 

» = *6 cos - /o) + “ sin ~ ^o) + 4^^ ” ^ V J2 cos “ A»)} 

H ^5 [cos ptQ sin w{t — to) —p — ^0) cos pf\ (21). 

It will appear later that a form of resonance can occur when oj =p. For the time 
being we note that equation (21) shows no signs of a marked resonance effect. 

Another case of interest is that of small magnetic held, <0 < p. In this case 
equation (14) reduces to 

X-=Xo + X^{t-to) +Z'rr ~c^J (t-to) 

H ^ [ _ sin pt 4- sin pto +p(t-‘ to) cos pto] (^ 2 ). 

P 

The cases co =p, a> < p may be compared by considering the square-bracket terms 
of equations (21) and (22) in the particular case to — o. Writing 




we have to compare the expressions 


(sin pt-pt cos pt) 

and (pt- sin pt), 

in which t is now to be regarded as the instantaneous value of the transit time. For 
small values of pt we have in each case 


i.e. the expressions are identical near the cathode. This result suggests that the 
magnetic field is without effect on the velocity of electrons near the cathode. This 
aspect of the solution is dealt with in § 4 at (4.5). For large values of t we obtain, 
ifp^>i, Q 

^(-pt cos pt) 

and (pt), 

a result which shows that the amplitude of motion in the case of a small magnetic 
field may be double that obtaining in the case of a field-frequency equal to the 
impressed frequency. 

(2.6) The inadequacy of particle dynamics. From the mathematical point of 
view equation (14) represents the solution of the whole problem, for in order to 
embrace all the electrons it would merely be necessary to sum the solution over all 
values of the emission- velocity components Xq and po* Furthermore, if it is desired 
to express the solution in terms of (^, jy, z, t) as independent variables, there is a 
technique of transformation for this outlined in appendix i. Essentially, then, the 
problem is solved. When, however*, we attempt to apply the technique of appendix i 
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to the case under consideration, we find that it breaks down on grounds of intract- 
ability. It is therefore impracticable to convert from one coordinate system to the 
other except in special cases'. It follows that if a solution is required in terms of 
(jr, y, Zy t) as independent variables, then it must be obtained by working throughout 
in these variables. It will be seen that the only disadvantage of working in terms of 
the variables z, /), or equivalent variables, disappears when once a method 
has been found for handling the differential equations. 

The inadequacy of the solution (14) as it stands arises from the existence of a 
variation time arising from fluctuations in the transit time (^ — ^o)* What is required 
for vacuum-tube purposes is a solution which has a readily ascertainable value at a 
given value of (rc, z). 


§3. A GENERAL THEORY OF SPACE-CHARGE PHENOMENA IN 
A HIGH VACUUM 


(3.1) General equations for electron-motion on classical electromagnetic theory. 
The medium in which the electrons are moving possesses unit permeability and 
dielectric constant prior to the introduction of electrons. Because of the presence 
of electrons some modification in the dielectric constant will result. On the con- 
cepts of the electron theory, however, such modification leaves the dielectric 
constant of the space between the electrons unaltered, so that in the equations 
which follow we shall put k=/>i=i everywhere. The effective change in dielectric 
constant comes about indirectly through the non-uniformity of the electric field 
resulting from the distribution of electrons, and since the effect of this non- 
uniformity is included in the first of the equations below it would be definitely 
incorrect to include a quantity k to represent the altered dielectric constant, for 
then the effect would be included twice over. 

In the six equations which follow all quantities are expressed in electromagnetic 
units. 

The equation satisfied by the electric potential V is 

I dW 

(*3). 

where p is the density of distribution of electrons at point {Xy jy, z), 

MaxwelFs total current density J is given by 

w), 

where U is the velocity and E the electric field. 

The equation of motion is 

(^s), 

where H is the magnetic field. 

We have also the two Maxwellian equations 

4ir/ =curl H 


dH 
0 ^ “ 


curl J? 


(26). 

(a?). 
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while the equation of continuity takes the simple form 

div 7=0 (28). 


Equations (23) to (28) are necessary equations for the determination of the six 
quantities F, />, /, [/, E and H, It does not follow that six equations are mathe- 
matically sufficient, in view of the existence of partial differentials. 

In § 2 at (2,1) it was pointed out that if the magnetic vectors of two electro- 
magnetic waves meeting in space cancel one another the general problem would be 
considerably simplified. Now in equations (25) and (26) the magnetic vectors 
are included in /f, and if we drop the magnetic vectors H will reduce to a known 
quantity, that representing the joint effect of the magnetic field set up by the 
electron current and that corresponding to the applied magnetic field. In order, 
however, to appreciate to the full the extent of the simplification consider the 
equation 

£=-^-gradF (29), 

where Q represents the magnetic vector potential. 

If now Q is equated to zero, equation (29) becomes 

E=-gradF (30). 

We may then eliminate E from equations (24), (25) and (27), thus reducing the 
number of unknowns to five, while still retaining six equations intact. 

(3.2) Case in which magnetic field is constant. If the applied magnetic field be 
invariant in time, the only alternating magnetic field present will be that correspond- 
ing to secondary magnetic effects, and these are negligible for an electron-velocity 
low compared with c. We may then equate dHjdt to zero in equation (27), obtaining 
with equation (30) the known result for scalar quantities, 

curl (grad F) = o. 

Secondary electric effects are negligible for the same reason, which means that the 
electric potential in equation (23) need not be considered as a retarded potential, 
the term c~^ dWjdt^ may be omitted, and we are left with Poisspn’s equation. The 
last term of equation (24) also includes secondary electric effects, but is itself by no 
means negligible in the case where the displacement current between a pair of 
electrodes is contemplated. We shall not require equation (26), since the effect on 
the electrons themselves of the magnetic field produced by their own current is a 
secondary magnetic effect and as such is being considered negligible. Our general 


equations are now 

V*F= (31), 

to). 


^+C/V.£/ l{gradF+[C/,i?]} 

. div /=o 


(33). 

■( 34 )- 
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In our application of the above equations we shall restrict ourselves to the cases 
where H is known everywhere. There are thus only four unknowns — F, p, J and U. 

(3.3) Application to plane diode with uniform magnetic field parallel to plates. 
Choosing the electric field parallel to the axis of x and normal to the plates, and the 
magnetic field along the axis of we note that terms in dUJdy, dUxjdZy 0 C/y/ 9 jy, 
dUy/dz may be omitted on account of considerations of symmetry, while C/* is 
unaffected by either field and dUyfdt is zero in the absence of periodic electric 
forces in the yz plane. Thus only two of the nine* terms of UV . U differ from zero, 
and the equations required are simply 


dw . 

(35). 

T TT I 

(36). 

edV^ 

(37). 

3 

I 

II 

(38). 

0 

II 

( 39 )- 


(3.4) Derivation of primary equation. Equation (38) gives by direct integration, 
after division throughout by U^, 

Uy^ — tax (40)* 


The value of at Jc = o is zero since the y component of emission velocity 
vanishes when averaged over all electrons. With the help of equation (40) we can 
eliminate Uy so that equation (37) becomes 


dt 


dx m dx 


( 37 «)- 


We differentiate this equation partially first with respect to t 

dt\dt^^’°dx) mdxdt 

and then with respect to x instead of t 

dx\dt ^ dx) mdx^ ^ 

Multiplying equation (42) by 17 ;^ and adding to equation (41), we obtain 
iTT ^ ,tt 2rr 

a * m \ai+ a*) 

“ (43). 

Equation (43) is the starting point for further calculations and will be referred to as 

• For the x component of UV .U see (2.1). 
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the primary equation. It is to be noted that the primary equation contains only the 
unknowns C/* and and we are able to impress a known value of measurable 
outside the system. The unknowns p and V will all be expressible in terms of 

once the solution for is obtained. We shall thus have a relation between V and 
7 a,, both of which are measurable* in the external circuit. The advantage of working 
with a known impressed current rather than a known impressed potential arises 
from the following consideration: when the current is known in the external 
circuit it is also known at all points between the plates, in view of equation (39). 
Every attempt to obtain a solution by working with V and J has so far proved 
discouraging. It is especially convenient to work with U when a magnetic field is 
present in view of the last term of equation (43). 


§4. SOLUTION FOR THE STEADY STATE 

(4.1) Average velocity and acceleration. We shall require equation (43) in which, 
for the steady state. 


dt 


ti-k- 1-1- 


Writing 


47r^cV = C, 
^ m 


we may henceforth think of C as the steady current^ the constant \Tr (ejni) c® being 
understood. Equation (43) reduces to 




= C-a>^U 


( 44 )- 


If T is the transit time in the steady state, we have 


dx dr 


We now introduce the variable 0 y which will be used throughout and is defined by 

^=" 7 ’ ( 45 )- 

Since 0 /a> represents the transit time to the plane x, we may think of ^ as “jc at a 
given m.** We may also think of 0 as “co at a given x.^* 

Equation (44) becomes 

The solution of which is of the form 


Q 

?7= ^ COS ^ + -^2 sin ^ (46), 

cosd-Ai sin 6 (47). 


C 


T 


e 


• The question whether acceptable accuracy can be achieved with existing technique depends 
upon a number of considerations, such as frequency, amplitude, and ratio of alternating to direct 
current or voltage. In general the measutements woidd present difficulties. 



Ai, Af 


Xo 

Uo 
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The arbitrary constants A^ and A2 are completely determined by assigning 
values to U and dVldS at the cathode, which is taken to coincide with the plane 
«=o. We only have to consider the components normal to the cathode. As the ^ 
and z components of velocity vanish at the cathode when averaged over all electrons 
with y and z components ranging between — 00 and + 00, the x component of 
initial velocity is also the initial velocity itself in the coordinate system now in use. 
This is nearly, but not quite, true of the initial acceleration as will appear im- 
mediately. 

Accordingly the initial velocity is given by 

{UoyOy o) (48). 

The initial acceleration has the components 


m “ 




.0) 


(49). 


where Xq is the electric field at the cathode. The component of initial acceleration, 
which arises from the x component of velocity in view of equation (38), does not 
here concern us, since equations (46) and (47) refer only to the x components of 
velocity and acceleration respectively. Writing Uq, when ^=0, and also 

dU_i^ 

we have at the cathode 

^o = — 2 + (4^^)» 


--^0=^2 

com 


( 47 ^)- 


Then boundary conditions (48), (49) suffice to determine U everywhere in terms of 
C and 0 . Equations (46a), (47 fl) determine the arbitrary constants A^ and A2, 
Accordingly equations (46) and (47) become 

C 16 

— cos 0)+ C/n cos 0 H Xq sin 9, 


dU C 


I e 


dd 


= -,sin0-t/osin0 + --X 


For convenience we define and ^2 follows : 


^ “ j 

// X , ‘ ( 50 )- 

Typical values of and «2 a**® 0 ’ 4 ^‘ 

The quantity may be thought of as a correcting factor for finite emission 
velocities, and Wg as proportional to the acceleration at the cathode. The fact that 
and ng reduce to unity and zero respectively when <u=o does not mean that the 
corrections disappear for zero magnetic field. The values of tJ and dVldS in the 
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simplified notation are as follows : 

Q 

r7= ^ (i — cos 0 + n2sin9) ( 51 ), 

dtJ O 

^=‘—i(niS.m.e+ntCo»0) (5a). 

If now CO o we obtain, after writing 0 — toT, 

U^lCT^+U^+^X^T (5i«), 

(S'")- 

— , . I dU Wi sin cos ^ , v 

The quantity ^ ^ = — -z-r a (53) 

^ U dS I — Wi cos ^ + ^2 sin ^ 

will later be seen to be of fundamental importance. 

The drift velocity is given by Uy— —wx (54). 

(4.2) The average path of electrons. In the steady state we may write 

f/ = ^- XJ = — 

By integration of equation (51) with respect to T, we obtain when jc = o and T=o: 

Q 

= — sin 0 — ^2 COS 0-f«2) (55)- 


A further integration gives, if y —y^ when ^ = o, 

3^=yo— ^ +^1 cos O — n^ — n^ sin ^ + ?i2^^ (56). 

The full-line curve of figure i gives the shape of path for electrons emitted with 
negligible velocity from the cathode under conditions of space-charge limitation. 



Figure i. 


The well-known cycloidal path* corresponding to zero space charge is shown dotted 
on the same diagram. The marked difference brought about by space charge may 
be understood by writing x in the form 

* (« -^o) (i - cos «). (S5 a). 

If we start with a very low cathode temperature, the anode current will be so 
small that the term in C is unimportant and may be omitted. 

The maximum value of x is then seen to occur when ^ = 7r, the corresponding 
path being the dotted curve of figure i. As the cathode temperature is raised the 
term in C begins to be of importance and {ejm) Xq will become less on account of 

• J. J. Thomson* PM. Mag, 48 , 517 (1899). 
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space>charge limitation. The path will then be intermediate between the dotted 
and full-line curves. If the cathode temperature be further raised to that required 
for space-charge saturation of the space, Xq vanishes and the full-line curve obtains. 
Any further increase in cathode temperature makes (ejm) negative but leaves 
the path substantially unaltered. The full-line curve may thus be regarded as 
corresponding to practical conditions in which the space current, when magnetic 
field is absent, is less than the saturation value. 

(4.3) Critical field. The solution for individual electrons is here of assistance as 
it clearly demonstrates the effect of initial velocities on the turning-point of electrons. 
In the steady state, equation (13) shows that the velocity of electrons with zero 
emission velocities is - p 7 

»=-sin^ + 4?r r*^(i—cos^) 

in which we have written wt = 6 (as we are entitled to do in the steady state) so as to 
avoid confusion which might arise from the different meanings attached to t in 
the respective co-ordinate systems. Since the transit time will vary slightly over 
individual electrons, O/cj should be thought of as that interval of time which has 
elapsed since any specified set of electrons left the cathode. In § 5 at (5.1) the 
conception of transit time to a given plane is adopted as it greatly aids the under- 
standing of the time- variable case. The given “plane” has actually a finite thickness 
due to initial velocity-distribution. As shown in § 4 at (4.4) the thickness of this 
“plane” is of the order of io“^ cm. only. 

If, then, d = 27 r, we find from equation (13 fl) that = o, i.e. the electrons emitted 
with zero velocity come to rest. If the magnetic field be of such a value that $<27r 
everywhere, all electrons will reach the anode, but if 0 > ztt some or all of the electrons 
will be returned to the cathode. It is convenient to define that magnetic field which 
makes 0 = 277 at the anode under the given conditions as the critical field. This de- 
finition results in an average velocity at the anode equal to the average initial 
velocity of electrons. It was pointed out in § 2 at (2.41) that the excursion of the 
electrons was affected more by the y component than by the x component of 
initial velocity. This conclusion was intended to apply only to the case in which 
space-charge is negligible. The y component of velocity will not affect the position 
of the anode corresponding to critical field. Thus, by integration with respect to 
equation (13 «) becomes 

(1 -cos (9) + 4,r£ I (d-sin 6 ) (57). 

Since, by equation (6), Xo=‘CDyo+- X^, 

m 

we see that when B = 2rr the value of y® is without effect on the value of x. Writing 

4^^c^J=C, 

we have for the cathode-anode separation for critical field 

, C 
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orwriting 
*and rearranging 



(584 


Equation (58 a) gives the critical field in terms of the anode current and the 
anode-cathode separation. 

By integration of equation (37 a) in § 3 with respect to x we obtain in the steady 
state, subject to V=o when jk:=o, 

14 *= W -2 - V-cjOxO. 

fft 


For the anode potential corresponding to the critical condition, if 
x=dy Ug.= Uoy o}=eHclm, 




( 59 ). 


Eliminating between equations (58 a) and (59) we obtain the relation between 
space current and anode voltage corresponding to the critical condition 

■ {znCdf 


Jc 


.(60), 


which is seen to be only 9/477 times the value without magnetic field*. 

Since in the critical condition even the slowest electrons are only just brought to 
rest, the above reduction in anode current as compared with the conditions obtaining 
for zero magnetic field is not attributable to returning electrons. The reduction may 
be regarded as due to increased space-charge limitation. This point will be considered 
again in (4.5). 


(4.4) Magnetic field in excess of critical value. The y component of velocity, or 
drift velocity, will still be in the same direction, but the x component of velocity 
will be reversed in sign for those electrons which are returning to the cathode. If 
a fraction k of the outgoing electrons return to the cathode, then the space-charge 
density is increased in the ratio (i +/f) provided we are only considering the steady 
state, in which electrons move back with a velocity which, at a given plane, is equal 
and opposite to the outgoing velocity. 

Let Jc correspond to the space current flowing when the magnetic field is of 
value just insufficient to return any electrons to the cathode. If represent the 
space-charge density under the above conditions, we have under the new conditions 
a nett space-charge density p equal to pc {i +#c). 

Let U^y Uy be the velocity components under the new conditions; then for 
outgoing electrons we have the current /i, where 

Ji-PcU.- 

For returning electrons we have the current where 

7a= -KpcUj,. 


H, 


K 


L 

Pc 

p 

Jl 

h 


• Langmuir, Phys. Rev. 2, 450 (1913). 
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Then the resultant current J in the x direction is given by 

J^Ji+J,=Pc(i+x)U.=pU,\^^ (6i). 

The appearance of (i + /c) in the denominator signifies additional space-charge 
limitation of current. 


Now 

» 


while 

,, du^ e dV^ JJ 


and 

3 

1 

II 

(62); 

after writing from equation (62), by integration. 



Uy = —a}X 

(63), 

we have 


(64). 

whence 


(6S). 

where 


(66). 


" * m 

The solution is substantially as before, e.g. 

C 

Ux = ~l{i—ni cos d + n^ sin 6). 

We can now determine the value of Ug> for magnetic fields in excess of the critical 
value, since even if all the electrons are returned to the cathode, is to be inter- 
preted as the one-way current corresponding to the condition /c = o. The value 
of Ux will be affected by the larger value of co, so that at any point between the 
plates the outgoing velocity is lessened on this account, as also is the potential. The 
velocity of the returning electrons is given by equation (67), but with the sign of 
reversed. 

As in (4.3) electrons emitted from the cathode with zero velocity come to rest 
when d — 27 T, In the case now under consideration such electrons reverse their 
direction when 6=277, and will be travelling back towards the cathode for values of 
6 given by 

277 <6 < 477, 

The electrons of average emission velocity reverse their direction when 

I — cos ^ + W2 sin ^ = o (67), 

which corresponds very nearly to 


,( 68 ). 
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Such electrons do not arrive back at the cathode until 

(69)- 

— «2 

For a retarding field at the cathode surface will be negative. Giving and 
their values from equation (50), we find that 

<70). 

For a magnetic field of 100 G.* and a retarding fieldf at the cathode of 100 V./cm. 

a> = I *77 X 10® secT^ 'I 

^ Xq— - 177 X cm./sec?j 

If we take 2 x 10’ cm./sec. as the mean emission velocity, equation (69) becomes 

0 = + \ (72)- 

This corresponds to a change of some 3 per cent in 6 , The maximum distance 
travelled in the x direction by electrons emitted with average velocity is given by 
Xy where 

C 

^ — 3 (^ + «2 — ^2 cos 6 — til sin 0 ) 

in which 0 = 217 + ^ . 

Inserting the above value of 6 we obtain after reduction 

..2770 Ul _ 

With the values of Uq and (elm) Xq given under equation (71), the value of the 
last term is only about io~® cm., which shows that all electrons turn back at sub- 
stantially the same value of x given by zttCJo}^. 

(4.5) Potential-distribution, The value of the potential V at any value of x 
may be obtained from the equation 

( 73 ). 

In this connection it is not convenient to express the velocity U in terms of Xy 
and ^e most satisfactory method is to express V entirely in terms of 0 and obtain 
the Vy X relation by graphical means with the aid of the By x relation expressed by 
equation (55). The F, 6 relation is as follows: 

^£4 \l - ”1^ sin «+ «i(i - cos 6 ) 

+ »ij {(i -»i) sin d+{d+nt) (i -cos e)}j (74), 


n 


• When <i> is positive, H has same sign as ejm, 
t ^0 is positive for a retarding field. 
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while from (4.2) «i sin O—n^cos 6) (55^)* 

In the special case of zero initial velocities and accelerations we obtain the following 
simplified relations for V and x 


^sin^+i-cos^ 

— €W* [2 


( 74 «). 

(SS*)- 



Figure a. Effect of magnetic field on potential-distribution (planes). 

Equations (74) and (55 give the potential-distribution under any conditions of 
magnetic field, from zero to the critical value. The potential-distribution under 
the condition of critical field, from equations (74a) and (556), is given by curve (i) 
in figure ?.. For comparison with curve (i) the following curves (2) to (5) have 
been added to figure 2 in thin lines: 

(2) Foc*»-', (3) Vocx*/», (4) Foe*, (5) Foc*» (75). 

The close correspondence of curve (1) with curve (2) indicates that the potential- 
distribution obeys a i-s-power law very nearly for points not too close to the 
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cathode. Curve (3) corresponds to the potential-distribution for zero magnetic 
field, and curve (4) to that for negligible space charge, while curve (5) is purely 
hypothetical. 

The potential-distribution in the presence of a magnetic field is found to differ 
so little from that for zero magnetic field that the analysis of previous workers* 
for the initial velocity-correction and potential-minimum may be used for magnetic 
fields up to 100 G. with an error of only 2 per cent in the minimum potential. In 
view of the above considerations a full treatment of the potential-distribution in the 
presence of a magnetic field is thought not to be warranted. 

Following Richardson we write for the number dN^ of electrons emitted per AT, 
unit area per second with forward components of velocity lying between Xq and 
^ 4 " dxQ 

dN.=N,^p^e-^'>'/^cdx, (76), 

in which the temperature is provided with a suffix denoting “ cathode,” in order Tc 
to distinguish it from T the transit time. 

If the current flowing to the anode is less than the saturation current (corre- 
sponding to Ng) this deficiency must be due to a retarding potential-gradient close 
to the surface of the cathode by which the more slowly moving electrons are forced 
back to the cathode. If the potential of the anode is positive and that of the cathode 
zero, there must be a surface of negative potential between cathode and anode at 
which the potential is a minimum. This conclusion also applies when a magnetic 
field is present: those electrons which fail to reach the potential-minimum when 
no magnetic field is present will still fail to do so when the magnetic field is applied. 

If Vfn represents the potential at the potential-minimum surface, Jg the saturation 
current and J the actual anode current, only those electrons which are emitted with J 
sufficient velocity to overcome the potential-difference contribute to the anode 
current J. 

When we take the magnetic field into account the kinetic energy of individual 
electrons at any point is given by 

\mx^ = \mxQ^ — eV— (77). 

The initial energy of the electrons will enable them to overcome the potential 
minimum if 

in which e and are both negative, so that eV^ is positive. Electrons corre- 
sponding in number to Jg are being emitted continuously from the cathode even 
when the current is not saturated, but a certain fraction of them are then made to 
return by the retarding field existing close to the cathode. 

By integrating equation (76) with respect to Xq between the limits 

( 2 eVJm+(o’‘xJ)i 

♦ Epstein, Ber. dtsch, phys. Gey. 21, 85 (19x9); Fry, Phys, Rev, 17 , 441 (1921); Langmuir, 

Phys, Rev, 21, 419 (1923). 
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V ' 

^ m 


A,b 


V 

fi. Vi 

h 


and 00 and dividing by 



we obtain the modified Boltzmann equation 

:J- = c ~ (7^)' 

Js 

A little consideration shows that F^' is in fact the new value of the minimum 
potential. The magnetic field affects the space charge by curving the paths of the 
electrons. While at points very close to the cathode the direction of motion of 
electrons is hardly altered, the path of electrons at points further removed from the 
cathode is such as to increase the space charge. This in turn depresses the potential 
at all points, including those very near to the cathode. The term \nuo^Xfr? may be 
interpreted as electric potential energy arising from the influence of the magnetic 
field on the space charge. 

With the help of Langmuir’s analysis we then find the values of and 
corresponding to negligible magnetic field, and insert these values in equation (78) 
to see what effect arises from the term 

In illustration of the procedure let us consider an example representative of 
present-day practice. Instead of a bright tungsten emitter let us take a chemically 
coated cathode operating at 900° C., so that Tc= 1173° K. This is the first occasion 
that we have had to consider the nature of the emitting surface. The theory can be 
applied whatever the values of A and h, the thermionic constants of Richardson*. 
Provided that there is no positive emission from the cathode we are free to apply 
the analysis to any form of emitting surface free from irregularities. 

The proportion of the total emission which can safely be taken from a chemically 
coated cathode varies considerably with the nature of the coating, but would not 
generally exceed 25 per cent for a reasonable life. In the case of a typical coating 
operating at 1173° K. the total emission will be around 200 mA./cm? Let us then 
take J to be 50 mA./cm? Neglecting magnetic field and following Langmuirf we 
And that 

j “ 4 = I -3863 = . 

Langmuir’s table II connecting the variables t) defined by his equations (5) 
and (6) may then be used to determine the value of $ corresponding to We thus 
obtain 

-li=i-79So- 

From Langmuir’s equations (19), (20) and (21), if we write ^1 = 0 to correspond 
with the cathode, we obtain 

~o* 14022 V. ) 

17753 ^ ’ 


• Emission of Electricity from Hot Bodies (Longmans, Green & Co., 1921). 
t Loc. cit. 
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From equation (78) we have 

= (80). 


Taking J? as 100 G. and substituting for and from equation (79), we find that 

Vm= -0*1402 -0*0027= —0*1429 V., 

thus confirming that the potential minimum is increased by the magnetic field by 
2 per cent only when H= 100 G. 

But for a magnetic field equal to the critical value we find by equation (58^1) 
when y = So mA./cm? and d=o-^ cm. 

Hc= G. 

Insertion of this value of If in equation (80) shows that in the example under 
consideration the correction for magnetic fields up to the critical value amounts to 
3*5 per cent in A reduced anode current as compared with that for zero mag- 
netic field, as given by equation (60), must receive explanation on the basis of an 
increased number of electrons being unable to overcome the potential-minimum. 
A reduction of 28*4 per cent in J seems at first sight too great to be accounted for 
by a 3*5 per cent increase in ( — V^), but it must be borne in mind that, since /,= 4/, 
the corresponding change in the returning current /, — / is much less, amounting 
to some 14 per cent only. 

(4.6) The electric field and the initial velocity. As compared with equation (74) 
for the potential, we have for the electric field the refreshingly simple relation 

x=—{e+n^)=~e+x, (81). 

Equation (81), which is equivalent to equation (20) of § 2, may be confirmed by 
taking —dVjdd from equation (74) and dividing by dxfdd. 

When ^ = 277 we have for the electric field 

we 

If 6 = 27 t at the anode we obtain with the help of equations (58) ajid (59), writing 
X=Xc and eliminating C/co, 

X,=X,-2Vfd (82). 

Equation (82) gives the electric field at the anode in the critical condition. If 
V 

.Yo< 2-^, we note that equation (82) gives a value of ( — -X'c) 50 per cent greater 

than the value ^Vfd corresponding to zero magnetic field. 

Of more importance than the electric field at the anode is the electric field at 
the cathode. Negative at all points to the right of the potential minimum, the 
electric field vanishes at the potential minimum and becomes positive at the 
cathode. Equation (8i) shows that the value of 6 corresponding to the potential 
minimum is given by 
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•( 83 )- 


The transit time to the potential minimum is accordingly Tm, where 

fr% __ ^8 _ 

”'~ o> ~ mC 

In order to determine and let us write $ = 0 „, «*= — 0 m equations (74) 
and (55 a). We then obtain 
wiC* 


Vm = 


— eo}^ 


^ sin + »X ( I - COS 0 „) J (84), 

(8s). 

Eliminating between equations (84) and (85) we obtain 


Q 

Xm=—s (,0m COS 0m - »! sin 0m) 


When the magnetic field is negligible equations (85) and (86) reduce to 

Xm=^U^Tm-kCTm^ (85a), 

(86a). 


Tm* 

f! 24 


Now in (2.4) it was shown that for regions in which electrons are moving in 
two directions at once the value of C at any point corresponds to the outgoing 
current at that point. Now at the cathode we have a total outgoing current of 
200 mA., but since electrons are returning to the cathode at all points between the 
cathode and the potential-minimum, the outgoing current continually decreases 
until at the potential-minimum itself the outgoing current becomes equal to the 
anode current, namely 50 mA. in the example of the previous section. The value 

. . C 

of C corresponding to an outgoing current of 50 mA. is (if we take — = 1*766 to 

correspond with Langmuir’s figure) 

C= 0*9987 X 10+^^ cm./sec? (87). 

If Xfn are regarded as known, there are still three unknowns in equations 
(85 a), (86 <i), namely Aq, Uq and 

We must therefore use a third equation, e.g..(83), to eliminate Xq from equation 
(86 fl), when we shall be able to derive T^. Having once determined we can 
then obtain Xq and Uq from equations (83) and (85 a) respectively. 

Eliminating Xq between equations (83) and (86 a) 

2 = CXm Tm + C^Tm* . ( 88 ). 

Inserting in the above equation the values of and C given in equations (79) 

and (87), taking —e/m equal to 1*766x10^, and e.m.u. per gm. multiplying 
by 10® to bring it to e.m.u., we have 

4*9517 X 101^=1*7770 X 10®* T,„ + 8*3ii2x 10®® 

The solution of this equation may be found graphically and is 

= 2*0154 X io“i® sec. 


(89). 
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With the above value of equation (83) gives for the retarding field at the cathode 

;¥o= 113-96 V./cm. • (90), 

while from equation (85 a), which may be written 

TT __ ^tn , 

^0 “• T* ^ — » 

3 

we obtain for the average emission velocity of electrons constituting the anode 

current jr t > / \ 

L/o = 2*2330 X 10’ cm./sec. (91). 

The above value of exceeds by only 0*35 per cent the value defined by 
Um = -<y = 2-2253 X 10’ cm./8ec. (92), 


so that the percentage of electrons in the anode current which have velocities greatly 
in excess of the minimum value required to enable them to overcome the potential- 
minimum must in the present case be very small. For comparison with equations 
(^i) and (92) we have the following expression for the mean velocity of emission 
C/q of fill electrons emitted from the cathode, including those which turn back to the 
cathode without reaching the potential-minimum 



where k is Boltzmanns constant and = 1*372 x erg./deg. 

This equation gives in the present example, in which J'c= 1173° K., the value 
? 7 q= 1-6750 X 10’ cm./sec. 

The small difference between and may be associated with the exponential 
character of the Maxwellian law of distribution of velocities, with the fact that 
is considerably less than and with the finite probability that electrons of velocity 

less than will succeed in penetrating the barrier*. 

The data relevant to the example, and also for the case in which 7 //, =0*4 are 
summarized in table i, in which columns 3 and 1 1 give respectively the approximate 
anode voltage for negligible and critical magnetic fields. As has; already been pointed 
out, the potential-minimum and associated data will remain sensibly unaffected 
when a magnetic field is applied. 

Table i. 7^=200 mA./cm? rc=ii73° K. d=o*5 cm. 


I 

2 

3 

4 

5 

6 

7 

8 

9 

xo 

XX 

J 

J 

j. 

V 

-Vm 

lO^Xn, 


Xo 

lo-Wo 


io“^C7o 

V. 

(mA./cm!) 


(V.) 

(V.) 

(cm.) 

(sec.) 

(V./cm.) 

(cm./sec.) 

(cm./sec.) 

(cm./sec.) 

(V.) 

SO 

0-25 

300 

0-14022 

1*7753 

2 -0X54 

XX3-96 

2-2330 

2-2253 

1*6750 

380 

80 

0-4 

4x0 

0-09266 

1-1925 

1*3479 

X2X-97 

1-8524 

1-8095 

1-6750 

520 


* Quantum-mechanical considerations have generally been omitted in this paper, as they are 
believed to have importance only very near to the cathode. The absolute value of die potential- 
minimum would probably be somewhat less on wave-mechanical considerations, which seem to 
indicate a smaller space-charge density than classical theory. 
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The potential-distribution near the cathode corresponding to the above data 
is indicated on figure 3. The values of -X© and Uq given in columns 7 and 8 may be 
regarded as typical and will be used in future examples. It is noteworthy that Xq 
comes out greater when ///a = 0*4 than when J — This does not prevent a 
greater proportion of slowly moving electrons reaching the anode, the value of the 
minimum potential being the deciding factor. 


0«2 0-4 0-6 0*8 l»Q 1-2 1-4 l»6 h8 2*0 



(4.7) The transit time between cathode and anode. (4.71) Influence of space 
charge. We now come to the most important of all factors affecting the oscillations 
obtained in practice, whether by the magnetron method or by using a triode valve. 
Any error in the estimation of electron transit time might result in a completely 
erroneous conception of the mechanism which governs the excitation of ultra- 
high- frequency oscillations. 

Neglecting space charge and initial velocities, Okabe’’*' finds for the relation 
between transit time and critical field 

TTcm 

^~~eH^ 

which in our present notation and units corresponds to 

9c = 7T. 

But we have already seen (4.3) that the critical condition corresponds to 

0c = 27r. 

Since Okabe’s result applies to both planes and cylinders in the absence of 
space charge effects, we cannot account for such a large difference in 6 ^ on the basis 
of electrode-geometry. Moreover, comparing Okabe’s equation (9)Xand putting 
r' = d in it) with equation (59) of the present paper, we see that the relation between 
critical magnetic field and anode voltage is the same whether space charge is 
neglected or included, so that we must conclude that the difference in 9 ^ corresponds 
entirely to a difference in transit time. The 1 00-per-cent increase in transit time 
indicated by the present paper is to be regarded as a result of including the effects 

• Proc. Inst. Radio Engrs, N.Y., 17 , i, 652 (1929), 
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of space charge : it would perhaps not be altogether true to say that the increase is 
brought about by the space charge itself, but rather that the neglect of space charge 
cannot be justified except in cases where the total emission is too small to be of 
interest. Except for very small emission currents, equation (55) of the present paper 
shows that the maximum value of x is not reached by electrons until 6 =^ 27 r. In 
order to check this point we may try putting d equal to tt in equation (55). We then 
obtain 

x = ^(TT + 2n^. 


In all cases where the anode current is less than or just equal to the total emission, 
«2 will be negative or zero and the value of x corresponding to 6 = tt will be less than 
or equal to half the value zttCIw^ corresponding to d = ZTT, If the cathode-tem- 
perature is reduced considerably below that corresponding to the space-charge 
saturation value, then tt< 0 c<ztt but, as we shall see, this case is not of importance. 
Thus, in equation (51) for the velocity, if we write d = 7 rwe find that U has the value 


t/=;g(l+«0 = g-C/o. 


The condition d = 7 r could only correspond to the critical condition if the anode 
current were of such a value that or 


zC jj 


giving 171 = — ^ mA./cm?. 

which corresponds to 6 mA./cm? in a typical case. But we have already seen that, 
for 0 = 7r to correspond to the critical condition, the cathode-temperature must be 
below, the space-charge saturation value, so that we must take Js=J- A total 
emission-density of 6 mA./cm? is too low for oscillations to occur, and the condition 
0 = 77 must therefore be ruled out as corresponding to a total emission- density much 
smaller than the generation of oscillations in practice requires. If the anode current 
is only slightly below the space-charge saturation value, will be slightly positive 
and 6c slightly less than ztt. While oscillations in a magnetron may sometimes occur 
under these conditions, the degree of space-charge saturation will always be such as 
to make 6c = ztt very nearly. 

Summarizing the dbove, we may say that the critical condition will be given by 
6 c = ZTT in all cases where the anode current is less than the total emission, and also 
when the anode current is equal to the total emission and the system is in the 
condition of space-charge saturation. A typical transit time (/=5o mA., JJJ = 4) 
is given by putting co equal to 2-33 x 10®, which gives 

2*70 X io“® sec.* 


• From table i we see that which is included in T, amounts to some 7*5 per cent of T, a 
somewhat large percentage having regard to the fact that x^/d^O'^SS per cent only. This state of 
affairs was predicted in Phil. Mag. 6, 641 (1928). See for example hg;ure 2 of that paper. 
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(4,72) Influence of magnetic field. We have next to consider to what extent the 
transit time is increased by the magnetic field, and for this purpose we shall require 
to examine our knowledge of transit times in the absence of a magnetic field. 

The author first gave the formula for the transit time in the plane case* and 
also for the cylindrical case,f neglecting initial velocities, but including the effect 
of space charge. His expressions for zero magnetic field and Okabe’s expressions 
for negligible space charge give nearly equal values for T at a given anode voltage. 
This suggests that the modification of transit time on account of magnetic field is 
just about as important as the modification on account of space charge. MegawJ 
finds by graphicd solution of his equation (9) that the transit time in the cylindrical 
case including magnetic field is increased some 36 per cent on account of space 
charge if Rfa is of the order of 100. McPetrie§ gives a semi-graphical method 
of computing transit times in the absence of a magnetic field. McPetrie’s study 
leads to the same results as Benham’s formula for cylinders and provides a rapid 
method for direct computations of transit time. It will appear that Megaw*s 
estimate of 36 per cent for cylinders is much below the corresponding figure for 
planes, i.e. 100 per cent. 

If we express our transit time in terms of the anode voltage by means of equation 
(59), we can compare the transit times with and without magnetic field. In the 
critical condition we have, if V be the anode voltage, 


2 /nd 


\/( — 2Vejm) * 

If the magnetic field be removed the transit time T' corresponding to V is T' 
where 


r= 


3d 


Thus T/T' = §7r = 2*094. 

If, however, we had neglected space charge we should have had for the transit 
time corresponding to critical field 




nd 


CO \/( — 2Velm)^ 

in which the suffix i is inserted to correspond with negligible space charge. For 
zero magnetic field and negligible space charge the transit time is 

2 d 




y/{ — 2Vejmy 


so that 


Tx TT 


t Phil. Mag. 11, soa, equation (46) (1031). 
§ Phil. Mag. 18 , 284 (1933). 


• PMl. Mag. 6, 653 (March 1928). 

X J. Instn elect. Efigrs, 72 , 326 (i933)« 
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If we start with no space charge and no magnetic field, the effect of either, supposed 
to be separately applied, could be to increase the transit time in the ratio 3 to 2 
approximately. Thus 

T 7 \ 

The overall increase corresponding to space charge plus critical magnetic field as 
compared with zero space charge and zero magnetic field is 

T 

Summarizing the information thus far available for planes and cylinders, we 
may construct table 2. 

Table 2 



T 

Tx' 

Tr 

Tx' 

r 

7 ’x 

T 

T 

T 

Tx' 

Remarks 

Planes 

Cylinders 

1*5 

1*5 

1571 

i-57« 

2 

2094 

3 - 14a 

Dashed letters correspond to zero mag- 
netic field, suffix I to zero space charge. 
For cylinders, Rja has been assumed 
to be large. 


While the transit time for cylinders including magnetic field and space charge 
has not yet been worked out, table 2 suggests that T\T^ will have the value 2. 
Against this there is Megaw’s graphically determined value T/ri= i‘36*. Megaw’s 
figure was obtained on the assumption of no change in the potential distribution 
due to the magnetic field, and would be somewhat too low on this account. 

Regarding the equation T/T'i = 2 as established on theoretical grounds for plane 
electrodes, we see that the period of the characteristic oscillations of a plane solid- 
anode magnetron must be equal to the time of a single transit between cathode and 
anode, and not to twice this transit time. The analysis of the present paper points 
to the conclusion that any electrons returning from anode to cathode contribute 
nothing to the negative resistance. The electrons which return to the cathode may 
in fact arrive with high-frequency energy sufficient to result in deleterious cathode 
bombardment. This would raise the cathode-temperature and emission. Megaw* 
has obtained this effect experimentally in the split-anode magnetron. The split- 
anode magnetronf is not considered in the present paper, nor has the effect of 
tilted magnetic field been included. 

• hoc, cit. 

t I understand from Mr Megaw that he is at present attempting an explanation of the dynatron 
characteristics obtained with the split-anode magnetron, taking into account the non-radial com- 
ponent of electric held at all points. 
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FOREWORD TO §§ 5 AND 6 

We now come to consider in §§ 5 and 6 the ultra dynamic condition implied by 
the presence of rapidly alternating currents. The aim throughout these two sections 
is to arrive at a complete solution for the alternating-current component of electron- 
velocity, hereafter referred to as alternatir^ velocity^ in terms of the alternating 
current itself, and to examine the solution obtained in particular cases. The 
alternating current is assumed as a boundary condition ; but since the value of the 
alternating current is specified, not only at both boundaries of the valve but also at 
all intermediate points, the assignment of a value to the alternating current amounts 
to something more than the determination of a boundary condition. As has been 
established in previous work*, the physical quantities potential, space-charge 
density and alternating velocity will all be delayed in phase with respect to the 
alternating current, which includes both electron and displacement current. It is, 
of course, possible to work out the electron current separately, and when this is 
done the potential is seen to lead the electron current in phase. From the practical 
point of view no means of distinguishing between electron and displacement 
current is available, since these combine at the boundaries of the valve. To be able 
to express the alternating velocity and potential in terms of the total alternating 
current is thus of paramount importance from the practical viewpoint, and in order 
to see whether work is done on or by the electrons all that is necessary is to multiply 
together the in-phase components of current and potential, and if the sign of the 
coefficient of sin^/)^ thus obtained is negative, power will be expended on the 
electrons by the alternating forces, and oscillations may result. Since the in-phase 
component of current is assumed positive, it is not even necessary to take the 
product of the in-phase components, but merely to examine the sign of the coefficient 
of — s\npt in the potential to see if this is ever positive. Since the quadrature 
component of current is zero by definition, the quadrature component of potential 
contributes no power either positive or negative, when averaged over a complete 
cycle. 

The mathematics of §§ 5 and 6 require a knowledge of partial differential 
equations and of circular functions, but nothing else of an advanced nature. A 
word of warning may not be out of place to those attempting the details of the 
calculations, some of which are the result of a considerable amount of work, (i) No 
shortening of the work is possible by recourse to complex notation, and the chance 
of a mistake is thereby considerably increased. (2) The process of. solution is 
rendered more difficult if the magnetic field is taken as zero. The result for zero 
magnetic field may always be obtained by letting w tend to zero in the final solution. 
(3) In the case Uq = o, Xq = o alternative methods of arriving at the general solution 
may suggest themselves. The method given in the text for the solution of equation 
(98) has the advantage of being strictly orthodox. 


• Megaw, loc. cit. 
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§5. GENERAL SOLUTION 

(5.1) Reduction of primary equation to linear form. No method has yet been 
found for solving directly for J 7 a., equation (43), except (4.1) in the steady state. 

It is, of course, possible to find variables r, such that 

a ^ __0 1 

But in this case t is the instantaneous transit time and the solution obtained will 
be the same as that for individual electrons, in which the arguments of the circular 
functions all have a fluctuating component at a given value of x. Now we are 
particularly anxious to avoid this feature, and we therefore seek to express equation 
(43) in terms of variables of which one shall be independent of time at a given 
value of X. Now equation (43) as it stands does satisfy this condition, since one of 
the independent variables is x itself. That we seek a change of variables from x 
and t is due entirely to the fact that the operator (£4 djdx) does not apply when t is 

0 

constant, since is itself a function of t\ alternatively if we regard as the 

operator, we are faced with a partial differential equation of the third degree in 
The only method available for achieving the desired results is that of harmonic 
subdivision already described in (2.1) and (2.3). We shall then merely have to find 
variables T, ?o such that 

0 

dt 

a relatively simple matter, since U is independent of t and T will therefore be the 
steady state value of the transit time to the plane x.Vit can in fact replace U djdx 
by 0/0 r so that equation (93) becomes 

0^lr 03 

The following analysis suffices to show that t^ represents the instant at which 
electrons leave the cathode. Let / be any function of ty T and let / be the same /, / 
function when expressed in terms of t^y T. 

Writing 87 ’=~ 8 to+gy, 8 r, 

Since 8 r'= 87 ’ we have, comparing terms in 87 ', 

3 /^ 0 / 3 / 
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The function / is seen to satisfy equation (94) provided 

dt 


which gives on integrating partially with respect to T, being constant 
or writing 7*' = T we obtain fo = ^ — T. 

Since 7^=0 at the cathode, represents the instant at which the electrons left the 
cathode. Thus one of our independent variables is now the same as in (2.4), namely 
/o- The other independent variable T differs from the — of (2.4) in that the 
latter represents instantaneous transit time : at a given value of x the {t — <o) of (2.4) 
contains a fluctuating component, whereas T is constant. We may thus think of 
T as A? itself, and no confusion will arise if we refer to the plane x as the plane T, 
bearing in mind the slight spread in 7\, see (4.3). 

We shall require to replace C/a, by ^7+^+... in equation (43), which gives 

Applying equations (93) and (94) we obtain 

+ <«>■ 

Let us extract all terms containing u once only. Let the sum of these be . Then, 
since dU/dt^ o, we have 

/ n dUsdu (2 d^n 1 (dUx^ J . 

r 

We now assume a known value for J of the type / = J + sin^T)^. If denote 

the sum of all terms containing u twice and over the sum of all terms containing 
u three times over, equation (93) may be resolved into discrete equations of zero, 
first, second, third, ... order respectively 


d^U ,2/7 ^ ^ 2 7 


•(44a). 


^1 = 4’^- cVi sin PW+T) 


'f>i + "Aa = 4’^ - cVa sin* p (to +T), 


+ 'l>iz +'l>a= 4 ^~ sin* p (<o' + T), 


<l>i" + + </<tz +o= 4 ‘>^- sin« pt 


•f>i' correspond to the second and third-order velocities «" which, for the 
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sake of clearness, were omitted from equation (95). represents the sum of 
third-order terms containing u once and u! once. There is no difficulty in obtaining 
^2> and 03 but, as was pointed out in (2.3), we shall only require the fundamental. 

Writing wT^d and giving ?7 its value from equation (51), we obtain from 
equations (96) and (97) the equation 


in which 


d^u du — 

0^2+^i0^ (i — nicos^ + wgsin^)^ 

1 = ^ 
dd^dd,^ 


u=^,sin(/.<„+^) (98), 


__ I dU ^ sin ^ + «2 cos ^ / V 

U dd ~~ i—niCOsd + n2smd 

(5.2) Derivation of general solution. In attempting to solve equation (98) we 
are assisted by our knowledge of simpler cases, which prompts us to notice that <7i 
is itself a solution to the equation when j8 = o. When any one solution has been 
obtained for the equation for j8 = o, it is a simple matter to obtain the general solution 
for p = o. This is found to be 

Aa^ + \ 

where f ^ [ 

^ I — cos sm ^ J 

The general solution in case then proceeds as follows. Let us change the 

variable to rj where 

u — ux'n 

Equation (98) becomes, after being divided through by o-j , 

■002 


Since equation (102) contains no term in the integrating factor is 

J ( <Ti ) ^hich = <Ti* e^^^ = o-i^ ( I — Wi cos 0 4- W2 sin 6 ). 

Solving for drjjdO we obtain, writing A («i^+«2*) for the constant of integration, 

(«!“ + «.“) + A J(«1 sin 0 +n,coB 6 ) sin d 0 f] 


The integral appearing in equation (104) presents no difficulty, but the next 
stage will involve rather unusual integrals. These have, however, given little 
trouble and can all be evaluated in circular functions. For example 
fi — cos 6 + n2 sin 6 cos ^4-/12 sin 6 

J («i sin d + n2 cos Oy (hj sin O + n^ cos d)‘ 
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Writing <73 for the quantity fl + ntSs? " ’ ■ 

fl — «1 cos ^-f-Wo sin ^ . / \ an 

-7 V - ^ - — ^ sin [ptQ + (r- 1) &] dd 

r- 1 J («! sin ^ + «2 cos 6 )^ u o \ / j 

= + (r - I ) ^] 

and 

J(73 (wi sin ^ + ^2 cos 6 ) sin (/>/o + ^^) cos ^ + n2 sin 6 ) sin (p^o+^^) 

td 

where N^=ni^+ni\ <73=*^®, ^=^0 + -- 

(Ti /> 

With the help of the above integrals we arrive at the equation 

/I n ^ ^ A f* . rsin(p^ — sin(p^ + ^)] 

7 ? = ^<73 + 5 + - COS/)<+^^|^(«ia 3 -« 3 ) |- y_ f y+l j 

. , V fcos cos (p^ + ^)) 'l 

which simplifies to rj = ^(73+fi— -2^ + (106). 

To obtain u we multiply by crj, equation (loi). Giving A and r their values from 
equation (103), we obtain the following general solution for u\ 

u = Aa^ + B(t^ ^ p i ^ oTiCosp/j (io7)» 

in which A and B are arbitrary functions of to and , ag are given by equations (99) 
and (100) respectively. 


(5.3) Notes on the general solution. It is immaterial whether we regard m as a 
function of 6 and t^ or of 6 and t or of all three variables snd t. We shall in any 
case retain inasmuch as and erg are expressed in terms of 6 . Comparison 
with equation (14) reveals that the factor (p'^ — w^) is common to both solutions. 
In other respects there is little obvious resemblance between equations (14) and 
(107). The solutions are nevertheless equivalent, the large apparent difference 
arising from the different meaning attached to t in the two coordinate systems, as 
has been pointed out in (5.1). 

We note that the form of equation (107) is similar to that obtained in the very 
much simpler case of zero initial velocities, accelerations, and magnetic field*. 
To obtain this case all we need to do is to write 


so that 




sin d 


^ I-COS^M 


j /co \_2C0_2_2 


(108). 


Phil. Mag. 6 (1928), equation (19), p. 649. 
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§6. BOUNDARY CONDITIONS 

(6.i) General. It is usual at this stage to declare that the mathematics of the 
problem is at an end, for the determination of arbitrary constants and of arbitrary 
functions is governed by purely physical considerations. The determination of A 
and B in equation (107) is, however, not devoid of mathematical interest. In- 
spection of equation (107) reveals the existence of singularities when />= ±a> and 
also when p = o. It will be seen that these singularities can be removed by choosing 
the arbitrary functions in such a way that infinities do not occur in u either when 
/>== ±a> or when/) = o. 

Any suggestion that an infinity might occur when ^ = co is refuted by working 
out the solution with p equal to o) at the outset, when it is found that no sign of 
resonance occurs. Experiment, moreover, confirms this point. In general nothing 
unusual occurs experimentally either when p = oi or when /> = o, unless Q has certain 
values. We therefore seek to remove the singularities for all values of including 
those which are favourable to electronic oscillations. For even in this case the 
alternating component of velocity cannot be infinite though, as we shall see, it may 
assume large values. 

The number of physical conditions we shall need will not exc^d the number 
of arbitrary constants, provided such conditions are truly independent. Now it is 
an experimental fact that reversal of the current in the field coil of the electro- 
magnet is without effect on the behaviour of a magnetron, apart from experimental 
errors such as slight lack of alignment, and we may thus introduce as a condition 
governing A and B the assertion that the solution for u remains unchanged when a> 
is changed to — a>. We cannot then, however, regard the condition p — as 
providing two independent physical conditions. The condition p — o is an inde- 
pendent physical condition. 

We have thus far three physical conditions wherewith to determine A and B. 
But the most general form of A and B compatible with the problem involves four 
arbitrary constants; 

A=-A^ sin pto-hA^ cos pt^) . v 

B = B^ sin pt^ -h cos pt ^ ) v 9 ;* 

We shall accordingly require a fourth condition in order to determine A and B 
completely, unless it should so happen that A^, A2, Bi, B^ are in some way related, 
so that they cannot all be regarded as arbitrary. While it will eventually appear 
that simple relations exist between the A"s and the B’s, there is not sufficient evidence 
at the present stage to assume that fewer than four arbitrary constants exist. We 
therefore have to seek a further physical condition which must also be independent 
of the three already obtained. Now while the solution must certainly remain finite 
when o}==o, this condition is already satisfied in equation (107). Suppose, however, 
it should happen that in the satisfaction of other conditions terms were introduced 
with singularities at a> = o; we should be justified in adjusting such terms in 
accordance with the condition oj = o. It will appear that this state of affairs does 
arise, and it does seem probable that the condition = o is of paramount importance. 
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Now the acceleration of electrons must never be infinite, but in regard to the 
avoidance of infinities, care must be exercised in ensuring that any conditions 
imposed shall be truly independent. The question we have now to consider is 
whether the condition that the velocity shall never be infinite automatically excludes 
the possibility of an infinite acceleration. This brings us back to the old enigma of 
the irresistible force acting on the immovable body. Now whatever happens in 
this case, the irresistible force could be achieved by causing a finite momentum 
to suffer a change in an infinitesimal time. If, moreover, the change in momentum 
be brought about by a change of density rather than by a change of velocity, the 
velocity must remain finite, since by hypothesis it was finite before the change 
took place. 

More than sufficient has been said to establish the fact that an exceedingly high 
value of acceleration could occur with an exceedingly low value of velocity, and we 
therefore see that by applying our conditions to the electron- acceleration the 
number of available physical conditions is doubled. 

When the electrons leave a hot cathode they do so with a distribution of velocities, 
but whatever the velocity of an electron at the instant of emergence the alternating 
component of velocity must then be zero. Now the strange thing about this 
condition is the fact that it has been found of no assistance whatever in the deter- 
mination of the arbitrary functions in the general case now under consideration. 
All attempts to arrive at the final solution on the basis that u must vanish at the hot 
cathode proved unavailing; yet, when the final solution was obtained on the basis 
of conditions connected with the avoidance of infinities in «, the condition w = o at 
the cathode was found on inspection to be satisfied. The explanation of this apparent 
anomaly is as follows. The condition m = o at the cathode is actually inherent in the 
analysis owing to the non-linearity of the primary equation, together with the 
introduction at an early stage of the assumed boundary values of d.-c. velocity 
and acceleration and of the total current. Llewellyn in a recent paper’**' has proposed 
a general form of boundary condition for u in the simple case where emission 
velocities are assumed to be zero. One object of Llewellyn’s extra condition 
imposed on u was to enable the analysis to be extended to cover the case of virtual 
cathodes, where there is strong experimental evidence that the alternating velocity 
and acceleration must be very different from zero. It appears, however, from the 
present paper that the value of u is completely determined at a virtual cathode, no 
less than at a real one, without the imposition of any conditions on w, apart from 
those connected with the avoidance of singularities. Llewellyn’s paper should be 
consulted for the opposite point of view, which also appears at first sight to be the 
natural and correct one to adopt. 

Summarizing the above discussion we may say that any boundary conditions 
imposed on u, other than the following, are irrelevant: (i) when ± the solution 
remains finite at all values of T ; (ii) when w is changed to — ■ a> the solution remains 
unchanged; (iii) when/) = o the solution remains finite at all values of T; (iv) when 
a> = o the solution remains finite at all values of Z*. 

♦ Proc. Jnst. Radio Engrt^ N.Y., 21, 1532 (1933). 
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We also have corresponding conditions imposed on the acceleration, but it 
appears that A and B are completely determined by conditions (i) to (iv) above. 
(6.2) Determination of arbitrary functions. Inspection of the general solution, 


e.g. 


u = Aa^ + — 




sm pt — 




p^ — w^p 


Oi cos pt (107 a), 


reveals that the last term has singularities when p = o and also when p = w. It is 
therefore desirable to make use of the identity 

(O _p — 

p cj oyp 


.(110), 


so that we obtain 

u = Aa2-\- Buy^ — 


iS 


j sin/>^ — 




P j3(7i 

„ ^ a, cos cos pt 

»a ^ ^ (Op ^ 


P^ — Oi* p^ — (0‘^ CO 

(107*)- 

We have now separated out the singularity occurring when />==o, so that the one 
term which stands in need of condition (iii) does not now require condition (i). 
It is true that in effecting such a separation we have produced two terms with 
singularities when a> = o, whereas none existed before. We know, however, that 
these two terms balance one another, so that all we have to remember is that any 
values assigned to A and B must not lead to a singularity in Aa^-^-l^cr^ when a> = o. 

Condition (iii): Concerning ourselves with the removal of the singularity 
which occurs in the last term when p — o, we find that the necessary and sufficient 
condition that u shall remain finite when /> = o is that the arbitrary function B shall 
contribute 


.(III). 


-IpCos pt,* 

Condition (i): Concerning ourselves next with the removal of the singularities 
in the two terms of equation (1076) having ^2 denominator, we have to 

give 0-1 and cjg their values from equations (99) and (100) and select the coefficient 
of sinp^Q and also the coefficient of cos pt^. Since for u to remain finite when 
p= +CO, «(p2 — cu^) must vanish, the above-mentioned coefficients are respectively 
equated to zero for the case p= ± cu. 

Since factors of the type (p/ ± may be introduced with impunity without 
affecting condition (i) per se, we have to decide the value of q with the assistance of 
conditions (ii), (iii) and (iv). We thus find that A and B contribute as follows: 


.(112). 


A*s contribution ^ £ cos pt^ 

B*s contribution =^23^ ^^2 (^2 sinp^o + «i £ cos p^o^ 

The quantities o-j and Wg change sign when (o changes sign, while ag and nx 
remain unchanged. Let us now confirm that condition (ii) is satisfied, i.e. that the 
solution remains unaffected when w is changed to — a>. 


• It must be noted that whereas T is always a finite interval, tQ and t may approach infinity 
since the choice of time-origin is arbitrary. In taking limits when we must therefore always 
leave sin pt and cos pt intact. 
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We have, if equations (m) and (112) represent the entire contributions of 
A and B\ 

h («»sin/.<o+nx£cos/)fo)<^x 
~ j>^-a>^ (sin^^'*-£ (co8/)i-cos^fo) 

Changing to to —ojyti^to — «2 to — crj, we obtain 

“=^2^2 [(“”1 sin/>fo-«2^cos/>«o) ffa- («2 sin/)fo+»i £ cos/><o) (-<7i)J 

(sin pt + -^{-o^) cos />«) + P* - ^ P*»)' 


showing that u remains unaltered. 

We now confirm that condition (iv) is satisfied in equation (113)* There are 
four terms in equation (112) with singularities when a> = o. 

We have 

Lt (n2) = o, 

01 —>-0 

Lt (nx)=i= Lt (iV^), 

u) -^0 10 — >0 


whence 


and 


Lt 

w -^0 





(II4). 


Thus condition (iv) is satisfied. But since in arriving at equations (m) and (112) 
all four conditions have been used, A and B must be completely determined, and 
equation (i 13) must be the final solution for u. In view of equation (i 10), equation 
(113) may now be written 




p' 


- sin pt - sin pt,, +‘jcri (cos pt^ - cos pt) + £ cos pto 

...(113a). 


. V L il QOS ptQ 

O) 




§7. DISCUSSION OF FINAL SOLUTION 

(7.1) General, For purposes of comparison with simpler cases it is convenient 
to separate out terms correcting for initial velocities and accelerations. We then 
obtain 


u = — sin pt - <72 sin pt^ + ^ ori (cos pt^ - cos pt)^ 

(..3 j). 
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In the event of initial velocities and accelerations being zero the terms between 
curly brackets reduce to zero, while the terms between square brackets remain. 
Except for very small values of 0 we may write 

sin 6 

We thus obtain for zero initial velocities and accelerations 


B r . . (o sin 0 / vT / V 

j)f-sin j)fo+^ I ' lr - c o s g (^os j><o-co8j»f)J (113c), 

which is seen to correspond with equation (20) of my 1928 paper, but with | re- 
placed by ^ y ^cos 8 * immediately that 0*2 < i at points very 

near the cathode, so that for this reason alone equation (113 c) cannot be applied 
near the cathode. 

As a searching test on the uniqueness of equation (113^) let us seek the value 
of u at the cathode. We have to let T tend to zero, so that 


Lt ((t 0 = 

T->0 


JV*-nx „ , n** 

' (115). 

na 

i-ni 

(« 6 ). 


When to is equated to t equation (113^) becomes 






-coM 




p (N^ — »i) «2 ~ ~ ”1) 


N>(i-n,) 

m{i-n,) J 


cos/>#| 





sin pt-\- [o] cos pt 


We thus see that the inclusion of initial velocities and accelerations provides all the 
boundary conditions required at the cathode: the value of w, the alternating velocity, 
reduces to zero at the cathode without the imposition of any such boundary 
condition on u. All attempts to arrive at equation (i 13) with u=^oss one of the four 
boundary conditions met with no success. 

From consideration of equation (i 15) it is seen that the value of da at the cathode 
is approximately — i. It is exactly — i at the potential-minimum. This is an 
interesting state of affairs which corresponds to a change of sign in era, where 


— Hi cos ^ + ^2 sin 
I — cos 0 + ^2 sin 0 


at some point which must lie close to the cathode. Under these circumstances, 
giving «i, Wa their values from equations (50) and (105) and writing 
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<72 = 


( ^0 , ^^0 rp . 

\mC) ~ 


T" 

2 


Writing for the time taken by electrons to travel from cathode to potential- 
minimum, we have in accordance with equation (83): 


eXo 

mC 


= T 


so that 


TJ-U.IC-T^T+^'n 

UJC-T„T+T^l2 

which has its minimum value (—1) when T=Tn^y i.e. 
If, however, (T2 =o we obtain 


(“ 7 ). 


at the potential-minimum. 




SO that it is not at the potential-minimum that changes sign but at some point 
further removed from the cathode, probably nearly at x—zx^. If the potential- 
minimum coincides with the cathode, then the approximate solution equation (113) 
applies at the cathode with — sin/>^o replaced by + sin/)^o» ^hus removing any 
doubt that u may not vanish at the cathode according to equation (113^:). Actually 
it may be regarded as somewhat remarkable that equation (113 c) as it stands does 
vanish at the cathode, for if we place t = tQ straight away we obtain 

Q 

«0= 2 sm/>fo (u8). 

On taking limits we find, however, a contribution from the terms in cos/>^, cosp^o 
which exactly balance equation (118) if ctj is taken as 2/^ at the cathode. This, in 
turn, is now seen to be impermissible since, writing gi in full, we have when co is 
small 

-X„+CT 

= ^ (” 9 )- 

Uo+^XoT+lC’n 


Only if we write Xq—o—Uq before equating T to zero can we obtain <71= 2/co T, and 
clearly the true value of at the cathode is 


(<^1)0= 


eX^ 

nuoUo' 


For the case of zero magnetic field, for which ctj becomes infinite, the interesting 
quantities in the solution for u are o-g and Lt (oxtj). If we adopt the typical values of 
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C, T^y Xq and Uq worked out in (4.6), equation (87), and table i, e.g. 


C= 0-9987 X 10®’ cm./sec?, 
J'^=2-oi54x io~^®sec., 

•^0= 113*96 X 10® e.m.u., 

L/o = 2-2330 X 10^ cm./sec., 
we obtain, using equations (117) and (119), 

(1-8254 X io~^) — (2-0154X iQ-^® r) + o-5r® 
(2-2360 X 10“®®) — (2-0154 X io“i® T )-> rO -$ T ^ 




j r V - 2-0127 X 10^^ + 0-9987 X 10®^ T 

(2*2330 X 10’) — (2-0127 X lo^’T) + (0-4999 X 

(ii9«)- 

If we give T its value corresponding to transit time between cathode and anode, 
we have, taking ^=300 volts and ^=0-5 cm. from table i : 


Zd 


V(- 

We obtain further 


i*S 


^ rr / X = Trx = I*4I‘>7X lO”*' SeC. 

zVeltn) \/( 3 ‘S 4 x 3 x ’) ^ 


_i-8254x IQ-® ® — 2-8 529 X I o~^®+ 1-002 0 X io~^^ _ 

^® “ 2-2360 X io“®® — 2-8529 X io“^® + 1-0020 X 10"^® ° 9945 > 


Lt (ajorj) = 


— 2-0127 X IO^’+ 1-4138 X 10^ 
2-2330 X lO"^ — 2-8490 X 10® + 1-0006 X 10® 


= i-64x 10®. 


The above values are to be compared with the corresponding values obtained 
when a magnetic field of critical value is applied: under these conditions it is readily 
shown that at the anode 


^2= — I +- 




, di:) 

u,c 




=0-940, 


a>c7i= —fj = —9-02 X 10®, 
mUo ^ 

which shows that the value of erg at the anode is not greatly affected by a magnetic 
field, but that has a negative instead of a positive value. By comparison with 
equation (119^1) we see that the value of cootj at the anode in the critical condition 
is the same as its value at the cathode. But from equation (99) 

de ~UdT' 


In the critical condition U has the same value at the anode as at the cathode, 
namely Uq, Thus dUjdT also must have the same value in both places, namely 
{ejni) Xq. We see therefore that a virtual cathode exists just in front of the anode 
having just the same properties as the real cathode in respect of the forward 
component of direct-current velocity.^ 
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(7.2) Alternating velocity at critical plane. When we come to consider the 
alternating velocity, we find, writing for the value of u at the anode in the critical 
condition, 



y,+co8 5^+-^^sin?^)8in^./ 

\ to 1—n^p ^ / 


. 27rp , «2 

Sin H ^ 

-A 

I — cos cos pt 

<0 i — ni 

p \ 

to J) 


(120), 


in which 


W2 cXq Xq 

I — ” mto ’ 


where and ^0 are both positive. 

Table 3 contains useful particular cases of the above expression corresponding 
to different values of pjto. 

Table 3 


Ph 


I 

4 

1 

2 

3 

4 


5 

4 

li 

7 

4 


8 (S r . zx, 1 

y s[0-5w) '”] 




^ COS pt-\- 


Xq 

UoH, 


sin pt 




f -5[(s^r 0 (sfe- 0 


The alternating velocity Uc as given by equation (120) should strictly be regarded 
in the first instance as corresponding to the critical plane rather than to the anode. 
The critical condition corresponds, however, to the electrons coming ta rest exactly 
at the anode, so that the distinction is apparent rather than real. The point was 
raised in order to prepare the way for a further conclusion which requires a little 
consideration. The question to be settled is as follows. Does the existence of an 
alternating component of velocity superimposed upon the steady component of 
velocity in any way alter the conditions under which equation (120) was derived? 

In the first place we noted that whatever the value of Uc , the value of U remains 
unaffected. This may be shown by referring back to equations (44a) and (97). 
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Thus the value of d is ztt during the whole cycle of events, dlw being the steady- 
state transit time. Thus we do not have to regard the critical plane as moving 
backwards and forwards in the ultradynamic condition, for the critical plane 
coincides with the anode during the whole cycle of events. This is, of course, in 
accordance with the original definition; but as it appeared in the section dealing 
only with the steady state, some further definition for the ultradynamic state might 
have been necessary. Actually we see that it is not, the position of the critical 
plane as defined in the steady state being preserved in the ultradynamic condition. 
We have thus achieved what we set out to do, namely to determine our ultradynamic 
solution at a fixed plane. 

As to what actually happens to individual electrons in the critical condition, it 
is clear that we cannot investigate this point by reference to the solution for individual 
electrons as given at (6) in (2.42), since it is not permissible to take a> — zn 
to correspond with the critical condition. 

Associated with the critical condition is the obvious conclusion that, during that 
half-cycle which corresponds to an anode potential below the mean value, electrons 
would, at low frequencies, fail to reach the anode at all, except for voltage- 
amplitudes comparable with the initial velocity Uq expressed in volts. This con- 
clusion is satisfactory in the case of negligible space charge, but tKe existence of 
space charge concentrated near the anode may alter the situation. To investigate 
this point, we may write down the electron current at the critical plane as 
follows : 

I(.^ Pc Pc Pc^ct 

where Pc is the steady-state value of space-charge density at the critical plane, and 
Pc is the fluctuating component of space-charge density at the critical plane. Now 
electrons will reach the anode at all instants of the negative half cycle of Uc if Ic 
has the same sign as (P+pc)> which requires that 

Uo>-Uc. 

This shows that the conclusion still applies when space charges are present. This 
does not prevent Uc from being greater than Uq during the positive half cycle, but 
equation (120) can then only be applied during the positive half cycle and that part 
of the negative half cycle for which the condition \Uc/Uo\<i is satisfied. 

With the above reservations, figure 4 gives the alternating velocity Uc in arbitrary 
units for values of pjo) between o and 2, for the case where Ao/t/o^c = 4> which 
corresponds closely enough to the values of Xq, Uq and He used in the example 
standardized in previous sections and also for the case Aq = o (dotted). In figure 4 
is shown only the coefficient of ( — sin/)^), designated (— ^i). In figure 5 is given the 
value of { — Hi) corresponding to negligible space charge 


(7.3) Alternating potential at critical plane. Now the following equation con- 
nects the alternating potential Vc at the critical plane with the alternating velocity 
existing there: 


h 

Pc 

Pc 




Electronic theory and the magnetron oscillator 45 

Figure 4 may evidently be regarded as referring also to the alternating potential 
for values of pjoy which make the above integral of negligible value in comparison 
with { 7 o«c • The integral has not yet been evaluated, except in the case where Uo> 
are zero. In the absence of definite information regarding the importance of the 
integral term, figures 4 and 5 will be treated provisionally as referring to the alter- 
nating potential, subject to revision at some future date. The alternating potential 
will cut off in general during a part of the negative half-cycle, so that the dynamic 
condition has a distinct resemblance to the condition obtaining in an ordinary 
triode regenerative circuit. For i the peak value of is 

Taking as 114 V./cm., Hf. as 131-6 G., as i mA. or io“^ e.m.u., we obtain 
Vq = -0-57 V. The above condition corresponds to a negative conductance of the 
order of 2 mA./V. 

(7.4) Oscillatory properties of planar magnetron. Inspection of figure 4 reveals 
that the coefficient of ( - sin pt) has positive maxima when 

p = p = 2 - 2 o). 

The relative insignificance of the maximum at p = 2 * * * § 2 (^ is in accordance with 
expectations (q.v.). The range of possible oscillation indicated by the positive values 
of ( — sinp^) around the value pjoj^i is as follows, when Tq is written for 27 r/p 

0-625 <ro/r< 1-85 (121). 

The oscillations predicted by the range (equation 121) depend on the im- 
portance of electron-inertia and probably correspond to the characteristic oscil- 
lations of a solid-anode magnetron. The rapid clamping of the curve of figure 4 
precludes the likelihood of obtaining any oscillations of higher frequency, the 
counterpart of which is well known in connection with the retarding field triode*. 
This result is in accordance with observation. On the other hand, figure 5 (for 
negligible space charge) would predict ranges of higher frequency oscillation. 
Oscillations with a cylindrical magnetron were produced by Zarek, originally in the 
year 1924!. An excellent summary of the present position of our experimental 
knowledge of magnetron oscillations is provided by MegawJ. The corresponding 
oscillations in the retarded-field triode are the original Barkhausen-Kurz oscilla- 
tions §. These have been extensively studied by workers too numerous to mention. 
Excellent summaries are to be found in papers by Hollmanjl, PierretQ, and 
Megaw**. 

• Scheibe, Ann. Phys., Lpz., 73 , 54 (1924); Potapenko, Phys. Rev. 39 , 625 (1932); HoUmann, 
Z. f. Hochfrequenztechfdk, 37 , 145 (1931); Benham, Electrical Communications XI, 39 , 223 (1933)- 

t Z.f, Hochfrequenztechnik, 32 , 172 (1928). 

t Loc. cit. 

§ Phys, Z. 21, I (1920). 

11 Hochfrequenztech, u. Elektroakust. 44 , 2, August 1934. 

VOnde Electrique, 8, 373 (1929). ** /• Instn elect. Engrs, 72 , 313 (1933). 
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(7.5) The ^ect of cathode-temperature on oscillation-intensity. The existence of 
an optimum in the relation between cathode-temperature and oscillation-intensity 
has been known since 1920*, but no satisfactory explanation has to my knowledge 
been proposed. The present paper contains all the material necessary for the 
establishment of a relation between cathode-temperature and the high-frequency 
energy developed by a planar magnetron diode in the critical condition. Comparison 
of theoretical results with experiment will constitute as severe a test as any of the 
fundamental correctness of the analysis. 

In order to obtain the desired relation we shall first of all require to know the 
relation between cathode-temperature and total emission. It has been found that 
Richardson’s lawf holds quite accurately for any one coated cathode, provided it 
has been properly formed and aged. Measurements on several oxide-coated cathodes 
have led to the following average value of Richardson’s constant b 

6= 1-42 X 10^ ° K. 

For a total emission of 200 mA./cm? at a value 1173° K. of the corresponding 
value of a in the simplified Richardson equation = with in mA./cm?, 

is given by 

logio «= I4-4- 

With the above information and with the assistance of (4.5) and (4.6) we obtain the 
results in table 4 for Uq and as functions of Tg, the anode current being 
supposed constant at 50 mA./cm? 


Table 4 


/ = 50 mA./cm? 


T . 

(° K.) 

J. 

(mA./cm?) 

J. 

J 

(V.) 

10* 

(cm.) 

io>« 

(sec.) 

^0 

(V./cm.) 

IO-’ Uo 

(cm./sec.) 

lo ^ XoU .-^ 

(V.-sec./cm?) 

1279 

2000 

40 

0-407 

2-426 

3*030 

I7I-4 

3-86 

44-4 

1*35 

800 

16 

0-2953 

2-225 

2-700 

152-6 

3-23 

47-2 

1222 

600 

12 

0-2618 

2-150 

2-580 

146 

305 

47-9 

1190 

300 

6 

0-1838 

1-920 

2-165 

122*5 

2-446 

50-1 

1173 

200 

4 

0-1402 

1-775 

2*015 

1140 

2-233 

5 I-I 

1145 

100 

2 

0-0685 

1-330 i 

1*498 

84-8 

1-637 

51-8 

1132 

75 

1*5 

0-0396 

1*056 j 

1-17 

66*2 

1-360 

48-7 

1125 

60 

1*2 

0-0178 

0-733 i 

0*810 

45-8 

1126 

40-7 

1118 

50 

1 

0 

0 

0 

0 

— 

0 


The last column of table 4 gives the ratio X^jU^ which from table 3 is seen to 
constitute an important factor in determining the value of . In particular, we 
note that when/> = <o the coefficient of (— sin/)^) is directly proportional to XqIUq. 
For a given value of /S which is determined by ji we may say that the effect 
of cathode-temperature on the oscillation-intensity is to be measured by the ratio 
XqIUq, This ratio is seen from figure 6 to be a maximum when 1145° K. In 
practice the optimum will occur below or above this temperature according to 


* Barkhausen and Kurz, loc. cit. 


t Loc. cit. 
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whether the emission-density when 1173° K. is above or below the value here 
assumed, e.g. 200 mA./cm? 

The form of curve shown in figure 6 is quite characteristic of experimental 
behaviour, though in some classes of oscillation* a maximum at one temperature 
has been found to be followed by a minimum at some higher temperature. No trace 
of this minimum has been discovered theoretically by working with still higher 
emission-densities, but the reason for this is not difficult to see. Table 4 is adjusted 
to a fixed anode current of 50 mA., whereas, in practice, if the cathode-temperature 
be progressively raised the anode current will continually rise. This applies in the 
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Figure 6. 


case of coated cathodes for values of total emission up to many times the value of 
space current taken. This effect is well known among valve engineers as “poor 
saturation”, though this term is also frequently applied to the other end of the scale 
(voltage saturation) in cases where the lack of a flat top to the anode characteristic 
is observed. Poor (space-charge) saturation is less noticeable with bright tungsten, 
but is still very noticeable when the tungsten filaments are external to the anode, as 
in McPetrie’s case. The output curve as given by McPetrie corresponds to an anode 
current \:ontinually increasing as the temperature of the cathode is raised. A 
continually increasing value of J would be accompanied by a continually increasing 
value of^i which would per se tend to increase the oscillatory output as the temperature 
is raised. 


• See McPetrie, Wireless Engr, p. 12 1 (1934). 
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Now McPetrie’s curves show output as a function of filament current. The high- 
frequency voltage developed will be proportional to the square root of the output 
O power O. If we divide this by the anode current we shall obtain a curve suitable for 
comparison with figure 6. The quantity O^// is shown roughly on figure 7, and it is 
seen that there is no minimum following the maximum. In view of the marked 
difference in geometry and operating temperature and other differences, further 
information is required in order to establish quantitative agreement between theory 
and experiment. 

In so far as theory predicts an optimum operating-temperature, the agreement 
with exj)eriment may be regarded as promising. It will be seen that the theoretical 
optimum corresponds to an anode current of roughly half the saturation value, 
whereas experimentally the optimum is generally considered to occur for anode 
currents nearly equal to the saturation value. This difference may be due in part to 
the difference in geometry and operating-temperature but possibly also to a con- 
servative estimate of the total emission. The accurate measurement of total emission 
requires a circuit which applies to the valve a sufficiently high voltage for a time 
insufficient to harm the cathode. The description of a suitable circuit for total- 
emission measurements is beyond the scope of the present paper, but it is of interest 
to note that emissions well over 2000 mA./cm? (see the first row of table 4) have 
been measured directly. 

(7.6) General conclusions concerning electron oscillations. The expression (equa- 
tion 120) for the alternating velocity existing at the critical plane of a magnetron is 
thought to be of fundamental importance as typifying the nature of virtual cathodes 
generally. Thus, whilst the virtual cathode as now understood is obtained by 
electrical and not by magnetic means, the only essential difference appears to lie in 
the existence in the magnetron case of a drift velocity parallel to the plates. It is 
possible that equation (120), suitably modified, may be used for the retarding-field 
triode. If T denotes the transit time between the real and virtual cathode of a re- 
tarding-field triode subject to no niagnetic field the corresponding value of is 
likely to be given by an expression of the type 

-cos/. 7 ’)| cos/.fJ (122), 

which differs from equation (120) only in that we have replaced hy and 

27r/co by T, Actually equation (122) as it stands does not remain finite when 
p = o. 

L. Tonks* was the first to draw attention to the important part played by the 
formation of a virtual cathode in the retarding-field triode, and proposed some sort 
of combination of his theory for the steady state with the dynamic theory of Gill 
and Morrellf. The present paper is directed largely towards the fulfilment of the 


• hoc. cit. 


t Phil, Mag, 44 , i6i (1922). 
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requirements postulated by Tonks, and it is believed that the analysis here given 
for the plane magnetron is accurate as far as it goes. The cylindrical case is likely to 
present grave difficulties judging by preliminary analysis, and it is to be hoped that 
many of the conclusions arrived at as a result of the study of a plane geometry will 
not be substantially modified when the results for cylinders are eventually derived. 
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APPENDIX. CHANGE OF COORDINATES 


The theory as given in two earlier papers* involves the solution of the equation 



dU 

dt 


+ U 


dm 

dx) 


^TTC^e j 

tn 


(I). 


Equation (i) is the electrical counterpart of Euler’s form in which x and t are in- 
dependent variables of the equation of motion for fluids moving in streamlinesf . 
If we wish to employ coordinates which specify the position of an individual electron 
in the course of its passage between cathode and anode, we shall need to specify that 
the distance travelled by a chosen electron is dependent on the time (measured from 
some arbitrary zero) and also on the instant at which the electron in question started 
from the cathode. 

Taking and to as Lagrangian variables, we shall have 


X — fj) (t , to)> 


i.e. the electron which started at time to (which < t') has] reached the plane x at 
time t'. 

Let/ be any function expressed in Eulerian coordinates, and / the same function 
when expressed in Lagrangian coordinates, i.e. 


Then 


or 


and, since 


8i’=St, 


• Part I; P/k 7 . Mag. 6, 641-62 (1928); Part II: Phil. Mag, 11 , 457-517 (1931). 
t See Lamb, Hydrodynamics, p. 2 (fif^ edition). 

PHYS. SOC. XLVII, I 
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we have, comparing coefficients of dt, dt^ respectively, 


dr dx 


'dt' 


d<l> 0 /_ df 
dto'dx’^dtf^ 


,( 2 ). 


Equations (2) are the formulae for change of variable, and show that, in the Lagran- 
gian scheme, equation (i) simplifies, if we now write = to 




in which the independent variables are t and % though the latter does not appear 
explicitly. 


Writing 


^TTC^e 


7=jB + i8 sinp^, 


and integrating with respect to /, while is constant, we have (assuming the electron 
starts with zero velocity and acceleration) 

? 2 v jQ 

0-,2 =-S (^-^o)+| (cosp^o-cospO. 


U-l-f «-<.)•+* (3). 

* = f (4). 

in which we have abbreviated by writing 


X = I - ^o) cos + (sin pt^ - sin pt)y 

and ^ - ^0)^ cos pt^ ^2p{t- sin pt^ + 2 (cos pt - cos pt^] . 

2 p 

Having obtained a solution for U (equal to dxjdt) which is very simply arrived 
at, we seek to express the solution in the original coordinates in order to enable us 
to calculate physically interesting quantities, such as conductance, admittance, etc. 
From equation (2) we obtain 

(-g-IV-T' 

where we have written f/j for the value of dx/dt in the steady state ( 0 =o). 

Writing U instead of dxjdt, and {T+bT) instead of (f-fo)» where bT is to be 
regarded as the deviation from the mean or steady state value of transit time, we 
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obtain, from (2) and (4), 

= Ux X (^> 0 + in Sr. 

It is readily shown that the fundamental component of U contains no term in 
ST, while the sole contribution to the fundamental arising from the term in ^ is 

Writing U^x-^ = 3 

we obtain, for the fundamental m, 

u= —zT-^ ift+X- 

Giving X ^ their values, we have 

j 3 r . . 2 2 . 

u - sin pt - sin pt^ cos pt^ sin pt^^ , 

in which tQ = t—Ty 

in agreement with the solution given on p. 648 of part I. 

Let us now derive the potential in Lagrangian coordinates. In Eulerian co- 


ordinates we have 


edV^dJJ dJJ 
mdx dt dx* 


(t-toY^B-^Psinpto), 


In Lagrangian coordinates t, we have, using equations (2), 

e dV __dx d^x^ 
m dto dtg ' dt^ ’ 

dx/dto may be obtained from (3), thus 

dto 

Hence 

S' (cos/.«0-co8/>0 

\.. . H (sin pto cos ptQ — sin pt^ cos pt), 

2 p 

This equation shows incidentally that harmonics are present in the potential if the 
current through the system is free from harmonics. Interesting ourselves only with 
the fundamental, we shall omit the last term. Integration with respect to to yields 
the result 

V = + ^4 [p^T^ cos pto + zp^T^ sin pto -^pT cos pto 

— cos + 4 (sin pt — sin pto)]f 


m 


where — 
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The above equation may be reconverted to Eulerian coordinates by a process 
similar to that adopted in the case of the velocity, and the result agrees with the 
solution obtained by working in Eulerian coordinates throughout (see p. 510 of 
part II). 

Turning now to the cylindrical case, equations (41) and (42) on p. 501 of part II, 

dU^ rr^U_-J^dV 
ar ■“ m dr » 



These become, as before, 

dr aV_ —edV 
dtQdt^~ m a/o’ 

a / d^r\^zec^ j 
dt \ dt^) m '' ’ 


The last equation requires the integration of an equation of the type 


av 


=/( 0 - 


The difficulties in connection with such an integration are such as to render a 
treatment in Lagrangian coordinates hardly less intractable than the treatment 
already given in Eulerian coordinates on p. 501 of part II. 

Summarizing the above, we see that by means of a suitable change of variable 
it is possible to avoid the necessity for solving tiresome differential equations. A 
simplification of the equations results also in the cylindrical case, which, however, 
does not appear to permit of exact solution in either system of coordinates. The 
above conclusions break down in more complicated cases. Thus if initial velocities 
and accelerations, or a magnetic field, be included, the process becomes intractable 
and the method may become too inaccurate to be of value. 


DISCUSSION 

Prof. C. L. Fortescue. What is the exact mechanism whereby a two-electrode 
valve can have amplifying properties which give it the nature of a negative re- 
sistance? And are there any experiments to prove the author’s theory to be correct — 
ckn a parallel-plate diode oscillate? Llewellyn says that this is probably impossible. 

Author’s reply. I find Prof. Fortescue’s first question a little difficult to under- 
stand. The negative-resistance property is hardly less fundamental than the elec- 
tron inertia, which is responsible for phase-differences corresponding to a negative 
power factor under favourable conditions. The amplifying properties, if any, would 
in my opinion be incidental to the negative resistance, and depend also on the 
external circuit. The mechanism of electronic oscillations in diodes and triodes is 
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dealt with in an article due to appear in the Wireless Engineer . With regard to experi- 
mental confirmation, Muller* has recently established the existence of oscillations in 
a carefully constructed low-loss full-wave parallel-plane diode. These oscillations 
lie within the zone predicted by my theory, which also predicts the correct intervals 
for dwarf waves in a triode oscillatorf. 

The above remarks all refer to diodes or triodes without magnetic field. So far 
oscillations in a parallel-plane diode with magnetic field have not to my knowledge 
been observed. Any experiments conducted with a view to obtaining such oscillations 
would be subject to the difficulty of obtaining a sufficiently uniform magnetic field 
throughout the space between the plane electrodes. If these electrodes are not large 
compared with their separation edge, effects occur which may mask the oscillations 
or which may result in spurious oscillations due to a proportion of electrons 
missing the anode and returning to it from behind. 

* Hochfrequenztech. u. Electroakust. 43, 6, 195—199 (i934)» 
t Elec. Comm. Xly 39, 223 (i933)* 
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ABSTRACT, A rotating coil of mean radius a lies symmetrically between two fixed twin 
coils of radius a. If the ratio a/a lies between 0‘58 and 0*53 it is easy to arrange, by merely 
adjusting the distance between the twin coils, that the mutual inductance M between the 
rotating coil and the two fixed coils shall be very accurately proportional to the angle 9 
of displacement from the conjugate positions over a range of some io° of arc on either side 
of the zeros. The constant K of the relation M—KB can then be accurately measured by a 
method here described in which 6 is deduced from a mutual-inductance ratio. At the 
same time errors in the calibration of the inductometer used are eliminated. 

If such a coil spins with an angular velocity a>, while a current C traverses the fixed 
twin coils, a uniform e.m.f. ojCAT can be drawn off a commutator on the rotating shaft 
and made to balance an e.m.f. CR drawn off an adjustable resistance R carrying the 
same current. Thus /? = doA”. 

If now the twin coils are brought rather closer together, the law of variation of M 
with 9 takes the form MjB =: K + A9^ — B9* over a displacement of 35° of arc from the 
zeros, where A and B are very small positive constants and M/B attains a maximum value 
K\ where 9^ — Al2B and scarcely changes over a range of 3° in this neighbourhood. 
I'his allows larger sectors to be used on the commutator and the constant K' of the 
relationship R = K'w can be accurately determined for a suitable commutator in situ. 

The experimental work is mainly devoted to a study of the laws of inductance on which 
the method depends and to the determination of the constants K and K'y but preliminary 
spin experiments are very hopeful and resistances of between 0*32 Q. and 0*64^1. have 
been measured absolutely by means of commutators with sector contacts of 23® and 47® 
of arc. Owing to the relatively large e.m.f. 's involved, the method is very sensitive and a 
fluxmeter can be used as the balance-detector for hand-controlled stroboscopic spins. In 
other experiments a synchronized television motor was used. 


§1. INTRODUCTION 

T he well-known method of measuring electrical resistance absolutely with the 
aid of a spinning coil was originally suggested by Weber and put forward 
independently by Kelvin to the Electrical Standards Committee of the 
British Association in 1863. It is very fully described in the reports of the British 
Association covering the period 1862-67; the experiments were carried out prin- 
cipally by Maxwell, Stewart, and Jenkin. Later determinations by this method 
were undertaken by Rayleigh and Schuster*; Rayleighf and H. Weber J. 

* Proc, roy, Soc, 82 , 104 (1881). t Thil, Tram, 178 , 661 (1882). 

X Der Rotatiom-inductor (Leipzig, Teubner, 1882). 
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The method involves fundamentally the measurement of a coil-area, a galvano- 
meter constant, a speed of rotation, and the deflection of a needle at the centre of 
the spinning coil. Corrections are necessary for the moment of the magnetic needle, 
the torsion of the supporting fibre, and the self inductance of the coil. It is not 
surprising, therefore, that the method has largely given way to the methods of 
Lorentz and Campbell which involve quantities more easy to determine and are 
applicable to the measurement of external resistances with potential-leads. 

In 1880 Carey Foster* suggested an interesting null method involving the same 
principle as the British Association method. In this arrangement a steady current 
is passed through a tangent galvanometer of known principal constant and through 
the resistance to be measured. The e.m.f. across the potential leads of this resistance 
is balanced against that derived from a coil spinning in the earth’s field, the balancing 
circuit being completed through commutators only over some 20° of arc. The middle 
of the period of contact was made to coincide with the instant when maximum 
e.m.f. was induced in the spinning coil, and the extreme variations of the e.m.f. 
during contact was 1*83 per cent. Though this null method has the great advantage 
of dispensing with the corrections necessary in the original method and is applicable 
to the measurement of an external resistance, the same fundamental quantities are 
involved. The correction necessary for the angle of contact, which must be measured, 
depends for its validity on a symmetrical setting of the commutators about the 
position of maximum e.m.f. which is difficult to locate with precision, and thermo- 
electric effects are likely to be troublesome. 

The object of the present communication is to describe a preliminary investi- 
gation of a sensitive null method by which a resistance may be measured absolutely 
in terms of a mutual inductance and a frequency. 

§2. THE THEORY OF THE METHOD 

Simple form of the method, A coil spinning uniformiy about a horizontal diameter 
lies between two larger fixed twin field coils having their planes horizontal and so 
separated in the theoretically simplest type of experiment that the mutual induct- 
ance M between the rotating and fixed coils in series and conjunction is, over a M 
range of some 10° of arc on either side of zero, very accurately proportional to the 
angle d of displacement from the position of zero mutual inductance. The axis of B 
rotation lies in the magnetic meridian and the earth’s vertical flux through the ro- 
tating coil is neutralized by a small current passing through large compensating 
coils in the Helmholtz position. 

A steady current C of about one ampere is passed through the twin fixed coils C 
and through a variable manganin resistance which is adjusted until the e.m.f. across 
its potential-leads is balanced by that across the commutating sectors of the ro- 
tating coil. These make contact through fixed brushes with a galvanometer over 
some 20° of arc, during which the e.m.f. arising from the uniform spin is constant. 


B.A. Reports^ p. 426 (1881). 
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Since the mutual inductance M at any position 0 over the range of contact is given 
by the linear relationship 

M=:^Kd (l), 

where K is constant, we have for the flux F through the spinning coil at any position^ 

F^CM^^CKd ( 2 ), 

and for the numerical value of the e.m.f. 


E=-dFldt=CKa) ( 3 ), 

where w is the constant angular velocity of rotation. Whence, equating this to the 
e.m.f. CR across the balancing resistance F, we have 

R = Kw — 27rnK ( 4 ), 


where n is the number of revolutions per second. 

In view of the remarkable accuracy of the linear law connecting M and 6 over 
considerable range the constant K can be determined with precision, and a method 
of doing this is described below which not only avoids the direct measurement of 
angles but at the same time eliminates errors in the stud-calibration of the mutual 
inductometer used. Further, on account of the linear law which gives rise to a 
uniform e.m.f. the exact angle of contact is not required and, although symmetry 
of contact is readily obtainable by means of inductance measurements, slight 
departure from symmetry is unimportant. Thermoelectric effects are rendered in- 
significant by adjusting the earth-coil current for zero galvanometer deflection 
when the current C is broken and the resistance R is connected across the contacts 
of the rotating coil spinning at the frequency n. On application of the current C 
relatively large opposing e.m.f’s. come into action, giving high sensitivity, and on 
reversal of C throughout the balance is preserved. 

Extension of the method to large angles of contact. So far we have supposed that 
the twin field coils are so separated that the linear law M — K0 is rigorous and that 
an unvarying e.m.f. CKo> is drawn off the rotating coil over an angle limited to 
some 20 ° of arc. Let us now consider a more general case applicable when the 
commutator sectors are enlarged to some 50 ° of arc. 

Let M' be the change in the mutual inductance between the rotating coil and 
the twin fixed coils over the angle of contact 0' of the sectors with the brushes in 
the region of the first conjugate position, and let M" be the change in mutual in- 
ductance over the corresponding angle of contact 0'' around the second conjugate 
position. Then the flux changes CM\ CM"' occur in times Fjoy, 0*'lw respectively. 
Thus the average e.m.f. during the contacts of one revolution is Cco fMf0' + M** 10") jz ; 
and if this is balanced on a ballistic galvanometer or fluxmeter by the opposing 
e.m.f. CR, drawn off the adjustable resistance R, we have; 




(s). 


Now while in general it would not be possible to measure precisely the sweeps 
of inductance M' and M" over precise sector angles 0' and 0", it is easily possible 
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to measure with great precision the ratios M*jB' and provided that MjO is 

rendered constant in the neighbourhoods of the sector-extremities. This, it has 
been found, can be readily accomplished by bringing the twin field coils rather 
closer together than when they are set to yield the linear law, so that their mutual 
inductance for a range of some 35® of arc on both sides of the zero obeys a law of 


the form 

Mje (6). 

It will be seen below that the coils were so separated that 

A//^= 124-932 + 3-665 X — X (7), 


where M is in nominal microhenries and 6 is in degrees of arc. This gives a 
maximum value for MfS of 125-042 per degree at 24°-5. The value 125-040 
corresponds to both 22“-8 and 26°* i, so that over this range of 3^-3 of arc MjO 
may be regarded as constant and equal to dMfdO, 

By making one sector larger than the other so that the range of contact is deter- 
mined by the smaller sector, 6 ' and B" were made equal at a value of about 46°*8. 
M'jB' and rendered almost equal by symmetrical setting, were measured by 

observations of M and B in the neighbourhoods of the sector edges, readings being 
taken when the sectors were {a) just on and (^) just off the contact brushes, the 
differences in angle between the on and the off readings being narrowed down to 
about o°-i. Under such circumstances, the constant K' can be measured with high 
precision. 

It should be observed that although in this method of working with a large angle 
of contact the e.m.f. drawn off the rotating coil is not quite constant, the extreme 
variation of e.m.f. is only o*i6 per cent over a contact of 47° as against 1-83 per cent 
over 22° of arc in Carey Foster’s method. Moreover in this method the e.m.f. at 
the point of leaving the sectors is equal to the average e.m.f. over the whole contact. 

Design and arrangement of coils. The design and arrangement of coils which 
provide the simple inductance laws stated above are based on the following theory. 
If two concentric circles have the ratio of their radii a/^^ equal to 0-506078* the 
mutual inductance between them is so accurately proportional to the angle of dis- 
placement from the conjugate positions that the rising deviation from a straight-line 
law amounts to only 4-2 parts in a million at 7"^ of displacement and 18 parts in a 
million at 10° of displacement. With a slightly larger ratio of a/a, the deviation may 
be distributed so that over a range of 7° it never exceeds 0-75 parts in a million. On 
the other hand, if a coil of radius a lies between two circles of radius a separated by 
a distance zx, the ratio a/a must be increased to bring about a similar approach to 
linearity. Thus if ^/a = 0-19438, the ratio a/a must be raised to 0-5461 to preserve 
the limiting linear law, the deviation at 7° being now 5-1 parts in a million. This 
deviation may likewise be distributed and diminished by slightly raising the 
ratio a/a. 

The practical significance of this theory, coupled with the fact that the primary 
effect of multiplicity of layers is to alter slightly the effective radii of the coils, lies 
• Nettleton and Llewellyn, Proc. phys. Soc. 44 , 195 (1932). 
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in the result that if a/a lies between the limits 0-58 >a/fl> 0-52, linearity within 
the accuracy of experimental measurements may be secured over some 12° with 
multiple-layered coils by merely adjusting the distance of separation between the 
larger twin coils. Such twin coils may at any time be joined in opposition, thus 
enabling the smaller coil to be set symmetrically. 

In general we may express the mutual inductance between twin coils and a 
smaller coil displaced from the conjugate positions by an angle 0 by a series of the 
type 

M==Ke^Ad^+Bd^+ (8), 

where the constants AT, B etc. depend on a, a, x and the number of turns, and 
may be evaluated with the aid of Legendre functions, though the process is laborious. 

If a/a lies between the limits given, the coefficient A may be rendered zero by 
adjusting the separation 2x, The succeeding coefficients are then small and negative, 
and a limiting linear law with accuracy of the order already stated results. If now 
the separation 2x is reduced, A assumes a small positive value and we have in 
practice with high accuracy over 30° of arc 

(9), 

which gives a maximum value of MjB=K-\-A'^l\B at positions given by d'^=Al2B. 
These positions are those proposed for the sector edges and define the ideal angle 
of contact for the new and closer distance of separation. 

The e.m.f. on uniform rotation is everywhere proportional to dMjdd. Thus the 
minimum e.m.f. over the sector contacts is represented by K when 0 =o, the maxi- 
mum e.m.f. by ^+ 9 ^ 4^205 when B^^^iAjioBy and the average e.m.f. by 
K+A^I^B (which is the actual e.m.f. when B^^AjioB or at the sector edges) where 
B^^Al2B, 

Measurement of angle by a mutual inductance method. This method of measuring 
an angle of displacement is particularly suitable for the present purpose and is based 
upon the fact that the mutual inductance between a small solenoid of designed 
dimensions and two large twin coils between which it rotates can be rendered with 
great accuracy proportional to the sine of the angle of displacement from the 
conjugate positions. 

The mutual inductance between twin circles A and 5 , figure i, and a single 

' L layered solenoid C of radius a and length 2L, rotated from the conjugate position 
by an angle By is given by the expression 

' »> C”). 

: Pny Pn where P„ is the Legendre function of the first kind, of order n; its differential 
G coefficient; n an odd positive integer, G the galvanometer constant of A and B 
1 ^, Sy « togcthcr at the origin of symmetry; q the total area of C; and s, r, (^, and if/ are 

sufficiently defined by the figure. 

^ If the angle solenoid C is of small radius, this series converges rapidly and only 
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the first three terms are of importance. They lead to the expression 

MsjGq = sin 0 + (sin 6 ) + (sin d) (i i), 

[f f] 

or when the result is expressed in powers of sin B 


MelGq-sUn 6 [i -3^1/2+ iSATg/S] 

+ sin 3 B [sA:i/2- 35/5:2/4] + sin 5 B [S^K^/S] (12). 

If oifa is less than f , and is rendered sensibly zero by making equal to a 74 
or equal to K2 also is always small and a close approach to the sine law 
results. If the coils are multiple-layered to the extent used in this research, this 
effect may be treated by a method due to Maxwell* and shown to be negligibly small. 


A 



Figure i. 


In the angle solenoid used in our experiments 2L = 3*78 cm. and a =2* 18 cm. 
as found with the aid of a standard solenoid. The mean radius a of the twin coils 
was i6‘4i cm. and in the least favorable position used, namely when the coils were 
closest and ^=78°, these figures give Ki= -i-oqx io~® and ^2= -3-20x lo”®. 
Whence if Mmax. denotes the value of M when B=go° 

smB=-j .^^ - [1+7X io"’-2-5x io‘^(sin*0-sin^^)] (13) 

and the sine law is very accurate, but it should be observed that the value of is 
necessarily uncertain as errors in the measurements of L and a have large effects on 
its calculated value. Some experimental tests upon this angle coil have already been 
described by Llewellynf , but in view of the special advantage of the method for the 
present purpose and its sensitivity to two or three seconds of arc over considerable 


• Proc. phys. Soc. 42 , 507 (i 93 o)* 
t Thesis, Ph.D. degree, University of London. 
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range, further improvements in the method and in the tests of its accuracy are 
contemplated. 

Method of eliminating local inductometer errors. Essentially the methods here 
described with either large or small angles of contact require the determination of 
a constant Mjd^ the angle B being measured from the relationship sin ^ = A/^/Afmax. 
All mutual inductances are measured on a Campbell inductometer. This inducto- 
meter is first carefully calibrated so that all the stud readings are known in terms of 
loo divisions of the scale, so that inductances can be read in nominal microhenries, 
subject to calibration errors. Further, the rotating coil is wound with such a number 
of turns that its mutual inductance with the twin field coils is so close to the value 
of the mutual inductance between the angle coil and the same field coils that up to 
at least 25° of arc the readings are within 100 microhenries; thus the same thousands 
and hundreds studs are in use for both readings. With the widening gap between 
the radian law and the sine law, the difference of reading at 40° of arc is still only 
some 300 /xH. 

Under such circumstances it is easy to show that any errors of the order possible 
in the calibration are rendered quite negligible as regards the determination of the 
ratio MjM^y and the accuracy of MjO is solely dependent on the accuracy of the 
inductometer at the angle-coil reading Mmax., which in our case was some 7000 /xH. 

In future work we shall aim at a maximum angle-coil reading of just over 
10,000 /xH., which will enable the fundamental dimensional length measurement to 
be checked by a 10 millihenry standard without any resort to the calibration curve. 

§3. THE APPARATUS 

The formers of the fixed twin field coils A and figure 2, were constructed of 
dexonite. The channels, of radial depth and axial breadth 3*6 cm., were each filled 
with 504 turns of double-silk-covered copper wire, s.w.g. 16, the mean diameter 
of winding being 32*8 cm. The coils, separated by distance pieces /), D, were locked 
together and firmly supported. 

The rotating coil C consisted of 80 turns of double-silk-covered copper wire, 
s.w.g. 26, wound on a solid mahogany former, the channel having axial breadth 
I cm. and radial depth 0*3 cm. The mean diameter of winding was about 19-0 cm. 
A hole of diameter 5 cm. through the centre of the former served for the insertion 
of the angle solenoid when required. The hole was lengthened by attaching to each 
face of the former wooden rings, one of which is seen at E; to the ends of these 
rings were fastened small brass brackets with screw adjustments enabling the angle 
coil to be set centrally and secured in position. 

The portions of the brass shaft to which the rotating coil C was attached 
terminated in pieces of channel brass F, F which held the coil by brass bolts. Some 
play within the channel pieces, which allowed room for packing, enabled the coil 
to be set symmetrically about the axis of rotation before the bolts were screwed up 
tightly. The brass shaft was of external diameter 1-27 cm. and had a central hole of 
bore 0*5 cm. which permitted bell flex leads from the rotating coil to be led through 
the portion G of the shaft to terminals t, t on the sectors of the commutator M. 
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The commutator M consisted of a cylindrical ebonite piece some 6*5 cm. in 
diameter and 3*3 cm, long, through the centre of which passed stout brass tubing 
which enabled it to be slipped over the shaft and fixed thereon by heavy screws. The 
brass sectors let into the ebonite were diametrically opposite. In the particular 
commutator shown inset in figure 2 on a larger scale, one sector S consisted of a brass 
piece tapering along its length from 44° to 51° of arc while the other sector was 
parallel along its length and of width equivalent to 60° of arc. The framework N 
carried spring brass brushes adjustable in width and height and provided with 
terminals. The fly-wheel L, the stroboscopic disc /?, the flexible unions U and 
the well-separated motor T are seen in the diagram. 



The large horizontal coils V, V of sides 49 x 55 cm. are placed in the equivalent 
Helmholtz position and serve for the neutralization of the earth’s vertical flux 
through the rotating coil when fed by a small current derived from accumulators. 

The main electrical circuit will be readily understood from figure 3 with little 
description. The current of about i A., derived from accumulators, can be sent in 
either direction through the twin coils A and By the quadrant key serving to join 
them either in conjunction or in opposition but always in series. The same current 
passes through standardized resistances of 0-20029 Q. and 0-50006 Q. and through 
the variable resistance R to be adjusted and measured, all of which can be connected 
by potential leads with a good thermoelectric potentiometer which reads from o to 
90 millivolts so that the value of R can be checked by comparison within a few 
minutes of measuring its resistance absolutely. The resistance R consisted of a box 
of manganin resistances of nominal values varying from 0-005 to 2-0 Q. in series 
with a short semi-circular copper wire, of s.w.g. 18 provided with a movable poten- 
tial contact. The e.m.f, across R can be adjusted to neutralize that across the 
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brushes b of the uniformly spinning coil, balance being observed on a galvanometer 
or fluxmeter provided with a tapping key. 

The circuit also readily permits of the measurement of the mutual inductance 
between the rotating coil, when stationary, and the twin field coils as well as of the 
measurement of the angle between them. For this purpose the primary of a Camp- 
bell mutual inductometer is switched in at the quadrant key Qi to be in series with 
the fixed coils. The rotating coil through the sector terminals /, t is thrown into 
series with the secondary of the mutual inductometer at the quadrant key and the 
galvanometer is included in this loop and detached from R by rocking over the 
mercury switch D. Alternatively, the angle coil may be thrown into the secondary 
circuit at H instead of the rotating coil and mutual inductance, and hence the 
angle between it and the twin coils can be measured. Balance is easily obtained to 
within 0*1 /xH., which represents in the case of the angle coil 3'" of arc. 



The most constant speed of revolution was obtained by using a synchronized 
television motor, the cogged wheel of which had thirty narrow teeth separated by 
gaps four times the width of a tooth. The synchronizing impulse is fed to coils 
actuating an electromagnet pulling upon the teeth of the cogged wheel. The im- 
pulses used were derived from valve-maintained Konig tuning-forks which had 
been calibrated against one another by the method of visible beating*. In figure 4 
the complete valve circuit is shown for maintaining the fork, synchronizing the 
motor and supplying a neon lamp with the tuning-fork frequency for viewing the 
stroboscopic disc R, figure 2, now provided with thirty lines. Because the television 
motor was rather weak in power, it was somewhat overrun and required careful 
rheostat adjustment to maintain synchronization for brief periods, but perfect 

• Nettleton and Balls, Proc, phys, Soc, 46 , 545 (1933). 
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balances were obtained on the galvanometer at three different speeds, viz. 8*533, 
10*667 and i2*8oo revolutions per second corresponding respectively to forks of 
frequencies 256, 320, and 384 vibrations per second. 

For other speeds a stronger motor was used in conjunction with other strobo- 
scopic disc rulings, viewed by means of the fork-controlled neon lamp, and the 
average speed was maintained as constant as possible with rheostats and hand- 
friction control. Though the imperfections of this control were manifested on a 
galvanometer by the oscillations of the spot of light, excellent balance was obtained 
by means of the following artifice. A Grassot fluxmeter of the silk-fibre-suspension 



type* shunted by some 80 Q. was substituted by a rock-over switch for the gal- 
vanometer, and the tapping-key was depressed while the average known speed of 
revolution was maintained. Any advance of a stroboscopically viewed line was 
immediately rectified by increasing the friction and enforcing its return. Departure 
from balance was then manifested by the growing drift of the fluxmeter pointer in 
one or the other direction, and was rectified by adjustment of R until, after a con- 
siderable run, the pointer maintained its zero value. This method was proved to be 
satisfactory by deliberately allowing lines to escape and return in a time small 
compared with the period of the fluxmeter. Moreover the sensibility was good, the 
balance of R being sharp on the slide wire, while even small departures from the 
correct current in the earth coils used for neutralizing the earth's vertical com- 
ponent could readily be detected by this fluxmeter method. 


§4. EXPERIMENTAL TESTS 

Attainment of the linear law M=^Kd, The distance pieces between the twin field 
coils A and B were adjusted by trial, a few readings of the type given in table i 
sufficing until close approximation to the linear law was attained. Symmetry of 
setting was acquired by throwing A and B into opposition and moving them to- 
gether until the mutual inductance between them and the rotating coil was as closely 
• The recent control-less jewel-pivoted type is less satisfactory owing to solid friction. 
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as possible zero in all positions. The angle coil likewise was set symmetrically by 
opposition tests, and its positions of zero mutual inductance with the fixed coils in 
conjunction were made to agree very closely with the corresponding conjugate 
positions of the rotating coil. Readings of the mutual inductance M between the 
rotating coil and the field coils, and the readings of the corresponding mutual in- 
ductance Ms between the angle coil and the field coils, were then taken over all four 
quadrants at closely corresponding positions. The maximum angle-coil inductance 
was observed also and the angle 6 in seconds of arc was then evaluated from the 
sine law for all positions. The corresponding values of M and d in all four quadrants 
were added together and the ratio MfO was obtained from The values 

obtained for the final setting of the field coils for spins with a commutator of small 
angle are recorded in table i. 

Table r. Values of Mjd for various angles B, ^/a = o-247, Minax. = 7085-17 


'ZM nominal 
(mH.) 

'Ld (seconds 
of arc) 

approximate 

(degrees) 

Mjd nominal 
(/iH./degree) 

2560-6 

74,726 

5-2 

123-359 

3279-2 

95,698 

6-6 

123-368 

4033 -9 

117,726 

8-2 

123-355 

48332 

141,050 

9-8 

123-357 

56493 

164,875 

11-45 

123-355 

644^*^ 

188,209 

13-1 

123-351 

7320-8 

2 I 3»675 

14-8 

123-341 

8148-6 

237.844 

16-5 

123-337 

8947-9 

261,176 

18-1 

123-338 

9781-3 

285,502 

19-8 

123-336 

10659-4 

3 ii»i 46 

21-6 

123-331 

12450-2 

363,614 

25-25 

123-265 

15043-9 

439,795 

30-5 

123-144 


A plot of MjB against B reveals peculiarities due to imperfect symmetry, but the 
approach to linearity is remarkable and the value of K for contacts of approximately 
known angle can be readily determined with precision. 

With the coils in this position the semi-angle of the contacts used in the spin 
experiments was ii®-6, and accordingly the value of the constant K was taken as 
123-355 nominal microhenries per degree. The correcting factor to convert to true 
microhenries was found with the aid of a standard inductance to be 1-00035, and 
hence for this arrangement of coils and contacts the experimental value of K is 
123-398 fiH, per degree of arc. 

Spin experiments with small angle of contact. The small commutator was readily 
adjusted systematically with the aid of the inductometer until the mutual inductance 
between the rotating coil and the fixed coils had approximately the same value, at 
the four boundaries of make and break between sectors and brushes, which are 
„ crossed during each revolution. The value in question was some 1425 /xH., corre- 
sponding to a semi-angle of 1 1°-6. The current in the earth coils was then adjusted, 
when the rotating coil was spinning with the main current broken, until no deflection 
was obtained on the galvanometer when closed through R and the commutator of 
the revolving coil. The speed of revolution was then maintained at a constant value, 
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determined by the tuning-fork and the stroboscopic disc in use, while R was 
adjusted until accurate balance was obtained on the galvanometer or fluxmeter 
when a main current of the order of an ampere traversed the circuit in either direc- 
tion. The balancing value of R was then immediately checked on the thermoelectric 
potentiometer by comparing it with one of the standard resistances — usually the 
o-500o 6-Q. resistance. The value of R in c.g.s. units is given by the expression 

/? = 36x 123-398 X 10^ x«, 

where w, the number of revolutions per second, is obtained by dividing the frequency 
of the fork by the number of lines on the stroboscopic disc. Table 2 gives the results 
obtained. 

Table 2. Absolute measurement of resistance. K= 123-398 /xH./degree 


Frequency 
of fork 
(c./sec.) 

Sectors 
on disc 

n 

(rev./sec.) 

R X io“® 
(c.g.s. units) 

Resistance by 
comparison 
(Q.) 

256 

30 

8-533 

0*37908 

0*37889 

320 

30 

10*667 

0*47385 

0-47365 

384 

30 

12*800 

0*56862 

0*56842 

384 

36 

10*667 

0*47385 

, 0*47386 

S12 

36 

14*222 

0*63180 

0*63193 

384 

40 

9 *6 oo 

0*42646 

0*42647 

S12 

40 

12*800 

0*56862 

0*56879 


The use of the synchronized television motor was limited of necessity to the 
first three experiments. Fluxmeter balances were taken in the other tests. 

Adjustment of twin coils for use with large contacts. The twin coils A and B were 
now brought closer together and set symmetrically with respect to both the rotating 
coil and the angle coil by opposition inductometer tests as previously described. The 
variation of M and 6 was then explored over all four quadrants by taking readings 
of M and Ms in closely corresponding positions. 

On adding the corresponding values of M and B in the four quadrants we obtain 
from HM/JIS mean values of M/B at various angles of displacement. These results 
are given in table 3 and are well represented by the relationship 

MjB— 124-932 + 3-665 X — X 10“^ B^ 

as will be seen from the fifth column, which gives the values calculated from this 
expression. The differences between the observed and calculated values of M/B are 
given in the last column. 

This setting of the coils with a maximum value for M/B of 125-042 nominal 
/ jlH , per degree at 24^-50 appears ideal for use with a commutator having sector 
contacts of semi-angle between 23° and 26°. Accordingly the commutator Af, 
figure 2, with smaller sector of angle tapering from 44® to 51® was adjusted on the 
shaft. 

Determination of the constant K' for large angle of contact. The larger commutator 
was adjusted systematically and firmly fixed in position. The constant K* of equa- 
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Table 3. Values of MjB at various angles B. = 0*212, Afmax. = 7249*37 


M 

(nominal 

(mH.) 

(d seconds 
of arc) 

e 

(degrees) 

Mjd 

observed 

(nominal 

fiH./degree) 

Mje 

calculated 
(nominal 
/itH. /degree) 

Difference 

3261*2 

93.961 

6*53 

124*949 

124-947 

+ 0*002 

4842-7 

139,511 

9-69 

124*963 

124*964 

— 0*001 

7247-3 

208,722 

14-49 

125*000 

124*996 

+ 0*004 

9690*8 

279,048 

19-38 

125*021 

125*027 

— o*oo6 

10957-8 

315,489 

21*91 

125*038 

125*038 

Zero 

12255*2 

352,824 

24*50 

125*045 

125*042 

+ 0*003 

13625*1 

392,298 

27*24 

125*033 

125*036 

— 0*003 

14927*4 

429,860 

29-85 

125*014 

125*016 

— 0*002 

16834*9 

485,007 

33-68 

124*958 

124-955 

+ 0*003 


tion (5), equivalent to {M'JB' + M''IB")l 2 t was found for it directly in situ by taking 
readings of M and B at the sector edges over all four quadrants with the brushes 
(a) just on and (A) just off. The data are recorded in table 4. 

Table 4. Direct determination of K' for contact of 47° 

xja ^ O - ZlZ , Mmax. = 7249*37 


Quadrant 

Contact 

M (nominal 
mH.) 

Mq (nominal 
/xH.) 

0 (seconds 
of arc) 

I 

On 

2945*7 

2890*0 

84.579 

I 

Off 

2968*1 

2910*7 

85,222 

2 

On 

2924*6 

2885*9 

84,451 

2 

Off 

2927*2 

2888*1 

84,520 

3 

On 

2880*8 

2827*8 

82,653 

3 

Off 

2888*3 

2835*0 

82,876 

4 

On 

2937*2 

2898-4 

84,840 

4 

Off 

2953*0 

291 2-S 

85,278 


The mean value of K' for the on and off positions, which owing to the closeness of 
the ratios involved is equivalent to for all readings, is 125*0405 nominal 

fiH, degree or, when corrected by the factor 1*00035 to convert to true micro- 
henries, 125*084 /xH. degree for a semi-angle of contact of 23°*4. 

Spin experiments zvith an angle of contact of 47°. A series of spin experiments 
was performed in the manner already described, and the balancing value of jR in 
c.g.s. units was given by 

/? = 36 X 125*084 X 10^ X n. 

Table 5 shows the values of R so obtained and the corresponding potentiometer ’ 
checks. The synchronized motor was used in the first three experiments. 
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Table 5. Absolute measurement of resistance. iC'= 125*084 /i^H./degree 


Frequency 
of fork 
(c./sec.) 

Sectors 
on disc 

n 

(rev./sec.) 

R X 10”® 
(c.g.s. units) 

Resistance by 
comparison 

m 

256 

30 

8-533 

0*38426 

0*38398 

320 

30 

10*667 

0*48032 

0*48018 

384 

30 

I2*8oO 

0-57639 

0-57614 

256 

24 

10*667 

0*48032 

0*48008 

320 

i ^4 

13-333 

0*60040 

0*59982 

256 

36 

7*iii 

0*32022 

0*32047 

256 i 

; 36 

14*222 

0*64043 

0*64036 

512 

36 

14*222 

0*64043 

0*64026 

320 j 

36 

8*889 

0*40027 

0*40002 

384 1 

36 

10*667 

0*48032 

0*48033 

512 ! 

40 

12*800 

0-57639 

0*57627 


§5. CONCLUDING REMARKS 

As this method of measuring resistance absolutely is based on the constancy of 
the ratio M/d in the neighbourhood of an angle 6 which deterrtiines the approximate 
semi-angle of the contacts employed, the greater part of our time has been given 
to an investigation of the relationship between M and 9 and to devising means of 
measuring the ratio accurately. Once the laws of inductance made use of have been 
established, a few readings suffice to determine the constant K for any commutator 
in position and to set its value between close limits. We favour the use of contacts 
of some 50° of arc owing to the great accuracy with which K can then be measured. 

In view of the high sensitivity and the rapidity and ease with which balance can 
be obtained, we propose to undertake further work with coils of rather greater 
diameter (allowing more space between the fixed pair and the rotator) so wound that 
resistances of the order of an ohm may be conveniently measured. Further in- 
vestigation is also being undertaken of the limits of accuracy of the sine law for the 
angle solenoid. It is proposed for the purpose of measuring 6 to use two additional 
twin coils always in the Helmholtz position and possessing a maximum mutual 
inductance of some 10 mH. with the angle coil. The essential length and time 
measurements will then be dependent upon the value of a convenient standard 
inductance and upon a standard tuning-fork frequency. 
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DISCUSSION 

Dr D. Owen. The method described is not really related to that of the B.A. 
revolving coil, as appears to be implied in the introduction to the paper. Its affinity 
is rather with the Lorentz method, as is clearly indicated by the formula R = Mn 
which applies to both. The idea of using a momentary contact at the instant of 
maximum induced e.m.f. of the moving conductor was proposed by Lippmann, who 
used a coil rotating in the uniform field within a solenoid carrying the same current 
as that passing through the resistance to be measured. The advantage of the present 
method lies in the application of the investigation previously made by one of the 
authors of a type of variable mutual inductance in which, over a wide range of 
angular movement, the mutual inductance is very closely a linear function of the 
angle. This at once puts the determination of resistance on an altogether higher 
plane of accuracy. Compared with the Lorentz revolving-disc method, it is now 
possible to use a multilayered coil, and consequently the scale of size of the whole 
apparatus, or the speed of rotation of the coil, may be greatly reduced. These 
advantages may well engage the careful consideration of those concerned with 
future work on the determination of the ohm at the various national laboratories. 

Authors’ reply. The method here described resembles the B.A., the Carey 
Foster and the Lippmann methods in that an alternating e.m.f. is generated in the 
revolving coil. It diflFers from them in that the e.m.f. is not sinusoidal and is very 
uniform over the contacts particularly at the contact edges. In Lorentz’s method the 
magnetic lines of force are cut throughout a revolution at a constant rate and the 
e.m.f. is unvarying. 

We thank Dr Owen for drawing our attention to Lippmann’s method, the formula 
for which may be written R = Mn if the contact is momentary. Our remarks in the 
paper on the correction for arc of contact in the Carey Foster method are equally 
applicable to the Lippmann method. 



69 


535-62 

A NEW PRECISION COLORIMETER 

By JOHN J, MANLEY, M.A., D.Sc. Oxon„ 

Fellow of Magdalen College, Oxford 

Received June lo, 1934. Read in title November 2, 1934. 

ABSTRACT, In this paper is given a description of a colorimeter (or tintometer) in 
which use is made of a simple optical system for juxtaposing the two beams of light. Also, 
novel methods are introduced for equalizing the tints of the two columns of liquid and for 
determining the difference between their lengths. 


§ I. INTRODUCTION 

O F late I have had occasion to carry out many determinations of minute 
quantities of iron, and for that purpose the precision colorimeter which is 
the subject of this paper was designed and constructed. The chief features 
to which attention may be drawn are (i) the simplicity and consequent inexpensive- 
ness of the optical system; (ii) the plan used for varying the length of the column of 
the standard solution; and (iii) the differential method employed for ascertaining 
the relative values of the two solutions contained in the tubes A and B. 

§2. CONSTRUCTION OFJAPPARATUS 

Figures i, 2 and 3 are largely self-explanatory. It may be seen that the several 
glass and other parts of the instrument are, as usugl, mounted upon a vertical 
board C. The tubes A and By graduated in centimetres, are supported by a shelf D 
having suitable apertures for the transmission of light reflected from the mirror M^. 
Variations in the inclination of the mirror are producible by means of the screw S, 
On emerging from the tubes A, By the two beams of lighi enter and pass through 
the V-shaped block of glass G, G, and are thus brought close together. Each limb 
of the vee is 18 mm. thick and the faces are polished and parallel. The two plates, 
united with Canada balsam, meet and form as shown in the figure an angle of 78°. 
After traversing the prismatic block the beam of light is, by means of a diaphragm 
Fy F having an opening 4 mm. long and 3 mm. wide, so limited that the central 
portions only pass upwards into the eye-piece E, The level of the standard solution 
in B can be varied and adjusted by a glass plunger P contained within a cistern T, 
The plunger, of uniform diameter, is suspended from a pin AT by a platinum ribbon O 

• The tubes A and B are not enclosed. Theory and experiment alike show that the use of a 
cover to exclude light other than that reflected by the mirror is wholly unnecessary. A decided 
advantage, however, accrues from the screening of the prismatic block for which an aluminium 
cover is used. 
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o-i mm. wide and o*o8 mm. thick; and it is so loaded with mercury that even when 
it is immersed to the fullest extent the ribbon still remains taut. For keeping the 
plunger central three solid glass pimples a, by c were formed and then attached by 
fusion as shown. In the absence of these the plunger makes contact with the walls 
of the cistern, thus causing inconvenience and inaccuracy. Two stops dy e impose a 
limit to the degree of rotation of the disc X carrying the index /. A ring L having 
upon its outer rim a millimetre scale as shown can be rotated independently of X 





and then secured in any one of a number of positions by a pin q fixed to a steel 
spring V, For convenience, the diameter of the cylinder Y and that of the graduated 
ring L are so proportioned that when X is rotated and P raised or lowered until the 
level of the solution in B has been changed by + lo mm., the reading as shown by 
I is altered by ± 20 scale divisions. Under these circumstances each scale division 
(i mm.) corresponds to a variation in the level of the liquid in B equal to T 0*5 mm. 
Smaller quantities are a matter of estimation. The plunger is retained by friction 
in any position to which it may be brought, and the friction, which is but small, is 
produced by an appropriate adjustment of the nut U. 
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In figure 3 is shown the posterior surface of the ring L with its series of equally 
spaced cavities* for the reception of the pin q. The distance between any two cavities 
is such that it is equivalent to a difference of 0*2 unit (cm.) of the scale upon either 
glass tube, and to 4 scale divisions of the ring L. 

The plate Q is pivoted upon the pin Z, and thus any required adjustment of the 
prismatic block about a horizontal axis can be readily effected ; the plate can then 
be clamped by means of a nut (not shown) at the back of the support. 

For attaching the parallel-plane plates to the tubes A and jB, use was made of a 
cement sold under the name of “Durofix.” This cement, which is not affected by 
water, has proved highly satisfactory. 

§3. EXPERIMENTAL PROCEDURE 

The colorimeter is used in the following way. First, the coloured solution under 
examination is introduced into A and the level of the liquid adjusted so that it 
coincides with an appropriate division, say 3, 6 or 8. The most convenient length 
for the column obviously depends upon the intensity or depth of the colour. Let 
us suppose the length to be 5 cm. Secondly, the plunger P is moved by turning H 
until the index I is in the position indicated by Thirdly, V is now pulled back 
so as to withdraw the attached pin q from its cavity : then the graduated ring L is 
rotated until the zero of its mm. scale is in close proximity to the index at /'. On 
releasing V and slowly turning L to the right or left q springs into an adjacent cavity 
and thus for the time being maintains the ring in a fixed position. The index is then 
set at zero. Fourthly, the standard solution is poured into the cistern T until the 
level of the liquid in B coincides with the graduation 4 (not with 5 as in the case of 
A). By adopting this plan, the level of the liquid in B can by means of the plunger 
be varied within the limits 5 + 2 and 5 — 2 cm. Lastly, by means of the milled head 
H the plunger is alternately raised and lowered until finally the two patches of 
colour as seen through the eye-piece are precisely matched. The index reading is 
then noted, and as this at once gives the difference in the levels of the two columns 
the required value may then be calculated. 

It will be observed that differences measured in the way just described assume 
values which are positive when the plunger is lowered and negative when it is 
raised. Accordingly all graduations of the scale on the left of zero as seen from the 
front are marked + , whilst those on the right are marked — . 

It may be desirable to point out that if some level other than 5 be more con- 
venient for the measurement in hand the procedure remains unchanged. For 
example, let the length of the column in A be increased to 7. This column is 2 cm. 
longer than the former, and as each i cm. is equivalent to 20 divisions of the gradu- 
ated ring, the ring must be rotated through 2 x 20 to the right and then, as in the 
first case, secured by the pin q. Next, the index I having been brought to the zero, 
an ad^tional quantity of the standard solution is introduced into the cistern T and 
the level of the liquid in B is adjusted so as to coincide with the graduation marked 

* Aetiudiy the cavities are five times more numerous than those represented in the figure. 
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6. That is with 7 - 1 instead of with 5 - 1 as in our first illustration. Finally the two 
colours are matched as already described and their relative values calculated. 

When the instrument is to be used for liquids which are affected by rubber the 
side-tubes at t may be united by fusion. 


§4. ACCURACY ATTAINABLE 

To those experienced in the practice of colorimetry, it will be quite obvious that 
the degree of accuracy attainable with the instrument just described must be, and 
is, of the same order as that ensured by the use of other precision colorimeters. And 
here we remark that the chief difficulty associated with the use of colorimeters arises 
not so much from the form of any given instrument as from a lack, on the part of 
the observer, of a necessary sensitivity for apprehending differences in colour- 
density. Some observers are able to match particular colours with ease but ex- 
perience considerable difficulty when dealing with others. In this respect my own 
observations are uncertain and irregular in the case of yellow, pink or red solutions, 
but are reasonably uniform for those which are blue. And so for the research 
which, as we have already stated, involved the determination of minute quantities 
of iron, choice was made of Prussian blue rather than of the red compound iron- 
potassium thiocyanate. Curiously enough a friend engaged in a similar research 
prefers the latter to the former compound. 

For ascertaining the mean error attending the use of the new instrument, the 
following experiments were made. First an acid solution of iron in the ferric state 
was prepared, the concentration of which was 56 mg. of iron per 100 cm? Of this 
solution I cm? was transferred to a 100 cm? measuring-flask and freely diluted. Then 
the required potassium ferrocyanide was added, and the whole was well mixed and 
finally made up to the standard volume. Newly prepared, such a dilute solution 
remains quite unclouded for some days. 

Next, both tubes of the apparatus were charged with standard solution and the 
necessary settings and adjustments carried out in the way already described. For 
the first experiment the column of liquid in A was 40 mm. long. Finally, column 
A was repeatedly measured in terms of column B with the results set forth in 
table I. 

Table i 


Length of column (mm.) 


Observed 

True 

Differences (mm.) 

Plunger raised 

Plunger lowered | 

"O 0 0*0 

6 6 6 6 

. - 0*5 

+ 0*5 
- 0*5 
+ 1*0 

Mean =40*13 

Mean= +0*13 


The mean difference +0’ia is equivalent to 4- 0*065 n™- {vide supra). Hence the measured 


weight of iron differs from that known to be present by 


0*56 — 0*56 X 40 
40*065 


or o*56~o*559amg« 
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In continuation of the series of tests, A and B were again charged with the 

solution containing 0*56 mg. of iron per 100 cm? The procedure detailed above 

was again followed, and other 3 columns of the standard solution were measured 

with the results set forth in table 2. rr. 

iable 2 


Length of 
column in 
tube A 
(mm.) 

Mean measured 
length of 
column in 
tube B (mm.) 

Iron content 

True 

(mg.) 

Observed 

(mg*) 

Differences 
(per cent) 

60 

59‘62 

0-56 

05564* 

— 0*64 

80 

79-88 

056 

0*55917 

— 0*14 

100 

lOO-OI 

0*56 

o*56oOe 

+ 0*04 



Means = 0*5586 

— 0*25 


Finally, with the object of rendering these tests more complete, several solutions 
having concentrations less than that of the standard liquid were prepared and 
measured with the results shown in table 3. 


Table 3 


Solution 

no. 

Length of 
column in 

A (mm.) 

Iron content 

True 

(mg.) 

Found 

(mg.) 

Difference 
(p^r cent) 

I 

90 

0*187 

0*1865 

— 0*27 

2 

90 

0*250 

0*2485 

— 0*60 

3 

60 

0*280 

0*2770 

— 1*08 

4 

60 

0*373 

1 0*3720 

— 0*27 



Mean== —0*56 


From tables 2 and 3 it may be seen that the final mean error is of a negative 
character and that therefore, in general, the weight of the iron was underestimated. 
But given another observer, having a personal equation differing from my own, the 
corresponding mean error might well be dissimilar not only in magnitude but also 
in sign. 

§ 5. EFFECTS OF EYE-FATIGUE 

In conclusion, attention may be drawn to the way in which the effects of eye- 
fatigue resulting from an indispensable critical observation of the colour-patches 
were met and overcome. Experiment showed that for a series of readings the great- 
est uniformity iit apparent values was obtained when the two columns were balanced 
quickly, or by first approximating to the true value and then resting the eye before 
the final adjustment was made. Another and most helpful plan was that in which 
the main adjustment was carried out with the aid of one eye and the final and more 
precise setting accomplished with the aid of the other and unfatigued eye. The 
apparent increase in the brightness of the field, as judged by the second eye, is usually 
very considerable, and so any residual difference in the depth of colour of the two 
columns is the more readily detected and balanced. I am not aware that these 
important matters of detail have hitherto received the notice they seem to merit. 
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THE ENERGY OF AGITATION OF POSITIVE 
IONS IN ARGON 

By F. LLEWELLYN JONES, M.A., D.Phil., 

University College of Swansea 

Communicated by Prof, E.J, Evans, July 2, 1934. Read in title, November 16, 1934. 

ABSTRACT. The energy of agitation of positive argon ions was investigated for a range 
of electric forces Z from 5 to 50 V./cm. and for a range of pressures p from 3 to 0*24 mm. 
by means of the Townsend method of measuring the lateral diffusion of a beam of ions 
moving in a uniform electric field. 

In pure specimens of gas the energy of agitation of the ions was the same as that of 
the atoms of the gas, and independent of the pressure, when the ratio Zjp was less than 
about 20. For higher values of Zjp the mean energy was increased by the field ; the values 
obtained are compared with those calculated on the assumption that the ions behave as 
perfectly elastic spheres which attract the atoms of the gas with a force varying as the 
inverse fifth power of the distance. 

The motion of the ions was found to be very sensitive to the presence of impurities, 
and the general effect of the impurities at pressures greater than 0*4 mm. and when 
Zjp was less than 80 was to reduce the mean energy of agitation of the ions to the value 
possessed by the atoms of the gas. This is probably due to the formation of ionic clusters. 


§ I. INTRODUCTION 

W HEN a Stream of positive ions moves through a gas at a pressure of p mm. 

in a uniform electric field Z their mean energy of agitation is not very 
different from that of the molecules of the gas when the ratio Zjp is less 
than about lo§ **. When Zjp is increased, there are various processes which determine 
whether the mean energy of the ions also increases. The influence of these processes 
has been fully discussed by Tyndall and Powell f in their investigation of the 
mobilities of positive ions in pure gases. If the gas contains impurities, molecules 
of the impurity may collect around the monatomic ion to form a cluster of many 
times atomic magnitude. This would especially be the case at high gas pressures 
and if the impurity molecules have a permanent dipole. Owing to their large mass 
the mean energy of agitation of these clusters would then be the same as that of 
the atoms of the gas, even for higher values of the ratio Zjp of the order of 100. 
However, as the pressure is reduced the influence of impurities decreases rapidly. 
The chance of a cluster being formed will decrease, and, as the electric intensity is 
increased the clusters will be broken up by collisions with atoms, and the ion will 
become monatomic. Again, the process of electron-transfer from a neutral atom 
to the positive ion with which it collides is considered by some physicists to modify 

• Z expressed in V./cm. 

t A. M. Tyndall and C. F. Powell, Proc. roy. Soc, A, 129 , 162 (1930); A, 184 , 125 (1931). 
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the energy of agitation of the ions, owing to the fact that the charge may not remain 
associated with the same ion as it moves through the gas**. This process is the more 
important in the case when the ions are those of the gas through which they move. 
It is suggestedf that electron-transfer introduces short-range interaction forces 
between the ions and atoms of the gas, so that the total force between a positive 
ion and gas atoms must contain these exchange forces in addition to those due to 
the polarization of the neutral atoms by the charge on the ions. The mobility of the 
ions, and hence their energy of agitation, depends on these forces. Hass6 and CookJ 
have shown, however, that if the collisions between the ions and atoms resemble 
those between elastic spheres the transfer of charge makes no difference to the 
mobility of the ions, but in general, when the ion exerts forces on the atoms, the 
mobility is reduced by the process. 

§2. DESCRIPTION OF APPARATUS 

In order to investigate the variation of the mean energy of agitation of positive 
ions with the ratio Zjp the following e'xperiments were performed in argon. The 
best method for the determination of the energy of agitation of ions in gases in 
uniform electric fields is that due to Townsend§, which consists in measuring the 
lateral diffusion of a narrow beam of ions moving in a uniforitf electric field between 
two parallel plates. 



The apparatus employed is shown diagrammatically in figure i. The design of 
the electrodes C, D and E was similar to that used in an apparatus for measuring 

• F. M. Penning and C. Veenemans, Z. Physik. 62, 746 (1930). 
t J. E. Lennard-Jones, Proc. phys. Soc. 48, 461 (1931). 

X H. R. Hass^ and W. R. Cook, Phil. Mag. 12, 554 (1931). 

§ J. S. To^msend, Proc. toy. Soc. A, 81, 464 (1908) and Motions of Electrons in Gases ^ Clarendon 
Press, pp. 7-9. 
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the ionization produced by positive ions described previously*. They were thin 
discs 3*4 cm. in diameter, fitted with cylindrical rings, and mounted i*8 cm. apart 
on three pyrex rods. The slit in the electrode C was i *25 mm. wide and 5 mm. long, 
and the slit in D was 2*5 mm. wide and 6*5 mm. long. A shutter forming part 
of the electrode D could be placed over the slit or withdrawn to the side to leave it 
open, and was operated magnetically. 

The positive ions which pass through these slits were generated in a side tube 
by means of a direct-current discharge between the molybdenum wire anode F and 
the electrode B, A fraction of the ions which passed through the slit Si were 
repelled by the electrode A and passed through the slit and finally entered the 
space between C and D. Slits , S3 and S4 were in the same straight line. Ions were 
prevented from reaching the electrode C except through the slit S, by confining 
the discharge within a glass tube T, 6 cm. long and i'5 cm. in diameter, which 
fitted tightly into a collar fixed to the cathode. Also, no ultraviolet light from the 
discharge in T could pass through the slits S3 and S4. The electrodes were made 
of copper 0*5 mm. thick and were insulated by pyrex bars. The glass envelope was 
also of pyrex and the connections to the electrodes were brought out through 
molybdenum seals. 

The electrode C was maintained at earth potential, and the potential difference 
between A and B was about 10 volts. The electric force Z between the electrodes 
E and D was the same as that between D and C, which was approximately the same 
as that between the electrodes C and B. Under these conditions the positive ions 
attained the mean energy determined by the ratio Z/p before entering the slit S3. 
The potentials of the electrodes were obtained from a battery of small accumulators. 

The source of high potential for the discharge tube was a 6oo-volt direct- 
current generator. The current could be adjusted to any desired value by means of 
a diode valve interposed in the positive lead from the generator. Thus the intensity 
of the current of positive ions was controlled by the filament rheostat of the diode, 
and their mean energy of agitation was determined by the potential-difference 
between the electrodes B and C. The simplest method of cutting off the stream of 
positive ions was found to be by means of a single-pole switch placed in the anode 
lead to the discharge tube in series with a high resistance of the order of i MQ. 
In this way the difference between the sparking and the maintenance potentials of 
the discharge was set up across the resistance, and the discharge current always 
attained the same value on closing of the switch. Thus the apparatus was readily 
adjusted to give any required positive ion current to the collectors. 

§3. PURIFICATION OF GAS 

The experiments were made with argon which was obtained commercially pure 
from the General Electric Company, Ltd. Further purification was effected by 
circulating the gas over red-hot calcium, in the manner devised by MacCallum 
and Klatzowf. The calcium was contained in a silica tube which could be raised 

• J. S. Townsend and F. Llewellyn Jones, Pkil. Mag. 16 , 28a (1933). 
t S. P. MacCallum and L. Klatzow, Phil. Mag. 15 , 829 (1933). 
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to red heat electrically. This tube was connected to the apparatus by means of a 
ground-glass joint, vacuum grease being used on only the outer half of the seal. 
The diffusion of mercury vapour from the Mcleod gauge and vapour pump into the 
pure gas was prevented by means of a liquid air-trap in the usual manner. 

The pyrex apparatus was heated for several hours to expel gases from the 
electrodes and from the surface of the glass, and a discharge was also maintained 
in the side tube. The argon was kept in contact with the red-hot calcium for some 
time before entering the apparatus. The gas was then withdrawn by absorbing it 
in a charcoal trap cooled by liquid air, again passing over the heated calcium. This 
operation was repeated many times and the argon was stored over the calcium 
while it cooled to room-temperature before being finally admitted to the apparatus 
for the measurement of the currents. The circulation of the gas over the hot calcium 
was also repeated during the course of the experiments. 


§4. EXPERIMENTAL PROCEDURE 

The discharge current between the electrodes A and B had a value between 
60 and lao/zA., depending on the pressure of the gas, while the currents of positive 
ions passing through the slit were of the order of Larger currents are 

undesirable in order that the space charge may not distort the electric field between 
the electrodes. Under these conditions the currents were measured by observing 
the charges received by the electrodes D and E when a discharge was maintained 
for 10 seconds in the side tube. The charges were measured by an electrostatic 
induction balance consisting of a quadrant electrometer, screened air condensers, 
and a potentiometer, in order that the potential of the insulated electrode may not 
change while the electrode was receiving a current of positive ions. 

At some pressures it was found that a visible stream of positive ions passed 
through into the space between A and J 5 . Some of the ultra-violet light emitted 
passed through the slit in the electrode C and caused the emission of electrons 
from D and E, In order to estimate the currents due to the positive ions it is 
necessary to correct the observations by deducting from the charges received by 
the discs D and E the small charges received when the electrodes B and C were at 
the same potential, for then the positive-ion current passing through the slit 1S3 
was negligible. These corrections were of the order of 5 per cent of the positive 
ion current at the higher pressures but rose to 20 per cent at the lowest pressure 
with the higher forces. 


§5. RESULTS OBTAINED 

As the ions move from C to E under the electric force Z the beam diverges so 
that some fall on the electrode D, and the rest, when the slit is open, pass through 
to be collected on E. When the shutter closes the slit, the whole beam of ions is 
collected on electrode D. The experimental part of the investigation consisted in 
measuring the currents to the electrode E, Ae current 1*2 to the electrode D wh^n. 
the slit was open, and the current to D when it was shut. If all the ions which 
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pass through the slit are collected on then = ii+i2] and this was fpun^ to be the 
case in all the measurements. The ratio iji^ was determined at various pressures 
of gas from 3 mm. to 0*24 mm. for a range of electric forces from 10 to 50 V./cm. 
The results of the experiments with the purest specimens of argon are shown 
R by the curves in figure 2, in which the ordinates represent the ratio I1/13, while 
the abscissae represent the electric intensity. 



Force Z (V.lcm.) 

Figure 2. 

Curve (i), obtained at a pressure of 3 mm., may be taken to correspond to the 
case when the energy of the ions is the same as that of the atoms of the gas, the 
ratio Z/p being less than 17. When the pressure was reduced to i mm. curve (2) 
was obtained, and for values of Z/p less than 20 it is identical with curve (i). This 
shows that values of Z/p less than about 20 have little effect in increasing the energy 
of agitation of the positive ions. However, for higher values of Z the divergence of 
the ions increased, indicating an increase in the mean energy. Curve (4), obtained 
at a pressure of 0*3 mm., shows that the energy of agitation was increased still 
further, and the ratio R at about 0*5 was independent of higher values of the 
electric force. 

However, during the course of the experiments it was found that the presence 
of minute quantities of impurities had a large effect on the energy of the positive 
ions. Thus at a pressure of i mm. a specimen of gas was allowed to remain in the 
apparatus and was not circulated over the calcium during the measurement of the 
currents. The curve thus obtained practically coincided with curve (i), showing 
that the energy of agitation of the ions was the same as that of the atoms of the gas 
for values of Zjp up to 60. Highly purified argon has been prepared by MacCailum 
and Klatzow*, who found that the presence of impurities in minute quantities has 
a large effect on the sparking-potential and the electrical properties of the gaa. 

• Loc. cit. 
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Experiments were also performed with positive ions in specimens of argon which 
were known to be impure. Purified argon at a pressure of 1*52 mm. was admitted 
to the apparatus and frequent discharges were produced in the side tube, currents 
of 200 /LtA. being used in order to cause the emission of impurities. The gas was not 
circulated over the heated calcium for a period of many weeks. Measurements of 
the ratio R were made for a range of pressures between 1*52 mm. and 0*24 mm. 
The results are given in the curves of figure 3. 



Figure 3. 

For pressures of 1*5, 1*0 and 0-54 mm. the curves are all ver^^ close together, 
all roughly corresponding to the case when the energy of the ions was equal to that 
of the gas atoms. Thus the presence of the impurities appears to prevent the energy 
of agitation of the ions from becoming greater than that of the atoms of the gas 
for pressures greater than about 0*5 mm. with electric forces less than 60 V./cm. 
However, when the pressure was reduced to 0*24 mm. the energy of the ions was 
increased by the electric field just as in the case of the purer specinjens of gas. 
A reasonable explanation of this effect is the increase in the mass of the ions due 
to the clustering of molecules of the impurity around them; and the experiments 
show that these clusters may exist even when the ratio Zjp is about 80. It would 
thus appear that impurities have much less effect at the low pressures of the order 
of 0*25 mm. in reducing the energy of agitation of the ions. This is doubtless due 
to the smaller chance of the formation of clusters, and the strong electric field 
breaking them up. 

By comparing the curves for a pressure of i mm. obtained with the pure and 
impure specimens of argon it is seen that the effects produced by the impurities 
appear not to depend very greatly on the quantity of the impurity present. Thus the 
curve for argon containing only traces of impurities — approximately curve (i). 
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figure 2 — is practically the same as the curve obtained with the very impure 
specimens, curve (2), figure 3. The effect due to the first trace of impurity is very 
great. The high sensitivity to impurities of the motion of the positive ions in argon 
makes it probable that the values of the ratio shown by curves (2), (3), (4) in 
figure 2 are too high, that is that the electric field increases the mean energy of 
agitation of the ions more than is indicated in these experiments. 
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§6. INTERPRETATION OF RESULTS 


Townsend’s* well-known analysis of the motion of ions in a uniform electric 
field Z V./cm. shows that the ratio R is given by the equation 

R-f{WID) (I), 

where W is the velocity of the ions in the direction of the electric force and D their 
coefficient of diffusion, supposed isotropic. But 


-^= 3 ^= 3 ? 

D 2E1 


(2), 


where E^ is the mean energy of agitation of the ions expressed in volts which is 
equal to kE^y E^ being the energy of agitation of the gas atoms in volts. Thus 

R-nm ( 3 ). 

When the energy of agitation of the ions is not very different from that of the atoms 
of the gas, Zjk is equal to Z, and the theory shows that £ is a function of Z and is 
independent of the pressure of the gas. Thus for pressures greater than about i mm. 
and for values of Zjp less than about 20 the curves are identical. 

When the electric intensity is very high and the ionic mass is equal to that of 
an atom of the gas, the drift velocity W of the ions may become comparable with 
their velocity of agitation w. Consequently the equations of diffusion would be 
invalidated and equation (3) would require modification. In this case the velocity 
of the ions is principally in the direction of the electric force, and their energy is 
due to this motion and not to their motion of agitation. Hence in these experiments 
the ratio Zjp was limited to values less than 150. For large values of Z the free 
paths of the ions are bent appreciably in the direction of the field, and the lateral 
diffusion of the ions is reduced. Thus there is an apparent reduction in the 
coefficient of lateral diffusion Z), and since the energy of agitation of the ions is 
obtained from this coefficient by means of the equations (i) and (2), it follows that 
the values of k calculated from equation (3) are too low when Zjp is very large. 

An approximately correct modification of the equations may be obtained simply 
in the case when the collisions between the ions and atoms resemble those between 
elastic spheres. 

In the absence of the electric force let OA^ figure 4, represent the free path of 
an ion after a collision at 0 . The mean interval, t, between successive collisions is 
equal to A/w, where A is the mean free path and u the mean velocity of agitation. 
\^en a strong field Z is acting, in the absence of a collision during an interval r 
the ion traverses the parabolic path OCB of length s. 

* Loc. cit. 
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Since the mean free path is practically unaltered, the ion now collides at C, 
where OC=A. The lateral diffusion of the ion is thus reduced from OY to OY\ 

The fractional reduction/ is which, though less than OC/O-B, is practically / 

equal to it, i.e. to A/r. If Ui is the mean velocity with which the ion traverses the Ui 
parabolic path r, then 5 = Mit; hence 

Xls^ujui. 

Now [tt® sin*^+(M cos 0+ 

where y=^Z/m, e being the ionic charge and m the mass of the ion. Thus 
/= [i +yT cos Olu + (iyrluY]-K 



When the velocity of the ions in the direction of the electric force is large, no great 
error is made in replacing the mean value of cos 6 by unity, so that / is given by 

where Aj is the mean free path of the ions at a pressure of i mm. and is computed Aj 

below* as a function of A, equation (5). The coefficient Di of lateral diffusion of Di 

the ion is proportional to the mean free path of the ions in a direction perpendicular 
to the electric force and is thus given by 

Z),=Z)/(i + C.Z/p) (4), 

where C is a function of A, and is 4*8 x lo"^ when k is 5. Thus the correction C 
necessary is less than about 30 per cent when Zjp is 60. 

It may be seenf that when the coefficients of diffusion along and perpendicular 
to the electric force are not the same that equation (i) becomes 

R=f{WID,). 


• See p. Bz. 

t See for example V. A. Bailey, PkiL Mag, 9 , 560 (1930)* 
PHYS.SOC.XLVII, I 
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Hence the values of k obtained from (3) should be multiplied by (i + C.Z/p) to 
obtain the energy of the ions. These corrected values of k are given in the table 
for the different values of the ratio Zjp used in the experiments. 


Table I 


k 

I 

1 

1-5 

2 

27 

3-8 

5 

zip observed 

0 

18 

27 

45 

75 

100 

150 

Z/p calculated from equation (10) 

0 

14 

30 

43 

60 

80 

100 




a 


r,K 

N 




§7. THEORETICAL CONSIDERATIONS 


The energy of agitation acquired by the positive ions in a gas under the influence 
of the electric field depends on the mean free path and on the fractional loss of 
energy in an encounter with a gas atom. In the steady state, when the mean energy 
of agitation remains constant as the ions move through the gas, the energy acquired 
from the electric field is dissipated in collision with the atoms. In order to calculate 
this mean energy Ei exactly it is necessary to know the nature of the forces between 
the ions and atoms. On the assumption that the ions exert a repulsive force on 
the atoms varying as the inverse fifth power of the distance, Pidduck* has shown 
that k is related to W by the equation 

where O is the velocity of agitation of the gas atoms. However, it is interesting to 
estimate the energy of the ions on the assumption that their collisions with gas 
atoms resemble those between elastic spheres, and that in addition they attract the 
atoms with the force due to the polarization of the gas atoms by the ions. In this 
case the attractive force between the ion and an atom due to the charge induced 
on the atom has been given by Langevinf in the form 


F(r) = 


{K-i)e^ B 
r® * 


where r is the distance between the centres of the atom and the ion and K the 
dielectric constant of the gas containing N atoms per unit volume. The rate of loss 
of energy of ions in a gas under these conditions has been investigated by J. J. 
Thomson! who showed that the increase in the energy-loss due to the charge on 
the ions may be regarded as being equivalent to a reduction in their effective mean 
free path. Let A be the mean free path of the ions and A' the mean free path of the 
atoms with the same energy. Then if the attractive force is strong 

.A' 

4-4 W* 


* F. B. Pidduck, Proc. rpy. Soc, A, 88, 296 (1913). 
+ P. Langevin, Ann. Chim. {Phys.)^ 8, 245 (1905). 
t Sir J. J. Thomson, PHI. Mag. 47, 337 (1924). 
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where m is the potential energy of an atom in contact with an ion, and Ef is the 
relative kinetic energy of the ion. Thus 


CD _ B 


where is the sum of the radii of an atom and an ion. 

In deducing this relation it is assumed that the force on the atoms of the gas 
due to the charge on the ions is strong enough to bend the paths of the ions or 
atoms so that collisions between them are directly along the line of centres, and 
also that exchanges of momentum occur between the ions and the atoms when 
they do not collide. In general the rate of loss of energy by the ions is less than 
that deduced from these assumptions, but the error introduced in adopting 
equation (5) becomes smaller the more polarizable are the atoms of the gas. 

When the positive ions are not in thermal equilibrium with the gas atoms, their 
mobility fi may be found from their coefficient of diffusion D by means of Langevin’s 
relation given in equation (2). If the velocities of the ions are distributed according 
to Maxwell’s law, D is given by the equation* 


(3n)iNa^^ 



( 6 ), 


El and E2 being the mean energies of the ions and atoms measured in ergs. When 
the ions are those of the gas through which they move, then mi — m2 = Tn the atomic 
mass and (Ji2=(j the atomic diameter. 

The mean free path A' of an atom with energy Ei is given by the equation 


I _ l^/2 

N7ra^l+EJE,)^~{l+E,IE^)i 


(7). 


where / is the mean free path of atoms of the gas with mean energy £'2. The 
mobility /x of the ions is thus given byf 

o-g2eli(i+EJEi)i 

^ 

where /i = • 

4-4 W)* 

The mean fractional loss of energy F in a collision between equal elastic spheres 


<0, Ef 


<Jl2 


lj.,D 


El, Et 


a 


I 


• Jeans, Dynamical Theory of Gases ^ Chap, x, p. 316. 

t It is interesting to note that when the ions are in thermal equilibrium with the gas atoms 
equation (8) may be expressed in the form given by L. B. Loeb, PhiL Mag. 49 , 518 (1925), thus 

where pis the density of the gas, and A is 0*25. This constant is about one half of the value given in P* ^ 
the rigorous derivation of Langevin (loc. cit.) which agrees with the experimental determinations for 
the alkali ions in argon made by A. M. Tyndall and C. F. Powell, Proc. roy. Soc. Lond. A, 186 , 145 
(1932). This difference is due to the adoption of the simple expression (5) for the change in the 
mean free path due to the polarization of the gas. 

6-2 
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when the distribution of their energies about their mean energies Ei and is 
Maxwellian is** 

i{i-E,IE,). 

The average number of collisions made per second by an ion of energy 

may be taken to be fi/A, i.e. o-92w/A. Hence if E^ is maintained approximately 

constant the average rate of loss of energy in collisions is equal to 

ogzFEiuIX. 

In statistical equilibrium this loss is balanced by the energy, efxZ^ gained per second 
from the electric field. Thus 

o-gzFEi ujX = efjLZ\ 

and from equations (5), (7) and (8), since Er=iE2{i+k), then 

— o-zelZ 




Now if Z is measured in volts per centimetre and and E^ in volts, then E^ is V. 
Also l=Llp, where L is the mean free path of argon atoms at a pressure of i mm. 
The value of tj deducedf from the coefficient of viscosity is 2-96 x io“® cm. giving 
L = 7 X io“® cm. Again, since (^ — i) for argon is 5*29 x io“^ it follows that B is 
7*48 x 10“^®, so that co is 2*3 x io~^® ergs and E2 is 6 x io~^^ ergs; thus is 2. 

Hence equation (9) becomes 




,(io). 


The values of the ratio Zjp corresponding to various values of k obtained from 
this equation are given in the table, where they may be compared with the experi- 
mental results. 


§8. CONCLUSIONS 

It has been indicated in § 6 that the experimental values of k may be smaller 
than the actual values owing to the action of impurities, but for the highest values 
of Zjp the influence of impurities is not so important. Furthermore, the calculated 
values of Zjp were obtained on the assumption of the predominating influence of 
the polarization of the gas atoms, so that they must be regarded as upper limits to 
these values. 

It will be seen then that although a general agreement obtains between the 
observed and calculated values when Zip is less than about 80, there is a difference 
between them which increases when the ratio becomes higher. This difference may 
be due to the neglect of two considerations: (i) the mean free path of the positive 
ions at the velocities considered may be shorter than that deduced by equations (5) 
and (7) from the kinetic theory of gases; and (ii) exchange processes occurring in 
some of the collisions tend to diminish the mean energy of agitation of the 
ions. Now the mean free path of positive ions in argon has been found, at certain 

• M. Cravath, Phys, Rev, 86, 248 (1930). 

t H. R. Hass^ and W. R. Cook, Phil, Mag, 8, 977 (1927). 
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velocities, to be very different from that deduced on the kinetic theory of gases; 
an effect which is similar to the Townsend-Ramsauer effect for slow electrons. 
Thus Thomson* found a variation of the mean free path of protons in argon, the 
minimum occurring at the same velocity as with electrons; while Ramsauer and 
Beeckf have shown that the cross-sections of argon atoms in collision with the 
alkali ions increased rapidly when the energy of the ions was reduced to the order 
of I V. Such variations of the mean free path of the ions would cause corresponding 
variations in the mean energies of the ions. 

Again, Hass6 and CookJ have shown that the process of electron exchange 
reduces the mobility of positive ions by an amount which depends on the probability 
of a transfer occurring in any collision with an atom. Since the energy acquired by 
the ions in moving through the gas is determined by their velocity in the direction 
of the electric force, exchange processes probably tend to diminish the mean 
energy of the ions. 

It was not possible to determine the relative importance of these considerations 
in the experiments described in this paper, and the investigations are being extended 
to measure the coefficients of ionization by positive ions of argon under strong 
electric forces. 
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ABSTRACT, A method, based on the reduction of classical formulae, whereby the 
numerical computation of complete elliptic integrals of the third kind can be considerably 
simplified in certain cases is suggested. A particular case considered in detail is that which 
arises in the calculation of the mutual inductance of a helix and a coaxial circle. A con- 
siderably simplified formula, well adapted for numerical working, is deduced, together with 
an extremely simple result for the case when the helix and circle have the same radius. 

§1. INTRODUCTION 

T he need for non-laborious methods of computing elliptic integrals arises in 
several physical problems. L. V. King^*) has given a very detailed account of 
the various devices by which elliptic integrals can be reduced to forms which 
admit of easy numerical computation, and, in addition to many classical formulae, 
he has given new series suitable for the direct numerical computation of complete 
elliptic integrals of the third kind. In certain cases, however, which are of interest in 
the calculation of coefficietits of mutual inductance, it appeared to the present writer 
that much labour could be saved in the computation of the integrals of the third kind 
by the direct reduction of classical formulae to simpler forms. A new expression is 
derived which is well adapted for numerical working, and its application to Viriamu 
Jones’ formula for the mutual inductance of a helix and a coaxial circle is con- 
sidered. 


§2. REDUCTION OF CLASSICAL FORMULAE 


Denoting by F (<^, k)y E (<f>y k) and 11 (<^, ky n) respectively the incomplete 
elliptic integrals of the first, second and third kinds respectively to modulus ky we 
have r if, 

F(<f>yk)^ d<f>/A 

Jo 

E{<l>yk)=^\^Adi> (i), 

Jo 

n (<^, A, n) == [ + n sin^ <f>) A} 

0 

A= v'(i-;feasin2 


where 
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The angle (f> is the amplitude^ and n is the parameter of the third integral. The 
complete integrals^ which are usually denoted by the letters K, E and 11 respectively, 
are obtained by putting <f) equal to 7r/2. 

Methods for the evaluation of these integrals based on transformation of the 
moduli and amplitudes were discovered independently by Landen and by Gauss. 
Each method depends on the formation of a scale of arithmetico-geometrical means. 
Such a scale is formed as follows. Start with two positive numbers flo> such that 
aQ>hQ, and form successively the following quantities: 

02 =V{^i + f>i) K=V{aibi) ...(2). 

«« = J (On-l + bn = Vi^n-l • *n-l) i K-1 - *n-l)) 

The a^s and Es rapidly tend to the same limit, which we may denote by 
an=M{aQy bo), while the ds become zero in the limit. It is easy to see that, if p is 
».y„umhe,,,l.e„ (3). 

Landen^s transformation is equivalent to forming the arithmetico-geometrical 
mean scale ao=i, bo= Co=k, together with a trigonometrical recurrence 

formula for the amplitudes (starting with 

tan (<Ar+i - <^r) = (^A) tan (4), 

and just as the a*s and i’s tend to a limit, so the <^*s derived from equation (4) 

continually approach a value which is equal to 2^ multiplied by a definite magnitude. 

In other words, approaches a limit which we may denote by 0. 

We then have the following results ( 3 ) for incomplete integrals of the first and 

second kinds: ^1 /\ 

F[if>,k)=^lan (S), 

E{<l>,k) = {EIK)F{<l>,k)+ S.c.sin^, . (6), 

r-l 

and for the complete integrals of the first and second kinds 

A'=7r/2a„ (7), 

{K-E)IK=^i: 2 'c,^ , (8). 

r=aO 


We now proceed to apply these results to the reduction of the classical formulae 
for complete elliptic integrals of the third kind. Legendre showed that, in general, 
such an integral could be expressed in terms of complete and incomplete integrals 
of the first and second kinds, the result depending on the form of the parameter n of 
the third integral. In what follows we shall be concerned with the Case when n is 
negative and particularly when n is such that i>\n\>k\ although in passing it is 
worth while noting, on account of its simplicity, the case in which \n\<k\ 

In this latter case, Legendre writes n--k^ sin* 6 and deduces the result 




tan^ 

Vii-k^sin^d) 


(9). 


K 






[K.E{d,k)-E.F(e,k)] 
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Forming the arithmetico-geometrical mean scale 0^=1, ho=‘V{^~^)> 
using the recurrence formula (4), and applying results (s)-(®)' easily throw 
this equation into the very simple form 


n-/i:= 


gtan^ 

2 <i„-\/(t~^*8in*fl) 


S CrSm<f>r 
r»l 


(10). 


which is very suitable for numerical work. If we work to 8-figure accuracy, the 
arithmetico-geometrical mean scale converges in four terms, while only two or three 
terms are required in the summation. 

Turning now to the former case, in which we are directly interested from the 
point of view of mutual-inductance calculation, we note that Legendre writes 


-i+A'^sin^^o' 




in which k'= ^/(l -k^) and is called the complementary modulus. He derives the 
result 




Form now the arithmetico-geometrical mean scale 

00=1, bQ=k\ Co= V(V“'V) = ^ 


and its complementary scale 

flO^=I, bQ=^CQ=ky CQ=k'y 

and in association with the complementary scale use the recurrence formula (4) 
starting with <I)q as given by equation (ii). Denoting by dashed letters all quantities 
related to the complementary scale and recurrence formula, we may, using results 
(S) (8), write the right-hand side of equation (12) as 

TrU + fi 2 ircr^+i 2 2^c/2-i) O'/Cao^o^') ~ 2 c/ sin ^/l 

L \ r=0 r=0 f r-1 J 

(13)- 

Denoting by dashed letters, K\ £', complete integrals of the first and second 
kinds respectively to modulus we have^^) 


(14), 

which may be written 

{K-E)IK+{K'--E')IK'-i = -ttIzKK' (15), 

which, by equations (7) and (8), becomes 

i 2 2 2%'2~i = - 20 « 0 n 7 w (16), < 

f=0 r»0 

enabling us to substitute for the coefficient of O' in equation (13), which now be- 
comes 

(17). 
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Finally, if we denote by T the complement, in d^ees, of equation (12) 
reduces to the form 

(n -K)l 7 r={A (k' <k')l( 2 k'^ sin cos M) It/po- -- S c/ sin ^/l 

' ^nr»l j 


={V(-«)/(A'*sin2^')} 


;T/90-~ S c/sin^/ 

r«»l 


.(18). 


This formula is very convenient for numerical work, comparing favorably with 
King’s direct formula 


' a„**sin20ol r.o' cos(20,+3-^,+*). 


(19). 


in which the arithmetico-geometrical mean scale aQ=iyhQ—k\cQ—k is used and the 
^*s are derived from the recurrence formula 

sin {2lljr+i-^r) = {Klar) sin iffr (l 9 *l)> 


^0 being given by w = - ^o) 

The process for numerical computation by formula (i8) may now be briefly 
recapitulated as follows: (i) Construct the arithmetico-geometrical mean scale 
aQ=iy ho = k'y CQ=k and its complementary scale Oo' — iy b^'-ky CQ=k'; (ii) derive 
O' or from the recurrence formula tan {<l>'r+i-^r) = {K'l(ir') tan starting 
with (f>Q as given by w= — i + sin^<^o"> and finally finding the complement T of 

O'; (iii) effect the summation S c/ sin 

r=l 

In general, when we are working to 8-figure accuracy, the first arithmetico- 
geometrical mean scale will converge in four terms and the complementary scale in 
two or three. The amplitude scale and the summation will converge in two or three 
terms, the third term in the latter having perhaps only two or three significant figures. 

The advantages of formula (i8) lie in its comparatively simple form, in the con- 
siderably reduced work required with 8-figure trigonometrical tables (the use of 
which rapidly becomes tedious) and in the very simple'summation which is required. 
These more than outweigh the work involved in the formation of a second arith- 
metico-geometrical mean scale. In the numerical example given below only nine 
references to trigonometrical tables were required, as against seventeen when King’s 
formula (19) was used, the whole computation occupying less than half the time. 

The following figures, t^en from an actual practical case, illustrate the use of 

formula (18): 00/: l/o 

^ 0*82826099, *^=0*1717 3907, 

n = - 0*9653 3002, I + n = 0*0346 6998. 

Arithmetico-geometrical mean scale: aQ= ly bQ=^k'y CQ—k. 


r 

a 

b 

c 

0 

1*00000000 

0*4144 1412 

0*9100 884s 

I 

0*7072 0706 
067547856 

06437 5005 

0*2927 9294 

2 

0-67473*07 

0*0317 2850 
0*0003 7280 

3 

0*6751 0576 

0-67510565 

4 

0*6751 0570 

0-6751 0570 

0*0000 0006 
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Arithmetico-geometrical mean scale: ao'= i, =k, c^'=k'. 
Amplitude scale: 0'=^„72"=(205° 6' SQ-s'Vz* =25° 38' I9-94''. 


r 

a' 

h ' 

c' 

¥ 

0 

1*00000000 

0*9100 8845 

0*4144 1412 

26° 41' 57*06"^ 

I 

0-95504422 

0-9539 8556 

0-0449 5578 

51 ° 17' 35*71^ 

2 

0 - 9 S 4 S 1489 

0 - 9 S 4 S 1474 

0-0005 2933 

102° 33 19*77 

3 

0 - 9 S 4 S 1482 

0 - 9 S 4 S 148a 

0*00000008 

205® 6 ' 39 * 54 '' 


Hence T= 64° 21' 40-06'' and 'F/9o= 0-7151 2364, 

I V - / j / 0-03508155 + 0-0005 1667-0-00000003 

Z4 Cm Sin©- = 7 

«nr-l ^ 0-67510570 

= 0*0527 2980; 

/. T/90 — — S sin ^/ = 0*6623 9384. 

r=»l 

Also V( sin 2<^o') = 7*1262 523, 

so that (n — iir)/7r = 0*6623 9384x7*1262 523 = 4*7203 856. 


§3. APPLICATION TO MUTUAL INDUCTANCE CALCULATION 


J. Viriamu Jones has given the following formula for the mutual inductance M 
between a helix of N turns, length x and radius J 5 , and a coaxial circle of radius A in 
the plane of one end : 




(20). 

in which the modulus k of the elliptic integrals is given by 



k^=j^BI{{A+BY+x^} 

(20.1), 

and the parameter 

n of the third integral by 



n= -g^= -4ABI{A+By 

(20.2). 

In addition 


( 20 - 3 )- 

Let us now write 

RY={A+BY+x<‘) 
RY=(A-BY+x^\ . 

(20.4). 

so that 

' k’=^RJR^. 



It is easy to see in this case that equation (i 8 ) reduces to the simple form 




(21). 


We note now that {A-{-B)glk — R^. Bearing in mind the homogeneity relation 
(3), we may now form the arithmetico-geometrical mean scales 

'\/{^AE)y 

a(,' = i?i, 'y^(4i4fi), Cq =i?2> 


and 
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together with the recurrence formula (for deriving T) 

tan r+i“”^r )“(^r /^r ) tan <f>f 9 
starting with <f>Q = arc sin {g' Ik'). 

Denoting by the limit to which the first scale converges, and by and 
respectively the summations S and S c/ sin and applying results (8), 

r=0 r“l 


(18) and (21) to (20), we get 

M=^27r^N 


L4«n 


2a„ 


2 X 

A*-B^ 

X 


T_5*r 
90 «n). 



•( 22 ). 


which is a form well adapted to numerical working. 

The three dimensions Ay B and x required for the problem being given, the 
process of calculation may be summarized as follows: (i) Findi^iOr 
and R2 or ^/{{A — BY x'^}\ (ii) construct the arithmetico-geometrical mean scales 
ao = i?i, K = R^y Co=^/{/^B) and ao' = ^i, V=V'(4^^)» ^o' = ^2; (hi) from the 
first scale derive the limit Un and from the second scale and recurrence formula (4) 
derive O' and T starting with = arc sin {g' Ik') = arc sin {R^ {A — B^R^ (A -f 5 )} ; 
(iv) effect the summations and S2. 

Finally, it is worth noting the case when A = B, Equation (22) then reduces to 
the very simple form S^jza,, (23). 

This formula, which is analogous to King’s formula^ 7 ) for coaxial circles, gives 
the mutual inductance of a helix of N turns and a single turn of the same radius in 
the plane of one end. 

It should be mentioned that Campbell Smith and Dye<^®^ all appear to have 
used Legendre’s result (12) in the evaluation of Jones’s formula, but the simplified 
form (22) derived above does not seem to have been known. 
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ABSTRACT, The problem of drawing the best straight line through a set of observed 
points is solved by a method shorter than those previously published. It is essential for 
the complete solution of the problem to obtain the most probable value of the ratio of the 
precision constants of the two observed sets of quantities and a new method is given for 
finding this ratio. Expressions for the errors in the position and inclination of the line 
are derived and a numerical example is added. 


§ I. INTRODUCTION 

T he problem of drawing the best straight line through a set of observed 
points is usually treated in text books on the assumption (often tacit) that 
only one of the coordinates is liable to error. The more general case in which 
both coordinates are liable to error has been dealt with by Pearson’*'', Stewartf and 
UhlerJ. Pearson lays down an arbitrary criterion for a good fit, Stewart gives the 
solution for the case in which the precision constants for the two coordinates are 
equal, and Uhler obtains the solution when the two precision constants are not 
equal. The general solution is however dependent on a knowledge of the ratio of 
the precision constants, and no indication is given of any method of estimating the 
values of the precision constants from the given data if these consist, as they usually 
do, of a series of single observations of different points. Moreover, no consideration 
of the errors in the position and inclination of the line are given. In this paper 
both these matters are dealt with. The solution of the problem when the line is 
constrained to pass through a given point follows without further analysis. 

A paper by W. R. Cook§ gives a solution of the problem of curve-fitting by 
means of least squares, including a consideration of the errors and a determination 
of the most probable value of the ratio of the precision constants. His method, 
however, is only applicable to curves represented by equations of the second and 
higher degrees, and not to a straight line. 

• Pearson, K., PhU, Mag, 6, 2, 559 (1901). 
t Stewart, R. Meldrum, PM. Mag, 6, 40 , 217 (1920). 

X Uhler, H. S,,y. opt, Soc, Amer, 7 , 1043 (1923). 

§ Cook, W. R., Phil, Mag, 7, 12, 1025 (1931). 
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§2. STATEMENT OF THE PROBLEM 

Given a set of S observed points {X^ Yj), (-Y2, Y2) ••• (^5» Ya)^ whose true 
positions are known from theoretical considerations to lie on a straight line, the 
problem is to find the best straight line through them when both the *s and the 
y’s are liable to error. 

It will be assumed, to start with, that repeated observations of any one point 
may be made, and that it is possible to keep either coordinate constant and make 
repeated observations of the other. The repeated observations allow error laws for 
both coordinates to be formulated. It will be assumed that the error laws for all 
the X*s are the same and that those for all the F’s are the same, but different from 
those for the Jf’s. In a later paragraph a method of solution will be given for cases 
where these assumptions are not justified. 

We shall now solve the problem of finding the straight line on which the points 
(Xrjyr) lie, when the Xr and are chosen so as to make it most probable that the 
points (Xr,yr) are the true positions of the observed points (Xry Yr). The points 
(Xryyr) will be referred to as the best* points. 


§3. SOLUTION. GENERAL CASE 

Let O (A) represent the frequency distribution of errors of observation in 
the Xs and O' (A) represent the frequency distribution of errors of observation in 
the Y^s. O (A) and O' (A) are assumed to be normalized, i.e. 

f+00 f+QO 

4 >(A)</A= 4 >'(A)</A = i. 

j —00 J —00 

Then the probability that the best position of the point observed as (Xf, Y,.) is 
J'r) is equal to 

<!>(Xr--Xr)<!>'iyr-Yr)SXrByr 

and the probability that the best positions of all the observed points are 

* The word best has been used throughout this paper as equivalent to most probable. Exception 
may reasonably be taken to the use of the word true in this connection. Strictly speaking, we cannot 
hope to find the true positions of the observed points, we can only make a guess at their true positions. 
In other words, we can find those positions which, when all the given data are taken into con- 
sideration, are most* probable for the observed points. Obviously, if further data come into our 
possession, such as a detection of systematic error, the best values found when these data also are 
taken into consideration will be different from those previously found. We have then made a better 
guess at the true values. 

The admission that we cannot hope to find the true positions of the observed points, but only 
their most probable positions, enables us to avoid the bugbear of inverse probability. 

Let the frequency-distribution diagram of repeated observations on a quantity have a maximum 
at and let the errors be the deviations from Xy^. Then X/^ is the best or most probable value of 
Xr, If {Xr^—X^ represents the frequency-distribution of the errors, the probability that Aj.*" shall 
be observed as lying between X^ and A’,.*+-8Ai. is O (A,”*— A,.) SXy. and ^ 8 Xr^ is the 

probability that the point observed as Xr shall have a best, or most probable, value lying between 
Air”* and Ai.”*+ 8A,.”*. This latter statement is rigorously correct, and no assumption such as a priori, 
all values of A,.”* are equally likely is necessary. 
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n ® (Xr-Xr) <!>' {y- Yr) 

f 

say. 

P is therefore a function of the 2s unknown quantities By making it a 

maximum, subject to the condition that the points ,{Xrt yr) are collinear, we shall 
obtain the parameters of the required line, and also, if we desire them, the values 
of all the coordinates Xr and y^. 


§4. SOLUTION. GAUSSIAN ERROR FUNCTIONS 
Let 0 (A)=A^wa. 

and O' (A) = 4 - 

Y TT 

then we have to make the expression 

II *5 exp [-{A* (y,- 7 ,)^}] 

a maximum, subject to the conditions 

yr=niXr+Cy r=i,2...^. 

We must therefore make 

S + i {yr-YrY 

r=l r=l 

a minimum, subject to the conditions 

yr^^mXr^-c, 

Using the method of Lagrangian multipliers, we form the expression 

F(*1, JCj ... X„yi,y2 ...y„ m, c, A,) 

[A*S (y,- Yry] + i:K(yr-niXr-c) = o, 

dF 

^;-=\,2h^{x,~X,)-tnXr=o, r=i,2...s (i), 


^=\2h'^{yr-Yr)+K=o, r=l,2...S 

oyr 

Vi 

S'' yl 
al 2 A ,-0 


■=yf—mXr—c=o, r=i,2...s 


These 3f+2 equations suffice to determine the 3r+2 unknown quantities 

yr, m, c, K. 
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By summing equation (i) over all values of r and using (4), we obtain 

I^{Xr-Xr)=o, 

and similarly S - Y^) = 0, 

i.e. the centroid of the observed points coincides with the centroid of the best 
points. Hence the required line passes through the centroid (X, Y) of the observed 
points. Change the origin to the point (X, Y) and let the new coordinates be 
denoted by dashed letters, so that Xr=Xr—Xf and so on. 

Then equations (i) to (5) are replaced by 

\2h^{Xr'-Xr)-mXr = 0j r=i,2...j ( 6 ), 

Ao2A'2(y/-y/)+A,=o, r=i, 2 ...^ (7), 

SA,V = o (8), 

yr-mXr=Oy r=i,2...s (9). 

Eliminating from equation (7) by means of (9), we have 

2X0 h'^{mx/- F/)+A,.=o (10). 

From equation (6) 

(..)■ 

Substituting from equation (ii) in (10) and (8), we have 

h'^ {mxr - y/) + {h^jm) {Xr'-Xr) == 0 (12) 

and S (Xr'-Xr) Xr=o (13). 

From equation (12) 

m^h'^+h^ 

On substitution in equation (13) 

fmh'^Yr'+h^XrY ^fmh'^Y;+h^.Xr'\ 

I m^h'^ + h^ ) V -o 

or (is). 

Write hlh'=k. Then equation (15) becomes 

m^^x; Y;^m (s y/2-ife2 i:x;^)-k^i:x; y/=o (i6). 

A convenient method of solving this quadratic is as follows: 

2mk 2^SZ/y/ 

from equation (16). Now write 

tan ^ = (i/A) tan d==mlk ......(17). 

Then 

tan 2^ = 2A S Z/ Y;i(k^ S Z/* - S y/*) (18). 


V.J’r' 

Z/ 

y/ 


k 




Therefore 
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<l> may therefore be found first from equation (18) and then m from equation (17). 
The position and inclination of the required line are therefore completely deter- 
mined. The coordinates Xr\yr may also be found from equations (14) and (9). 
Of the two solutions for m, the correct one is that which makes 

(j/- F/)2 

a minimum. 

If the error laws have been determined by repeated observations of one of the 
points {Xri Fr) the most probable position of this point will have been 

found. We therefore choose this point as origin instead of the centroid of the 
observed points, and proceed as from equation (6). The value of m is still given by 
equations (17) and (18), but X\ Y' now refer to {X/^y Y/^) as origin. 

§5. SPECIAL CASES 

(а) The case in which A=A'. When the precision constants for X and F are 

equal, i.e. when h-h\ the expressions are considerably simplified. Equations (17) 

and (18) give ^ 1 ^ /i 

^ tan9=tan0 = /w 

and tan 2^=2 (SZ/ F/)/(2:Z/2-S F/^) (19). 

The ambiguity as to 77/2 is resolved by making S {(V - X^Y + ( ^ minimum. 

From equations (6) and (7) we have, when A = A',* 

yr-Yr' 1 

Xr'-x; m' 

so that the best points are the feet of the perpendiculars from the observed points 
to the required line, and the required line is that which makes the sum of the 
squares of the perpendiculars to it from the observed points a minimum. 

(б) The case in which A 00, A' -^00. If the observed values of X^ may be 
regarded as free from error, i.e. if A ->oo, equation (15) becomes 


m = (SZ/F/)/(SZ/^) (20). 

Similarly, if A' ->oo, 

m=( 2 F/ 2 )/(EZ/F/) (21). 


§6. CONSIDERATION OF ERRORS 

Z=(SZ,)/ 5 , F=(SF,)/ 5 . 

Following Eddingtonf, we shall express the errors in the centroid of the 
observed points and the inclination of the required line in terms of “range per risk.*’ 
(a) Centroid of observed points. The probability of an error fiy. in Xr is 

y ' — Y ' h* / l\ 

• In general ~ ^ joining the best to the observed points 

ate parallel. This property holds good when the true points lie on any curve or surface, and it has 
previously been noted by Deming, Phil. Mag. 11 , 146, 1931, and Uhler, loc. cit, 
t Proc. Phys, Soc. Land. 45 , 271 (1933)* 
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Therefore the probability of an error 5-^ SjLt, in X is 

exp ( - (22), 


and the probability that the error in X has a value between Cj and €2 is the integral 
of equation (22) taken over the field of integration for which Itfir lies between 
€i and €2 . 

This probability is therefore* 

""zTT Loole ^ ••• ^H'S drdS, 

and on performing the integrations we find that the probability that the error in X 
lies between and is ifj (jx) rf/i, where 

= (^ 3 ). 

Similarly the probability that the error in Y lies between /x and fi+d^ is ifj' (fx) d^Xy 
where 

\ 7T 

Hence the probability that the modulus of the error in X is not greater than /x/ ^/2 is 

rW^2 

2 ipiix) dfx or py say, (24), 

Jo 

and the probability that the modulus of the error in Y is not greater than ^xj^/2 is 

fM/V2 

2 ifj' (/x) dfx or p\ say, 

Jo 

so that the pr^b^ility that the best position of the centroid shall not be farther 
than [X from (Z, F) is pp\ I therefore take a risk of i in 1/(1 -pp') of being wrcmg 
by asserting that the best position of the centroid is not farther than /x from (Xy Y), 

(b) Inclination of the required line. The error in m can readily be deduced in any 
special case from the error in tan 2<^ by means of the equation m = /5 tan </». If the 
error in Z/ be jXy. and the error in 7/ be v^y then 


tan 2<l> = 


2^2(z/+/x,)(y/+v,) 

k^i:(x;+fXrY-t{Y;+vry^ 


Expanding by Taylor’s theorem, we find that the error in tan 2<f> is 


2kiLixrY; 4Asz/y/S/x,z/ 

(A2SZ/2-Sy/2) (^2SZ/2_Sy/2)2 

2kiLvrX; 4^LZ/y/Sv,y; 

(> SZ/2-S y/‘^) {k^ 2 Z/2--S y/2)2 • 

Writing ^ = 2^/(^2s^/2>.sy/2) and ^=4^^ SZ/ y//(/ja SZ/^-S 7/^)2, we 
have that the error in tan 2^ 


= ^ 2 /x, 7 / - 5 S ;x,Z/ + -4 S v,Z/ + B 2 V, 7 /. 


• Whittaker and Robinson, Calculus of OhservationSy pp. i68 and 175 (1929). 
PHYS.SOC.XLVII, I 


^i» ^2 


f (f*) 


p 

p' 




A,B . 


7 
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Now the probability that there is an error fx,r in is 

dflr, 

and the probability that errors fXr and Vr occur simultaneously in the values X/ 
and Yr is 

(hh'lTTy exp [ — S Vr^}]. 

The probability that the error in tan 2 (f> has a value between €1 and €2 is the 
integral of this expression taken over the field of integration for which 

AI. fJirYr'-k^^ B I. fXrXr' + Ai: Xr' + BY. V, Y/ 

lies between and cg. 

By the method of the preceding paragraph it can be shown that the probability 
that the error in tan 2(f> lies between fi and [x + dfi is x (h) dix, where 



in which 

= A-2 s {A y; - A2 BXry + A'-2 L {AX; + B y/)2 

= A -2 {(A^ + k^B‘^) (YY/^-hk^ ^Xr'% 

The probability that the modulus of the error in tan 2</> is not greater than e is 
therefore 

or «. say, (26). 

I therefore take a risk of i in il{i—q) of being wrong by asserting that the best 
value of tan 2</> does not differ by more than e from the value 

2 k {YX; Yr')l{k^ S - X Yr'% 


§7. MOST PROBABLE VALUES OF THE PRECISION CONSTANTS 

The foregoing analysis may be applied directly to the problem provided that 
the precision constants for the X and Y coordinates can be determined. If this is 
not possible, we must try to use the given data to determine their most probable 
values. 

In the expression 

II (AA'/tt) exp [-{A^ (Xr-^XrY + E^ (j,- Y^Y}] 

. r 

which is equal to the probability that the best positions of all th? observed points 
are ... Js), A and A' must now be regarded as variables. 

Substituting = mXr + in this expression, we write 

F A, A', m, c)^{hh'l 7 ry exp [-{h^Y (^,~Z,.)2 + A'2 2 {y^- YrY}]. 

For maximum probability, F' is a maximum and therefore 

dXr dh 0A' dm dc 
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These equations give 

(Xr — Xr)-\-h'^ (mXr-\-C— w — o, r= I, 2 ... s (27), 

5 = 2*2 (28), 

5 = 2*'2 S {mx^ 4 - c — YrY (29), 

S {mXr + c — F^) = o (30), 

S + Fr) = 0 (31). 

From equations (31) and (27) the centroid theorem follows as before. 


Changing the origin to the centroid of the observed points and denoting the 
new coordinates by dashed letters, we therefore have the following equations to 


determine *, A', jc,.', tn : 

*2 {x; - x;) + *'2 {mx; F/) m = o, r = 1 , 2 . . . 5 (32), 

5 = 2*2 S«-^/)2 (33), 

5 = 2*'2S(mV-^rT (34), 

Y^Xr {mXr - F/) = 0 (35). 

From equation (32) by squaring: 


** {x; - X /)2 = *'4 {mx; - F /)2 w 2 , r = 1 , 2 . . . 5 

and summing over all values of r, we have 

h^. ^{mx;- Y;Y 

i:{x;-x;y ' 

From equations (33) and (34) 

*2 S(mjc/-F/)2 
*'2- S«-J^/)2- 

Hence h^lh'^ = m^ (36). 

Substituting in equations (32) and (35) and solving for m and jc/, we have 

x; = {mX;+Y;)l2m (37) 

and m2 = (SF/2)/(SX/2) . (38). 

The most probable values of * and h! may now be determined separately from 
equations (33) and (34). 

§8. ERRORS CORRESPONDING TO THE MOST PROBABLE 
^ VALUES OF h AND K 

{a) Centroid of observed points. The analysis of § 6 (a) is unaltered ; we simply 
use the most probable values of * and *' in the expressions for ip {(jl) and ip' (fx). 

(b) Inclination of the required line. When * has its most probable value, 

w = (SF/2)i (2:X/2)-i. 

If fXr and Vr are the errors in Xf and Y; respectively, 

m = {S ( F/ + {S iXr’ + * 

= (SF/®)i -(SF/2)i SZ/jn, 

+ (SF/*) -i ^Yr'vr, etc. 


7-2 
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The error in m is therefore A' where 

By the same method as before it may be deduced that the probability that the 
error in m lies between fi and fx + dfi is x (fi) dfXy where 

x'M-^-p- < 39 ). 

and E'’.Li:(A'X,r+^„S(B-r/r.m-(^+^.,). 

The probability that the modulus of the error in tan 0 is not greater than € is 
therefore equal to 

2 I x' (m) or say (40). 

Jo 

I therefore take a risk of i in i/(i —q') of being wrong by asserting that the best 
value of m does not differ by more than € from the value (SF^'^)^ (SX/^)~K 


§9. NUMERICAL EXAMPLE 


As an application let us take the four-point example quoted by Uhler’’^, Stewart j* 
and MerrimanJ. 

The observed points are 

A'=o-4, 0-6, 0*8, 0-9; 

_ _ F=o* 5, 0-8, i-o, 1*2. 

We find first X and F : _ 

^ = 27/4 = 0*675; 

3-5/4= 0-875- 

The coordinates referred to the centroid as origin are: 


>^'= -0*275, -o*o7S» +0*125, +0*225; 

F'= -0*375, -0*075, +0*125, +0-325* 

Since h and h' are not given, we must use equation (38) to find the most probable 
value of m\ 

= (2F/2)/(SX'2) = o*2675/o*i 475 = 1*813, 
wi= 1*347, ^ = tan-im = 53^25'. 

The line is shown in figure i . 

If we assume, as Stewart does, that the precision constants h and A' are equal, 
we have to use the formula (19), viz. 


Therefore 


tan ze- 22 :^/ y/ _ 2 X 0-1975 

20= 106° 54', 0=53° 27'. 


-3-29. 


* Uhler, y. opt. Soc. Amer. 7 , 1057 (1923). 
t Stewart, PhU. Mag. 6, 4 * 0 , 223 (1920). 

j Merriman, Textbook on the Method of Least Squares. 1885 edn. p. 127. Art. 107. 
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The two values to be compared with Stewart’s are 
(i) tan 0= 1*349, ^ ^ 

(z) the intercept on the3'-axis= F— 0*875 — 1*349 x 0-675= “-0*035, 
both of which are exactly equal to Stewart’s second (final) approximation. 



Figure i. Straight line drawn through four observed points. The dotted circle and lines 
indicate the errors for a risk of i in 100. observed. calculated. 



We note that the two values of m obtained by making k=i or 1*35 differ by 
less than i per cent. It is now pf interest to find the effect on m of allowing k to 
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range over its whole series of possible values, from o to cx). The extreme values are 
found to be 1*353 corresponding to ft = o, and in= 1*338 corresponding to 
00. The curve m against k is shown in figure 2. In this particular case, then, 
we can obtain the value of m correct to i per cent, without even knowing the ratio 
of the precision constants. 

Errors. In order to find the errors we must determine the most probable 
values of h and A', using equations (33), (34) and (37)*. The work is set out in the 
following table (w= 1*347). 


Table i. Determination of the most probable values of h and A' 


X' 

- 0-275 

-0-075 

4- 0-125 

40-225 

S 

mX' 

- 0-370 

— O-IOI 

■40-168 

40-303 

— 

Y' 

““ 0-375 

-0 075 

4-0-125 

+0-325 

— 

mX'+Y' 

- 0-745 

— 0-176 

4-0-293 

40-628 

— 

mX'+Y' 

2 

-0-372 

-0088 

40-1465 

+0-314 

— 

mX'+Y' , 


-0065 




=x 

zm 

- 0-277 

40-109 

1 40-233 

— 

W-x/) 

— 0-002 

4-0010 

— o-oi6 

40-008 

— 

(x/-Xrr 

4 X IO~® 

100 X io“® 

256 X IO“® 

64 X IO“® 

42 X IO~® 

(y/- Yr') 

4-0-003 

-0-013 

40-02I5 

— O-OII 

— 

( yr '- Y/y 

9 X io“® 

169 X IO“® 

462 X 10”® 

I 2 I X 10 “® 

76 X IO~^ 


This table gives us, incidentally, the positions of the best points These 

are shown in figure i. From equation (33) 


A2 = - 


' 2S {Xr ~ XrY 42 X IO“® 

and from equation (34) 


= 4760, A = 69*0; 


A'2=- 


—5=2630, A' = 51-3. 


22 {y^ — Yr'Y 76 X io~^ 

As a check on the work we note that A^/A'^ = 4-760/2*630= 1*81 1 = (1*346)2. 


* The sums L and 2 F,.)®, which are necessary to find h and h' separately, may 

be obtained very simply by the use of a planimeter. The method is due to C. F. Merriman (see the 
discussion following a paper by E. O. Waters on “ Graphical Methods for Least-Square Problems,*’ 
A.S.M.E. Trans. 61 , 201 (1929)). 

The slope of all the lines joining the observed points to the best points when h and h! have their 
most probable values is — w; see the footnote on p. 93. Therefore when the position and slope of 
the line have been determined, the best points may at once be found graphically. If the length of 
the line joining the rth observed and best points is and the length of the perpendicular from the 
rth observed point to the line is then it is easily seen that (^Xf — — cos* sin* 0, and 

(y^— Yry=df^l4. cos* 6 . Circles with centres (Xr, Yr) and radii dr are now drawn, and a planimeter 
is started at some point on the line to the left of the left-hand circle and made to trace the line 
and to pass clockwise round each circle as it comes to it, returning finally straight along the line to 
the starting point. The planimeter reading will give the total area of the circles, i.e. 

7rS</,.*=Tr4 sin* ^2 A’,.)®=7r4 cos* ^2 (y,.— F,.)*. 

When the number of observed points is large, the amoimt of computation saved by this method is 
considerable. 
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(a) Error in centroid, (i) Risk for a distance o*oi. The probability p, that the 
modulus of the error in X is not greater than o*oi/\/2, is 

from equations (23) and (24). 

Writing t = 2hfiy we have 

^ f0-01x»/2xft 

e-^dt 

O rO-97 

= -f i:e-^dt=^o- 83 . 

VTV ./ 0 

Similarly p' = J e~** dt = 0*69. 

The probability that the true position of the centroid shall not be farther 
than 0*01 from (X, Y) is />/>' = 0*83 x 0-69 = 0-57. 

I therefore take a risk of i in 1/(1 — 0*57), i.e. i in 2-3, of being wrong by asserting 
that the true position of the centroid is not farther than o-oi from (X, Y). 


(«) 

Now 

and 


Distance for a risk i in 100. 

1/(1 —/>/)') = 100, /)/)' = 99/100. 

f2A/M/*/2 

e-*** = /(2V/V2), 


i-i.\ 

'■"7^ 


J 0 
2 A>/^2 


e-^l/t = /(2AV/V2), 


say 

say. 


Therefore pp' = I (97/x) x / (72*5 /x) = 0-99. 

Hence jx is about 0*025 (shown in figure i as a dotted circle). I therefore take 
a risk of i in 100 of being wrong by asserting that the true position of the centroid 
is not farther than 0*025 from (X, Y), 

(b) Error in inclination. From equations (39) and (40) the probability that the 
modulus of the error in m is not greater than € is 

/*€ I 

= 9' = 2j^x(l^)d(i, where x(m) = :^ 

and 

E'^ = m^ (ij+^vi)= 1-813 4 ^:^ X io-«= 1-07 X io-», 

E'^yzy X 10-2. 

(i) Risk for an error o*oi. The probability that the modulus of the error in m 
is not greater than o*oi is therefore 

V^Jo E' 

OOl/iT 


2 


2 


0-316 
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I therefore take a risk of i in 1/(1-0-345), i.e. i in 1-5, of being wrong by 
asserting that the value of m differs from 1-347 by less than o-oi. In this particular 
case an error of ± o-oi in m corresponds to an error of about + 13' in 0 . 

(2) Error for a risk 1 in 100. If we make ^' = 0-99, we have the equation 

, e-*^dt = o*gQ to determine a. 

V^.o 

Hence jLt/F' = 1*82, therefore 1-82 x 3-27 x io“2 = o-o6. 

Therefore I take a risk of i in 100 of being wrong by asserting that the error 
in m is less than o-o6. In this particular case an error of ± o*o6 in m corresponds 
to an error of about ± 1° 15' in 0 (shown in figure i by dotted lines). 


§10. THE ASSUMPTION OF GAUSSIAN ERROR LAWS 

The question now arises as to whether repeated observations of physical quan- 
tities actually do obey error laws of the Gaussian type. This is a point which can 
only be decided by experiment in each particular case. Three different cases present 
themselves. 



Figure 3. Copper loss. Mean, 2*62 %\hf 15*6; Mean-square deviation, 0*045. 

(i) If repeated observations of the two coordinates of any one point can be 
made separately, then the results will show whether Gaussian error laws are obeyed 
and, if so, what are the values of the precision constants. These values will suffice 
for the solution of the problem dealt with in this paper, provided it can at the same 
time be assumed that the error laws for all the X^s are the same and that the error 
laws for all the F^s are the same. 
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(ii) If repeated observations of any one point can be made, but it is not possible 
to keep one coordinate constant while making repeated observations on the other, 
it will still be theoretically possible to make a three-dimensional model of the 
frequency distribution. By taking sections along the X and Y axes in turn, the 
types of error law may be ascertained and their parameters determined. 



Errors —> 

Figure 4. Impedance voltage. Mean, 3-14 % ; /i, i8'i ; Mean-square deviation, 0*039. 


10 

9 

6 
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Figure 5. Iron loss. Mean, 2*11 %; /», 11*5; Mean-square deviation, 0*062. 

(iii) If it is impossible to make any repeated observations at all, the only possible 
test is to examine the errors {Xr —Xf) and (j/“ Yr) as soon as and have 
been determined. If a sufficiently large number of points have been observed, 
these errors should be distributed according to the Gaussian law, using the most 
probable values of the precision constants. If it is found that they are not so 
distributed, the method of the foregoing pages does not apply. 
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It may be noted here that this test should be made as a check even when re- 
peated observations are possible. 

Three examples of frequency-distribution curves of errors which do actually 
obey the Gaussian law are given in figures 3-5. They were obtained from the 
measurement of the percentage copper loss, impedance volts and iron loss of 310 
transformers of identical design and made in the same workshop. In each case the 
ordinate N is the number of occurrences divided by the product of the total number 
of observations and the interval, the interval being 0*02 per cent. The broken lines 
represent the observed deviations from the mean, and the theoretical curves are 
drawn so as to have the same mean-square deviations as the observations. It is seen 
that the fit is fairly good in figure 3 and quite good in figures 4 and 5. 
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DISCUSSION 

Dr W. Edwards Deming {communicated). This paper brings up a host of 
interesting details. In the first place, bits of history concerning the subject are 
continually coming to light. It seems that R. J. Adcock in iSyS’**' first worked on the 
problem of fitting a line to a set of points by minimizing the sum of the squares of 
the normals dropped upon the line. That he made a curious slip in his algebra was 
pointed out by Kummell {infra). The general problem of curve-fitting by the 
method of least squares was outlined by Charles H. Kummell in i Syqf . He obtained 
the correct solution for the straight line under the condition that the x and y co- 
ordinates have constant but not necessarily equal weights, and he showed how to 
determine the weights of the adjusted parameters in both this and the non-linear 
problem. Mansfield Merriman in 1890J also worked on the straight line, but made 
no new contribution to theory. The next advance was made by Karl Pearson in 
1901 in his memoir “On lines and planes of closest fit to systems of points in space §,’* 
wherein both the best and worst-fitting lines and planes were obtained, together 
with ingenious and now well known formulae for the mean-square residual, the 
premise being that all coordinates have equal weight. Apparently unaware of 
earlier work, Corrado Gini in 1921II found the best and worst-fitting lines for points 
whose X and y coordinates have constant but not necessarily equal weights. Gini’s 


• Analyst (Des Moines), 6, 53-54 (1878). t Analyst, 6, 97-105 (1879). 

X Report of the United States Coast and Geodetic Survey, p. 687 (1890). 

§ Phil, Mag, 2, 559-572 (1901), || Metron, 1, No. 3, 63-82 (1921). 
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paper has, in turn, been overlooked by most subsequent writers, among whom I 
have been numbered. 

Most of the investigators who have attempted to take account of errors in both 
X and y observed coordinates have worked on the straight line, and have recognized 
the impossibility of getting an exact solution without making the assumption that 
the X coordinates all have equal weight and the y coordinates all have equal weight. 
Unfortunately this assumption divests the problem of much that promised to be of 
importance, for it is a fact that lines obtained with various values of the ratio hjh' 
(in the author’s notation) differ only in the squares of the residuals. Now since in 
practice the residuals are usually small, it turns out that the lines thus obtained usually 
do not differ significantly. Miss Dent’s drawings afford a good illustration of this 
point. The non-linear relation does not exhibit this peculiarity, nor does the 
linear relation, save under the assumption of constant jc- and constant y- weighting. 

These facts are closely related to the author’s observation that Mr Cook’s method 
of estimating hjh' is applicable only to equations of the second or higher degree. 
Mr Cook’s method breaks down in the case of the straight line only in the sense that 
it requires to be carried to a second approximation, which is just what one would 
expect in view of the fact that the ratio hjh' becomes of secondary importance when 
the precisions of the x and y coordinates are each constant. 

It is interesting to note that equations (33) and (34) obtained by the author for 
estimates of h and h' differ from the usual ones in having s where one usually sees 
(^ — 2). The author’s formulae were based on the assumption that the horizontal 
and vertical line segments between the observed and calculated points are actual 
errors, whereas they are usually considered as residuals. The “number of degrees of 
freedom,” as it was named by R. A. Fisher, is s if these line segments are errors, and 
{s — 2) if they are residuals. 

Miss Dent recognizes the importance of testing the calculated inclination and 
intercept of the fitted line. From the work of Helmert, “Student,” Fisher, and 
others, it is known that if the errors of observation are normally distributed the 
values of the calculated precision constants will not be so; hence the equations of §6 
for testing the precision of the slope and intercept of the fitted line must be regarded 
as approximations which, however, improve as the number of observed points 
increases. Henry Schultz* has worked out a complete system for estimating the 
standard errors of a curve and its parameters. In this connection, Chapter 5 of 
R. A. Fisher’s Statistical Methods for Research Workers should not be overlooked. 
The risk of i in i /(i —pp') for an error fi in the centroid, as given by the author in § 6, 
is more restrictive than necessary, but a full treatment would necessitate opening for 
discussion the whole subject of statistical tests. 

Finally, a word should be said regarding the normal error lawj*. Even when it is 
not obeyed — and it probably never was — statistical deductions based on sampling 
from a normal parent population are not apt to lead one into wrong conclusions, 

• J. Amer. stat. Ass. 26 , 139-185 (1930). 

t Commonly called Gaussian ; see, however, footnote 8 in a paper by W. Edwards Deming and 
Raymond T. Birge in Reviews of Modern Physics, 6, 119-161 (1934). 
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provided reasonable care is exercised. But if one is interested in testing the normal 
law, or any other law, the approach might well be made with some objective criterion 
such as Karl Pearson’s chi test. 

Author’s reply. I should like to thank Dr Deming for his interesting historical 
notes. 

In comparison with any method which requires to be carried to a second approxi- 
mation, or which involves the preliminary determination of approximate values for 
the parameters, the method of the present paper is much simpler and shorter. 

In §6 the values oih and W are regarded as accurately known. It seems doubtful 
whether further approximations, involving the errors in the calculated precision 
constants, would be justified. 
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ABSTRACT. Electron-diffraction patterns obtained by reflection from molten lead, 
zinc, bismuth and tin have shown that the surfaces of these metals are covered with thin 
oxide films. From these patterns it has been deduced that the films consist of small 
electron-optically flat oxide crystals resting on their [001] faces. I'he inner potentials and 
crystal structures of these oxides have been found, and they have thus been identified as 
definite chemical compounds. It has also been found possible to remove these films from 
the molten metal by means of nickel gauze and to obtain electron-diffraction patterns by 
transmission. The transmission patterns indicate that although the removed films are 
of the same chemical composition as those on the molten metal, their removal has dis- 
turbed the orientation and given the crystals an approximately Maxwellian distribution 
of orientations about their original direction. 

§ I. INTRODUCTORY 

T h e work to be described in this paper was the outcome of an attempt to study 
the surface of liquid metals by means of electron-diffraction. The metals 
used, which had to be of fairly low melting-point, all acquired quite thick 
oxide layers when melted in air, and became oxidized to some extent even in a fairly 
good vacuum. During an attempt to eliminate these oxide films, curious orienta- 
tions of the crystals comprising the films were observed by means of electron- 
diffraction. The experiments to be described consisted mainly in photographing 
electron-diffraction patterns by reflection from the oxide-covered surface of the 
molten metal, and identifying the oxide and its mode of orientation. 

In addition to this, experiments were carried out by means of a new method of 
removing the oxide film from the surface of the metal so that that electron beam 
might be diffracted by transmission through the thin film. These oxide films were 
formed on the metal in air, while those used for reflection were formed in vacuo. 
The structure and orientation however seem to be similar in the case of the metals 
tried, except that the orientation was not complete in the transmission specimens. 

§ 2 . EXPERIMENTAL APPARATUS 

The diffraction camera used for this work was one of the Thomson- Fraser 
typeb) with modifications designed for Prof. Thomson by C. G. Fraser of Aberdeen, 
and set in a horizontal plane to obtain the electron beam at grazing incidence on the 
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liquid surface. The discharge tube had the usual aluminium disc cathode, but its 
other end was coned and ground to fit a corresponding ground cone on the apparatus. 
The joint was made vacuum tight with Apiezon M grease and cooled by a water 
jacket round the outside, figure i. The electron beam was defined by the anode 
which consisted of a hollow aluminium cylinder with an aluminium plate round the 
outside at the discharge-tube end. Each end of the hollow cylinder was closed by 
a molybdenum disc pierced with a hole 0‘i5 mm. in diameter, which allowed a fine 
electron beam to pass from the discharge tube to the camera. Directly in front of 
the anode w^as an aluminium shutter operated from the outside of the specimen 
chamber through a coned, ground and greased spindle, figure 2, which also operated 
an interconnected razor-blade scraper just above the surface of the specimen, 
figure I. 



The method of carrying the specimen may be seen from figure 2. By turning the 
large wheel on the outside of the specimen-chamber the specimen could be rotated 
in azimuth by a gear comprising two large bevel wheels, while by operating the 
smaller lever, a rack and pinion raised or lowered the specimen across the electron 
beam. Each of these movements worked independently through the two small 
coned and ground spindles. In addition, the angle that the specimen surface made 
with the beam could be altered by turning the large coned and ground joint which 
carried the whole specimen assembly. 

The specimen was removed from the apparatus by breaking the flat ground and 
greased joint round the outside edge of the cylindrical specimen-chamber. This 
joint being nearly 2 cm. wide and about 15 cm. in diameter, considerable force was 
needed to break it. This was applied by means of a specially designed screw clamp 
after the safety ring had been removed. When the specimen was in position inside 
the apparatus it could be observed through a plate-glass window sealed with picein 
vacuum wax to the far side of the specimen-chamber. 
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Access to the photographic plate and its carrier was by means of the end cover 
of the camera, which also had a large flat ground and greased joint with drawing-off 
screws, figure i. To this cover was waxed a plate-glass window through which the 
specimen and fluorescent screen could be observed. The plate-holder consisted of 
a carriage running on two rails fixed to the body of the camera and it could be moved 
backwards and forwards by means of a rack and pinion worked through a conical 
greased and ground spindle. The photographic plate was carried by the lid of a 


'I’o pump 



Figure 2. Section through specimen-chamber excluding razor-blade scraper. 


light-tight cassette, usually held down by a spring catch in a horizontal position on 
to the rest of the cassette so as to allow the diflFracted beams to hit the fluorescent 
screen. When the carriage was racked towards the end of the camera, a rod in con- 
tact with the catch came up against a stop at the end of the rails and released the 
catch, allowing the cassette lid carrying the plate to spring up into the vertical 
position as shown in figure i. After the pattern had been photographed the plate 
carriage could be racked back along the rails, when the two projecting lugs on the 
cassette lid each came in contact with a strong spring blade and closed the lid down 
again to the horizontal position. 
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§3. VACUUM AND HIGH TENSION EQUIPMENT 

The whole apparatus was evacuated through wide-bore glass tubing connected 
through a liquid-air trap to a mercury diffusion pump backed by a Cenco-Hyvac 
pump. The connections to the apparatus were made by means of standard taper 
coned ground and greased joints, one for each of the three sections of the apparatus, 
figure I. Under working conditions the pressure in the discharge tube should be 
about 10“^ mm. of mercury and that in the camera rather lower. The difference in 
pressure was obtained by allowing air or hydrogen to leak into the discharge-tube 
through an adjustable needle valve from a bottle reservoir maintained at a pressure 
of about 4 mm. of mercury. 

The high-tension current for the discharge was obtained from an induction coil 
with mercury interrupter. The current was passed through a rectifying valve and 
water resistance to the discharge, while a smoothing-condenser of capacity 0-004 /xF. 
was connected from the anode of the valve to earth. The discharge voltage was 
measured by spark-gap between 5 cm. spheres. By running the interrupter at high 
speed it was found possible to obtain a very homogeneous electron beam with this 
equipment. 

§4. SPECIMEN-HEATER 

The specimen-heater used in conjunction with the camera consisted of a circular 
asbestos cement base on a brass plate which screwed on to the specimen-pillar, 
figure 2. The heater coil of nichrome wire carrying about 2 amperes at 30 volts 
rested on the asbestos base and had one end connected to the brass plate and the 
other to a terminal. The crucible containing the molten metal rested in a ring of 
asbestos cement fixed to the base by two screws. After preliminary tests, crucibles 
of Acheson graphite turned on a lathe were used, as they would not charge up when 
the electron beam hit the metal, and the graphite would not contaminate the metal. 
The terminal on the outside of the heater was connected by a flexible insulated lead 
to a wire sealed through the end of a glass tube connected to the bottom of the 
crystal chamber, figure 2. 

§5. THEORY 

The electron beam has a wave-length associated with it (De Broglie) and can 
therefore be diffracted by crystals in a similar manner to X-rays according to 
6 , d Bragg’s law n\ = zd sin where 6 is the angle of diffraction and d the lattice 
spacing of the crystal planes. Combining these two equations and the camera- 
dimensions, we find that 

(i), 

, Vj r where L is the camera-length, v the voltage of the discharge and r the distance from 

the diffracted spot to the undeviated spot on the photographic plate. 

If the surface is electron-optically flat, so that electrons enter and leave the 
specimen in planes parallel to the surface, refraction takes place as a result of the 
difference in potential between the inside and outside of the specimen. This is 
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equivalent to a refractive index equal to ^/{i where is the inner poten- 

tial. This alters all component distances of diffracted spots in a direction perpen- 
dicular to the shadow-edge. It may be shown that if the angles made with the 
specimen-surface by the incident and diffracted beams are equal 

y^=yf?-\Lmv (2), 

where y is the observed component distance of r along a line perpendicular to the 
specimen-surface, and y^ is what the distance would be if no refraction had taken 
place. If a rotation picture is taken and a number of orders of the same plane 
appear on the line perpendicular to the specimen-surface through the undeviated 
spot, equation (2) may be put into the form 

y^ = nW-^Lmv (3), 

where n is the order number and the distance from the first-order spot to the 
undeviated spot, as calculated from the Bragg angle. If y^ is plotted against the 
slope of the graph will give a value for rg which may be substituted in equation (i) 
to give the lattice spacing dy while the intercept will give a value of the inner 
potential 0. 

The patterns obtained by reflection from the oxide films may be explained as 
follows. If a single crystal is placed in the beam with a cleavage face as surface, the 
resulting pattern on the plate consists of spots at the intersection of three diffraction 
curves as follows. The atoms on a line in the surface perpendicular to the electron 
beam give a series of equidistant straight lines perpendicular to the surface of the 
specimen. Even if the crystal is very small these lines will be quite sharp. The atoms 
lying in the surface along the beam give a series of circles. Owing to the small angle 
this line makes with the beam, these circles may become quite broad if the crystal 
is very small. Finally the planes parallel to the surface give a series of lines parallel 
to the surface, spaced according to Bragg’s law as modified by the refraction effect. 
There will be a spot wherever these three diffraction curves intersect. If, however, 
the crystal surface may be considered flat and continuous for only a small area the 
second curve becomes very diffuse, and if the scattering atoms are heavy the pene- 
tration of the electrons will be small and the third condition will be relaxed to some 
extent. These effects have been discussed by Kirchner and Raether in some detaiF^). 
In the patterns under consideration the crystals are small enough to make the second 
diffraction condition so relaxed that its effect may be ignored, and the pattern thus 
consists of spots at the intersection of the lines perpendicular and parallel to the 
shadow-edge on the photographic plate. Owing to the relaxation of the third con- 
dition these Bragg spots are elongated along the line perpendicular to the shadow- 
edge, so that the lines are continuous but are of greater intensity where a spot should 
occur. The meniscus of the surface gives the equivalent of a rotation picture and a 
large number of spots may thus appear, while the side lines correspondingly may 
be quite long. If in addition to alteration of the angle of incidence the crystal is 
rotated in azimuth about an axis perpendicular to its surface, the atomic distances 
along the line perpendicular to the electron beam will change, and a series of side 
lines corresponding to all the possible atomic distances in the surface will be obtained. 

PHYS.SOC.XLVII, I 8 
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If the [ooi] plane is in the surface these distances are the lattice spacings of the 
[xyo] planes, where x and j may have any integral values. The series of spots on one 
particular side line due to spacing [hjo] will correspond to the zone of planes [hjz]y 
where z will have any integral value. 

With this theory as a basis it has been possible to evaluate two of the axes of the 
oxide crystals from the distances apart of the diffraction side lines. The third axis 
and inner potential have been obtained by applying equation (3) to the measurements 
on the line through the undeviated spot. From the length of the axes the oxides 
have been in most cases identified by comparison with X-ray crystal structures. It 
has thus been shown that the oxide surfaces consist of quite small crystals usually 
resting on their [001] faces on the liquid metal surface. 


§6. EXPERIMENTAL RESULTS 

Lead, Pure lead was melted in air in a graphite crucible and the surface was 
skimmed. After cooling it was placed in the apparatus, which was evacuated. The 
current in the heating-coil was then switched on, so as to melt the metal and main- 
tain it at a temperature not very far above its melting-point. Owing to degassing of 
the heater it was necessary to wait for a few minutes till the vacuum had recovered 
sufficiently to allow a diffraction pattern to be taken. The specimen was then raised 
completely across the electron beam till the swinging razor-blade scraper could 
traverse the surface when the operating lever was moved. In this way a clean patch 
of metal was obtained. The specimen was lowered again till the electron beam could 
graze the surface, when the diffraction pattern could be observed on the fluorescent 
screen and .subsequently photographed. 

The complexity of the pattern suggested that the oxide had not one of the 
simplest forms of symmetry, figure 3. A complete analysis of the pattern was made 
and it was deduced that the oxide was the rhombic form of PbO known as litharge, 
which has axes a, by c equal to 5-50 A., 4*68 A., and 5-88 A. respectively, all the 
small crystals being arranged with their [001] planes parallel to the surface of the 
specimen. The definition of the spots on the lines was bad owing to the smallness 
of the crystal-size and lack of penetration of the electron beam, lead being a heavy 
atom. The measurement of the spots on the central line was thus not very accurate, 
but the value of the c axis of the crystals calculated from these measurements agreed 
within 1 1 per cent with the X-ray value. 

As the a and b axes of the crystals were unequal, the side lines corresponding to 
the [jhz] planes would be different from those of the [hjz] planes, and this would 
make the number of lines very large. Some of the lines did not however appear 
owing to the form of the space group in the unit cell. From the X-ray study of 
litharge by the Debye- Scherrer ring method (4), the absence of the rings due to the 
[loz] [oiz] [2iz] [I2z] [I2z] [30^] [o^z] [32^] and [232*] planes meant that the 
corresponding side lines would be missing, so that the pattern would be simplified. 
Table i gives a summary of measurements made on plates obtained with lead oxide. 
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Figure 3. Reflection pattern from 
litharge on molten lead. 


Figure 4. Reflection pattern from 
litharge on lead crystal. 



Figure 5. Reflection pattern from zinc oxide on molten zinc. 



Figure 6. Reflection pattern from bismuth 
oxide on molten bismuth. 


Figure 7. Reflection pattern from tin 
monoxide on molten tin. 


{To face p. 114 






Oxide films on liquid metals 115 

In addition to the side lines tabulated, a very faint side line inside the \iiz\ line 
seemed to correspond to the forbidden [loar] series of planes. 

Table 1 


Indices of 
zone of 
planes causing 
side line 

Calculated 

lattice 

spacing, z = o 
(A.) 

Observed 

lattice 

spacing, 2 = 0 
(A.) 

Intensity 

iZ2r 

3*57 

3*58 

Very strong 

20Z 

2*75 

2*78 

Medium 

02 Z 

2*34 

2-36 

Medium 

22 Z 

1-79 

1-79 

Strong 

31^ 

1-71 

1*71 

Medium 

I3« 

1-51 

152 

Medium 

402 

1*37 

1*37 

Very weak 

33» 

II9 

1*20 

Medium 


The mean value of the c axis was 5*97 A. and the inner potential 12-3 V. 


The value for the c axis is about i \ per cent too high, but some of this error may 
be due to the thermal expansion of the crystals, which would slightly increase all 
the lattice spacings. Even if this effect is neglected, the value is within the limit of 
experimental error. The figure obtained for the inner potential is probably only 
accurate to about one volt. 

Assuming that the small crystals comprising the layer had rotational freedom 
round the c axis when the metal was liquid, it was of some interest to see whether 
this was still the case when the metal underneath was of crystalline form, or whether 
any orientation took place on crystallization of the metal. This question was tested 
by allowing the lead to cool down very slowly by decreasing the current in the 
heater coil, when the lead would crystallize at the surface into a few large flat 
crystals from whose surfaces diffraction patterns could be obtained. It was found 
that on solidification the small oxide crystals on the lead had all tended to set in one 
direction on the top of the metal crystal, for true single-crystal diffraction pictures 
due to the oxide were obtained. These showed plainly only one set of equally spaced 
side lines with sharp spots on them, placed according to the other two diffraction 
conditions, figure 4. It can be seen that the second diffraction condition was obeyed 
rigidly, all the spots appearing on a circle. This shows that the surface must have 
been flat and continuous for a much larger area than in the case of the small crystals 
on the liquid metal. In addition to these spots there were Kikuchi lines which 
would also appear only with a true single crystal. It thus appears that on crystalli- 
zation of the underlying metal the small oxide crystals turn so that they all are in 
the same azimuth, and thus make themselves into a layer of true single-crystal 
form on the top of the metal crystal. 

Attempts were also made to reduce the oxide layer by means of atomic hydrogen, 
so as to leave a clean metal surface. A discharge tube of the Woods type was waxed 
in position through a hole in the inspection window on the far side of the specimen- 
chamber, and was arranged to run at a pressure of about mm. of mercury, being 
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supplied from a bottle reservoir of hydrogen at a pressure of a few centimetres 
through an adjustable leak. The atomic hydrogen made by the discharge escaped 
through a pinhole close to the specimen-surface where it was possible that it might 
reduce the oxide. The oxide was not reduced but underwent rather interesting and 
striking changes. After the atomic-hydrogen tube had been run for about a minute 
and the diffraction pattern from the surface had been observed directly the dis- 
charge was cut off, two entirely new patterns were obtained. These both were due 
to crystals with a body-centred tetragonal lattice resting on their [ooi] faces, while 
these crystals were not electron-optically flat, no refraction effect being observed. 
The approximate values of the axes for these crystals were as follows: a = 4*10 A., 
c = 6 -oo A. for one pattern, and ^ = 3-85 A., c= 13*30 A. for the other. Neither of 
these structures correspond to a known lead compound, while the second one suggests 
something fairly complex owing to its very large c axis. 

Zinc, Pure zinc was melted in a graphite crucible and after cooling was placed 
in the apparatus. The procedure for melting and skimming the surface inside the 
apparatus was the same as that used for lead. It was found that molten zinc had a 
considerable tendency to vaporize, necessitating cleaning of the window and metal 
parts in the specimen-chamber after the taking of a diffraction photograph, and for 
this reason only a few plates were taken. These however gave quite definite informa- 
tion as to the chemical nature and orientation of the oxide surface. The film con- 
sisted of zinc-oxide (ZnO) crystals of ordinary close-packed hexagonal structure 
(a = 3*22 A., c= 5*i8 A.) resting on their [001] faces, with their c axes perpendicular 
to the surface. 

In the case of hexagonal crystals oriented in this manner the side lines due to 
the [hjz] planes would correspond to lattice spacings ay^ 2 l^ while 

owing to the fact that the crystals were of close-packed structure many of the Bragg 
spots would not appear on the side lines. The spots in the case of zinc were rather 
better defined than those from lead, because the lighter zinc atoms allowed greater 
electron penetration and resolving power, figure 5. 

The measurements for zinc oxide are given in table 2 and show quite good 
agreement with X-ray values, besides giving a figure for the inner potential of the 
oxide correct to approximately one volt. 

Table 2 


Indices of 
zone of 
planes causing 
side line 

Calculated 

lattice 

spacing, ar = o 
(A.) 

Observed 

lattice 

spacing, ar = o . 
(A.) 

I oar 

2-79 

2*79 

liar 

i*6i 

1*62 

2oar 

1*39 

1*40 

2iar 

I *05 

I *06 

soar 

0*93 

0*93 

22ar 

o*8o 

o*8i 


From measurements on the central line 5*27 A. [X-ray value 5*18]. Inner potential 12*3 V. 
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The lattice spacings from the side lines and from the centre line are again 
slightly high, but they are just within the limits of experimental error even when 
thermal expansion is neglected. In addition to the side lines tabulated, a very faint 
one was observed inside the [loa:] line which gave a lattice spacing for ar = o of 
approximately 3*86 A. This does not appear to bear any simple relation to the other 
side lines and may be caused by an oriented impurity. It may be connected with an 
extra ring obtained by Finch and Quarrell^s) who used electron-diffraction by trans- 
mission through an incompletely oriented film of zinc oxide. This ring gave an 
observed lattice spacing of 3-79 A. and was tabulated as a half order of the [102] 
plane of zinc oxide. It might however be the ring due to the first plane of the zone 
causing the side line by reflection, while the rings due to the rest of the zone of 
planes would be of greater radius and less intensity and might not be strong enough 
to appear on the plate. 

Bismuth, The oxide surface on bismuth was prepared in exactly the same way 
as for the previous metals, the metal being used at a temperature not far above its 
melting-point. The resultant pattern, figure 6, showed that the oxide had a hexagonal 
structure with the bismuth atoms placed in the unit cell in approximately the same 
positions as the zinc atoms in the unit cell of zinc oxide, and that the crystals of the 
oxide layer were all resting on their [001] faces. The axes have been calculated from 
the measurements but the oxide has not been identified chemically because no 
crystal structures of bismuth oxides are given in Landolt and Bornstein’s tables or 
Ewald and Herrmann’s Structurhericht^^^. As bismuth is trivalent the oxide would 
probably be of the formula BigOg . The other oxides of this trivalent type having a 
hexagonal structure are those of the rare-earth group such as cerium. The structure 
of compounds of this type [D 52] places the metal atoms in a close-packed hexagonal 
lattice with an axial ratio of 1*56 and an a axis of approximately 3*90 A. These 
figures agree very closely with those obtained for the bismuth oxide which are 
1*57 for the axial ratio and 4-02 A. for the a axis. The suggested structure is 
made even more probable by the fact that the ionic diameters of the rare earths and 
bismuth are nearly the same. 

In addition to the side lines given in table 3, two very faint lines were observed 

Table 3 


Indices of 
zone of 
planes causing 
side line 

Mean observed 
lattice spacing 
z = o (A.) 

Corresponding 
value of 
a axis (A.) 

102: 

3-47 

4*01 

IIZ 

2*02 

4*04 

20 Z 

1*73 1 

4-00 

21 Z 

1*32 

403 

30 Z 

i*i6 ! 

402 

22Z 

I'OI 

4-04 

3i« 

0-965 

4*02 


Mean value of fl = 4*02A. From central line ^==6*30 A. Hence r/rt = i‘57. 
Mean valqe of inner potential ^ = 1 1 -o V. 
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inside the [loar] line which did not appear to bear any simple relation with the main 
pattern. These again might be due to an oriented impurity as suggested in the case 
of zinc. 

Tin, An oxide surface on pure tin was prepared as with the previous metals, 
the tin being used at a temperature just above its melting-point. The resultant 
pattern, figure 7, when analysed showed that the film consisted of the tetragonal 
form of SnO [a = 3*8o A., ^ = 4-81 A.], all the crystals resting on their [001] faces. 
The tin atoms are placed in the unit cell in positions (000) and (U zw), where u is an 
undetermined parameter. As all orders of the [001] plane appeared on the central 
line u cannot be J , which would place the tin atoms in a body-centred lattice. The 
side lines obtained from the tetragonal lattice corresponded to planes [/f/zr], where 
the lattice spacing for <3' = o was , The mean measurements for these side 

lines are given in table 4 and show quite good agreement with the calculated values. 
The value for the c axis is about 2 per cent too high, which is just within experi- 
mental error due to the diffuseness of the spots caused by lack of penetration of the 
electrons. The inner potential obtained from the measurements would also be 
correct only to about one volt. 

Table 4 


Indices of 
zone of 
planes causing 
side line 

Strength of side line 

Observed 
lattice spacing, 
z = o (A.) 

Calculated 
lattice spacing 
z = o (A.) 

lOZ 

Strong 

3*8o 

3 *80 

IIZ 

Strong 

2*68 

2*69 

20Z 

Medium weak 

1*90 

1*90 

21Z 

Medium 

1-70 

I 70 

22Z 

Medium weak 

1*35 

1*34 

3OZ 

Weak 

1-28 

1-27 

31 ^ 

Strong 

I- 2 I 

1*20 

32Z 

Strong 

I 05 

I 05 


From measurements on central line ^ = 4*91 A. 

Mean inner potential <j> = 14-2 V. 


In addition to that already explained, an entirely different pattern also was 
obtained from the tin surface at a slightly higher temperature. This pattern, while 
apparently due to an oriented layer of character rather similar to that of the layer 
of SnO obtained previously, was considerably more complex and while some of its 
main lattice spacings have been evaluated it has not been connected with any 
definite oxide of tin with a particular orientation. 


§7. OBSERVATIONS OF DIFFRACTION BY TRANSMISSION 

These results having been obtained by means of the reflection arrangement, it 
was thought desirable to observe diffraction patterns by transmission through thin 
films of oxide. This has already been done for some metals with films prepared in 
different ways. Ponte ^ 7 ) obtained films of zinc oxide showing no orientation, by 
burning zinc in air. Bragg and Darbyshire<®> obtained films by drawing a loop of 
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wire out of the molten metal, thus leaving a film of metal across the loop. In this 
film were holes across which thin membranes of oxide suitable for transmission 
diffraction were stretched. Using this method they obtained films of SnOg, PbOg 
and ZnO. Films of zinc oxide prepared in this way have been studied in more 
detail by Finch and QuarrelP^)^ who showed conclusively that although the diffrac- 
tion patterns resembled the face-centred cubic type they were really due to the 
ordinary close-packed hexagonal structure of ZnO, with the intensities of the rings 
greatly altered by the partial selective orientation of the crystals in the film. As 
these facts applied to zinc oxide it seemed possible that a similar pattern might be 
obtained from a film of bismuth oxide, the two reflection patterns being very 
similar, and experiments were tried to see whether this was so. 

Bismuth-oxide films. While the loop method of preparing a specimen may be 
easily carried out for zinc, which will wet other metals, bismuth presents a more 
difficult problem. Alternative methods were therefore tried, one of which has 
proved very satisfactory both for bismuth and for other metals. A piece of fine 
nickel gauze having about 25 meshes per centimetre was dipped under the freshly 
skimmed surface of the metal and then lifted out with a pair of tweezers, the gauze 
being kept nearly horizontal. This procedure allowed the metal to drain away 
through the gauze, leaving patches of oxide film caught in the mdshes. The specimen 
so prepared was then fitted in a clamp in the apparatus in place of the furnace used 
for the previous part of the work. 

The resultant diffraction pattern was in fact almost precisely similar in appear- 
ance to that obtained by Finch and Quarrell for zinc oxide. The lattice spacings for 
the rings were worked out and the indices allotted with the help of Hull and Davey’s 
nomograms (9) which were also used in the same way for the tin oxide diffraction 
patterns. I'hc rings fitted a hexagonal close-packed lattice of axial ratio 1-56 and 
an a axis of 3*93 A. in a condition of partial orientation so that the greatest number 
of crystals had their [001] planes in the plane of the specimen and none at right 
angles to this direction. The mean lattice spacings are given in table 5, together with 

Table 5 


Indices of 
ring 

Intensity of ring 

1 Observed 

lattice 

spacing (A.) 

Calculated 

lattice 

spacing (A.) 

1 10 

Very strong 

3*39 

3 40 

lOI 

Strong 1 

2*92 

2*97 

102 

Weak 1 

2-26 

2-27 

no 

Very strong 

201 

1-97 

103 

Very weak 

1-77 

175 

200 

Strong 

i'7i 

1*70 

201 

Medium 

1*64 

1*64 

120 

Medium 

1-30 

1*29 

121 

Medium 

1*26 

1*26 

300 

Medium 

i*i6 

113 

302 

Weak 

I *08 

I -06 

220 

Very weak 

i-oo 

0*99 

304 

Medium 

1 0-94 

0-91 
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the indices and intensities and calculated lattice spacings assuming the values for 
the lattice which gave the best fit on the nomogram. 

The axial ratio from the transmission observations agrees quite closely with that 
obtained by reflection (transmission 1*56, reflection 1*57) while the a axis is about 
2 per cent lower by transmission than by reflection, and some of this difference may 
be accounted for by thermal expansion. The transmission value of 3-93 A. is almost 
exactly equal to that of other members of the same structure group and is therefore 
probably the more correct value at ordinary temperature. 

Tin~oxide films. Thin films of tin oxide were also made by the nickel-gauze 
method. The tin was maintained at a temperature slightly above its melting-point 
and the surface was skimmed before the gauze was dipped. The resultant diffraction 
pattern showed that the film made in this way consisted almost entirely of the 
monoxide SnO, the crystals being partially oriented with their [001] faces in the 
plane of the film as in the case of bismuth and zinc. Here again, no crystals had 
their c axes lying in the plane of the film, for no orders of the [001] planes were 
observed. The greatest number of crystals had their c axes nearly perpendicular to 
the plane of the film, since rings with the third index zero were greatly strengthened, 
figure 8. Rather similar patterns have been obtained by Steinheil from specimens 
made by playing a flame on tin foil. In this case the orientation was not so marked, 
as the [002] ring appeared with moderate intensity. The calculated and observed 
lattice spacings of the rings together with their intensities are given in table 6. 

Table 6 


Indices of 


Observed 

Calculated 

Intensity of ring 

lattice 

lattice 

ring 

spacing (A.) 

spacing (A.) 

100 

Very weak 

375 

3-80 

Sn02 no 

Very weak 

3*39 

3*34 

lOI 

Medium 

302 

298 

1 10 

Very strong 

2*71 

269 

III 

Weak 

236 

2-35 

200 

Strong 

I 92 

1-90 

201 

Medium strong 

I 79 

1-77 

120 

Weak 

1*70 

1-70 

121 

Strong 

1*62 

I 60 

202 

Weak 

1-51 

1*49 

122 

Weak 

1*42 

1*39 

220 

Medium strong 

1*35 

1*34 

221 

Weak 

1-31 

1-29 

203I 

301/ 

130 

Medium 

I 24 

1*22 

Medium 

1-20 

1*20 

123 

Weak 

i‘i8 

1*17 

302 

Very weak 

I-I3 

1*12 

132 

Medium 

I 08 

I -08 

231I 

223/ 

Medium 

1*04 

1*03 


In addition to films consisting of the monoxide, some composed of the dioxide 
Sn02 were made in a similar way with the tin at a rather higher temperature. This 
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Figure 9. Transmission pattern from litharge film. 
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oxide layer probably started as the monoxide and changed almost entirely to the 
dioxide owing to the higher temperature. Similar films were also made by Steinheil 
by heating tin foil. The relative intensities of the specimens made by both methods 
agreed well and showed little sign of any orientation, since all possible rings were 
present. The orientation was presumably destroyed on the transition from monoxide 
to dioxide. The rings are given in table 7 together with their intensities and lattice 
spacings. 


Table 7 


Indices of 
ring 

Intensity of ring 

Observed 

lattice 

spacing (A.) 

Calculated 

lattice 

spacing (A.) 

SnO (001) 

Very weak 

4*77 

4*8i 

SnO (100) 

Very weak 

3-75 

3 *80 

no 

Very strong 

3*39 

3*34 

Sn (200) 

Very weak 

2*90 

292 

lOI 

Medium strong 

2*65 

263 

200 

Strong 

2*39 

236 

210 

Weak 

2-15 

2*12 

2II 

Very strong 

178 

176 

220 

Weak 

1*69 

1*67 

002 

Weak 

1-58 

i-S8 

310 

Medium strong 

152 

1*49 

301 

Very weak 

1*35 

1*33 

202 

Very weak 

I-3I 

I-3I 

321 

Medium strong 

I 23 

1*21 

400 

Medium 

119 

i*i8 

222 

Weak 

i-i6 


312 

Medium strong 

1*10 

I 09 

420 

Weak 

I 06 

I 06 

103 

Medium weak 

I 02 

1-03 

402I 

123/ 

Medium 

0*96 

0-96 

510 

Weak 

0-93 

0-93 

332 

1 Medium strong 

0*92 

092 


Lead oxide. Films of lead oxide also were made with the same technique, and 
their diffraction patterns were photographed and analysed. These showed that the 
films consisted entirely of the rhombic form of PbO (litharge), the preferential 
orientation tending to set the crystals with their [001] planes in the plane of the film. 
This again caused rings due to the [ooar] planes to be absent and those with the z 
index zero to appear with increased intensity. The rings observed by electron 
diffraction, figure 9, are given in table 8 together with their lattice spacings and 
intensities, and corresponding intensities obtained by Halla and Pawlek^-^^ with 
X-rays. A comparison of these intensities shows clearly the effect of the preferential 
orientation. In addition to the rings tabulated, two or three ver}^ faint rings were 
observed inside the [no] ring on some plates. These seemed to correspond to 
indices [010] [100] and ^ [no], but may have some different origin such as an im- 
purity with a larger unit cell. 
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Table 8 


Indices 

Observed 

Calculated 

Observed electron- 


lattice 

lattice 

X-ray 

of ring 

spacing (A.) 

spacing (A.) 

diffraction intensity 

intensity 

no 

359 

3*59 

Medium weak 

Weak 

III 

3 08 

3 07 

Strong 

Strong 

002 

— 

2*94 

— 

Very strong 

200 

273 

275 

Very strong 

Medium 

201 

251 

250 

Very weak 

Very weak 

020 

236 

2-34 

Very strong 

Medium 

112 

2*21 

2-28 

Very weak 

Very weak 

202 

203 

2 02 

Weak 

Strong 

003 

— 

1*96 

— 

Medium 

022 

1-87 

1-85 

Very weak 

Strong 

220 

I 79 

179 

Very strong 

Medium 

113 

172 

172 

Weak 

Strong 

311 

1*65 

1*64 

Strong 

Strong 

203 


I *60 

— 

Very weak 

222 

1*53 

1*53 

Weak 

Strong 

023 


1*51 

— 

Weak 

131 

1-48 

1*47 

Strong 

Strong 

400 

1-42 

1-38 

Medium weak 

Very weak 

1 14 

1*37 

1-36 

Medium weak 

Medium 

223 

— 

1-31 

— 

Weak 

204I 

313/ 

1-29 

1*29 

Weak 

Strong 

024I 

402/ 

1*25 

1*5 

Weak 

Medium 

133 

— 

I- 2 I 

— 

Medium 

330 

i-i8 

II9 

Strong 

Weak 
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DISCUSSION 

Lord Rayleigh mentioned the fact that when sodium-nitrate crystals are de- 
posited on a calc-spar crystal, they try to orient themselves as nearly as possible in 
accordance with the orientation of the latter, although the difference in structure 
between the two substances prevents this result from being effected completely. In 
the present instance, when lead-oxide crystals were formed on the surface of a large 
single crystal of metal did the metal atoms of the oxide remain in the positions which 
they had occupied in the metallic state? 

Prof. G. I. Finch. In view of the reputed purity of the zinc which Dr Quarrell 
and I had used, we had suggested that the faint extra inner ring in our oriented ZnO 
patterns might be a J [102] of normal ZnO, but emphasized the need for caution by 



FiKure A. Figure B. 

pointing out the fact that the supposed half-order and [102] rings arced in different 
directions. Since then Dr Wilman and I have found that this extra inner ring may 
be due to a trace of an impurity which can be almost wholly removed by skimming 
off the first few layers of oxide scum formed on the surface of a melt of a fresh batch 
of forensic zinc. The first skimming consists in the main of this impurity and is 
quite different in texture from a zinc-oxide scum. The transmission pattern ob- 
tained with a film of the impurity normal to the beam is shown in figure A. It has a 
complicated structure of a relatively low order of symmetry. One of the prominent 
inner rings corresponds to a spacing of 3-79 A., and this is the supposed half-order 
ring previously observed. Otherwise the pattern has nothing in common with 
either Zn, ZnO or pseudomorphic ZnO. 

At first sight figure A, like many of our ZnO patterns and like those now dis- 
cussed by the author, appears to be due to a random crystal array ; inclination of the 
specimen plane to the beam by only 20° from the normal sufficed, however, to 
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yield an arced pattern, figure B, thus proving that the crystals tended to point 
in a common direction. The remarkable elliptical appearance of the arced pattern 
is, of course, due to an illusion. 

Prof. G. P. Thomson. With reference to the single crystals of oxide which form 
on the surface of the lead when it solidifies, it seems to me that this is a different 
kind of phenomenon from those referred to by the President or Prof. Finch. In the 
author’s experiments the small crystals of oxide are present throughout the ex- 
periment, even when the lead is melted, and the formation of a single crystal must 
be due to a rotation and orientation of these small pieces of crystal, brought about 
by the atomic forces in the metal at the moment when it solidifies. As far as I 
know this is a new effect, and it is of interest from the point of view of the study of 
crystallization. 

I should also like to refer to the apparatus used by the author. This, as is stated 
in the paper, was designed by Mr C. G. Fraser of Aberdeen. In respect of the 
method of moving the specimen by means of a large coned ground joint carrying 
two smaller cones, figure 2, the apparatus has been imitated in others made at the 
Imperial College. Four such in all are now in use and some have been in operation 
for nearly three years. They have given very little trouble and I can recommend the 
mechanism as an efficient one for moving objects in a vacuum. There has been no 
difficulty arising from sticking of the large joints, of diameter up to 9 cm., in spite of 
the great pressure of the atmosphere on them. 

Author’s reply. In reply to Lord Rayleigh’s question: the lead-oxide film on 
the surface of the large lead crystal was originally formed while the metal was liquid, 
and as the atoms in a liquid have no fixed positions there would be no relation 
between their positions in the lead and in the oxide. It is very probable, though 
the point was not investigated, that the single-crystal oxide film, caused by the 
rearrangement of the small oxide crystals when the underlying metal solidified, 
had some definite orientation with respect to the metal crystal. 

Prof. G. P. Thomson has brought out the difference between the effects observed 
in the experiments under discussion, and phenomena observed when one substance 
crystallizes on another giving oriented single crystals or pseudomorphic crystals. 
The formation of the single-crystal lead-oxide films was caused by rotation of pre- 
existing small oxide crystals under the regular atomic field of the underlying metal 
crystal. 

The ground joints to which Prof. Thomson refers have been in use for about 
ij years without any leakage or regrinding, and with only a very occasional re- 
greasing, except in the case of the two large flat joints which needed regreasing 
rather more often owing to their removal for access to the photographic plate and 
specimen. 

Prof. Finch’s new diffraction pattern from the first skim of molten zinc is very 
interesting as it explains the diffraction ring corresponding to a lattice spacing of 
3*79 A. and bears out the observation that this and the extra line obtained in the re- 
flection patterns from molten zinc might both be due to the same oriented impurity. 
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THE USE OF MICROPHOTOMETRIC METHODS IN 
DIVIDED-BEAM SPECTROPHOTOMETRY 

By D. H. FOLLETT, M.A., A.Inst.P., Adam Hilger, Ltd. 

Communicated by Dr F, Simeon^ August 17, 1934. Read November 16, 1934. 

ABSTRACT. A microphotometer is described in which two photocells, connected 
differentially, are used to indicate the difference in transmission of the individual spectra 
in the pairs produced in divided-beam methods of spectrophotometry. Match points 
are thus found with much greater ease than by the visual method ; much of the uncertainty 
which arises in visual matching disappears, though some remains owing to the irregularities 
of the photographed plate. 

§ I. INTRODUCTION 

T he use of a microphotometer for finding the match points in divided-beam 
methods of spectrophotometry has been suggested but so far seems never to 
have been put into practice. The reason for this may be that apparatus 
designed specially for the purpose is necessary, since the use of the ordinary form 
of microphotometer would be very laborious and its adaptation to this special 
purpose is not practicable. 

§2. CONSTRUCTION OF APPARATUS 

Figure i shows diagrammatically the lay-out of an instrument designed for this 
purpose. L contains the light-source, a 6-volt 18-watt motor head-lamp running 
from batteries or the mains, whichever is the more convenient. The prism P 
deflects the beam at right angles on to a 25-mm. microscope objective M^\ this 
forms an image of the filament of the lamp on the plate, which is placed with its 
film side uppermost on the stage S. The linear dimensions of the image are one 
tenth of those of the filament. The second objective forms an image of the plate 
on the slit B which is in the centre of the screen A. The magnification of this system 
is X 10. Since the filament is imaged on the plate, there is also a unit-magnification 
image of the filament on this slit. Each objective is furnished with a focusing 
motion. Two photoelectric cells of the rectifier type are mounted behind the 
screen, as described later. Between L and P is a lens, not shown in the diagram, 
which can be pushed into the beam as required ; we shall refer to this as the viewing- 
lens. 

The purpose of the viewing-lens is to simplify the setting of the plate on the 
stage. When this lens is in position, with a plate on the stage, a small patch of light, 
instead of an image of the filament, falls on the plate ; and on the screen A appears 
a projected image of the spectrum under examination. The largest possible area 
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that can be imaged on the plate is a circular patch of the same dimensions as the 
aperture of the microscope objectives ; the position and focal length of the viewing- 
lens was therefore chosen so that only this area was illuminated, the image on A 
being thus made as bright as possible. When a plate taken with some such instru- 
ment as the Spekker photometer is on the stage, an image of a pair of spectra 
separated only by a fine dividing-line appears on the screen. The position of the 
plate is adjusted until the image of the dividing-line falls exactly on a horizontal 
line engraved on the slit and passing through its centre ; under this condition the 
light forming the image of one spectrum falls on one photocell, and that forming 
the other falls on another photocell. Figure 2 shows diagrammatically the optical 
arrangements whereby this is achieved. 


. A 



Figure i. 


The lower drawing shows an elevation, the upper a plan view of the photocell 
housing. The image of the dividing-line in the absorption spectrum falls on the 
straight line H which is engraved through the centre of the slit B, perpendicular to 
it. A rhomb R mounted behind the slit collects the light forming the image of one 
of the spectra and directs it on to the photocell , while light forming the image of 
the other passes straight through on to the photocell Pg . The position of the rhomb 
is adjusted so that the projection of the line H falls along the centre line of a black 
band, i mm. wide, painted along the upper edge of the rhomb and indicated in 
the figure by the shaded area. This black band allows a little latitude in the position- 
ing of the plate on the stage and prevents any difficulty over the finite width of the 
dividing-line. 
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The light falling on the cells must be divided so that the individual cells produce 
equal currents when an unexposed part of the plate is projected on the screen. The 
parallel glass plate G, figure i, is provided for this adjustment; it is mounted so 
that its inclination to the beam can be varied between positions 22j° either side of 
the vertical; its thickness (about 3*5 mm.) is such that the image of the filament is 
displaced i mm. when the plate is moved from one extreme position to the other. 
Thus by moving the glass plate the proportion of the image of the filament falling 
on either side of the dividing-line can be adjusted until the amount of light falling 
on each cell is such as to produce equal currents in these cells. 




Figure 2. 


Figure 3. 


The slit B is made with one fixed and one movable jaw ; the movable one is 
held in position by a screw through a slotted hole, and for adjustment this screw is 
loosened and the jaw is slipped along in its slide. This is a sufficiently sensitive 
adjustment : the use of a screw is an unnecessary luxury, as the linear magnification 
of the image of the plate on the slit is x 10, and therefore the slit-width can be 
about 10 times the slit- width of the spectrograph with which the absorption photo- 
graph was taken. 

The photoelectric circuit is shown in figure 3. The photoelectric cells used are 
made by Electrocell G.m.b.H., Berlin. The light-sensitive element can be provided 
as an unmounted disc 25 mm. in diameter, and this form is convenient and suitable. 
These cells have a high sensitivity, about 400/xA. per lumen. The matching of the 
intensity, current characteristics for the two cells was tested by putting an Ilford 
wedge on the stage of the instrument and using it exactly as if it were an absorption 
spectrum. The beams were balanced with the light passing through the thin end 
of the wedge ; the wedge was traversed towards the thick end, and it was observed 
that the balance was nowhere disturbed. The galvanometer was the A.M. type of 
the Cambridge Instrument Co.; its period was 6 sec., its resistance was 450 fi., 
and its sensitivity about 1000 mm.//LtA. with the lamp and scale two metres from 
the mirror. 
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It is a great advantage to be able to use the rectifier type of photocell, as its 
current is very easily measured with the galvanometer ; the emission type would 
involve the use of an amplifier which is far less convenient than the galvanometer. 
In order to obtain the utmost sensitivity, however, it is necessary to form an image 
of the source on the slit, and since the spectrum cannot then be seen on the screen, 
the addition of the viewing-lens already described becomes necessary. 

The sensitivity of the instrument is such that the deflection obtained through a 
clear plate on one beam only is about 240 mm. with a slit 0-3 mm. wide while the 
lamp is run at 7 volts. This slit is not unduly wide, for in absorption work the 
spectrograph slit may permissibly be wider than in emission work. The deflection 
obtained through a line may appear rather low in many cases but actually it is quite 
sufficient ; any increase does not increase the accuracy of matching, for the limit of 
accuracy is imposed by irregularities of the plate as will be described later. The 
sensitivity is fully sufficient to reach this limit. 


§3. METHOD OF USE 

The procedure for finding match points is very simple. First with the plate 
on the stage the necessary focusing adjustments are made ; the plate is then moved 
so that an unexposed part, in the neighbourhood of the match point, is imaged on 
the slit and then the plate G is adjusted until the galvanometer shows no deflection. 
Then the plate is placed so that the image of the dividing-line between the two 
spectra falls on the engraved line on the slit, and the stage is traversed until the 
deflection of the galvanometer becomes zero; the match point is then imaged on 
the slit in the screen. The stage can be traversed as a whole along the guides ; in the 
neighbourhood of a match point it can be clamped and a more sensitive adjustment 
can be made by means of the screw F, which is 25 mm. long. 

The wave-length corresponding to the point at which the match point occurs 
must be determined. In the case of line spectra the match point will in general fall 
between two lines ; these lines can be marked directly on the plate, and their wave- 
lengths can afterwards be determined by reference either to a map or to the wave- 
length scale on the plate. But in the case of continuous spectra a different procedure 
must in general be adopted ; the difficulty is that, although a mark could be made 
on the plate to indicate the position of the match point, reference to the usual 
wave-length scale at the top and bottom of the plate is not sufficiently accurate 
owing to the curvature which is impressed on large plates in most spectrographs. 
The difficulty is overcome, however, by arranging that a line spectrum shall be 
taken with each absorption exposure, to lie in juxtaposition with the twin absorption 
spectra. This spectrum will appear on the screen with the absorption strip under 
examination. When the match point has been found the reading of the screw is 
observed; then the plate is traversed until one of the lines in the line spectrum 
falls on a continuation of the slit and the screw reading is again read. The line can 
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be marked and later identified, and since the distance of the match point from this 
line is known in millimetres, the wave-length of the match point can be determined 
by simple interpolation or by the application of a Hartmann formula, according to 
the accuracy required. 


§4. RESULTS 

It was found that match points could not be determined with the precision that 
had been expected. In the case of line spectra it had been anticipated that in 
general the match point would not fall definitely on a line but would be between 
two lines. It had been expected that measurements on the background between the 
lines would not be of much value, but that some method of interpolation could be 
usefully applied. 



Figure 4. 

It was found, however, that in cases where the absorption band was shallow, 
an equivocal kind of result was obtained, in which several successive lines gave 
deflections falling at random on either side of the zero; all that could be said in 
such cases was that the match point lay somewhere in the midst of this group of 
lines. It was thought that this might be due either to pole effects arising from the 
incorrect adjustment of the spark source in the photometer, or to irregularities in 
the photographic, plate. Readings were therefore taken on plates obtained with a 
continuous spectrum on the Hilger-Nutting spectrophotometer, with a camera 
fitted in place of the usual arrangements for visual readings. Any irregularities found 
here would presumably be due only to irregularities in the plate. 

The actual deflection observed was taken at a large number of settings in the 
neighbourhood of match point. The area of each spectrum measured at a setting 
was a rectangle measuring 0*15 x 0*05 mm. approximately, and the readings were 
taken at intervals of 0-05 mm. Figure 4 shows the result obtained with an Ilford 
auto-filter plate developed with metol-quinol. It will be observed that there is a 
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region nearly 0*9 mm. in length in which the line crosses and re-crosses the zero 
line. It is possible to draw a straight line which can be regarded as making an 
approximate fit with these points, and the point where this line crosses the zero 
line can be regarded as the match point. The match point can probably be deter- 
mined fairly accurately in this way, but it is obviously out of the question for this 
procedure to be regarded as one to be generally adopted as it would be far too 
laborious. 

The irregular nature of the line is presumably due to graininess of the emulsion, 
a factor which varies with both the developer and the type of plate. It is therefore 
clear that a combination of plate and developer showing the minimum of grain 
effect should be chosen. At the same time it is clear that the greater the slope of the 
line, the more clear-cut will become the match point. For a given absorption 
spectrum the slope will depend upon the contrast given by the plate; that is, it 
will increase as the slope y of the plate-characteristic increases. The best com- 
bination of plate and developer for the work will be one with a small grain effect 
and a large y. Experiments were therefore tried with different plates and developers. 

In order to assess the relative suitability of the different plates it is desirable to 
derive for each plate some numerical value which can be regarded as a figure of 
merit. This was done in the following way. A straight line was drawn to fit the 
points obtained as nearly as possible, and the mean deviation of the points from 
D this line was determined ; this figure can be called D. Let the slope of the line be 

S called S. Then the value SjD was taken as the figure of merit for the plate in question. 

This figure is not intended to give a definite value for the merit of a particular 
plate ; it is merely intended as a guide for arranging the plates in order of merit. 
Care was taken to see that the images measured on the different plates were all of 
approximately the same density ; if this were not so the figure of merit as defined 
above would not be comparable for different plates. The results are given in the 
table. 

Table 


Plate 

Developer 

Figure of merit 

Auto filter 


0*17 

Rapid process 

( Potash- 

0-34 

panchromatic 

1 hydroquinone 



1 Glycine 

0*41 


1 borax 

025 

Panchromatic 

rPotash- 

10 

half-tone 

j hydroquinone 

1 Glycine 1 

‘ 10 


There seems to be no point in trying a further selection of plates. The panchro- 
matic half-tone plate was chosen as it had a higher value of y than any other plate 
we could find ; the rapid process panchromatic was also chosen on account of its 
comparatively high y. Plates with a lower y would need to have an extremely low 
grain effect to compete with these, and since the grain effect with the panchromatic 
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half-tone plate seemed reasonably small it was concluded that a better plate was 
unlikely to be found among those with a lower y. 

The table shows that the panchromatic half-tone plates have the same figure 
of merit whether developed with glycine or potash-hydroquinone. Glycine is a 
developer which gives less grainy results than does potash-hydroquinone; but 
it also gives less contrast, and this disadvantage counterbalances the advantage of 
the reduced grain. Borax was found to have approximately the same grain as 
glycine but to give even less contrast. 



Figure 5. 

We therefore conclude from these results that the best plate to use is the panchro- 
matic half-tone;' as developer potash-hydroquinone is preferable to glycine because 
it is more rapid in action. Figure 5 shows a plot of results obtained with tliis plate; 
it is directly comparable with figure 4, for the photometric conditions are the same 
and the density of the image at the match point is the same. The great superiority 
of the panchromatic half-tone plate is obvious. 

The next stage is to determine what precision is actually obtainable in the 
determination of densities under ordinary conditions of use. With a coloured filter 
as specimen, a number of exposures were taken under the same photometric con- 
ditions and the match points were determined on the instrument. The procedure 
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was to watch the galvanometer deflection as the screw was turned and to observe 
the screw-reading when the match point was considered to be attained after the 
small fluctuations due to grain effect had been taken into consideration. A photo- 
graph of the copper arc was taken with each continuous spectrum, so that the two 
spectra were closely juxtaposed; a line in the copper spectrum then served as a 
reference point and the distance of the match point from this line was found by 
turning the screw until the projected image of the line fell on the slit in the screen. 

Two sets of three spectra were examined ; the only difference between the two 
sets was in respect of time of exposure, one set having about three times the trans- 
mission of the other at the match point. Two readings were taken for each spectrum, 
making twelve readings in all. These results were averaged ; the mean deviation of 
the individual readings from this average was 0*05 mm. on the plate ; the maximum 
deviation from the average was o- 1 1 mm. 

In order to find what uncertainty these values correspond to in terms of the 
density of the specimen, a number of exposures were taken with the photometer 
circle set to different extinction values in the neighbourhood of that used in the 
above series of measurements, and the distances of the match points from one edge 
of the plate were measured. These values were plotted against the density D, and 
from the curve dDjdS was found in the region of the match point on which the 
above series of readings were taken. This value was found to be 0‘i/2*5 where S 
is in millimetres. The mean deviation of 0-05 thus corresponds to an uncertainty 
of 0-002 in density, and the maximum deviation to just over 0*004 in density. This 
extreme value only occurred once ; the nearest one to it was o-o8 mm., corresponding 
to about 0-003 density, so that we can say that on a single reading there is a high 
probability that the uncertainty will be less than 0 003. 

The above readings were taken at a wave-length of about 4000 A. The figure 
0-003 sensitivity can only be taken to apply to that wave-length, since the 

value of y varies with wave-length. However, this figure represents a sensitivity 
several times greater than has been claimed with visually spotted plates under the 
most favourable conditions^') ; the sensitivity will be less in regions where y is less, 
but as the sensitivity with visual spotting also decreases with y the comparison 
between the two methods is not seriously modified by this circumstance. We can, 
therefore, make a general claim that the photoelectric method increases the accuracy 
of spotting several times over. 

It does not follow from this that densities can be determined photographically 
with an accuracy of 0-003, proved that the photometers in use 

are sufficiently accurate. They have been proved to be accurate within the limits 
which are imposed by visual spotting, but tests made with the more sensitive 
photoelectric method of matching may show that there is room for improvement 
in them. If this should prove to be the case, it does not follow that the higher 
accuracy of photoelectric spotting is wasted, for, in some applications of absorption 
spectrophotometry, sensitivity in detecting small differences in absorption is more 
important than accurate determination of absolute density. 

When the light-source gives a line spectrum the sensitivity of matching is not 
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so good. The match point will in general be found to fall between two lines, which 
may be separated by several angstroms. The match may be made on the background 
if it is sufficiently intense, but in general this will not be possible because the back- 
ground is usually underexposed with the result that the contrast between the 
spectra is low. In the absence of the grain effect a fairly accurate interpolation 
between the two lines could be made, when the individual densities of the images 
are known. But the presence of the uncertainties due to grain effect reduces the 
accuracy obtainable. The accuracy may be still further reduced by the presence of 
the pole effect in the light-source ; even with the best-designed instruments small 
uncertainties due to this effect are likely to appear. 

We therefore conclude that photoelectric matching cannot be used to the best 
advantage when the light-source gives a line spectrum. But when it is used with a 
continuous spectrum a high accuracy in observing match points can be attained. 
Further, the operation is not so fatiguing as is visual spotting, although it is perhaps 
a little slower. 


§5. USE AS ORDINARY MICROPHOTOMETER 

The instrument is easily adapted for ordinary microphotometric measurements, 
which greatly increases its range of usefulness. This can be carried out in two ways. 
A double-pole double-throw switch is connected in the circuit in such a way that 
when it is put over the two cells become connected in parallel, instead of in the way 
shown in figure 3. The galvanometer then shows the sum of the currents due to the 
light passing through the upper and lower parts of the slit, instead of the difference 
between them. Alternatively, the photocell house can be removed and replaced by 
one containing a single photocell mounted directly behind the slit without any 
optical system ; this gives a rather greater sensitivity than the first method, where 
nearly a third of the light from the filament is lost owing to the black band painted 
on the rhomb behind the slit. 

The selection of single lines for measurement is obviously an easy matter ; it is 
only necessary to adjust the position of the plates, with the viewing-lens in the beam, 
until the image of the line to be measured is seen to fall on the slit. As the amounts 
of light which fall on the photocell are very small, the current read by means of 
the galvanometer is very closely proportional to the light-intensity even though the 
galvanometer-rdsistance is as high as 450 Q. 

The sensitivity of the system is such that with the slit at o- 1 mm. the deflection 
obtained through the clear part of a plate is 220 mm. Its performance is indicated 
by figures 6 and 7. Figure 6 illustrates its definition. The object in this case was a 
piece of silvered glass with parallel lines cut on the silver. The lines were ruled 
0-05 mm. apart and were approximately 0-025 wide, so that the object con- 
sisted of a series of opaque and clear sections, each approximately 0-025 wide. 
Figure 7 shows the result of a run on the 3100-A. triplet in the iron arc spectrum 
on a plate taken on the Hilger E i spectrograph. 
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Another application of this instrument is as a photomeasuring micrometer. 
Suppose one wishes to measure the distance apart of two lines ; it is only necessary 
to set the plate on the stage so that the image of one of the lines falls on the slit 
and then to traverse the plate until the image of the other falls on the slit, and to 
read off from the screw the distance traversed. The accuracy of this result is limited 
by the accuracy of the screw, which is correct to i/ioo mm., but this is sufficient 
for nearly all purposes. 



Setting of plate {mm.) 


I 


O Oft • <16 -2 -26 -3 ‘M 

Setting oj plate {mm.) 



Figure 6. Engraved silvered glass plate. 


Figure 7. 3100 Fe triplet. 
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DISCUSSION 

Lord Rayleigh. I should like to ask the author why he uses colour-sensitive 
plates, which are in general more troublesome to manipulate? I have found that for 
photometric purposes plates coated on plate glass are much to be preferred, owing 
to the uniform thickness of the film. 

Author’s reply. Plates were selected by consideration of grain-size and contrast. 
Information concerning these points was obtained from certain data supplied by 
Messrs Ilford, some of which are reproduced in the paper by Twyman and Lothian 
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referred to. The question of colour-sensitivity was not considered at all; it just 
happened that on the list of plates for which data were available the two which 
appeared most promising were panchromatic. I do not think that, for any particular 
type of emulsion, the grain-size and contrast would be markedly different in a 
panchromatic and a non-panchromatic plate, but I have no definite information on 
this point; in the list of plates for which data were obtained from Messrs Ilford, 
panchromatic and non-panchromatic plates of the same emulsion type were not 
included. 

I have had no actual experience of the use of plates coated on plate glass. It 
seems probable that their use would increase the precision of absorption-measure- 
ments made by this method. 
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ON THE BEHAVIOUR OF SUSPENDED PARTICLES 
IN AIR, AND THE VELOCITY OF SOUND AT SUPER- 
SONIC FREQUENCIES 

By E. B. PEARSON, B.Sc., Assistant Lecturer in Physics, 
University College, London 

Communicated by Prof. E. N. da C. Andrade^ August 2, 1934. Read November 16, 1934, 
by Prof. Andrade in the absence of the author. 

ABSTRACT. In accordance with theory, particles of the size prevailing in ordinary 
cigarette smoke are found to act as obstacles in air vibrating at supersonic frequencies. 
This action leads to the formation of figures at the nodes in a resonance tube, from which 
measurements of the wave-length can be made. These, with a knowledge of the frequency 
of each piezo-electric crystal used to maintain the oscillations, enable values of the velocity 
of sound in air to be found at various frequencies in a range from 92*2 to 801 -6 kc./sec. 
The values found show a definite dispersion of sound in this region, contrary to the 
results of previous experimenters with the Pierce acoustic interferometer. There are two 
maxima which are attributed to the separate effects of oxygen and nitrogen. 


§ I. INTRODUCTION 

I T has been shown by E. N. da C. Andrade that any obstacle in vibrating air 
of sufficient amplitude is surrounded by a vortex system which leads to forces 
between two neighbouring obstacles. Two spheres whose line of centres is in the 
line of the vibration vector are in equilibrium at a certain distance apart : if the line 
of centres is transverse to the vibration vector the spheres arc brought into contact. 
He points out that how far a particle acts as an obstacle, or is carried backwards 
and forwards by the medium, depends upon the size and mass of the particle and 
upon the frequency of vibration. For instance, cork-dust particles of the size used 
in his experiments take up about 96 per cent of the amplitude at 120^, and 50 per 
cent at 850^; but smoke particles, whose average diameter as determined by the 
rate of settling of a cloud was about ift., take up about 99*9 per cent at 200O'--, 
and so can be used as tracing-points at this frequency. It is pointed out, however, 
that at a frequency of 300000 kc./sec. smoke particles of radius iji. should take up 
only 18 per cent of the motion of the air, and should thus act as obstacles. The 
formation of dust figures at sonic frequencies has been shown by Andrade to 
be due to vortices around obstacles combined with a general circulation between 
node and antinode, which takes place in a vibrating column of gas enclosed in a tube. 
If this circulation takes place at supersonic frequencies smoke particles should 
therefore give rise to figures similar to some of the dust figures observed in a 
Kundt’s tube. The experiments described in this paper were undertaken to in- 
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vestigate the behaviour of smoke particles in air vibrating at very high frequencies, 
with the particular object of seeing whether it was possible to obtain figures whereby 
the nodes or antinodes could be fixed and the velocity of sound deduced. 

§2. DESCRIPTION OF APPARATUS 

Piezo-electric quartz oscillators were used as the source of supersonic vibrations, 
because they maintain a very constant frequency, unaffected by temperature 
changes, and in addition are fairly easy to manipulate. The crystals used were 
supplied by Messrs Adam Hilger, and final frequency-measurements at the key 
frequencies were made by the National Physical Laboratory. The oscillating and 
sustaining circuit employed to excite the crystal is shown in figure i ; it was the 
standard Cady one, modified by the addition of a reaction coil. This was found 




necessary with the L.S. 5 valve used. The components were of the type used in 
standard wireless sets. To obtain adequate power a plate voltage of 360 was applied 
to the valve together with a negative grid bias of 20 volts, giving a plate current of 
50 mA., the former being supplied by a battery of accumulators. The tuning and 
reaction coils were of the Igranic plug-in type and were mounted in a holder giving 
variable coupling, while variation of frequency was obtained by means of a Dubilier 
air condenser, the capacity of which was 0*0005 mF. 

All the crystals were of the same diameter, 1*9 cm., and were cut with a shallow 
groove in the mid plane parallel to the ends. The method of mounting is shown in 
figure 2. A brass ring, 2*7 cm. in internal diameter, and 4 cm. in external diameter, 
carries three pointed screws which grip the crystal in the groove and are secured by 
locking nuts. The crystals were held loosely, as otherwise they do not oscillate 
freely. To the brass ring is screwed a rod, held in a stand so as to allow the position 
of the crystal to be adjusted. 

The tube containing the air to be set in vibration was of internal diameter 
2 cm., and was surrounded by a water-jacket to eliminate convection. The jacket 
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consisted of two plate-glass sides, measuring 53 cm. x 5 cm., cemented to a frame- 
work which had been cut from brass square-section tubing, and constituting the 
ends and base. This is shown in figure 3. The ends were brass plates pierced with 
circular holes, through which were soldered short lengths of brass tube marked A, A 
in the figure. The glass resonance tube passed through these tubes, at the points J 5 , B, 
and water-tight joints were made with rubber collars of pressure tubing. 

The frequency being constant for any given crystal, it is necessary to be able to 
vary the length of the resonant air column in order to make it contain a whole 
number of half-wave- lengths. At the very high frequencies, where the half- 
wave-length is of the order of 0*5 mm. and less, the adjustment of length is relatively 
unimportant, but for half-wave-lengths of i mm. and more it is essential. It was 
effected by means of a brass plunger, 2 cm. long, which fitted the tube as tightly 
as was compatible with easy movement and was soldered to the end of a length of 
4-mm. brass tubing fitting loosely through the collar marked C in figure 3. A 
small hole was drilled through the centre of the plunger so that smoke could be 
introduced into the resonance space. 



Figure 3. 


As it was necessary to have an uninterrupted crystal surface for radiating the 
waves down the tubes, large electrodes could not be used. The front and back faces 
of the crystal were coppered, and small electrodes of copper foil soldered to springy 
wires made light contact with them. The electrode for the radiating face passed 
through a small hole, marked D in the figure, in the wall of the glass tube. 

When a crystal was first tried out the correct sizes of tuning and reaction coils 
were found with the aid of a Sullivan heterodyne wave-meter, supplied with cali- 
bration curves for use with a series of plug-in inductance coils. From the nominal 
frequency of the crystal the wave-length of the electric waves in the oscillator 
circuit was calculated, and from the calibration curves the reading of the wave- 
meter appropriate to this frequency was found. The search coil connected to the 
wave-meter was fixed near the coils of the oscillator, whose tuning and reaction 
coils were changed until the heterodyne note was heard with a convenient setting of 
its condenser. This procedure was necessary because most crystals could be made 
to oscillate at several frequencies, by using sufficient reaction, but it is essential to 
use the fundamental mode, since that is the only one that can be maintained over a 
fairly wide range of capacity-change in the tuning circuit. The wave-meter was not 
sufficiently accurate for the purpose of the sound-velocity measurements described 
later, and the crystals were therefore sent to the National Physical Laboratory for 
accurate determination of the frequencies. 
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§3. ILLUMINATION OF THE TUBE 

To render visible the movements of the smoke the image of a good optical 
slit, illuminated by an arc and condenser, was formed by means of a lens of focal 
length 50 cm. and aperture 1 1 cm. The flat beam in the neighbourhood of the 
image was used in various ways. For purely qualitative observations the whole 
length of the tube was illuminated through a plate glass window closing the end, 
this window being pierced by a hole which allowed a glass rod to pass through it. 
A glass disc waxed to this rod acted as the reflector of the sound waves, instead of 
the brass plunger shown in figure 3, and allowed the length of the resonant column 
of air to be altered. The beam from the arc could thus be thrown down the axis of 
the tube and the phenomenon could be viewed as a whole. 

This method of illumination was not intense enough when the spacing of the 
smoke figures was to be measured or when the figures were to be photographed, 
and for these purposes the following arrangement was used. The tube was set up 
perpendicular to the beam of light, and the image of the slit was formed along the 
axis of the tube through the surrounding water jacket. By this means a length of 
about 4 cm. of the inner walls of the resonance tube could be intensely illuminated. 
A screen of semicircular blackened metal placed underneath, . in the water, served 
to cut off most of the high lights from the curved walls of the tube, and also helped 
to show up the illuminated portion. 

§4. PHENOMENA OBSERVED 

Preliminary experiments were made at a frequency of 92*2 kc./sec. with the 
longitudinal illumination already described. The approximate wave-length of the 
sound-waves in air at the temperature of the water in the bath wras calculated, and 
the distance from crystal face to glass reflector was adjusted so as to contain a whole 
number of half- wave-lengths. The small electrode, which passed through the hole 
in the end of the tube, was arranged to be about 3 mm. away from the end of the 
crystal, while the other electrode just touched its back face. This disposition of the 
electrode was found to give best results with the crystals whose natural frequencies 
were 92, 147 and 220 kc./sec. ; their relatively large vibrations would be damped if 
there was pressure on the surfaces. With crystals of higher frequency, however, 
both electrodes must touch the faces. 

Smoke, dried by being blown through a long calcium-chloride tube, was then 
introduced into the length of tube between crystal and reflector, and the supersonic 
vibrations were started by varying the tuning condenser about the critical position 
found by the wave- meter method already described. The smoke was seen to 
circulate violently, and in a few seconds coagulation of the particles took place at 
equally spaced intervals, causing the formation of rings which extended up the 
walls of the tube and sometimes completely round them. When the oscillations 
were stopped the particles ceased to coagulate, and floated in the tube at random, 
but as soon as the vibrations were restarted the rings formed again. When the 
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crystal was kept oscillating for about half a minute a slight deposit was formed on 
the walls of the tube at the positions of the rings, and this remained after the 
oscillator had been switched off and the surplus smoke had been blown out of the tube. 

Photographs were taken of the rings when they were in the process of formation, 
and also of the traces left on the walls of the tube. The earlier attempts were made 
with a Beck attachment fitted to the eyepiece of a microscope giving a magnification 
of about 6, by the method of longitudinal illumination, but insufficient light was 
reflected from the particles to give any record with exposures of 4 or 5 seconds, 
even when the fastest plates, 2000 H and D, were used. This length of exposure 
was the maximum possible when the rings were in process of formation, for they 
soon became indistinct owing to the deposition on the tube walls. 

The transverse illumination, using slit and lens, caused too many high lights due 
to reflections from the outside of the tube, and consequently a square-section tube 
was made from four pieces of photographic negative glass, each 1 6 cm. long, cemented 
together at the edges to give an internal side of 2 cm. One end was closed with a 
brass plate, provided with a hole to allow a glass tube waxed to a square glass 
reflector to pass through it. By this means the length of resonant air column was 
varied. The other end was closed with a piece of card, with a round hole cut in it 
to allow the crystal to project inside. Sufficient light was obtained by using two 
identical optical systems of the type described, both being horizontal and making 
equal small angles with the normal to the tube. By this means photographs of the 
smoke figures seen during the oscillation of the air were taken with an exposure of 
3 seconds. The result is shown in figure 4, where the line of the reflector forming 
the closed end is marked by an arrow. The curvature of the smoke planes was due 
to the strong circulation, which disturbs their alignment, but is only seen in the 
square tube. In a circular tube the planes are all quite fiat and perpendicular to 
the axis. In all probability secondary disturbances in the air, due to the edges of 
the square tube, are responsible for the appearance of the planes in figure 4. 

Examination of the traces left on the walls of the tube after oscillations had 
been stopped and surplus smoke had been blown out shows that they mark the 
nodes. Figure 5 is a photograph of these traces, formed in the circular tube at a 
frequency of 92*2 kc./sec. The picture was taken with the Beck attachment on a 
microscope, illumination being with the arc, slit and lens. Most of the high lights 
have been cut off by the blackened metal screen placed under the tube, but a few 
remain and are marked as such. This arrangement allows but a small width of the 
wall of the tube as being visible, but actually the traces extend completely round it. 
The sharp line marked by an arrow is the end of the brass reflector, and hence 
represents a node, so it is clear from measurements of the spacing of the traces that 
they themselves are at nodes. The double line forming each trace can be taken to 
represent the heaps of dust to either side of a node which, in a Kundt’s dust tube, 
form the figures described by Andrade as “eyes’*. The double lines are shown 
more sharply in figure 6, which was taken at an early stage in the formation of the 
traces. As the amount of deposit increases the lines broaden so as to overlap, and 
at frequencies above 400 kc./sec. they are so close that the double structure is 
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rarely seen. Before a fresh set of photographs was taken the tube ^as cleaned out 
by means of a wad of cotton wool moistened with methylated spirit, and then dried 
with a soft cloth, pushed in on the end of a rod. The crystal was then replaced in 
position, and fresh smoke was blown in. 

The phenomena here described can be explained on the view that smoke 
particles should act as obstacles in a gas vibrating at a very high frequency, and 
behave as cork particles do at sonic frequencies, in the manner pointed out by 
Andrade Two particles which act as obstacles in a vibrating medium are brought 
and held together with their line of centres transverse to the vibration vector. It 
appears from the work of Whytlaw-Gray* that smoke-particles which come into 
contact as a result of ordinary casual impacts adhere to one another, so that it is to 
be expected that particles brought together by the forces generated by the vortex 
motion in the medium will likewise adhere. The effect will be more marked with 
the larger particles formed by the adhering of two of the original smoke particles, 
so the effect is cumulative, and rapid coagulation will take place to form the smoke 
planes seen when the supersonic vibrations are in progress. The fact that the planes 
disappear when oscillations cease shows that the coagulation is not of the ordinary 
type which is observed in a smoke cloud when this is left for a sufficient length of 
time; the coagulation must be due to minute vortices. When the oscillations are 
allowed to persist, the cumulative coagulation results in depositions, analogous to 
the eyes seen in a Kundt’s tube, on the walls of the tube on either side of the nodes. 

The phenomenon cannot be followed in all its details, as it was by Andrade in 
his work on dust figures formed at sonic frequencies, for with a crystal neither 
frequency nor intensity can be varied, and both of these factors enter into the 
mechanism of the formation of the various groupings and arrangements of particles 
in a Kundt’s tube^*\ 

§5. DETERMINATION OF SOUND-VELOCITY 

The distance between the mid lines of successive eyes deposited on the walls of 
the tube represents a half-wave-length of the sound in air, at the particular 
frequency of the crystal. This being accurately measured and the frequency being 
known from the report by the National Physical Laboratory x)n the crystal, a value 
of the velocity at the temperature C. of the water-bath can be found from the 
relation . 

Vt = nAt, 

where n is the frequency. 

The positions of forty or fifty nodes were noted by means of a Cambridge 
travelling microscope giving a magnification of about x 6 and having graduations 
down to 0*01 mm. on a rotating head attached to the micrometer screw. Estimations 
to 0*002 mm. could easily be made, and readings were always taken from the 
closed end of the tube towards the crystal, but not nearer to the crystal than 6 cm. 
so that the region where the sound-velocity has been found by previous experi- 
menters to increase slightly on account of proximity to the source was avoided. 

• See e.g. Whytlaw-Gray and Patterson, Smoke. 
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The set of rea’dings of nodal positions was divided into two equal groups, in the 
usual manner, and thus an accurate value of was found. The velocity at C. 
was then evaluated and the velocity at o® C. was deduced by means of the re- 
lation 

Fo=F<-o-6i<, 


where and are in metres per second, and t is in degrees centigrade. 

At sonic frequencies the diameter of the tube influences the velocity, and the 
Kirchhoff correction must be applied in order to get the value of velocity in free 
space. This correction is expressed in the formula 


Ft= Va {i -o-54/2rV(7m)}, 

where and V a are the velocities in tube and free air respectively, and r is the radius 
of the tube in cm. In a tube of radius i cm., with a frequency of 92*2 kc./sec., 
which was the lowest used, the correction works out to be i in 2000, while at 
higher frequencies it becomes rapidly less. As the probable error in a series of 
values of Fq came to about i in 800, the correction was neglected. 

At the first frequency used, 92*2 kc./sec., a mean of eight values of Fq gave a 
probable error of 0*4 m./sec. It was decided to measure the velocities at higher 
frequencies, and for this purpose eight more crystals, covering a range 127 to 
1020 kc./sec., were employed. On repetition of the procedure already described it 
was found that similar phenomena were observed at each higher frequency, traces 
being left on the walls of the tube at the nodes, and these were measured with the 
microscope to evaluate Most of the crystals oscillated quite readily, and in 
some cases so violently that the crystal broke. Above 500 kc./sec., however, it was 
often a somewhat difficult matter to get oscillations sufficiently powerful to form 
the smoke figures, and careful variations of reaction coupling, filament current, 
and pressure of the electrodes on the crystal faces, were all necessary in order to 
bring about the desired result, except in the case of the i020-kc./sec. crystal. In 
this instance no figures could be detected, although there was a fairly well-marked 
circulation in the smoke. 

The value of Fq obtained at each of the other frequencies was taken as the mean 
of eight determinations. A typical example of such a set is given in table i. 


Table i 

Frequency w = 310*198 kc./sec. 


Temperature 
(° C.) 

Wave-length 

(mm.) 

Vt 

(m./sec.) 

K, 

(m./sec.) 

16 

1*104 

342 s 

332-8 

16 

i*io6 

343* I 

333*2 

16 

1*103 

342* I 

332*4 

16 

1*104 

342*5 

332*8 

17*5 

1*108 

343*7 

333*0 

18 

1*112 

344*9 

333*8 


1*104 

342*5 

333*3 

175 i 

1*109 

3440 

333*3 


Mean Fo= 333*1 ±0*2 m./sec. 
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The values of obtained at each of the eight frequencies are given in table 2. 

Table 2 


n 

(kc./sec.) 

Vo 

(m./sec.) 

92*20 

330-7 ±0-4 

12753 

331*1 ± 0*4 

219*28 

332*6 ±0*7 

310*19 

333*1 ±0*2 

356*78 

33 i * 9 ± o *5 

48534 

330*4 ± 0*5 

628*96 

331*1 ±0*6 

801*67 

330*8 ±0*6 


The result of plotting Vq against log «, which gives a better-spaced scale than n 
itself, is shown in figure 7. 



§6. DISCUSSION OF RESULTS 

The first measurements of Vq were made at 92*2 and 3 10*2 kc./sec. and an increase 
above the normal value was found at 310*2. As air is a mixture, it was thought 
that each of the two principal gases might show its own maximum value of F© at 
an appropriate frequency, and as no further maximum appeared up to 485*3 kc./sec. 
on using the intermediate frequencies, the values above it were used, when the 
second small maximum was found at 630 kc./sec. The supposition that this is due 
to oxygen while the higher peak at 290 kc./sec. is due to nitrogen is further streng- 
thened by the fact that the peak at 290 kc./sec. is almost exactly four times as large 
as that at 630 kc./sec. 

A number of experimenters have worked on the problem of velocity-changes 
due to dispersion at supersonic frequencies, and although no recorded results show 
a marked change in air, it must be stressed that the values of Fq at any given 
frequency, as found by different observers, differ appreciably amongst themselves. 
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With the exception of C. B. Vance^s)^ who used lycopodium to indicate the nodes, 
all other experimenters have employed the Pierce acoustic interferometer, in 
which the waves emitted from the oscillating crystal are reflected back on to it 
from a plane set parallel to it and capable of being moved perpendicular to its face 
by means of a micrometer screw. The difference in phase between reflected and 
emitted waves, which depe'nds on the position of the reflector, causes the plate 
current of the oscillator to pass through a series of maxima, the distance moved 
through by the reflector between successive maxima being equal to one half-wave- 
length of the sound waves. The first important measurements of velocity in air 
were made by G. W. Pierce w^ho covered the range 90 to 1040 kc./sec. with 
four crystals having frequencies of 98*2, 205*6, 610*2 and 1034 kc./sec. At 
610*2 kc./sec. appeared a very slight maximum value of Fq, 331*8 m./sec., to 
which Pierce himself attached no importance, since he considered it to be within 
the range of experimental error. His experiments were repeated in air^s) and later 
in oxygen by W. H. Pielemeier, who detected no appreciable change of velocity 
in air at 303, 389 and 655 kc./sec., or in oxygen up to 316 kc./sec. 

C. D. Reid(‘ 7 > used the interferometer and detected a change in velocity with 
distance from the radiating face of the crystal, the value of Vq being slightly higher 
when found close to it, and falling to a constant value at greater distances. The 
amount of change gets less with increasing frequency, being only 0*15 m./sec. at 
140 kc./sec., the highest frequency he used. Up to that point he found no dispersion 
in air. The interferometer was used by P. T. Kao(^>, who covered a range 40 to 
1000 kc./sec., and also noticed slight increase in velocity quite near the source. He 
took the constant value of Vq obtained at distances 30 to 40 cm., and this value of 
Vq was constant at the various frequencies up to 1000 kc./sec., being 331-85 m./sec., 
correct to 0*1 per cent. This value is in fair agreement with Piercers above 
100 kc./sec., but the latter’s values below this frequency are in excess of it. 

The experiments of Vaneevs) up to 200 kc./sec. gave a constant value of Fo, but 
his method seems open to criticism. Lycopodium powder was dusted into a tube 
fitted with a plunger in order to vary the length, and the open end was held close 
to the radiating face of the crystal oscillator. The powder was said to collect at the 
nodes and their spacing was then measured with a travelling microscope. Vance 
says that the nodes were so indistinctly marked that too great an error came in if 
the position of each was noted, and consequently only every tenth could be taken. 
This fact seems to indicate that the method is not adapted to accurate determinations 
of wave-length, and hence the figures for velocity cannot be very reliable. In any 
case, as the highest frequency used was only 200 kc./sec., the region of dispersion 
as found by the present writer had not been reached. 

With carbon dioxide definite evidence of supersonic dispersion has been found. 
Pierce (4) obtained a rise in velocity of about 0*5 per cent between 98 and 205 kc./sec., 
but the work was incomplete and no measurements were made between 205 and 
1034 kc./sec., at which latter frequency the gas was opaque to the sound and hence 
no figure for velocity was recorded. H. O. Kneser<<>^ used the interferometer 
method with carbon dioxide between 60 and 1480 kc./sec. His value for Vq in the 



Suspended particles in air^ and the velocity of sound 145 

region of 100 kc./sec. agrees fairly closely with that of Pierce, but above it he found 
a rapid increase of magnitude far larger than that detected by Pierce and reaching 
4 per cent at 350 kc./sec. Above this frequency the velocity remained constant and 
did not fall to the normal value. 

The results shown in the present paper thus differ very widely from those 
obtained for air in the past with the interferometer. The slightly higher values of F© 
that have been observed near the source cannot account for the increase found by 
the author at 290 kc./sec., and in any case the measurements of the spacing of the 
smoke- traces were never made near the crystal. Both the maximum at 290 kc./sec. 
and the minimum at 480 kc./sec. represent changes well above the experimental 
error, but no theoretical explanation can be offered to account for them. However, 
it seems a significant fact that these results, which are the first to show marked 
dispersion in air at frequencies above 100 kc./sec., have been obtained by a method 
which is the most direct of those so far used, depending as it does on a means of 
marking nodes with a material substance, exactly as has been done at sonic fre- 
quencies with cork dust. In addition, the length of the resonant air column is kept 
approximately constant during each determination, while in the case of the inter- 
ferometer it is continually varied. As the supersonic waves attenuate fairly rapidly 
in air it is clear that as the reflector is moved closer to the course the reflected beam 
becomes more powerful and hence exerts a varying reaction on the crystal, so that 
it may well be that the maxima in the plate current do not always occur when the 
reflector moves through a distance equal to a half-wave-length, for the factors 
governing this change of current with phase-difference must be extremely com- 
plicated. 
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DISCUSSION 

Dr A. B. Wood. I am particularly interested in the latter portion of the paper, 
in which reference is made to the remarkable changes in the velocity of sound in 
air which occur at high frequencies. Like the author, I find it difficult to supply an 
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adequate theoretical explanation of the results. In such a case it is important to 
eliminate the possibilities of a defect in the experimental method. No doubt the 
author has already considered the possibility of gaseous impurities, such as water 
vapour or CO2 , being introduced into the tube with the smoke. 

The statement on page 142 of the paper that some crystals vibrated so violently 
that they broke whilst others were difficult to excite into vibration of sufficient am- 
plitudes, arouses the suspicion that at any rate some of the observed wave-velocity 
variation may be due to the differences in velocity-amplitude of the various crystals 
used in the measurements. It is a simple matter to show that the velocity-amplitude 
^ at the antinodal faces of a half-wave-length resonator is given by 

i-lc. 

where P is the stress at the nodal plane, E the elastic modulus and C the velocity of 
sound in the oscillator. The upper limit of P is set by the breakdown stress of the os- 
cillator. Tables give various values for quartz, an average being 0*5 x 10^® dyne/cm? 
If C= 5*5 X 10® cm./sec. and £■ = 8 x 10^^ dyne/cm?, this gives the following value for 
the maximum velocity-amplitude of the face of the crystal : 

^max. = 35oo cm./sec. 

'rhat is, the quartz crystals used in the experiments might have any velocity- 
amplitude up to 35 m./sec., resulting in a pressure-amplitude of 0*14 of an atmo- 
sphere in the air near the face of the quartz. To this must be added the possibility 
of a further increase of velocity-amplitude due to resonance in the air column 
contained in the tube. Such large-amplitude particle velocities might be expected 
to produce serious distortion of wave-form and increased wave velocity. 

In a resonant air column of the kind used in the experiments it is unlikely that 
much decrease of velocity with distance from the crystal-face would be observed. 
The antinodes in the air column will, in a reasonable length of tube, have approxi- 
mately the same velocity-amplitude, unless the gas produces strong attenuation. 
The author’s remark on page 145 that “measurements of the spacing of the smoke- 
traces were never made near the crystal” does not, therefore, eliminate the possi- 
bility of high wave-velocities, due to resonance of the crystal and air-column. 

It appears to be desirable that further experiments should be made with the 
3io-kc. crystal, which gives an abnormally high velocity, excited at different volt- 
ages or used in different gases. Such experiments would reveal how much of the 
observed change in sound-velocity is due to variation in velocity-amplitude of the 
vibration and how much to the nature of the gas. 

I do not wish to suggest that the observed velocity-changes at high frequencies 
are not due to the causes mentioned in the paper, but I think that other possi- 
bilities such as those I have mentioned should be eliminated before a satisfactory 
theory can be established. 

Prof. E. N. da C. Andrade. I am much impressed by Dr Wood’s calculations, 
which are possibly not, however, as conclusive as he believes. The crystals which 
break do not crack across the nodal planes but at one edge, with cracks that appear 
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to be rather parallel to than normal to the axis of the cylinder. I am inclined, from 
examination of the crystals, to think that the fracture is largely due to marked weak- 
ening consequent on the cutting of the groove for holding the crystal. The effect of 
any minute sharp edges left on such an entrant cut is well known. Incidentally, the 
value given for the tensile strength of quartz in the International Critical Tables*j 
quoted as “maximum observed is about one-fifth f of that quoted by Dr Wood, 
and is presumably for a static load, and it further seems likely that, as only a few 
crystals failed, they were rather of minimum than of maximum strength. Lastly, 

I am in some little difficulty to see how the effect contemplated by Dr Wood could 
be reasonably expected to lead to a rise to a maximum followed by a drop, in the 
consistent way shown by all results. 

As regards Kneser’s theory, while, as I pointed out in reading the paper in the 
author’s unavoidable absence, it is undoubtedly attractive and has had good success 
in some directions, Kneser’s experiments themselves do not furnish any evidence 
of a maintenance of the high velocity at higher frequencies, but merely show that 
it is just attained. A subsequent drop is quite consistent with his experimental 
figures. There is, further, a difficulty on the question of absorption. Kneser himself 
alludes to Pierce’s finding that CO2 is practically opaque to sound waves in the 
region of 2 x 10® c./sec. and says that the differences of absorptjon are greater than 
is to be anticipated from the theory. He adds that the experimental result speaks 
rather for the occurrence of selective absorption in the region of dispersion, of 
which the theory can give no account. I also note that Sherratt and Griffiths, in 
their recent paper, while saying that they do not attach much weight to the dis- 
crepancy, nevertheless point out that with the gas, carbon monoxide, used by them 
“no agreement was found between the resulting sound-absorption in the gas and 
that to be expected from Kneser’s theory’’. I do not think that the theoretical 
position is sufficiently well established to throw doubt on the experimental results 
of the author. 

Mr J. H. Awbery. In presenting the paper. Prof. Andrade referred to the work of 
Kneser, whose theoretical curve of velocity as a function of frequency does not show 
a maximum, but rises gradually from one constant value to another. He pointed 
out that Kneser’s observations in COg did not extend far enough to verify the later 
part of the cu rve, i.e. to show that the course of the curve after the rise is horizontal. 
It may be o f interest to note that in a paper read to the Royal Society on November 
15, Dr Griffiths and Mr Sherratt provide indirect evidence of the truth of Kneser’s 
theory. 'Phey worked at two frequencies only, but by using the theoretical formula 
for the curve given by Kneser, they deduce the true velocity of sound, and hence the 
ratio of the specific heats of the gas that they used (carbon monoxide). Their results 
up to 1800° C. agree with those deduced for specific heats from spectroscopic data, 
thus removing a discrepancy which had for some time been troublesome. This 
result at least makes it probable that the theory given by Kneser has in fact traced 

• International Critical Tables^ 4 , 22. 

t Viz. 0‘9X X lo* dyne/cm. Voigt gives 1*26 x lo* dyne/cm. 
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the true cause of the discrepancy, and that his theoretical curve would therefore be 
of the correct form. 

I wonder if any tests were made to ascertain whether the frequency of the crystal 
when coupled to the resonating air column is the same as when it was calibrated — 
i.e. presumably with a very different acoustic load. Even a slight alteration in 
frequency would suffice to affect the shape of figure 7 materially. 

Mr G. G. Sherratt. Figure 7 appears to me to be remarkable in that there is 
a maximum in the (velocity, frequency) curve. Since the work of Kneser and the 
consequent explanation of the discrepancy that has existed for a long time between 
spectroscopic specific heats and those determined from sound-velocity data, one 
would not be surprised to see an increase of velocity with frequency. But that 
velocity should subsequently decrease as the frequency is raised demands a further 
explanation. Kneser’s work was founded on experimental evidence and has since 
received much experimental and theoretical support. Furthermore, it provides a 
reasonable physical picture to account for the increase of velocity with frequency. 

If there is an increase over the frequency-range covered by the present experi- 
ments, it must presumably be due to the apparent disappearance of part of the ro- 
tational heat-capacity of the oxygen and nitrogen molecules. The small vibrational 
specific heat possessed by oxygen at room-temperatures disappears at much lower 
frequencies. 

With regard to the query at the end of the paper as to the accuracy of the acoustic 
interferometer, it may be as well to state that the interferometer yields accurate half- 
wave-lengths if two precautions are observed. The first is that the sound-intensity 
must be sufficiently small for the limiting velocity to be obtained. The second is that 
the frequency must be independent of reflector-position. 

In this connection it would be of interest to know whether the author took the 
precaution of verifying that the frequencies of the crystals were unaffected by 
variations in acoustic load. 

Author’s reply. In reply to Dr Wood : the only crystals that broke were those 
of the lower frequencies, before the velocity increased very much, which seems to 
indicate that the maximum amplitudes, which might be responsible for increased 
wave velocity, occurred at frequencies that gave almost normal velocity-values. 
As to gaseous impurities — the water vapour was removed, while any CO2 would 
be expected to prevent a peak in the curve, for Kneser’ s experiments showed that 
the high velocity-values persisted as the frequency increased, in the case of that gas. 
Further experiments with different gases are already being considered. 

In reply to Messrs Awbery and Sherratt: no tests were made to ascertain 
whether acoustic load influenced frequency, but I suggest that the frequency of a 
quartz crystal, which depends solely on its physical constants, would not be likely 
to be altered by the back pressure of the resonant air column. Kneser’s figures for 
pure CO2 will be checked in due course, when the apparatus for using gases other 
than air is built. 
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ABSTRACT, Chladni’s figures have been produced at frequencies up to 20,000 by means 
of magnetostrictively excited tubes or rods of nickel. The velocity of sound in sheets of 
brass, iron, lead, ebonite, celluloid, cardboard and other materials has been measured with 
considerable accuracy by this means. 

I N a recent issue of Nature* a note by R. C. Colwell refers to the excitation of 
Chladni’s figures at high frequencies by means of a nickel rod excited magneto- 
strictively and arranged to set circular and square brass plates in vibration. The 
paper concludes with a statement that the plates “cannot take up such a high 
vibration as 15,000 per second.*’ 

As a matter of fact this method of exciting sheets of various materials into trans- 
verse vibration has been in use in this laboratory for a considerable time, particularly 
in connection with magnetostriction depth-sounding apparatus. The results ob- 
tained prove not only that thin sheets of metal or almost any solid material can 
vibrate transversely at these high frequencies, but also that measurements of the 
spacing of the nodes yield a tolerably good value for the velocity of sound appropriate 
to the thin metal sheet. 

If a horizontal sheet of the material is sprinkled with sand and touched at a 
suitable spot with a tube or rod in vigorous high-frequency vibration, transverse 
waves travel over the sheet and are reflected back on reaching the edge or edges. 
The sheet is assumed to be large compared with a wave-length of the waves trans- 
versing it. The edge-reflected waves interfere with the direct waves and produce a 
stationary wave pattern in the sand. A resonating nickel tube has been found to give 
good results, eddy-current losses at these high frequencies being much less in a 
thin-walled tube than in a solid rod. With metallic sheets such as brass the stationary 
wave pattern is often complex, owing to interference of the direct wave with the 
waves reflected from the four edges of the sheet. 

With ebonite, celluloid and other non-metallic sheets, however, the attenuation 
of the transverse wave is sufficient to leave only the simple pattern produced by the 
direct wave and that reflected from the nearest edge of the sheet; the waves reflected 
from the remoter edges are generally of insufficient amplitude to disturb the sand. 

* Nature^ Lond., 133 , 258 (1934) 
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If the sheet is circular, and is touched by the nickel tube at the centre, a series 
ot equi-spaced sand-rings are produced from which the wave-length of the trans- 
verse vibration is easily measured. In all cases the sheet must be supported as 
lightly as possible so as to introduce a minimum of interference with the free 
vibration. 

Thin nickel tubes have been used at resonance frequencies of 20,000 or more 
c./sec. with success, but it is advisable to select the frequency and the thickness of 
the sheet in accordance with the conditions mentioned below. 

If the point of excitation is suitably chosen it is possible to obtain nodal lines 
running parallel to one edge of the plate, the measurement of the half-wave-length 
(distance apart of the nodal lines in the sand) being made in a direction normal to the 
free edge which reflects the waves. In such a case we may, with a fair degree of 
accuracy, write* 

^ 

CtiC where C< is the velocity of transverse waves, C is the velocity of sound appropriate 

K \ X to the sheet, k = 27 r/A, where A is the transverse wave-length, and k is the radius of 

gyration of the cross-section of the sheet about the neutral axis of bending. When 
Uk is small this reduces approximately to 

C^CtjkK (2). 

The accuracy of the velocity determined by this method is dependent ultimately 
on the accuracy with which the thickness t of the sheet and the transverse wave- 
length can be measured, since K^tly/iz and ^ = 27 r/A. 

Photographs of sand figures on sheets of brass, celluloid and ebonite are shown 
in figures i, 2 and 3. The relevant data for these are given in the table at nos. 5, 
16 and 14. Even a relatively soft metal like lead gives very clear nodal lines, and 
very thin metal sheets, such as o*oo4-in. stalloy (no. 7 in the table), give good results. 

The method is shown at its best when large sheets of relatively non-resonant 
materials such as celluloid, cardboard or ebonite are used. In these cases the simple 
pattern obtained by reflection from the edge nearest to the source agrees remarkably 
well with the calculated distribution of the nodal lines. The latter are produced by 
the interference between the direct waves from the source and the reflected waves 
from the image source, and consist of a family of hyperbolae. An example of this is 
illustrated in the photograph (figure 3). The principal hyperbolic nodal lines are 
clearly defined, whilst a second family of hyperbolic nodal lines, due to reflection 
from the remoter opposite edge (not included in the photograph), are faintly shown 
crossing the principal series. 

The table gives the values of the velocity of sound in various sheet materials 
determined by this method. 


See Lamb, Sound, equation (12), p. 123 (1910). 
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Figure i. Brass 18 in. square and I in. thick. 



Figure 2. Celluloid 20 in. in diameter and ,*,5 in. thick. 



Reflecting edge 

Figure 3. Ebonite 3 ft. x i8i in. x J in. 
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Table i 


No. 

Sheet 

material 

Thick- 

ness 

(in.) 

No. of 
half-wave- 
lengths 
counted 

Total 

length 

(cm.) 

A 

(cm.) 

N 

(c./sec.) 

Ct 

measured 
(cm. /sec.) 

Hk 

C 

(cm./sec.) 

I 

Brass 

0*019 

42 

403 

1*92 

9,070 

17*4 X 10^ 

00455 

3*82 X 10® 

2 

,, 

0*019 

36 

30 

1*67 

12,100 

1 8,400 

20*2 

0*0521 

3-88 

3 

>> 

0019 

40 

27 

1*35 

24*9 

00645 

3*86 

4 

,, 

0*128 

10 

25 

5*0 

9,140 

45-6 

0*118 

3*88 

5 

»> 

0*128 

16 

27*5 

3*56 

18,300 

65*2 

0*165 

4*0 

6 

Iron 

0095 

22 

55 

5*0 

9»500 

47'5 

0*087 

5*46 

7 

Stalloy 

0004 

10 

5*4 

1*08 

9,070 

9*8 

0*017 

5*8 

8 

Aluminium 

0*067 

12 

26*5 

4*42 

9 » 5 oo 

42*0 

0*0695 

6*05 

9 


0*103 

10 

27*5 

55 

9»500 

52*2 

0*086 

6*1 

10 

Nickel 

0*125 

10 

29*4 

5*88 

9.500 

55-8 

0*0978 

5*71 

11 

Alpax (cast)* 

0*166 

12 

28*5 

4*75 

18,260 

86*6 

0*160 

5*5 

' 12 

Ebonite 

0046 

12 

8*6 

1*43 

18,290 

26*2 

0*147 

1*73 

13 

,, 

0*046 

9 

9*1 

2*02 

9,070 

18*3 j 

0*104 

1*77 

14 

,, 

0*124 

10 

II -5 , 

2*3 

18,200 

41*9 

0*249 

1*73 

15 

Celluloid 

(clear) 

0*124 

18 

300 

3-33 

9,070 1 

30*2 

0*172 

1*78 

1 16 

1 

0*062 

12 

14*1 

2*35 

9,070 j 

! 21*5 

1 

0*121 

1*79 

i 17 

Lorivalf 

0*127 

12 

12*8 

2*1 

18,200 

383 

0*278 

1*44 

' i8 

,, 

0 260 i 

13 

28 

4*3 

9,070 

i 38 -H 

0*277 I 

1*45 

, >9 

Cardboard 

0070 

8 

10*6 

2*65 

9,070 j 

1 24*0 

0*121 

1*98 

1 20 

Lead 

0*010 


5-4 

0*9 

9,070 

! 8*16 

0*051 

1*59 

; 21 

,, 

0040 

10 

8*9 

1*78 

9,070 

1 16*1 

0*103 

I 56 

i 22 

,, 

0060 

10 

10*7 

2*14 

9,070 

i 

0*129 

1*51 

23 

Keramott 

0070 

8 

9*55 

2*4 

9,070 

1 21*8 

0*134 

1*63 


0030 

12 

6*8 

1*13 

1 18,250 

: 20*7 

0*122 

1*7 


* Al-Si alloy. f Commercial insulatini^ materials. 


It will generally be found, where comparisons are possible, that the values of the 
velocities of sound in the sheet materials tabulated above are intermediate between 
the values obtained for the longitudinal velocities in rods and in bulk. The velocities 
in rod, sheet and bulk are the uni-, bi- and tri-dim*ensional cases in which the 
velocities are given by 


^ and / 

p’ \/ p{l-ay V p-(i-o-2a^) 

respectively, where p is the density, E Young’s modulus, and <t Poisson’s ratio. 


DISCUSSION 

Dr E. J. Irons. The measurement of velocities in sheet materials is a subject of 
some interest to me as it has, during the past session, engaged the attention of 
Mr Huffington and myself at East London College. Our aim has been to determine 
the velocity of a pulse produced in a material by displacements at various angles to 
its plane, and our purpose that of developing a method to provide constants that 
we hope may ultimately prove of service in moving-coil loud-speaker design. We 
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have employed a direct timing method and hope to publish in due course an account 
of these and other experiments made with our apparatus. 

I suggest that a reference to the source of equation (i) would render the reading 
of the paper easier. 

Dr N. W. McLachlan. Have the authors tried their method with paper from 
8 to lo mils thick.? The velocity of sound in cardboard given in the table is of the 
same order as the value I obtained for paper some years ago by calculation from 
direct measurements of elasticity and density*. 

Authors’ reply. We shall look forward with interest to seeing Dr Irons’s results. 
The reference for equation (i) has now been inserted in the paper. In reply to 
Dr McLachlan: the method as applied to thin cardboard is equally applicable to 
thin paper. Even tissue paper 5 x lO'^ in. thick gives clear nodal lines from which 
the velocity may be calculated. As we pointed out in the paper, however, the ac- 
curacy ultimately depends on the accuracy with which the thickness of the sheet is 
measured. 

* Phil. Mag. 13 , 115 (1932). 
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ABSTRACT. No new scale of loudness is proposed, nor are those already proposed 
examined completely. The object of the paper is to examine proposed scales from one 
point of view only, and to determine only whether any one of these is distinguished from 
the remainder by being founded more firmly on facts and being more free from arbitrary 
convention. We are not concerned primarily with such questions as convenience or 
practicable accuracy. 

In § I the facts {a)~{f) implied by all adequate scales of loudness are stated in a 
manner that does not (like most statements) imply that any scale is possible. It is con- 
cluded that these facts are not sufficient to distinguish from each other the infinite number 
of scales that might be or have been proposed. If one scale is to be distinguished from 
another by facts, some other facts must be introduced which are not so intimately involved 
in the meaning of loudness. There is an important difference in this respect between scales 
for tones of the same frequency and scales for all sounds. 

In § 2 proposed scales for a single frequency are considered under the following 
headings: (i) mental estimates; (ii) equal relations; (iii) just-perceptible differences; 
(iv) thresholds. 

The presumed facts {g)-(k) are involved in these scales and in part determine them ; 
but the facts as known at present are not sufficient to force on us the selection of one 
particular scale, though they may force us to reject some. 

In § 3 the problem of sounds in general is considered. Here again it is concluded that 
the facts, though they may limit further the choice of scales, do not determine one scale 
uniquely. On the other hand, if a scale for a single frequency could be agreed upon, work 
on the lines of Fletcher and Munson’s latest publication would solve the problems 
peculiar to complex tones so far as. it is soluble at all. 

In § 4 some more general questions are treated briefly. It is urged that the arbitrary 
element in all scales may be advantageous as well as disadvartageous, for it permits the 
use of different scales for different purposes. To the question whether a scale uniquely 
determined by facts can ever be set up, we reply with a guarded negative ; such a scale is 
conceivable, but all evidence available at present indicates that it is no more than con- 
ceivable. 

§1. THE FACTS IMPLIED BY SCALES OF LOUDNESS 

T he following discussion is as little abstruse and as closely confined to the 
immediate question as possible. But some reference to the general theory of 
measurement cannot be avoided. In our use of terms (such as A and B 
magnitudes, regular and irregular errors, constants, accuracy and sensitivity) not 
defined in the text, but not unambiguous in current usage, we have followed Camp- 
bell’s Measurement and Calculation^ to which reference may be made. 
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The facts of audition are sometimes stated in such a way as to imply that an 
entirely satisfactory scale of loudness is already available. Since our object is to 
enquire whether such a scale is possible, this method of statement is likely to intro- 
duce confusion. We will start therefore by re-stating certain familiar facts in a way 
free from objection for our purpose. These facts are as follows: 

{a) If two sounds are sounded alternately at suitable intervals, any observer who 
can hear both can judge whether they are equally loud or, if not, which is the 
louder. Such judgments define what is meant by loudness; no statement about 
loudness in what follows has any meaning except in reference to these judgments. 
In virtue of them the observer can arrange in an order of loudness all sounds which 
can be thus sounded alternately. 

{b) If the same pair of sounds is concerned, whether pure tones or complex, any 
observer is consistent with himself at successive trials of (a), apart from irregu- 
larities of the kind that can be attributed to a finite sensitivity. If the pair are pure 
tones of the same frequency between the upper and lower thresholds of the ob- 
servers, different observers agree amongst themselves to the same degree, though 
they may have different sensitivities. If the sounds are not pure tones of the same 
frequency, observers may differ regularly; older observers tend to find high notes 
less loud relatively to low notes than younger observers. 

(r) Equally loud pure tones of the same frequency are equivalent in respect of 
all kinds of audition. Other equally loud sounds are not always equivalent. Thus of 
two equally loud sounds one may be more effective than the other in masking a 
third sound. Loudness, if it were defined with reference to simultaneous sounds, 
would not be the same thing as loudness defined (as we have defined it) with re- 
ference to successive sounds. 

{d) Loudness is not additive. The operation most nearly satisfying the con- 
ditions for addition is simultaneous sounding. But in order that it should satisfy 


them, the following relations must be true: 

If then .Y+ F=.Y'+ Y (i). 

If € is such that 

€^X>Xior any X, then € + X>Xiox all X’s (2). 


Relation (i) holds if X^ X' are pure tones of the same frequency, but not always 
otherwise. Relation (2) never holds; c can always be chosen so that if it is sounded 
simultaneously with a comparatively faint sound the combination is louder than that 
sound, but that if it is sounded simultaneously with a loud sound, the combination 
is no louder than that sound. 

The foregoing facts can be stated without reference to any magnitude or 
measurable property. The next two establish a relation between loudness on the one 
hand and, on the other, frequency and intensity, which are physical magnitudes 
measurable by processes universally accepted. 

{e) Any sound can be resolved (e.g. by Fourier analysis) into n components, of 
which any one k has the frequency and the intensity The loudness of a sound 
is “determined by “ these ;x:*)'s. By that we mean (the definition must be noted) 
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that two sounds having all their (/>* , the same are equally loud. On the other 
hand, sounds not having all their (/>fc, the same may also be equally loud. The 
loudness of a sound generally, if not universally, increases with any Xj^ when the 
remaining Xj^s are constant. 

(/) Among pure tones of the same frequency, loudness is determined (in the 
above sense) by their intensity only. The order of loudness is the order of the 
intensity. Fact (/) may be regarded as a special case of fact {e) \ but it is convenient 
to state it separately. 

If we had an accepted “scale of loudness,” we could assign a numeral X to 
represent the loudness of any sound. In virtue of {e) it would then be possible to 


find some relation of the form 

X=a.F(pk, x^) ... (k=iton) (3) 

valid for all sounds and, in virtue of (/), a relation 

X=^a.F„{x) (4) 

valid for all pure tones of the same frequency p. 


F must be single- valued, having the same value when all (p*., ^a:)*s are the same; 
Fp must be single-valued and monotonic. The problem of finding F and Fp would 
be in principle? one of mere experimenting. It might turn out that F and Fp were not 
any known analytic functions; the relations might have to be expressed by graphs 
or mere tables. 

All the scales of loudness that have been proposed in effect propose a function 
F or Fp such that the loudness of a sound can be measured (that is to say, a numeral 
X assigned to it) by means of a relation (3) or (4). One test that they must pass, if 
they arc to be acceptable, is that when the measured arguments (pjt, Xk) for complex 
sounds arc inserted in the proposed F, or the measured argument x for pure tones 
of a single frequency into the proposed Fp, then X resulting from (3) or (4) must 
actually be the same for all equally loud sounds. 

If “equally loud” means “equally loud for all observers,” no F can possibly 
pass the test; for when some sounds not of the same frequency are compared, all 
observers do not agree whether they are equally loud. The most that we can hope 
for is to find an F which will satisfy the test for some concordant group of ob- 
servers. But for such a group the test is a real one, which some scales may satisfy 
and some not. The requirement that F shall have the same value for certain different 
sets of (/>fc , Xj^ imposes a very severe restriction on our choice of F. Thus it is agreed 
that the decibel-above-threshold scale does not pass the test for any important 
group ; while the scale recently proposed by Fletcher and Munson* apparently does 
pass it within a certain range. 

On the other hand not only can scales pass the test for Fp, but all proposed 
scales actually do so. Since there is only one variable, the only restriction imposed 
by the test is that Fp should be single-valued and monotonic. It would be satisfied 
if we simply put Fp (a:) = x, and made our scale of loudness simply the scale of 

* H. Fletcher and W.^A. Munson, acoust. Soc. Amer. 6, 82 (i933)- 
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intensity. But everyone agrees that such a scale of loudness is not acceptable, even 
for tones of a single frequency. There must be some other test or tests which scales 
have to pass and our first business is to find out what they are. 

One test may be that Fp must be the function to which an acceptable F reduces 
when there is only one component (/>*., 3?*). One reason why the decibel scale is not 
acceptable, even for a single frequency, is doubtless that it does not pass this test. 
But this cannot be the only test. If it were, it would clearly be useless to try to 
establish a scale for a single frequency before we had a scale valid for different 
frequencies ; yet there have been many attempts to do so. Again it seems clear that 
even our test for F is not sufficient. It is to be observed that if any F passes our test, 
so must any single- valued and monotonic function of F; yet all such functions of F 
cannot be equally acceptable. Whatever form of F we obtained in the first instance, it 
seems likely that some such function of it could be found such that, for a single 
component, it reduced simply to x. That function at least would not be acceptable. 

This point is of great importance and must be illustrated by reference to the 
scales of physical magnitudes. The same magnitude can sometimes have several 
different scales, each of which is a single-valued function of another. Thus the 
transmission S and the photographic density 8 of a plate, or the decay constant A 
and the period F of a radioactive element, are the same magnitudes^ measured on 
different scales, related in the same way as any pair of proposed scales of loudness 
for a single frequency. Since S = — log^o S and T = i /A, the translation of a statement 
expressed in one scale into a statement expressed in the other is a mere algebraical 
transformation having no physical significance. It is a matter of mere convenience 
which we use. This is sometimes overlooked, because one form always is the more 
convenient; we are never tempted to use another. 

On the other hand there are other magnitudes in respect of which it is not 
indifferent which of two scales related in this manner we use. The chief of these 
(possibly the only ones) are those which are additive and can be measured as A 
magnitudes. Thus it is not indifferent whether we write Ohm’s law E=a,I or 
for the magnitude a (which is measured by this law 2 l& 2 i B magnitude) 
is additive and measurable as an A magnitude also ; but b is not. In this case there 
is a very definite reason for adopting one “scale” of resistance rather than another; 
one expresses, the other conceals, the supremely important fact of additiveness. 

Now what is our reason for preferring one scale of loudness to another? Why 
are we quite sure that loudness ought not to be measured on a scale of intensity, 
but prepared to consider that it might be measured on the decibel scale by the 
logarithm of the intensity? Any statement in one scale can be translated by simple 
algebra into a statement in the other; and it does not seem that niere mathematical 
convenience is definite enough to make us so sure. There must here also be some, 
facts revealed by one scale and concealed by another. It cannot be that which de- 
termines our choice in respect of resistances ; for loudness is not additive. What is 
this fact? Is there indeed a real fact? 

That is the main question discussed in this paper. We shall try to answer it by 
examining, under the headings set forth in the abstract, the scales that have been 
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proposed. We shall ask what are the facts on which the scales are based and whether 
they really do provide an adequate reason for preferring one scale to another. 
In § 2 scales for pure tones of a single frequency will alone be considered; but the 
suffix to Fp will be dropped for brevity. Certain facts (A), (;), (/e), which ap- 
parently underlie these scales, will be assumed without the expression of any 
opinion whether they really are facts. Our question is only — If they are facts, do 
they determine a scale? 

First perhaps we ought to say what we mean by a fact. We shrink from at- 
tempting any precise definition; but it will probably be admitted that the distinction 
between a fact and an arbitrary convention lies in its validity for all observers. In 
discussing sounds of different frequencies, it would perhaps be too rigid to insist 
that nothing valid for some observers and not for others is a fact; for, in virtue of 
“fact” (6), which is part of the definition of loudness, there could then be no facts 
and no scale determined by them. But in considering tones of a single frequency 
distant from a threshold, agreement in (a) and (6) is universal and it is permissible 
to be strict; since there are facts valid for all observers, we may demand that any 
other “facts” should be equally universal. 

§2. TONES OF A SINGLE FREQUENCY 
(i) Mental estimates 

Fact (g). If observers are told that a certain weak sound is to be represented by 
I and a certain strong sound by 100, they can be induced with a little persuasion 
to assign numerals by simple “guessing” to other sounds, especially those of inter- 
mediate loudness. 

If their assignments were as instinctive and as concordant as those concerned 
in fact (a) they would deserve as much attention ; they would lead at once to a re- 
lation (4). But then we should never have realized that there was any difficulty in 
measuring loudness. We might need a convention concerning the numerals to be 
assigned to the fixed weak and loud sounds; but if those could be fixed, no further 
question would arise; nobody would have any doubt what numeral was to be 
attached to any other sound. But the guesses are not as instinctive as judgments of 
equal loudness. Advocates of the method of mental estimates forget that the need 
for advocacy is the chief bar to its success. 

Nor are they concordant. Superimposed on the irregularities of a single ob- 
server at successive trials are undoubted regular differences between different 
observers. Moreover it is at least highly probable that estimates are affected by the 
order of presentation of the sounds, and that a lower numeral would be assigned to 
a sound presented after a long series of sounds all louder than itself than to the same 
sound if presented after a long series all weaker than itself. From such discordant 
judgments a scale universally acceptable can be derived only by arbitrary con- 
ventions. 

But though this method of obtaining a scale of loudness has never been con- 
sidered seriously, it needs a little further examination, because it involves a question 
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concerned also in our next method which is of much greater importance. How do 
we come to assign numerals at all by mere guessing and without actual measure- 
ment? We all constantly do it in every-day life; we talk of a 50-per-cent chance and 
of being twice as happy, when we have not carried through any process remotely 
resembling the measurement of any physical magnitude. 

Surely the answer is that we are using some analogy between the circumstances 
of the judgment and those in which true measurement is possible. Thus at one 
extreme of this process of guessing is the “estimation of tenths.^' In such estima- 
tions we are undoubtedly using our familiarity with scales truly divided by actual 
measurement; if we had never seen such scales, the process would be impossible. 
Now, if we are using any analogy, the question arises whether the analogy is sound 
and whether the analogous facts are true. If there were some definite reason why 
the measurement of length broke down below the limit to which scales are divided, 
or if actually divided scales were entirely arbitrary and not based on true measure- 
ment, we should not attach much importance to estimation by eye. If that is so, 
before we accept mental estimates as true in the sense that the results of measure- 
ment are true, we should discover the analogy on which they are based and examine 
its validity very carefully. Universal agreement is no test of truth at all; for the most 
frequent source of universal error in the history of mankind has been an un- 
questioning acceptance of false analogies. And that is precisely what is most to be 
feared here. 


(ii) Equal relations 

It appears that, in addition to the judgments of equality of loudness concerned 
in fact (a)y similar judgments can be made concerning equality of relations between 
pairs of sounds that are not equally loud. Expressed more accurately, the fact that 
we now add to our list is: 

Fact (h) (b) Given any pair of sounds U, V of the same frequency and any other sound X, 

an observer can find a sound Y whose loudness is related to the loudness of X as the 
loudness of V is related to the loudness of U. X may, of course, be either U or V. 
All observers will agree in selecting the same Y within the limits fixed by their 
sensitivity. This cannot always be true when X is near the upper or lower limit of 
audibility; but it will suffice if it is true over a considerable range. 

In order to discover how this fact may be used to limit further our choice of Fy 
let us leave loudness for a moment and consider pitch, which is determined by 
frequency as loudness is by intensity*. Fact {h) mutatis mutandis is true of pitch. 
A and B define a musical interval; X and Y are tones separated by that interval. 
If we plot the frequency y of 7 against the frequency x of Xy we shall actually 
obtain a straight line, 

(s)- 

If we took another pair of sounds U'y F', defining another musical interval, and 
repeated the process, we should obtain another straight line and relation (5), but 

• Pitch differs from loudness in that equality of pitch (which defines what we mean by pitch) 
can be determined by simultaneous sounding as well as by alternate sounding ; but this is irrelevant. 
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with a different value for a. Accordingly (5) sums up all the observations we could 
make in the matter in a single compendious formula. 

Now these are precisely the circumstances in which, if we were making physical 
measurements (e.g. Ohm’s law), we should say that we had found a new “derived” 
magnitude (e.g. resistance). It is therefore reasonable to say that we have found a 
new magnitude, pitch-interval, which is measured by a. 

These facts impose a restriction on the forms of F in a relation X=F{x)y by 
which it is permissible to represent the relation between pitch X and frequency x. 

They show that our new magnitude d, pitch-interval, is determined (in the sense 
defined above) by the pitches of two sounds, the frequencies of which are related 
by the same straight line (5). That is to say, if we assume a relation X = F{x\ we 
must have 

a = <t>(^^y) H ^ 

where is a single-valued function and Y is the pitch of the sound whose frequency 
is related to the frequency of the sound of pitch X by (5). But this frequency is ax. 
Consequently we must have 

a=<l>{F{xlF(ax)} ( 7 ). 

(7) gives us a relation between the functions and F, but it still does not de- 
termine them uniquely. Thus we might have 

F(z)^Az^; c/>(u,v)^{vluyi’^ ( 8 ), 

where A and n are any real finite constants, 

or F(z) = lognX; (^(m, t;) = (9), 

where n is any real finite constant. 

Now let us resume our discussion of loudness. We can again plot y against x 
(jtf, y being now intensities) for a given “interval of loudness” defined by A, B. 

But the graphs of y against x are not now straight lihes; they are not any known 
algebraical curves. The graphs for different intervals of loudness, though similar, 
do not clearly differ from each other simply by the variation of a single parameter a. 

We cannot therefore measure intervals of loudness as we can measure intervals of 
pitch; and we cannot summarize all our observations in a single compendious 
formula, analogous to the equation y = ax for pitch. We can represent them only by 
a family S of curves, each for a single interval. 

We are therefore in an even worse position for choosing a scale of loudness than 
for choosing a scale of pitch; for the condition expressed by (7) is lacking. But we 
can try to regain condition (7) by assuming that the family of curves do represent a 
single function with a single varying parameter, although we cannot for the present 
determine it algebraically. This assumption (which will be called A) may be 
expressed by 

y = S{a,x) (10), 

where S is an unknown single-valued and probably monotonic function. The 


Assump- 

tion 


S 



i6o N. R. Campbell and G. C, Mams 

fact that the interval of loudness between two sounds is determined by a relation 
between their intensities is now expressed, not by (7) but by 

a=<^[FW, (II). 

Before we pass on, we must note that assumption A is precarious. We often 
discover empirically a set of relations that can be expressed by a family of curves, 
and sometimes later find the algebraic expression of those relations. It does not then 
always turn out that the curves differ in a single parameter; two or more parameters 
maybe involved, which are not single-valued functions of each other*. If this should 
be the truth here, our subsequent procedure is unjustified. For if (10) should really 
be written y=S(a, b, c, ... x), (ii) no longer follows. However it will appear that 
the assumption will, in some measure, provide its own test. 

But (i i) does not in general determine F uniquely, any more than (7), even when 
S is known. In general, there will again be an infinite number of pairs of functions 
(f), Fy satisfying (ii). The form of 5 , known graphically, may exclude certain 
alternatives ; thus, since the curves S do not now pass through the origin, solutions 
of the form (8) are (almost certainly) excluded from the start; but a new infinity of 
alternatives becomes open. The usual procedure at this stage is to assume a form 
for (f). If we make such an assumption we can now determine F graphically, using 
the graphically known S\ the process need not be explained, because it has often 
been carried out and is familiar. If successful, it results in a graph X = F{x) giving 
a relation between loudness and intensity, such that pairs of points on it whose 
ordinates are related in some manner determined by our choice of have the same 
interval of loudness and lie on a single curve of the original family. All the curves 
of that family are then summed up in this single graph; we have achieved the same 
unification as we achieved for pitch by means of the formula y = ax. 

But it is to be noticed that the process might not be successful. It might turn 
out that if we used one of the original family of curves *S, one graph F resulted, but 
that, if we used another, another graph F resulted. This possibility has generally 
been recognized; it has been realized that a scale of loudness determined by equal 
relations is legitimate only if all the curves S give the same graph F. If they do, the 
facts confirm assumption Ay which is involved in the process. 

If they do not, the procedure is unjustified unless there is one member of the 
family S so clearly distinguished from the rest that it is reasonable to select this 
member and neglect the rest. If this member is 5 o, we can then replace (ii) by 

F[S,{x)}==<f>[F{x}] (12); 

again, if we choose we can determine F. Recent workf seems to suggest that there 
is such a unique relation, somewhat analogous to the octave in the field of pitch; 
just as untrained ears can identify an octave more definitely and certainly than (say) 
a tone, so they can identify one particular relation between loudness more definitely 
Fact (j) and certainly than any other. This fact will be called fact (j). 

• But it sometimes does turn out. Stefan’s law and Planck’s law were both discovered em- 
pirically as families of curves before their algebraic expression by functions with a single parameter 
was found. 

T B. G. Churcher, A. J. King and H. Davies, Instn, elect. Engrs.y 76 , 401 (1934). 



The measurement of loudness i6i 

But whether we use fact {h) or fact (j), F cannot be determined without assuming 
the form of <!>, Those* who have used fact {h) alone have assumed 

<l>{u,v)=v-u (13), 

which means that the loudnesses of equally related sounds are to be represented by 
numerals with a constant arithmetical difference. For example, the sound of loud- 
ness 100 must be related to that of loudness 90 as the sound of loudness 60 is to that 
of loudness 50. This assumption, which will be called B, is also implied in many 
discussions of the decibel scale; thus this scale has been criticized on the ground 
that the sounds represented on it by 100, 90, 60, 50 are not related in the manner 
just stated. 

But it cannot be insisted too strongly that the assumption is not self-evident; 
it needs justification. The scale based on it will be determined by facts only if this 
justification consists in facts. Since nobody seems to have discussed the matter, we 
do not know what reasons would generally be alleged. But we can suggest three 
which might be alleged; it is to be noticed that, of the following reasons, (a) is based 
on facts, (j 3 ) is neutral with respect to facts, (y) is contrary to facts. Here they are : 

(a) It might turn out that, if any other form of (f) were assumed, assumption A 
would not be confirmed; a different curve F would be obtained from different 
members of the original family S. Whether it does turn out so is a question of fact 
that does not seem to have been decided. Owing to the limited precision of the 
observations, it would clearly be impossible to prove that a slightly different form 
of <l> would destroy assumption A ; but if it could be proved that no form differing 
greatly from that defined by (/> = - m is consistent with assumption Ay there would 
be some reason for assumption B. But it would not be a very strong reason ; for there 
is no a priori evidence for either Aor B; it might be a mere chance that the errors in 
assumptions A and B compensated each other. If, on the other hand — as will pro- 
bably prove the fact — other forms of ^ are consistent with assumption A, there is 
evidence for A but none at all for B. 

(j8) Assumption B is more convenient in one way than any other. No other 
leads to a curve for F in which sounds standing in the same relation of loudness are 
represented by ordinates differing by equal lengths; it is much easier to pick out 
from a graph ordinates differing by equal lengths than ordinates related in any other 
manner, e.g. having lengths in the same ratio. But this, though highly convenient, 
is no more than convenient. Its convenience arises solely from the peculiarities of 
graphical representation, which cannot have any bearing on the facts of audition. 
So long as we are content to have an arbitrary element in our “scale of loudness” 
we are entitled to take advantage of this convenience; but we must not forget its 
presence and be surprised if other scales, based on other facts, do not agree with it. 

(y) What we have called an interval of loudness is sometimes called a dijference 
of loudness; and pairs of sounds which lie on the same curve of the family S are said 
to show an equal difference of loudness. It is thence concluded that, if loudness is 

• We believe that this assumption has been made, but we cannot now trace the reference. 
All Aat is important to our argument is that it might be made; and this is clearly implied by the 
familiar criticism of the decibel scale, mentioned in the text. 
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to be measured at all, such pairs of sounds must be represented by numerals showing 
the same arithmetical difference. This is a pure blunder*, due to a confusion between 
the wide meaning of “difference” in ordinary discourse (when it means any relation 
of which non-identity is an essential element) and its narrow meaning in arithmetic 
(when it implies far more than mere non-identity). If “interval” is substituted for 
“difference,” the fallacy appears at once; it becomes obvious that an interval may 
be represented by a constant ratio (as in the Pythagorean treatment of pitch) as well 
as by a constant arithmetical difference. 

Indeed there is a very definite reason for not identifying interval with arithmetical 
difference in both cases, and for not assuming the relation The reason is 

that there is a very important class of magnitudes that are characterized by a relation 
for which arithmetical difference is the only appropriate numerical representation. 
These are the additive magnitudes, such as length, mass, and electrical resistance 
and capacity. The class and the relation are supremely important because, in virtue 
of the relation, magnitudes of this class and no others are measurable fundamentally 
— that is to say, without any other magnitude being measured first. If loudness were 
additive, none of the questions we are discussing would arise; there would be no 
question how it is to be measured; the only doubts remaining would concern 
“units” or (as we prefer to say) factors and standards. Assumption A may be 
permissible even if loudness is not additive, just as it is permissible for pitch, which 
is not even approximately additive. But it is unfortunate to select among the 
infinity of possible (^^s that one which, if it were specially appropriate and dis- 
tinguished from all the others, would make any selection unnecessary and the whole 
problem nugatory. 

As we have noted, another possible assumption, which will be termed C, is that 


(l>{u,v)~vlu ( 14 ), 

so that the loudnesses of equally related sounds are to be represented by numerals in 
a constant ratio. Before we discuss it, we must insist that it is definitely inconsistent 
with assumption B\ equal relations cannot be represented both by equal differences 
and by equal ratios ; if we adopt C we must cease to expect equality in the relations 
of loudness 100 to loudness go and of loudness 60 to loudness 50. B and C can be 
true at the same time only if there are two distinct kinds of relations between loud- 
ness, one of which is appropriately associated with B and another with C. It is ex- 
tremely improbable that there are two such kinds; and if they are, we must abandon 
for ever the hope of having a single scale to represent all the facts of loudness; we 
shall need at least two independent scales. Nobody who makes assumption C must 
criticize the decibel scale on the ground mentioned on p. 161. . 

Assumption C does not seem to have been adopted in quite the simple form in 
which we have stated it, but it is involved in the procedure of Ham and Parkinsonf 
and of Churcher, Davies and KingJ. They ask observers to pick out sounds which 


• One of us has been guilty of it himself; see N. R. Campbell, Proc. phys. Soc. 
1 he mistake is made easier by Fechner’s errors, discussed on pp. 163-165. 
t L. B. Ham and J. S. Parkinson, y. acoust. Soc. Amer. 3, 511 (1932). 

^ LtOC, ctt. 


45, 590 (1933). 
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appear to them to stand in some prescribed ratio of loudness, such as They 

then use (ii) combined with (14), assigning the prescribed value to a. It is to be 
observed that this is equivalent to using (12) in the form F{Sq{x))—p,F{x}, where 
p is the prescribed ratio. 

This procedure, though it might be well adapted to the establishment of a purely 
conventional scale, is ill adapted to discover facts. For the question which is put 
to the observer really consists of two parts: (i) Can you pick out pairs of sounds 
which appear to you to be equally related? (ii) If so, and if such pairs are to be 
represented by numerals in a constant ratio, what ratio do you prefer? If a definite 
ratio is named, the question substituted for (ii) is “leading,” especially if fact (j) 
is true. For if there is a relation more definite than any other, an observer asked 
to pick out sounds “in a 2 : i ratio” will tend to select this relation, and will have 
to call it 2 : i ; no other alternative is offered him. The correct procedure to elucidate 
facts would be to separate the two parts (i) and (ii) ; it is then by no means certain 
that observers who all picked out the same pairs of sounds would all name exactly 
the same ratio ; indeed experiments on mental estimates suggest strongly that they 
would not. 

Even if they did, it would still be possible, as suggested on p. 158, that they 
were all using the same analogy and that this analogy might be false. Thus they 
might all pick out 2:1, because it is the “simplest” ratio between finite numerals 
and therefore appropriate to represent a simple relation in loudness. But the 
simplicity of 2 : i is based on the facts of counting, the determination of number, an 
additive magnitude having certain unique properties. The facts on which counting 
is based have no analogues in the field of loudness ; an analogy based on simplicity 
is false. Again when they say that sound B is to sound ^4 as 2 : i , they may be 
judging that the relation between B and A is the same as that between A and some 
sound (c.g. silence) to which they instinctively attribute the numeral o. But if that 
is so, they are simply blundering when they assign to C, which bears to B the re- 
lation of B to Ay the numeral 4; they ought to assign the numeral 3. Indeed it is 
highly suspicious that the relation of 2 : i , which plays so large a part in these in- 
vestigations, is the most ambiguous that could be selected; no other leaves it so 
doubtful what numerals are to represent the higher powers, in the logical sense, of 
the relation. 

We must not be misunderstood. We do not deny that by the procedure discussed 
here it is possible to obtain a scale of loudness which satisfies completely certain 
people and does .not greatly offend anyone. What we do deny is that sufficient evi- 
dence has been advanced to prove that this concordance is derived from facts which 
must have universal validity, and not merely from generally accepted conventions 
and customs, the validity of which might be challenged by others with different 
training and habits. The importance of this distinction is discussed on p. 168. 

(iii) Just-perceptible differences 

We next turn to an entirely different procedure, now generally discredited, but 
historically important and still exerting a baneful influence. We shall assume the 
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{k) following fact {k). Given any sound X of intensity Xy another sound Y can be found 
of greater intensity^, such that Y is louder than Xy but any sound Y' of intensity 
between y and x has the same loudness as X. X and Y then stand in the just- 
perceptible-diiference relation. We shall assume further that 3; is a single-valued 
and monotonic relation of x within a wide range of conditions, subject only to a 
determinate experimental error. This second assumption is by no means universally 
granted; some hold that y is affected profoundly by insignificant changes in ex- 
perimental conditions, such as fatigue from previous observations. But, since the 
just-perceptible-difference method is clearly worthless unless the assumption is 
true, we shall make it for the sake of argument*. 

One way to use this fact would be to plot y against x and use the resulting 
curve in precisely the same way as one of the curves of family S in the equal-relation 
methodf . The resulting method would be affected by the arbitrariness that was 
discussed on pp. 161, 163. But that is not the usual procedure. The usual procedure, 

8^ due to Weber, is to plot {y-x)y which is usually called 8^c, against x or the mean 
of X and y. Weber suggested that the resulting curve was a straight line, so that 

^x/x=b (15), 

b where 8 is a constant. It is now agreed that his suggestion is false and that the curve 
is of some other form 

8^=W^(;x:) (16), 

W where is a function of which the algebraic form cannot be defined at present; 
but, if the facts are facts, (16) is a perfectly legitimate way of representing them. 

But the next step, taken by Fechner, is not legitimate. Fechner replaces b in 
(15) by bXy a constant difference in a magnitude Xy loudness, which ex hypothesi 
he has not yet measured. He then writes hXjbx= i/Xy identifies bX/Bx with a 

derivative, applies to the equation the operator I dxy and arrives at the equation 

Jo 

Z=log^-log^o (i7)» 

giving a relation between X and x of the form X = F{x) which we are seeking. His 
followers have applied the same procedure to (16), performing the integration 
graphically and arriving at 



It is as difficult to explain precisely why this is wrong as to explain why it is 
illegitimate to translate a French book with a German dictionary. The operator 

• The question of fact, namely whether just-perceptible differences are unique, has become 
hopelessly entangled with the question of interpretation, namely whether Fechner’s law expresses 
the fact. Those who deny the fact maintain, as a second line of defence, that Fechner’s law does not 
express it; and those who see no fault in Fechner’s argument are disinclined to admit that the facts 
he assumed are not facts. Here we want to separate the two questions completely. 

t Indeed the curve might be the extreme member of that family; it would be so if all just- 
perceptible differences were recognized by the ear as similar intervals. It is doubtful whether they 
are so recognized. If the just-perceptible-difference curve were the extreme member of the family, 
it would provide a valuable test of the legitimacy of assumption A ; but, as its membership may be 
doubted, the test is not stringent. 
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f® . . . • 

dx is applicable only if the argument is a derivative, the limit of a ratio between 

two variables when the denominator tends to zero. But hX/Sx is simply not a 
derivative; 8^ is not a variable which can tend to the limit zero — it is always finite; 
and hX is, according to Fechner’s assumption, not a variable at all but a constant. 
The whole procedure is mathematically absurd. 

It is equally absurd physically; for even if an equation is mathematically 
integrable it does not follow that the equation resulting from its integration will be 
significant physically. An equation y=:f(x) states a numerical law only if the 
symbol = represents not only a numerical relation between the values of the 
magnitudes y, Xy but also a physical relation between the systems to which they 
relate ; generally they are magnitudes of the same system. If the equation is trans- 
formed mathematically it will acquire a new physical meaning only if this physical 
relation is replaced by some other. Whatever the physical relation, we can perform 

fa; 

the mathematical operation dx and arrive at a new equation 

u^e{x) ( 19 ), 

. . 

f {x)dx\ but it is not necessary that U should be a magnitude and (19) 
0 

a numerical law. Thus if y is viscosity and x temperature, the- integration will be 
physically meaningless; U will not be a magnitude and (19) not a law. 

Indeed there are only two conditions in which integration is, in this sense, 
physically significant. The first arises when jy is a derivative derived by differenti- 
ating (19); then integration will reverse the process and give the original equation. 
Thus y may be a coefficient of expansion with temperature and x temperature; 
(19) then gives the relation between the whole expansion and the change of tem- 
perature. But here y must have been, in effect, measured by using this relation. 
The second condition arises when additive quantities are concerned. Thus if j is the 
cross-sectional area of a tube and x the distance from one end, (19) gives the relation 
between x and C/, the total volume from that end to x: But here y . dx must be (or 
rather be proportional to) an additive magnitude, namely volume. 

Neither of these conditions is present in the Fechner integration. dXfdx is 
certainly not a derivative obtained by differentiating some relation between X and 
x\ for the argument starts from the hypothesis that none is known. And X is not 
an additive magnitude; for the existence of just- perceptible differences is incon- 
sistent with additiveness; compare fact {d). 

The preceding sentence is important, for an attempt has been made to avoid 
Fechner’s mathematical absurdities by representing the just-perceptible-difference 
scale as one obtained by adding a number of equal steps from the threshold. But 
measurement by a number of equal steps is valid only if the magnitude is additive; 
a length can be measured by a number of equal steps, a density cannot. 

The truth is that Fechner was simply wrong; his blunders have survived merely 
because text-book- writers copy one another*. The relation X=^F{x) obtained by 

* Similar criticism of Fechner*a work has been made before. See, for instance, F. C. Bartlett, 
Discussion on Auditiony p. 128 (Phys. Soc. 1931). 
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his method is at best a very obscure way of representing the relation between ix 
and jc, both of which are physical magnitudes and neither of which is conveniently 
identified with loudness. 

(iv) The thresholds 

The best-known scale of loudness has been left until last because the facts that 
it expresses are much more limited than those on which the other methods depend. 
These other scales try to express relations of which any sound may be one term ; the 
decibels-above-threshold method does not express any audible relation between two 
sounds ; it expresses only a single fact about one single sound of each pitch, namely 
that there is a sound such that any sound of less intensity is inaudible. The 
assignment of numerals to represent other sounds depends wholly on physical 
relations, namely ratios of intensities, not on relations in which the ear is necessarily 
concerned (see p. 169). Such relations, involving all sounds, might have entered if 
it had been found that sounds of different pitch and the same distance-above- 
threshold were equally loud; but that turns out not to be true. Accordingly the 
decibel-above-threshold method expresses fewer facts than other methods and is to 
that extent more arbitrary. In its latest form, where the threshold is chosen 
arbitrarily and not as a result of experiment, it expresses no facts at all except those 
common to all these methods, namely that, among sounds of the same quality, 
loudness is a single-valued and monotonic function of intensity. 

§3. SOUNDS OF DIFFERENT QUALITY 

In this field the best that we can hope to achieve is a scale determined by facts 
valid for some “normal*^ group of observers; it would be impossible to obtain a 
scale applicable to frequencies as high as 10,000 equally valid for old men and 
children. But since this difficulty is overlain by others there will be no need to 
insist on it. 

If we had concluded that some method determined uniquely a function jPj, for 
a single tone, we should have had to inquire now whether, when p varied, the varia- 
tion of Fp could be represented by the change of a single parameter; further, we 
should have had to inquire whether the loudness of complex sounds could be 
represented by some general function F of equation (3), which reduces to when 
all components but one vanish. But since we have failed in our search for Fj, we 
must proceed, if we can proceed at all, in the reverse direction. We must inquire 
whether the study of tones of different pitch and of complex sounds help us in our 
search for F^. 

It is possible that it might. Consider again the equal-relation method. It de- 
pends on assumption A, that there is a function 5 (a, x) involving a single parameter 
for sounds of the same pitch. If that assumption were fully established for all 
pitches, it would be natural to suppose that this parameter might be a function of 
pitch /), so that all the families S for all pitches could be represented by a single 
formula 

y=-S{P(p\x} 

where P must be.single-valued but need not be monotonic. 


(20), 



The measurement of loudness 167 

It would not be as easy to produce indirect arguments for this assumption, 
which may be called D, as for assumption A; it seems to require that an algebraic 
form for ^(a, jc) should be found. But if it could be established, interesting conse- 
quences might follow. From (ii), on substitution of P(p) for a, pairs of functions 
(ji and F might be formed as before; but since the conditions to be fulfilled (if as- 
sumption D had already been established) would be more stringent, the number of 
permissible pairs would be reduced. It might turn out that only one pair was per- 
missible; then X = F{x) would be a true measure of loudness, free from arbitrariness. 
Whether it would turn out so is a question of fact, which it is impossible to in- 
vestigate until assumption D has been established; but this appears to be the direc- 
tion in which it seems most profitable to seek a further advance by means of the 
equal-relation method. 

What may seem at first sight to be an alternative method is that of Fletcher and 
Munson*. I'he problem with which they are concerned primarily is this. Given all 
the {pkf x^ys for a sound, find by calculation the intensity Xr of a reference sound of 
fixed frequency pr which is equally loud. Any solution of that problem — and we 
assume that Fletcher and Munson have solved it — requires the finding of an F 
which satisfies the test given on p. 155 and has the same value for different sets of 
{pky which correspond to equally loud sounds of different quality. But the solu- 
tion does not require that the F found should satisfy the tests given on p. 156. 

As a matter of fact, Fletcher and Munson’s solution does not satisfy the test that 
F reduces to Fj, for a pure tone. If this were all, perhaps the conclusion should be 
that this test is too strict and that “reduction” in the mathematical sense is not 
necessary; all that is required is that a set of functions F should be set up covering 
between them the whole field of pure and complex tones. We are not entirely ready, 
to admit that conclusion; it seems to us that, if the scale is to be satisfactory, the 
loudness of a pure tone of intensity x ought to be calculable from the loudness of a 
pure tone of the same frequency and intensity i ; or, in other words, that the tone of 
intensity x ought to be capable of being regarded as a. complex of x pure tones of 
intensity i. For if that is not so, the scale does not express the very important fact 
that intensity (unlike loudness) is additive. It seems impossible that this condition 
should be fulfilled unless F reduces mathematically to Fj,. 

But that is not the only reason why Fletcher and Munson’s scale does not solve 
the problem with which we are concerned. Their Fp is simply decibels above a given 
arbitrary threshold. If they had shown that it was impossible to arrive at any 
function F, passing the test given on p. 155, unless Fp had this form, they would 
have produced a fact affording a reason for adopting their scale Fp and therefore F. 
But it does not seem that they have shown this. So far as we can ascertain, they could 
have carried through precisely the same procedure if they had made Fp for the re- 
ference tone simply the intensity Xr. Of course they would have arrived at a different 
F\ but they would have arrived at some F valid over the same range. If that is so, 
they have produced no reason such as we are seeking for preferring the scale Fp, 


Assump- 
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which they adopt, to a scale in which, for pure tones, loudness is simply identified 
with intensity. 

There is then no evidence that we can find in the study of complex sounds 
facts which will serve to select a single scale of loudness from the infinite number, 
all single-valued functions of each other, consistent with facts We still 

have to admit that all scales contain an arbitrary element at present irremovable. 

§4. GENERAL CONCLUSIONS 

Are we then to conclude that the scales are all useless? This question must be 
relative to some purpose. One of the chief aims of pure physics is to arrive at 
theories to explain facts. In the course of its long history, it has always turned out 
that theories can be found only when the facts, if expressed numerically at all, either 
are expressed in terms of “true’* scales, based completely on facts except for an 
arbitrary factor, or else are equally expressible on all scales alternative according to 
the principle laid down on p. 156. Why this should be so is a mystery, but there are 
abundant examples; for instance, there could be no adequate theory of heat before 
the absolute scale of temperature was developed. 

If then our purpose were to develop a fundamental theory of audition, we might 
well despair of making an advance so long as arbitrary scales are necessary and no 
others are available. Or again, if our purpose were merely to describe the facts in 
a compendious form, and if the purpose could not be attained at all unless all the 
facts were described in a single compendious form, we might equally despair; for in 
physics the only laws that describe all the relevant facts are those which are found 
to have a theoretical basis. Empirical laws are always of limited scope. 

But that is not the position. A scale of loudness is required by the engineer 
concerned to reduce the annoyance caused by his machinery; by the designer of 
radio-receiving sets concerned to obtain faithful reproduction of music; by the 
telephone engineer concerned with masking of speech by interference. The first is 
concerned mainly with the upper range of audibility and with complex sounds, the 
second with the lower range and with nearly pure tones, and the third with the 
lower range and complex sounds. Their fields are so distinct that they very seldom 
need to correlate their observations. There is no reason why they should employ the 
same scale. While each believes that the scale that suits him is a “true” scale, im- 
posed by ineluctable facts, they will never agree to differ; each will try to convert 
the other to what he believes to be the one and only truth. But if they would realize 
that all scales are arbitrary and that one is just as little true as the other, toleration 
would become easier. Whether any of the scales that have been proposed is actually 
well adapted to any of the various purposes for which scales are required, and, if so, 
which scale is adapted to which purpose — these are questions on which we express 
no opinion. But we cannot help believing that if the latitude which the presence of 
an arbitrary element permits were generally recognized, progress towards the 
adoption of standard scales, each for its own particular purpose, would be more 
rapid. 

There is a final question that we are loth to attempt, but is almost sure to be 
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raised in any discussion of this matter. Is there any reason why it should be im- 
possible to find a true scale of loudness? 

The only way to answer this is to examine the differences between physical 
magnitudes which can be measured and psychological magnitudes which, we feel, 
ought to be measurable, but which actually are not. The difference that appears to 
us most distinctive is this. Physical magnitudes are measured by processes de- 
pending on sensory judgments which can be made with any sense organ. Sight is 
usually employed, but that is merely for convenience. Given suitable apparatus a 
blind man could determine for himself a weight, a density, or even magnitudes 
closely connected with vision, such as wave-length or intensity of radiation. But it 
is inconceivable that he could measure colour or brightness. These terms depend 
for their meaning on visual judgments; anything that a blind man could measure 
without consultation with a sighted man would, ipso facto y not be colour or bright- 
ness. Psychological magnitudes are those which, if they are to be measured at all, 
must involve judgments made with a single sense organ. Loudness is one of them, 
for its meaning is derived from fact (a). 

An equivalent but cruder way of expressing the difference is to say that the 
physical magnitudes are properties of all matter, while the psychological magnitudes 
are properties of the particular pieces of matter that form our sense organs. If that 
is so, some explanation appears of the fact that psychological magnitudes do not 
possess the properties that would make them measurable. They are not additive 
because our sense organs are not constituted in such a way as to make them so; 
additive mechanisms are generally very simple and our sense organs are very com- 
plicated. Again they do not appear, generally, as constants in a numerical law be- 
tween physical magnitudes, because the only laws in which they could appear as 
constants would be those involving the operation of our sense organs, and the 
physical magnitudes characteristic of these organs are not open to observation in the 
living and conscious subject. 

Further we can see why some psychological magnitudes such as musical interval, 
discussed on pp. 158, 159, are measurable as B magnitudes. The reason is that they 
do not involve this structure so intimately as the others. They are all of the nature 
of differences; the difference between the effects of two stimuli on a mechanism may 
be more nearly independent of the structure of that mechanism than the effects 
themselves; it may be more nearly a property of matter. 

Does this mean that, if we knew more about the operation of our auditory 
organs, we could hope to measure loudness on a unique scale? Our answer is 
negative, so long as the general outlook on the problem remains what it is at present. 
Loudness can never be measured as an A magnitude, because it is not additive. 
That is a fact which nothing can change ; it would not be changed if we found that 
loudness was intimately connected with some A magnitude characteristic of the 
auditory organs, such as the rate at which impulses pass along some nerve system. 
The most that any further knowledge of these organs could do would be to correlate 
loudness with some magnitude H characteristic of these organs, so that the order of 
loudness would be the order of H. If H were a constant in a numerical law of these 
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organs, loudness could then be measured in the scale of as a fi magnitude. But 
it does not follow that this scale would be satisfactory; it might be unsatisfactory 
just as the intensity scale is unsatisfactory for pure tones, although for them in- 
tensity is correlated exactly with loudness. If it were already satisfactory, we should 
have made no advance; if it were unsatisfactory, it would not become satisfactory 
because we had discovered that H and loudness were correlated. 

This is the crux. At present the reasons that determine whether a scale is satis- 
factory are based on facts {g\ (/i), (j). If these do not determine the matter, doubt 
can be removed either by finding other facts of the same kind, or by ceasing to 
attribute importance to these facts and being as indifferent to scales as we are in 
respect to some physical magnitudes. There is no third choice. It is perhaps too 
early to despair of the first ; but in case it proves ultimately impracticable, it is worth 
while to point out that the second is open. If we could only rid ourselves of the 
feeling that loudness ought to be additive and that equally related sounds ought to 
be represented by numerals in some simple arithmetical relation, disputes con- 
cerning scales of loudness would vanish; the only remaining problem would be to 
measure the loudness of complex sounds on some scale, no matter what. We should 
concentrate on F and cease to be interested in , which might be any single- valued 
function of intensity. Then it would be quite possible that the best way to find F 
would be by means of H as intermediary. Here we find ourselves in complete 
agreement with what we understand to be the view of Fletcher and Munson, even 
if we cannot accept all the arguments by which they support it. 
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DISCUSSION 

Dr J. H. Shaxby. Two papers in this month’s Proceedings of the Royal Society B 
describe experimental investigations made recently by F. H. Gage, in this institute*, 
on the possibility of forming scales of sensation. The sensations chosen were bright- 
ness and loudness, and the conclusion reached in both cases is that the method of 
dividing a given sensation-interval into two equal parts does not lead to a consistent 
scale. Briefly, if we thus bisect the whole interval and then each of its halves and 
finally similarly divide the interval between the ^-way and f-way points, we do 
not arrive again at the same stimulus as that for the original ^-way point. The 
term bisection is not to be taken as implying equality of differences of loudness or , 
brightness, but only equality of the two “intervals” in the sense in which Campbell 
and Marris use that term. This implies the failure of other methods of founding 
scales, such as the just-perceptible-difference step method, since the number of 
steps to bridge the interval to a brightness (for instance) lying half-way between two 
* The Physiology Institute, University College, Cardiff. 
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given brightnesses differs according to the means adopted for defining the stimulus 
giving the bisecting brightness, and this is indeterminate. 

A fact that emerged in the course of the work is of great interest. Many ob- 
servers have in different researches halved sensations, as for instance in Churcher’s 
paper referred to by the authors and in older work on brightnesses. We tried a some- 
what different procedure, namely the bisection of the interval between a moderate 
brightness and a very feeble one, repeating the tests with a progressively weaker 
dim light until the threshold was nearly reached. The limit of this, the bisection 
between the fixed brightness and zero brightness, would, one might have supposed, 
have been equivalent to halving the fixed brightness. On the contrary, the bisecting 
stimulus was but little above the feeble stimulus, and seemed to approach it as the 
latter approached the threshold. It is clear that the judgment made in this way is 
quite different from that in the halving experiments in which the influence of the 
comparison weak light is lacking. 

The observation is further evidence against the relation (f> = v—Uy and possibly, 
though not certainly, in favour of (f> = vlu. 

While all who tried Gage’s bisections agreed that the judgment was definitely 
possible and comparatively easy to make, none felt any certainty as to what they 
were doing. Whether they were obtaining equal differences or equal ratios of loud- 
ness or brightness they did not know: all they were sure of was that there was some 
definite equality involved. In the authors’ phrase, the two intervals were equal. My 
own impression was that it was not the differences which were equal, but that the 
difference between the greatest and medium sensations was larger than that between 
the medium and smallest, although the intervals were equal. 

The authors are not the first to demolish the mathematics of the Weber- 
Fechner law, but they have done it with unusual thoroughness. They do not add 
the comment, itself not new, that an equation expressing the relation of sensation 
to stimulus as a continuous function and derived from another equation formally 
asserting the discontinuity of that relation, is indeed remarkable. 

But despite the mathematical illegitimacy of its origin the law does express, what 
the decibel scale of course also expresses, the fact that sensations seem to run more 
or less parallel to the logarithms of the energies of the stimuli which evoke them, 
while commonsensc immediately rejects the suggestion that their values are pro- 
portional to the energies themselves. This surely is the fact, revealed by one scale 
and concealed by the other, which has given such undeserved prominence to the 
decibel scale and* misled so many into regarding it as a scale of sensation and not 
merely as one of stimulus. 

Dr J. E. R. Constable. One small point may perhaps be added to the valuable 
analysis which the authors have given. I refer to their suggestion that the loudness- 
doubling upon which other authors* work is based is probably only a “most-easily- 
recognized interval”. It has been argued that the agreement between loudness- 
doubling results and the monaural-binaural measurement is an argument in support 
of the possibility of recognizing a factor of 2 in loudness. The experiments un- 
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doubtedly show that a sound when heard by two ears is perceived as louder than 
when heard by one. It does not appear, however, to have been demonstrated that 
the loudness is, in fact, twice as great in the former as in the latter case. Might it not 
be possible that the agreement between the experiments is due to the fact that the 
difference between monaural and binaural listening is a relation with which everyone 
must be familiar and might merely constitute the most-easily- recognized interval 
to which the authors refer.? 

As regards the practical aspect of the authors* results it may be remarked that 
even if the supposed loudness-doubling is only a most-easily-recognized interval, 
the usefulness of loudness scales such as that put forward by Churcher, King and 
Davies would not necessarily be impaired ; for, from the practical point of view, a 
scale made up of a series of most-easily-recognized intervals is as significant as one 
based upon a succession of loudness-doublings. 

Mr C. R. Cosens. An alternative to the procedure outlined in the second para- 
graph on page 163 suggests itself, which would appear to be free from the leading- 
question objection. Let there be two sounds, A and whose loudnesses are a and 
b respectively. The observer is required to determine what, in his opinion, is the 
value of the ratio ajb. Provide two adjustable sources of sound X and Y (say loud- 
speakers fed from potentiometers) with an arbitrary calibration of their volume- 
controls (say the angle Q through which the control-knob is turned). 

The observer first adjusts the knob of X until it appears to give the same loud- 
ness as and 6 (a) is recorded. He is then asked to adjust Y until it appears twice 
as loud as X, and 0 ( 2 a) is recorded. X is then adjusted to be twice as loud as F, 
giving 6 ( 4 a). This doubling process is repeated until the sound is undoubtedly 
louder than B, and a graph can then be plotted connecting loudness as estimated 
with the arbitrary variable 0, 

Sound B is then introduced, for the first time, to the observer, who is asked to 
adjust one of the sources, X or F, until it is of the same loudness as B, and 0 {b) is 
recorded. The value of the loudness of B in terms of multiples of a can then be 
interpolated from the graph. 

A few rough experiments were made on these lines some years ago, the tuning- 
note of the B.B.C. and a wireless receiver being used. 

0 was the reading of a square-law voltmeter connected across the loud-speaker 
windings, the volume was adjusted to a definite 0 in each case, and observers were 
asked to turn up the volume- control until the sound appeared to them to be twice 
as loud. Results of course varied considerably, but a more or less linear relation with 
0 was shown, leading to the conclusion that “twice as loud*’ meant four times the 
voltage across the loud-speaker, i.e. 16 times the power expended, so that for this 
particular pure note and starting from one particular loudness, the mean observer 
considered the loudness to vary as the fourth root of the power converted into sound. 

Dr R. T. Beatty. During the year which has elapsed since Dr Campbell read 
a paper on the measurement of sensation before this Society he has made a psycho- 
logical advance, for the operations which he then described as “guessing” he now 
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promotes to the rank of ‘‘mental estimates/' a term which is less suggestive of a 
game of pure chance. 

The available experimental evidence as to subjective loudness may be sum- 
marized in a single sentence as follows. In the domain of sensations of loudness the 
brain can perform the operations of multiplication and division. 

Four investigations* are to hand in which observers were asked to alter the loud- 
ness of a sound to some multiple or sub-multiple of this loudness. For this opera- 
tion they depended solely on their own subjective intuitive judgment as to what the 
magnitude of the change in loudness might be. When the four curves are compared 
the maximum deviation from the mean curve does not exceed 8 decibels in a range 
of 80 decibels, i.e. an intensity- ratio of 6 : i in an intensity- range of a hundred 
million to one. If this is guessing, the guesses are remarkably consistent. They are 
further supported by a deduction from the work of Fletcher and Munsonf , a de- 
duction which Dr Campbell has failed to make, but which has now been pointed 
out by Mr Churcher. A sound at a level of 100 decibels applied to one ear seems of 
the same loudness as a 90-decibel sound applied to both ears. On the assumption 
(derived from consideration of the numbers of nerve impulses) that binaural hear- 
ing gives twice the loudness of monaural hearing, we thus find that a reduction of 
10 decibels gives a loudness-ratio of 2 : i, and so a (stimulus, sensation) curve can be 
plotted. The agreement of this curve with the curve deduced from mental estimates 
is remarkable. The ratio 2 : i has now hurled itself so violently into the evidence 
that it is difficult to ignore it. 

But the authors simply cannot understand how the idea of number can enter into 
sensations of loudness. I had hoped that my remarks J on the 1933 paper might 
furnish a clue. It is unnecessary to repeat the suggestion then made except to say 
that it indicated that the correlation between eye and hand involved in handling 
weights, together with the linear relation between weight and afferent nerve im- 
pulses, furnish a numerical relationship which might be transferred to the auditory 
or visual receptor system. 

Several attempts have been made to prove that Fechner's law is mathematically 
unsound, but if our sensations were additive Fechner’s law would be valid, and 
indeed the analysis given in this paper can by a slight modification in the wording 
be used to prove that it is valid. This paradox is due to the fact that Fechner's in- 
tegration is not a pure mathematical construction. Its history serves to warn us that 
the algebra of sensation is not necessarily the same as that of physical magnitudes. 

It is difficult .to discover what, apart from conclusions of despair, the authors* 
general conclusions are. One remark however, to which they seem to attach some 
importance, deserves comment. They say, “If we could only rid ourselves of the 
feeling... that equally related sounds ought to be represented by numerals in some 
simple arithmetical relation, disputes concerning scales of loudness would vanish.** 

• Richardson and Ross, 7- gen. Psychol, p. 288 (1930). liam and Parkinson, 7- acoust. Soc. Amer. 3, 
5” (193*)* Geiger and Firestone, 7* acoust. Soc. Amer. 6, 25 (1933). Churcher, King and Davies, 
7. Instn elect. Engrs (October, 1934). 

t Fletcher and Munson, 7. acoust. Soc. Amer. 6, 82 (1933). 

X Beatty, JVoc. phys. Soc. 45 , 572 (1933). 
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Why should we try to rid ourselves of this feeling, since five investigations* are 
on record to show that such numerical relationships actually exist? 

Mr W. F. Floyd. I cannot agree with the desire of the authors, expressed by 
one of them (G.C.M.) in his introductory remarks, to place this discussion outside 
the field of psychology. Loudness as defined in the paper in (a), or as defined in any 
admissible way, is essentially a mental estimate. The estimate may be a psychological 
correlate of the physiological change resulting from the stimulation of the outer ear, 
or it may be a simply definable function of the endo-somatic response dependent on 
whether we reject or accept a purely behaviourist (physico-chemical) description 
of human effort. Mental estimates are acceptable, statistically, to psychologists and 
form reliable measures, provided that the usual statistical conditions are satisfied, 
namely that the sample is large and random and the experimental methods do not 
arbitrarily bias the results. If the authors believe that human effort may be ex- 
plained in terms of physics and chemistry only, their problem is proper to the 
physiologist and may be solved by experiments in which a measure is made of the 
potential-fields and barriers in the nervous system and the cortexf . If they believe 
in mind they must accept mental estimates and the statistical methods of the psycho- 
logist, and use the mean value of mass data, with the variance, to set up a loudness 
scale and so determine their function (3). 

The difficulties which the authors conceive in the construction of a scale for pure 
tones of a single frequency by the method they designate “mental estimates** are 
difficulties of experimental technique only, which occur in all psychological ex- 
periments. It appears to me, as I interpret the authors* statements, that the method 
§ 2, (i) which they would discard is based directly upon their first fact of audition, 
(a). Indeed, when the experimental technique is correct, the method is a restate- 
ment of the last sentence of (a). 

In place of equation (16) of the paper I would suggest the relation 

AX=(f> (x. Ax) (i6a). 

This does represent the facts, subject to the condition that (f> is monotonic and single- 
valued. To every variate of AX there correspond unique variates of the variables x 
and Ajc, and we have thereby avoided the error of assuming that all the AX*s are 
equal, an error which the authors condemn but which they commit on p. 165 when 
they say “The preceding sentence is important, for an attempt has been made to 
avoid Fechner*s mathematical absurdities by representing the just-perceptible- 
difference scale as one obtained by adding a number of equal steps from the 
threshold.** 

The term “equal** is applicable where two stimuli, occurring alternately, 
arouse physiological changes which have undistinguishable psychological correlates. 
The term must be warily applied to increments in perceptions. A few experiments 
in this direction have shown the exponential relation between stimulus and percept 
to be approximately true for the subjects examined. 

* See footnotes *, f , on p. 173. 
t Vide the work of Adrian, Lashley, and others. 
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Mr B. G. Churcher. In the introductory part of the paper the authors have 
performed a useful service in laying down with precision certain fundamental pro- 
positions, with which most acoustical technicians will be, I imagine, in complete 
agreement. The realization that loudness is not additive eliminates the necessity for 
considering two scales, viz. the decibel loudness scale and the scale based on the 
sum of the observed just-perceptible increments of intensity. As the authors point 
out, it is theoretically possible to use many types of scale. But, from both scientific 
and utilitarian points of view, it is desirable to use a scale in which the numerical 
value assigned to a sound is in direct proportion to the loudness-sensation evoked 
by that sound. If such a scale is possible, then to use any other kind is to create 
unnecessary complication. To obtain such a linear scale has been the object of my 
colleagues and myself. Since most noise-measurements are stated in terms of the 
intensity of the equally loud reference tone above threshold intensity, the relation 
between decibels above threshold and loudness for a pure 1000-cycle tone is of 
particular interest. Since loudness is a sensation, the fundamental criterion of 
relative loudness is a representative individual’s assessment of it. Hence the method 
of mental estimates of relative loudness is an important guide even if it is not the 
most precise method of arriving at the (decibel, loudness) relation. Loudness scales 
which are in conflict with the data of representative mental estimates are open to 
suspicion. The authors have apparently misunderstood the method of mental 
estimates employed by my colleagues and myself and I do not think that their ob- 
jections hold. If the five investigations that have been carried out on this subject* 
be compared, it will be found that, one being omitted, a representative curve may 
be drawn relating decibels and loudness on a scale, such that the loudness evoked 
by too db. above threshold is designated 100 and that any individual investigation 
deviates from the curve by not more than 8 db. (A lantern slide was shown.) An 
explanation of the faculty of making intuitive estimates of relative loudness is 
aflForded by the nerve-impulse theory of auditionf , which also explains the pheno- 
mena observed when a sound of given intensity is applied to one ear and alterna- 
tively to both ears. The theory indicates that the loudness is doubled in the latter 
case. If the relative intensities for monaural and binaural listening for equal loud- 
ness are measured, a (decibel, loudness) relation can be deduced. Data from two in- 
dependent sources show good agreement and a representative curve can be drawn. 
(A slide was shown.) Fletcher and Munson]}; have proposed another method based 
on their theory of the loudness of complex sounds. But the general validity of their 
theory is doubtful as no distinction has been made between sounds with harmonic- 
ally related components and those with non-harmonically related components. The 
enhanced loudness obtained with harmonic relations is beyond doubt and has been 

• L. F. Richardson and J. S. Ross, 7 - Psychol. 3 , 288 (1930). D. A. Laird, E. Taylor and H. H. 
Wille, 7 * aconst. Soc. Amer. 3 , 393 (1932). L. B. Ham and J. S. Parkinson, acoust. Soc. Amer. 3 , 
51 1 (1932). P. H. Geiger and F. A. Firestone, y. acoust. Soc. Amer. 5 , 25 (1933). B. G. Churcher, 
A. J. King and H. Davies, “The measurement of noise with special reference to engineering noise 
problems,** y. Instn elect. Ertgrs (October, 1934). 

t Dr R. T. Beatty's remarks: “The measurement of visual sensation,*’ Discussion, Proc. phys. 
Soc. 46 , No. 249, p. 565 (July, 1933). 

t Harvey Fletcher and W. A. Munson, y. acoust. Soc. Amer. 6, 82 (i933)- 
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recently confirmed by Fletcher himself. Tone-combination methods are not, there- 
fore, admissible for the construction of a loudness scale. If now the representative 
mental estimates and monaural-binaural curves be compared, close agreement over 
a loudness-range of 200 down to 0*4 will be found. (A slide was shown.) The final 
curve based on these results is quite well represented by the law L~d^x io~®, where 
L is the loudness and d the decibels above threshold. (A slide was shown.) The con- 
cordance of the nerve-impulse hypothesis, the mental estimates and the monaural- 
binaural results seems to indicate that a representative, if not a unique, loudness 
scale can be formulated. 

Mr W. West. Experience with subjective tests (i.e. tests of what the authors 
term “psychological magnitudes”) has led me to regard these as comparative only, 
requiring skill to ensure that the comparison is both apt and fair. I am therefore 
surprised to learn (p. 168) that telephone engineers and others believe loudness scales 
to be “true” scales. The most universally employed loudness scale is, as I regard 
it, no more than a means of ascribing numerical values to one aspect of noisiness. 
It has been given the name “equivalent loudness” in order to avoid confusion 
with the general use of the word “loudness.” It equates, by subjective test (com- 
parison), the loudness of a noise with that of a standard tone (arbitrarily selected as 
1000 c./sec.), and states the equivalent loudness of the noise in terms of the sound 
pressure of the standard tone (an exact physical measurement). It seems to me that 
this method is referred to, but misrepresented, in paragraph 2, (iv) on p. 166. Details 
of standardization of this scheme may not yet be complete, but the principle is very 
generally accepted by engineers who have to measure noises. I would refer the 
authors to some tests and theories of loudness by U. Steudel*. 

Mr A. J. Aldridge. The measurement of loudness is becoming increasingly 
important and obviously some scale is necessary. The authors have investigated 
various suggestions, and, so far as I have followed them, have indicated that no 
present method is satisfactory. They appear to doubt whether any true scale is 
possible. If this be so, the only thing which engineers can do is to carry on with the 
more or less arbitrary scales that have been selected as most suitable for the par- 
ticular purposes they have in hand. On the other hand the authors, after having 
made a detailed examination of existing scales, and incidentally having pulled them 
to pieces, should be in a good position to suggest some improvement. I think we 
are entitled to ask them to do so. 

Mr J. Guild. The authors have given a very clear treatment of the problem of 
loudness-measurement, as that problem appears to be envisaged by- the majority of 
acoustical engineers. There are some points in the development of their arguments 
with which I do not completely agree, but as none of these leads to any material 
difference in the significant conclusions I will abstain from discussing them. 

A somewhat startling conclusion which has emerged from the discussion which 
has followed the paper is that workers on acoustical problems, in so far as they were 
* Hochfrequenztech. u. Elektroakust, 41 , 116 (1933). 
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represented by the participants in the discussion, hold views which are essentially 
different from those of Dr Campbell on the kind of association between number and 
magnitude which constitutes measurement. If the theory of measurement depended 
in any way on a specialized knowledge of each field of phenomena in which it is 
applied, one could hardly escape the conclusion that with this weight of specialist 
authority against him Dr Campbell would be well advised to revise his ideas; but 
the principles which govern the association of numbers with magnitudes in order 
that the former may be measures of the latter and not merely more or less arbitrary 
numerical tickets, do not depend on the nature or properties of the thing measured. 
They depend simply on the nature of measurement, and it is difficult to believe that 
any physicist does not accept as fundamental the general principles on which the 
arguments in the present paper are based. 

Mr L. V. K. Rein. It seems advisable to record an aspect of the work that has 
reached, to all intents and purposes, international acceptance. The particular field 
is the measurement of hearing-loss on the sensation- unit, decibel scale, as laid down 
for use in connection with the 2-A and 2-B (Bell Laboratory) audiometers. Over a 
steady series of researches carried out in this country and America during the last 
twelve years, by otological and research groups, it has been definitely established 
that not only may an observer’s hearing-capacity be charted, but such progress has 
been made with the principle that libraries have been laid down where tens of 
thousands of hearing-test charts are now kept, and characteristic audiograms for 
use in diagnosis have been conclusively arrived at as a result of these investigations. 

The concrete application of the principle has been further established as a result 
of the recent two years’ Hearing Aid Research Survey, carried out under the 
auspices of the Ministry of Health, whereby a series of instrument-specifications 
based on performance curves calibrated in a state laboratory made possible the 
practical application of the work. A series of these instrument-performance curves 
were converted to the sensation-unit scale, so that it became possible to match the 
indicated hearing-loss curve with an instrument-performance curve compensating 
the patient’s defect with an accuracy proved to be useful.* 

As a result of careful comparisons, results have proved that a working co-opera- 
tion with otologists using the half-intensity-unit (speed of decay of a tuning fork) 
method of testing is simple and satisfactory, and as a result of steady investigation 
where hundreds of cases have been tested by both fork and audiometer methods, 
provided that tests are carried out under silence-room or equivalent conditions, 
the discrepancies have been found to be practically negligible. 

In the light of the vast field covered by the subject, an abstract taken from the 
conclusions arrived at during a similar discussion held recently by the German group 
in Berlin seems to express the present trend to reach a general agreement of inter- 
national understanding in setting up an agreed unit and measurement, and whilst 
it is the writer’s endeavour to take an unbiased view, the results of our practical 
principle are proving of such value that there is little likelihood of an immediate 
• H. M. Wharry, The Practitioner, 129, No. 5 . 
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need for the re-establishment of a further unit in connection with our branch of the 
work, until an extensive series of investigations and experiments have been com- 
pleted along the lines of those already in progress. These investigations seek to 
establish what has up to the present been a much neglected subject, the percentages 
of comparisons between an individual’s hearing by air conduction in relation to 
his bone-conduction hearing-capacity. 

A series of routine tests are being carried out at the present time in conjunction 
with three of our hospital research groups, and it is to be hoped that a new insight 
into an observer’s ability to detect directional sounds may be established, even in the 
instance of a person with normal hearing, when a series of group categories based on 
the combined bone-conduction and air-conduction hearing curves have been made. 

The object of bringing these facts to light is to eliminate any prospect of an 
erroneous idea being formed in connection with the measurements of hearing- 
capacity by established sound-intensities over, a series of frequencies, and to offer 
the assurance that data are to-day available which prove beyond any question of 
doubt that the unit adopted in connection with our own field of work is adequately 
suitable, and offers a method of dealing in an entirely satisfactory manner with an 
individual’s hearing-capacity, by the use of a measured scale which is now accepted 
and in use in centres and hospitals in the majority of cities throughout the world. 
The data, performance curves, and some thousands of audiograms taken in con- 
junction with otological and research groups, together with records of the work 
accomplished in America and Germany in this field, have been compiled and it is 
to be hoped that, when a little further investigation dealing with the aspect of bone- 
conduction hearing has been reached, full publication will be possible. 

Mr H. Davies. In considering the method of mental estimates, § 2 (i), the authors 
have raised the question of the nature of the criterion involved in the decision that 
one sound is, say, twice as loud as another. It has been suggested by Dr R. T. 
Beatty* that for a pure tone the criterion is the number of afferent nerve impulses 
per second evoked by the stimulus and that we assign numerals to auditory sensa- 
tions by analogy with the nerve impulse frequencies involved in the more familiar 
experience of lifting weights. 

The idea is very suggestive and in a paper which is to be published within a 
few daysf I have shown that if this hypothesis is accepted it is possible to construct 
a scale of loudness from the data of monaural and binaural minimum-perceptible 
changes of intensity by a method quite different from any of the four considered 
by the authors. Although it uses the minimum-perceptible-change data the method 
does not, of course, involve the process of integration of minimal changes to which 
the authors have administered so effective and so well merited a castigation. 

In § 2 (ii) the authors have instanced a recent publication of Messrs Churcher * 
and King and myself as indicating that there is a unique loudness relation, analogous 
to the octave, which is more readily identified than any other by the untrained ear. 
Of this I am not convinced. The work referred to is not entirely conclusive on this 

• Proc. phys. Soc. 46 , 572 (1933). f PkU. Mag. (Nov. 1934). 
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point, since the only ratios employed were 2 : i and 4:1, and if there is any par- 
ticular facility associated with the octave relation it will presumably also be in- 
volved in some degree in the double octave. Fact {j) therefore still remains open to 
question, but on the ground of introspective experience I doubt whether it is true, 
except in so far as 2 : i is the simplest and most easily appreciated numerical ratio. 
The authors discuss the use of the 2 : i ratio and they suggest that its simplicity is 
relevant to counting but that “the facts on which counting is based have no ana- 
logues in the field of loudness.” But if, as has been suggested, the estimation of 
loudness is essentially an estimate of nerve-impulse frequencies, then the process 
is analogous to counting and the simplicity of the ratio 2 : i has significance. 

It will be agreed that in making an estimated partition of a straight line ruled on 
paper the easiest division is into two equal parts and that the difficulty of the opera- 
tion increases with the complexity of the divisional fraction. Considering only the 
mental state of the subject making loudness-estimates, I rather think that the facility 
conferred by particular ratios is much the same in the two cases. In fact, I should 
expect to obtain very similar results using estimates of \ and i loudness, but would 
expect somewhat greater dispersions with estimates of, say, or f . 

Whilst discussing this matter the authors refer to the case where a sound B is 
to a sound as 2 : i and a third sound C “bears to B the relation of B to A*\ and 
they state that to assign the numeral 4 to C is “simply blundefing.” As one who 
has indeed done so, I am afraid that I am quite unrepentant. Surely this is only the 
question of interval again. If the difference between C and B is the same as the 
difference between B and then, as the authors say, the numeral 3 should be 
assigned to C. But if we accept 

v)^l, 

then when we say that C : B : : B : A we mean that the ratio of C to ^ is the same as 
the ratio of to in which case we must assign to C the number 4. 

With regard to the facts set out in § i it has been usual, in the past, to consider 
that the loudness of a combination of sounds is independent of the relative phasing 
of the components. Recent work by Chapin and Firestone* however has cast doubt 
upon this. If the effect of phasing is significant, then fact (e) as stated is not sufficient 
and another variable must be introduced. Similarly relation (i) will not hold even 
if A and A' are pure tones of the same frequency. 

The authors have provided such a valuable addition to the literature of this 
subject that it may seem ungracious to raise objection to minor points, but is not 
the term “mental estimates” sufficiently general to cover also the methods which 
the authors have classified as “equal relations”? I would like to suggest that the 
expression “mental estimates” be reserved as a general description of all methods 
involving estimates of sensations and that the particular process referred to in 
§2 (i) be termed, oay, “estimated interpolation.” 

Dr W. D. Wright. I believe that the problems which the authors are trying to 
• E. K. Chapin and F. A. Firestone, y. acoust. Soc. Amer. 3 , 173 (Jan. 1933). 
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investigate in this paper only exist because of two main misconceptions in their 
ideas. The first is that they do not yet appreciate the nature of a psychological en- 
tity. In the discussion on Dr Campbeirs previous paper on the measurement of 
visual sensations, I had occasion to quote a statement of Mr Guild’s and I feel that 
it is very necessary to repeat and emphasize it here. The statement was to the effect 
that “we cannot measure the magnitude of a sensation. We cannot experimentally 
isolate a unit of sensation from which to build up a quantitative scale of magnitude 
as required by all processes of measurement. This does not mean that we cannot 
make subjective estimates of the magnitude of a sensation; that in fact is the only 
means we have of obtaining quantitative information about sensations.” If we wish 
to measure a length, we lay a calibrated scale of length alongside the unknown length 
and compare the two ; if we wish to measure sensations, we must have a calibrated 
scale of sensation values before we can do so. Such a scale cannot be constructed 
and the attempt at measurement must be abandoned. 

There is no evidence that this basic fact has been understood by the authors. 
One example may serve to illustrate this point. They contend that loudness is not 
additive because (p. 154) “e can always be chosen so that if it is sounded simul- 
taneously with a comparatively faint sound the combination is louder than that sound, 
but that if it is sounded simultaneously with a loud sound, the combination is no 
louder than that sound.” I’his statement describes the effect, not of the addition of 
loudnesses, but of the addition of stimuli. The usual confusion between stimulus 
and sensation has occurred and the evidence proves nothing regarding the additive- 
ness of loudness. ’Fhe truth, as I see it, is that it is impossible to prove whether 
loudness is additive or not, because so long as we cannot isolate units of sensation 
it is impossible to carry out the experiments with the proper entities. I cannot 
myself conceive that it could be otherwise than additive, but that conviction is 
admittedly in no sense an experimental proof. 

Although the authors entitle their paper “The measurement of loudness,” 
they are not really concerned with such a measurement but are trying to find a 
comprehensive relation between stimulus magnitudes and sensation magnitudes, 
which is very different from the measurement of a sensation. But just as sensation- 
measurement is an impossibility owing to the nature of the quantity to be measured, 
so the derivation of a relation between stimulus and sensation is equally impossible, 
even if we could measure sensations, owing to the nature of the organ connecting 
the stimulus and the sensation. This is the second misconception of which the authors 
are victims. They seem to regard the sense organs as physical instruments in which, 
when you apply a certain stimulus at one end, you will always get the same response 
at the other. This, of course, is quite wrong. In the case of the eye, two differently 
coloured lights may be of equal brightness under one condition of the eye, but 
under another state of adaptation they may be of entirely different magnitudes. 
Evidently no stimulus- sensation relation can be postulated that will hold for both 
these conditions. It would be equivalent to using the same calibration curve for 
two very different instruments. Effects of this kind are possible for any of the sense 
organs, including the ear, and the facts must be faced. If they are faced, only one 
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conclusion is possible, namely that no stimulus-sensation relation can be found 
which will be applicable to any but very limited variations of stimulation. 

Dr L. F. Richardson, (i) What is a fact? It is customary in psychology to admit 
that phenomena peculiar to individual persons are facts. To demand universal 
validity would be unscientific. Once this general principle is conceded, it follows 
that mental estimates of loudness are facts, and therefore respectable. And we 
naturally pass on to consider the means and standard deviations of mental estimates 
made by numerous persons*, (ii) In a recent paper F. H. Gage shows that bisection 
of intervals of loudness leads to a remarkable misfit f. But Gage assumed that a 
fixed stimulus always produced the same sensation, thus neglecting successive con- 
trast. Contrast may account for the misfit which Gage has found, (iii) Is it necessary 
to blame Fechner so severely for using an integral as an approximation to a sum? 

Authors* reply, (i) Two facts, unknown to us previously, emerged in the dis- 
cussion. We will state and examine them in a way concordant with the rest of our 
paper. The first is that on which the monaural-binaural scale depends. The fact 
here is that, given a sound another sound M can be found such that M heard 
monaurally is as loud as E heard binaurally. It is not a fact that to sound M must 
be attributed twice the loudness of sound B ; that would be a fact only if binaural 
hearing were the addition, in the physical sense, of two monaural hearings. But a 
sound heard by one ear decreases the power of the other to hear very faint sounds ; 
there is therefore evidence of a decrease in sensitivity accompanying the first step, 
which is fatal to additiveness. An analogy may help. If two similar bodies, each 
heated to ioo° C., are dropped into water at o'" C., the rise of temperature is not 
twice that which occurs when one is dropped in. *rhat is because the first body in- 
creases the heat-capacity and therefore decreases the sensitivity. There is therefore 
a definite reason for not calling the loudness of M twice that of if the monaural- 
binaural scale agrees with the 2 : i scale, that is evidence against the latter. 

The second fact is that of Mr F. H. Gage. What he, has shown is that relations, 
identified with equality because they are symmetrical, do not always (or usually) 
prove to be transitive. Equality in our discussion always implies transitiveness as 
well as symmetry. (For this reason we do not accept the definition of equality 
offered by Mr Floyd in his last paragraph.) The method of equal relations demands 
both qualities, as we pointed out. Accordingly within the range of Air Gage’s facts 
that method must be impossible ; here we agree with him and Prof. Shaxby. 

(2) For the rest we propose merely to underline and sometimes to expand state- 
ments made in our paper, taking them in the order in which they stand there. In 
addressing a Physical Society we felt justified in using “measurement** and its 
allied terms in the sense familiar to physicists, and ignoring entirely the very differ- 
ent sense in which they are used by psychologists. There seem to be two chief 
differences. First (if we understand Mr Floyd) psychological magnitudes are all 
what physicists call statistical magnitudes; the magnitudes we are concerned with 

* L. F. Richardson and J. S. Ross, y. Psychol. 3 , :j88-36o (1930). 
t P* H. Gage, Proc. roy. Soc. B, 116 , 103-119. 
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are not statistical, but simple. Secondly, if we understand Dr Wright, a “magni- 
tude** can be “measured** psychologically, apart from all other magnitudes, what- 
ever its qualities. In physics only additive magnitudes can be measured by them- 
selves; all others are measured by means of relations between other magnitudes. 
Since loudness is not additive, it can only be measured in the second way. Accord- 
ingly establishing a relation between stimulus-magnitudes and sensation-magni- 
tudes is not, for a physicist, a different thing from measuring loudness; it is the only 
possible way of measuring it. 

As we said at the meeting, we do not believe that any part of our paper (except 
possibly § 4, which we do not defend seriously) has any relevance whatever to 
psychology. We address ourselves solely to physicists, who show by the discussion 
that they understand us except possibly in one particular : this is the significance of 
addition. The conditions stated in (i) are necessary, hut not sufficient, criteria of 
additiveness. To state the sufficient criteria completely would take too long. Those 
who are inclined to doubt our statement that loudness is not additive should con- 
sider other cases of approximate additiveness, c.g. quantity of heat (mentioned 
above) or the output of a photoelectric rectifier cell. 

(3) It is ungracious to quarrel with such a staunch supporter as Mr Guild; but 
we wish he would not speak of the association of numbers and magnitudes. The idea 
that numbers are associated with all magnitudes is the source of the fallacy which 
Dr Beatty upholds in his last paragraph. Only A magnitudes are associated with 
numbers; other magnitudes are associated only with numerals. 

(4) We have never assumed responsibility for our “facts*’; we have merely 
chosen those which, if they are facts, give the greatest chance of establishing a scale 
of loudness. If they are not facts, as some critics suggest, then the only conclusion 
is that the chance of establishing such a scale is even less than we estimated. 

(5) In reply to a question put at the meeting, we define “intensity” by postulate; 
it is anything that makes (e) and (/) facts; both pressure and energy, measured in 
free space or in a telephone receiver, are intensities. 

(6) We still refuse to define a fact formally. But it may help Dr L. F. Richardson 
if we point out that (in our sense) it is a fact that some people like blubber, but not 
a fact that blubber is delicious. Everyone agrees concerning the habits of the 
Eskimo, but not everyone shares their tastes. 

(7) In discussing mental estimates we use “concordant” to mean “free from 
systematic divergence.” In seeking agreement for technical purposes, it is per- 
missible to ignore differences which, though systematic, are small. (Such differences 
are ignored, for example, in defining the colour-vision of a normal observer.) But 
if we are concerned to establish and use facts, small systematic differences are as 
bad as large ones. The facts that Dr Beatty and Mr Churcher themselves quote show, 
systematic differences (a) between the estimates of different observers and (b) be- 
tween the various scales which are said to agree. For some purposes the smallness 
of these differences may be important ; for our purpose it is only their existence that 
matters. 

Mr Constable’s suggestion is interesting. The partial agreement between Mr 
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Churcher’s various methods of obtaining a scale may arise from the use in all of 
them of the same arbitrary assumption concerning If so, change of the assump- 
tion will alter all the scales in the same way and leave the agreement unchanged. For 
this reason even true agreement between several scales would not show that all are 
based on facts. 

Our admission that systematic differences might be ignored for some purposes 
must not be taken as an admission that we regard those which Dr Beatty and Mr 
Churcher propose to ignore as actually negligible. On the contrary, in the branches 
of acoustics of which we have most experience, systematic discrepancies of 8 db. 
(a ratio of 6 : i) would be very important indeed. 

(8) We do not understand the relevance of Dr Beatty’s theory of afferent im- 
pulses. If it is consistent with the facts that mental estimates differ and that loudness 
is not additive, it may be true but it adds nothing to the facts. If it is not consistent, 
it is simply false. Theories may explain facts; they cannot explain them away. If it 
should ever prove possible to count the afferent impulses, the theory might be con- 
verted into a new set of facts. But we cannot see how they could help. If the re- 
lation of the number of afferent impulses excited by a sound X to that excited by a 
sound Y were the same for all observers, the number may be a function of intensity, 
but it cannot possibly be a function of directly estimated loudness. If it were not 
the same for all observers, how should we be advanced in our 'search for relations 
valid for all observers? 

(9) (Mr Cosens) No questions could fail to be leading questions, in our sense of 
the words, if the word “twice” were suggested at all to the observer. (Mr Davies) 
There is no blunder “in assigning the numeral 4 to C,” unless at the same time “re- 
lation” is identified with arithmetical difference. If relation means arithmetical 
ratio, of course the assignment is right. 

(10) We regard the physical errors of Fechnerism as even more disastrous than 
the mathematical; that is to say, the belief that all equations can be physically 
integrated, or that non-additive magnitudes can be added. 

(11) We repeat that we do not regard a scale as necessarily useless because it is 
not based on facts. We accept fully Mr West’s and Dr Rein’s contention that certain 
scales are very useful in co-ordinating certain limited groups of observations. But 
we think they will find that their convenience arises merely from their providing a 
short name for a relatively complicated function of intensity ; and that the observa- 
tions could be described completely, though more cumbrously, without reference 
to anything but intensity. 

(12) Finally we must deal with Mr Aldridge’s plea. No scale would be satis- 
factory, in the very limited sense of this paper, unless it were wholly based on facts. 
If the facts on which a satisfactory scale could be based are not at present available, 
we could do what he asks us only by providing new facts. New facts can be provided 
only by discovery or by creation ; for the present we are leaving these functions to 
others more competent than ourselves. 
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THE RECTIFYING PEAK VOLTMETER AS A 
STANDARD INSTRUMENT 


By a. T. STARR, M.A., B.Sc., Faraday House, London 


Addendum to paper previously published*; received September 9, 1934. 


In § 6 of the paper as published the error due to the capacity of the screened leads 
from the standard condenser to the rectifier was discussed. The lead-capacity was 
shown to have a shunting effect whose value was calculated ; it has, however, a very 
important effect on the error due to overbiasing, and discussion of this was un- 
fortunately omitted. 

Figure 13 of the paper shows the actual configuration of the rectifying peak 
voltmeter and figure 14 shows an exact equivalent. Appendix I shows that the over- 
biasing produces a constant error of e volts in the latter configuration, so that the 


error is 


i.e. 




X 100 per cent, 
X loo per cent. 


The effect of the lead-capacity is thus to increase the overbias error from e 
to^(CH-Ci)/C. 

Dr L. G. Brazier discovered this effect experimentally. He used a sphere gap 
of lO/x/xF. as condenser C, and the lead-capacity was 5000 /a/xF. The rectifying 
system was full-wave, the valves were LP. 4, the grid bias was 9 V. on each valve, 
and the overbias was in the neighbourhood of 70 V. Dr Brazier found that there 
was a constant error of 25 kV. r.m.s. with this arrangement. The theory given above 
shows that the overbias of 70 V. is multiplied by 501 because of the lead-capacity, 
so that the error is as follows : 

70 X 501 = 35 kV. (peak) 

“35/V2 kV. r.m.s. 

= 25 kV. r.m.s. 

This agrees very well with the experimental values. It was in fact the experiment 
which led to the discovery of the omission in the theory, and the author wishes to 
thank Dr Brazier for having thus directed him to the omission. 

The fact that the error due to overbiasing was constant at 25 kV. shows that the 
curvature of the valve characteristic had no appreciable effect. 

In conclusion we can say that the lead-capacity may be as high as 20,000 /x/itF. 
so far as the shunting of the rectifier is concerned, but it must not be so large that 
e (C+Ci)/C is an appreciable error. In practice the bias should be adjusted to be 
a little more than that required to suppress the zero current f. Then the bias should 
be intentionally increased by, say, 50 per cent or 75 per cent J. If no change occurs 
in the rectified current, the error due to overbiasing is negligible. 


♦ Proc. phys. Soc. 46 , 35 (1934). t With LP. 4 valves a grid bias of 4*5 V. is required. 

X With LP. 4 valves 1*5 or 3 V. 
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DEMONSTRATIONS 


“The velocity of sound in sheet materials.” Demonstration given by A. B. Wood, 
D.Sc., F.Inst.P. and F. D. Smith, D.Sc,, A.M.I.E.E. November i6, 1934. 

A RECENT paper* on this subject describes a method of setting sheets of various 
materials into transverse vibration by bringing a vibrating nickel tube into contact 
with them. The reflection of these waves from the edges of the sheet produces a 
pattern of stationary waves which is made visible by sand scattered on the plate, 
after the manner of Chladni^s figures. The separation of the nodes in the pattern 
is of the same order as the half-wave-length for transverse vibrations. The high 
frequency of vibration used by the authors results in a small wave-length and a 
pattern with a fine structure: in eflFect, a sheet of moderate size is large in com- 
parison with the wave-length. The fact that the extent of the sheet includes a large 
number of wave-lengths has practical advantages. If the transverse vibration is 
subject to appreciable attenuation, as with rubber, cardboard, paper, ebonite and 
similar materials, the waves reflected from the remote edges of the sheet are practi- 
cally extinguished : those reflected from the near edges produce simple interference 
patterns from which numerical values of the velocity of sound can readily be 
calculated. 

To demonstrate the results described in the paper, sand patterns were formed on 
sheets of various materials by bringing a magnetostriction oscillator vibrating at 
20,000 c./sec. into contact with the sheets. Complicated patterns of the usual 
Chladni type were formed on resonant materials, figure i of the paper: and rect- 
angular hyperbolas were obtained on ebonite, figure 3 of the paper. The hyperbolas 
can be used to calculate the velocity of sound in the material. 

In the demonstration a method of obtaining a simple pattern in a resonant 
material such as aluminium was shown, figure A. TKe aluminium sheet, of thick- 
ness 0-031 in., was damped by placing it between two sheets of spongy rubber ex- 
cept for a narrow strip along one edge. A light and uniform pressure was maintained 
on the damped portion of the sheet by a slab of solid rubber resting on the top. The 
undamped exposed strip was set into transverse vibration by bringing a magneto- 
striction oscillator into contact with it. 'fhe suppression of waves within the damped 
part of the sheet, without reflection at the damping edge, results in a simple pattern 
of parallel lines within the undamped part. Since these are spaced at half-wave- 
length intervals, the velocity of sound in aluminium can readily be found. 

If the magnetostriction oscillator is applied to the sheet at an angle instead of 
normally, more complicated modes of vibration involving tangential movement of 
the sheet are excited. A curious pattern formed in this way on a sheet of keramotf , 
0-031 in. thick, was shown, figure B. This material has appreciable internal damping 
and it is certain that the pattern is not formed by interference with edge-reflected 
* Page 149 of this volume. t A. commercial insulating material. 
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waves. Similar patterns are also formed in other sheets, if edge-reflected waves are 
prevented by internal or external damping. The wave-length in the pattern is 
different from that of the simple transverse waves, as shown by the hyperbolas in 
the same photograph. It seems that the pattern is du^ to interference between 
vibrations of two types propagated outwards with different velocities from the point 
of excitation. One of these is probably a transverse vibration of the type considered 
in the paper and is excited by a force normal to the surface. The other is excited by 
a force tangential to the surface, 'fhe pattern is produced only when both com- 
ponents are present. Provided that the magnetostriction oscillator is applied norm- 
ally to the sheet so as to excite simple transverse waves only, the anomalous patterns 
do not occur. 

In figure B the oscillator was placed in contact with the point marked O and 
inclined at an angle of about 45° to the line SO and at right angles to the line EOW, 
The normal component of force excited a transverse vibration radiating uniformly 
from O. The tangential component of force excited a tangential vibration radiating 
mainly in the directions ON and OS ; these vibrations were in opposite phase, with 
the result that the interference patterns on the opposite sides of the line EOW were 
complementary, the nodes of one corresponding to the antinodes of the other. As 
there was no tangential force in the directions OE and OIF, there were no inter- 
ference patterns in their vicinity. 

The transmission of high-frequency vibrations through a long thin wire 
mechanically connected to the magnetostriction oscillator was also demonstrated, 
the remote end of the wire producing transverse vibrations in sheets as in the cases 
mentioned above. 


538.213 

“A simple apparatus for measuring the pull between two magnetized surfaces.” 
Demonstration given by MacGregor-Morris and C. R. Stoner, 

B.Sc. (Eng.), A.M.I.E.E. October 19, 1934. 

Introductory. A comprehensive examination of electrical-engineering and physics 
laboratories reveals the fact that experiments illustrating the relation between the 
magnetic flux and the pull between magnetized surfaces are seldom performed. 
The present investigation was started many years ago in the hope of meeting this 
need. The aim which the authors have had before them was to produce a robust 
and at the same time a fairly accurate piece of apparatus. A few laboratories have 
magnetic-pull permeammeters, but in some of these the apparatus is not used owing 
to its clumsiness in operation ; and generally where any determined attempt has 
been made to correlate the pull with the flux, erratic results have been obtained and , 
the value of the pull has been found to be too high, especially at low flux-densities. 
The apparatus about to be described was no exception as far as these matters were 
concerned, until a prolonged and concentrated effort had been made to master the 
difficulties. 

The pull between two magnetized surfaces as related to the flux passing across 
the gap has been examined experimentally by several workers; The theoretical re- 
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lationship was proved by Maxwell to be P=B^AI^ 7 ry where P is the pull in dynes, 
B the flux-density in lines per cm?, and A the cross-sectional area of the gap. Early 
experimenters obtained erratic results which were always higher than the values 
calculated from the formula, especially at low flux-densities. Later Threlfall dis- 
covered that this was due to the surfaces tending to tilt when parting ; this increased 
the flux-density over a part of the surface, and although the area was decreased, 
yet because PccB'^ the pull might be greater under such conditions than with a 
lower B over a larger area. This effect is found to be particularly noticeable when B 
is small, because then the reduction of area brought about by the tilt does not pro- 
duce saturation. Taylor- Jones, using guides and other refinements, obtained con- 
sistent experimental results which differed by only ^ per cent from the calculated 
values between 5 = 6000 and B— 10,000. 


-^fV~ — Supported 

” J I from base 



Fijfurc I. Magnetic-pull apparatus. Af , iVf , magnetizing coils; SC, search coils; PP, surfaces 
which part, UP, upper pole-piece; SP, spring; W, weight; CB, .counterpoise; D, non-magnetic 
disc; C, collar. [The left-hand drawing has been reduced to i, but the right-hand drawing has 
not been reduced.] 

A number of workers have interested themselves in the problem of producing 
a permeammeter in which the value of B should be measured by the pull produced. 
Although, as we have seen, it is possible to produce such experimental conditions 
that agreement with theory is obtained, yet it is difficult to embody these conditions 
in a robust permeammeter. The important problem of flux-leakage has been almost 
entirely neglected in the permeammeters that have been developed, and either all 
the ampere-turns are assumed to be expended upon the specimen, or resort is made 
to a rather unsatisfactory calibration. 

Description of the authors' apparatus. For their experimental investigations the 
authors have constructed the apparatus illustrated in figure i. This has been de- 
signed to permit of comparisons between values of magnetic flux obtained from 
pull and search-coil measurements, and also an investigation has been begun into 
its possibilities as a permeammeter. Only the comparison work however will be 
discussed here. 

It will be seen that the magnetic circuit is completed through a stalloy spring 
which is treated as a fulcrum; the dimensions are 15 x 1*9 x 0‘o6 cm. The effect of 
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this spring when the apparatus is in use can be examined in figure 2, which shows 
the manner in which the pull between the surfaces falls off as the separation in- 
creases. This has been obtained from tests with different thicknesses of non- 
magnetic separators as described later. It will be seen that when the surfaces part, 
the decrease in attraction is so much more rapid than the decrease in the effective 
moment of the weight that the mechanical stiffness of the spring can be neglected. 

The top coil is mounted upon the top beam and therefore any attraction between 
the current-carrying coils is added to the magnetic attraction. This force was both 



Figure 2. 

calculated and measured very approximately and found to be exceedingly small — 
less than the constraint produced by the spring. The attraction of the top beam by 
the lower coil was also found by experiment to be negligible. 

Method of measuring flux-density and pulL Two similar search coils having an 
equal number of turns are wound one on each pole-piece. These are first opposed 
in a ballistic galvanometer circuit and the currents in the magnetizing coils are ad- 
justed till minimum deflection of the galvanometer is obtained on reversal, this being 
less than i per cent of the deflection produced by either search coil alone. The search 
coil on the lower pole-piece is then used alone to measure the flux-linkages and 
hence B is obtained, the galvanometer being calibrated each time by means of an 
air-cored toroid of known dimensions. 

The pull is measured by cautiously moving the weight along the beam until the 
magnetized surfaces part, noting the distance at which this occurs, and hence, by 
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calculating moments, finding the pull at the gap. The current is then switched off, 
the gap is closed by sliding back the weight, and then the current is switched on in 
the reverse direction. In this way the magnetic circuit is kept in a cyclic state and 
readings can be repeated. 

Results, In the apparatus in its original form comparison between B as measured 
by pull and the same quantity as measured by ballistic galvanometer showed erratic 
results, the pull-measurement being always too high ; errors as great as 20 per cent 
were common at 5 = 6000, and 10 per cent at 5 = 12,000. Successive readings of 
the pull were as a rule consistent among themselves, but readings taken at different 
times usually showed quite different percentage errors. A systematic check of 



Ampere-turns 

Figure 3. A typical set of results. 


possible errors in the galvanometer-calibration etc. was made and failed to reveal 
any discrepancies. 

A study of the work of Threlfall and Taylor- Jones suggested that the irregulari- 
ties were due to tilting on parting, and so a collar with three guiding claws was 
devised. A rod was also screwed into the top of the upper pole-piece and this slid 
through a ring-shaped guide supported from the base of the instrument as indicated 
by the dotted lines in figure i . The screw thread on the upper pole-piece was opened 
out so that the guides could maintain a vertical movement of the pole-piece over 
a sufficient distance. The apparatus was now assembled while a magnetizing current 
was flowing. All constraints having been removed, the pole-piece was allowed to 
bed itself down magnetically into its correct position, and the guide was then locked 
in its place. A light was placed behind the gap so that the pole-piece and specimen 
could be seen to be in the correct position. The results obtained were disappointing, 
for they were as variable as before and errors were of the same magnitude. 

It was then decided to insert a thin disc of non-magnetic material between the 
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pole faces, so as to produce a small permanent gap with the object of reducing the 
cause for tilting. Now the errors were found to be greatly diminished, as figure 3 
shows. Discs of various thicknesses were tried and figure 4 gives the percentage 
error for a number of discs of different thicknesses operating at various flux- 
densities. It will be seen that the use of a disc between o-i and 0*2 mm. thick brings 
the agreement between pull and ballistic-galvanometer measurements to within 
5 per cent for values of B above 6000. The use of a thicker disc makes the pull- 
measurement deficient, owing in all probability to magnetic fringing. 

Tests were then made with a o*ii mm. disc, and on removal of the collar and 
guide the results were found to be almost identical with those obtained when the 



Figure 4. Curves of percentage error for different thicknesses of discs (in mm.). 

collar and guide were in use; it proved however desirable to retain the collar, as 
otherwise the disc occasionally worked out of the gap during the progress of a test. 

These results appear to prove that the guide was insufficiently rigid to prevent 
the extremely small tilt which caused the error, and the insertion of a non- magnetic 
disc provides a much simpler solution. 

It may be objected that it is bad policy to insert a definite air-gap in the magnetic 
circuit, but it should be remembered that no matter how perfectly the surfaces are 
worked up from the magnetic point of view there is always an equivalent air-gap, 
of small dimensions it is true, but still quite measurable in its magnetic effect and 
varying with the flux-density. 

It appeared to be better, therefore, to insert a definite gap intentionally so that 
its effect would be more nearly constant at all flux-densities and at the same time 
the errors due to incorrect parting would be reduced to a negligible amount. 

Conclusions, The apparatus has now been in the hands of students for some time 
and consistent results are obtained. It is believed to be more convenient and more 
accurate than any other apparatus which the authors have seen for the demonstration 
of the tractive force between magnetized surfaces. 



REVIEWS OF BOOKS 


Higher Mathematics for Engineers and Physicists^ by I. S. Sokolnikoff and E. S. 

SOKOLNIKOFF. Pp. xiii + 482. (New York and London: McGraw-Hill.) 
245. net. 

We know what to expect in a book entitled “Mathematics for Engineers** — a discus- 
sion of how many figures to retain in multiplying 19*34 by I4'i7> a long disquisition on the 
differential equation j/ + -f- = cos wjc, a bit about imaginaries, and all the rest of it. 

This is not one of the family. It is a book on Higher Mathematics for Engineers, and is an 
admirable introduction to its subject. For some reason (or rather, without reason), the 
authors apologize for addressing the book to physicists as well. Possibly conditions are 
different on the other side of the Atlantic, but certain it is that if every British physicist 
mastered this book, few of them would have wasted their time. 

The authors plunge into their subject with a chapter on elliptic integrals, and then deal 
with the numerical solution of algebraic and transcendental equations. Horner*s method 
is included, but one regrets to notice that the method of iteration is not mentioned. After 
a somewhat sketchy introduction to determinants and matrices, from which the multipli- 
cation law for matrices is omitted, we come to one of the best chapters in the book. This 
is on infinite series, and gives most of the common tests of convergence, deals clearly with 
uniform convergence, and even gives an example where Taylor’s dev.elopment of a function 
does not sum to the generating function. Then come chapters on partial differentiation, 
Fourier series, multiple integrals (with Jacobian introduced), line integrals and improper 
integrals, and ordinary differential equations. The chapter on the latter again is noteworthy 
for its thoroughness, dealing as it does with non-linear equations of the second order, and 
with the method of variation of parameters. It is useful to find in the chapter on line in- 
tegrals a proper investigation of the conditions under which the value of the integral is 
independent of the path. 

The chapters on partial differential equations, vector analysis, and probability and 
curve-fitting are less distinguished, whilst the final chapter, on conformal representation, 
is again very good. This chapter is extracted from a lecture by another author, but one 
feels after reading the rest of the book that the Sokolnikoffs could have written one at least 
as good, and the rather noticeable change of style would not then have occurred. 

The book is well stocked with examples, mostly rather easy, and the publishers are to 
be commended on their foresight in printing the words “first edition** on the title-page. 

J.II.A. 

Mathematical Problems of Radiative Equilibrium^ by Eberhard Hopf. Pp. vi+ 105. 
(Cambridge Tracts in Mathematics and Mathematical Physics, No. 31. Camb. 
Univ. Press.) 6^. net. 

This tract treats of problems connected with a certain integral equation which occurs 
on the theory of the outer layers of a star. To quote the preface: “The astrophysicists 
mostly contented themselves with an approximate solution of these problems. Owing to 
a certain inherent beauty, however, they aroused also the interest of the rigorous mathema- 
tician. It is the purpose of this tract to attempt a coherent representation of all that has 
been achieved in the direction of a rigorous solution of those standard problems.** For the 
purpose in view, the tract is of high excellence. 

In reading it, I have to struggle with a feeling that it is rather sacrilegious to treat a 
star in this way. Of course, it is not an actual star that is butchered to make a pure mathe- 
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matician’s holiday; it is a “gray*^ star invented by Schwarzschild, or a purely scattering 
star invented by Schuster. I fear the reader may not realize that, although the astrophysicist 
does not treat these problems rigorously, he treats them more rigorously than an actual 
star is likely to do. Certainly the rigorous mathematicians have secured one triumph. 
There had been a kind of competition to give the best approximation to the ratio of the 
boundary temperature to the effective temperature in a gray star. The fourth power of this 
ratio was first given by Schwarzschild as 0-5 ; there were four rival later approximations 
ranging between 0-42 and 0-44. Hopf and Bronstein, by difficult mathematics which oc- 
cupies many pages in this tract, found that the exact value was ^3/4. 

It may not be out of place to recall that Sir Arthur Schuster, whom we have lately lost, 
was the pioneer on the astrophysical side of this subject, and his paper ‘‘ Radiation through 
a Foggy Atmosphere” (1905) is continually referred to by modern writers as a classic. 

A.S.E. 

Theoretical Physics^ by G. Joos. Translated from the first German edition by I. M. 
Freeman. Pp. xxiv + 748. (London: Blackie and Son, Ltd.) Price 255. 

The first German edition of this book, published in 1932, had an immediate success, 
and the second edition is already announced. A new chapter on nuclear physics, which is 
being added to the second German edition, is incorporated in the English translation. 

The scope and general nature of the book are already well known to many English 
users, and the briefest description may suffice here. The text opens with a seventy-page 
mathematical introduction. This is followed by six sections dealing in turn with mechanics 
(including relativity mechanics), the field theory of electro-magnetic and optical pheno- 
mena, the atomistic nature of electrical phenomena, the phenomenological part of heat 
theory, the statistical part of heat theory (including quantum statistics), and finally 
nuclear, atomic and molecular structure and spectral theory. 

There are, of course, omissions, but the material has been very well selected, and the 
treatment is admirably suited to the needs of the average serious student of physics. Here 
and there the text is supplemented by examples, to which worked solutions are supplied. 
It is not to be expected that a book of this size should give an adequate knowledge of ad- 
vanced physics, but Prof. Joos has written a text which may serve as an excellent intro- 
duction to more detailed study or as a valuable synopsis of knowledge properly acquired 
in a less concentrated form. 

The publishers have hit upon the singularly happy idea of employing a translator with 
a knowledge of the subject and of the two necessary languages ; in brief, the translation is 
good, and we only rarely encounter passages which might have been clearer if the trans- 
lator had been willing to take greater liberties with the original phrasing. The book is well 
produced, and is remarkably good value at the price. 

The one adverse criticism, which applies to any sound translation of a good Lehrbuchy 
is that the translation plays too much into the hands of those science students who are 
already only too content to remain bi-, uni-, or even semi-lingual. This is a pity. 

H.R.R. 

Atomic Structure and Spectral LineSy Vol. i, by A. Sommerfeld. Translated from 
the fifth German edition by H. L. Brose, M.A., D.Phil., D.Sc. Pp. xi + 675 
with 15 1 diagrams. (Third English edition. London: Methuen and Co. Ltd.) 
355. net. 

In the latest German edition of Sommerfeld’s classic work the subject matter is divided 
into two volumes, volume i, which appeared early in 1932, being a revision of the fourth 
(single-volume) German edition of the original Atombau und Spektrallinieny and volume 11 
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an elaboration of the supplementary work Wellenmechanische Ergdnzungsband of 1928. 
Accordingly the new English edition is also to appear in two volumes, the first of which is 
now before us. Compared with the two previous English editions, this volume is in part 
an abbreviation and in part an extension; its scope will therefore be pretty well known to 
many readers, and need not be outlined here. Since, as Prof. Sommerfeld himself remarks 
in his preface, it is possible to understand the new quantum theory only by building it up 
from the old, the present volume deals both with the fundamental experimental material 
and also with the conception of orbits as a means of introducing the quantum numbers and 
as models for subsequent wave-mechanical calculations. The results established by the 
older theory are given throughout in the forms appropriate to the newer mechanics, the 
later proofs being reserved for the next volume. The methods of Hamiltonian mechanics, 
which previously appeared in the Mathematical Appendix, have now been included in the 
text, whilst certain other matter has been transferred from the text to the appendix. The 
treatment of multiplet structures has been revised and extended by the inclusion of Pauli’s 
Principle and electron spin. In view of the extent and importance of the recent develop- 
ments of the study of band spectra, the treatment of this subject in the forty-page chapter 
to which Prof. A. Kratzer and Dr K. Bechert have contributed seems rather inadequate. 
Prof. Sommerfeld, it is true, points out in his preface that this short chapter makes no 
claim to be in any way complete, and contains only what is essential for wave-mechanics. 

It is pleasant to see that the figures in the new edition are supplied with captions which 
were entirely lacking in the earlier editions. Prof. Brose states in his preface that the author 
wished the translation not to be too literal, slight modifications being left to the translator’s 
discretion. Comparison of certain passages in the first edition with corresponding ones 
in the new shows that his exercise of this privilege has improved the work. Occasionally 
one wishes he had gone even farther in this direction, and abandoned some symbols, words, 
and phrases with which the German reader may be at home but the English reader is not. 
We are not, for instance, in the habit of using the words “partial band,” “R-band,” 
“P-band,” “edge” and “disturbance” (Chapter ix) for “band,” “R-branch,” “P- 
branch,” “ head ” and “ perturbation” respectively; and as a symbol for moment of inertia 
we prefer / to ^ in a text in which the latter is also used for a quantum number. And why 
retain bothy and for one and the same quantum number in the same chapter? We could 
also wish that it were permissible for a translator to jettison the misnomer “ Bergmann 
series” (p. 352), since the term symbol mb of former editions is now replaced by nF; even 
if the late Dr Hicks’s designation “ fundamental series” had not been adopted, there would 
have been little difficulty and much justice in coupling another investigator’s name with 
these series, for they were discovered by Saunders and by A. Fowler before Bergmann, 
working in Paschen’s laboratory, investigated them, and their significance was first clearly 
pointed out by Runge. 

This English edition contains two sections which are not in the German editions but 
have deservedly received the approval of Prof. Sommerfeld. One of them is an excellent 
six-page account of hyper-fine structure and nuclear moments by Dr E. Gwynne Jones; 
it is well written and admirably suited to the main scheme of the work. The other is a very 
welcome addendum of five pages by Prof. Brose describing briefly the advances which 
have been made in atomic physics in the interval between the appearances of the last 
German edition and the present volume ; the subjects of this addendum include investi- 
gations of cosmic radiation and nuclear transformations, and the discoveries of the positron, 
the neutron and the isotopic constitution of hydrogen. 

In so large a volume minor slips, especially in the matter of names and initials, are 
almost unavoidable; only a few so far have been noticed by the reviewer. “A. A. Milli- 
kan” (p, 15), “Giaque” (p. 142), “J. W. Aston” (p. 171), “square brackets” (p. 551), 
“ nuclei! ” (p. 551), “Ann Arbor University” (p. 562), “ lowin’’ (pp. 566-7), “ H. COOH ” 
(p. 586), and “Birheland” (p. 598). The second sentence of the last paragraph on p. 559 
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is meaningless, owing, as one finds on looking up the corresponding sentence in the first 
edition, to the omission of several words. On p. 561 “equidistant sequences of lines*’ 
should be “sequences of equidistant lines.” 

English and American students of atomic physics will feel more indebted than ever to 
Prof. Brose, and will welcome this new edition even more cordially than the old. 

w.j. 

The Kinetic Theory of Gases {Some Modern Aspects), by Prof. M. Knudsen. Pp. 64. 
(London: Methuen and Co., Ltd.) Price 2s, 6 d, 

This book practically reproduces the lectures given by Prof. Knudsen at King’s 
College, London, in 1933. It deals almost exclusively with the author’s well-known in- 
vestigations of phenomena occurring at low gas pressures. As a clear and concise first-hand 
account of these important researches it is assured of a good reception. The beginner 
should, however, be warned that “Some Modern Aspects” is the operative phrase in the 
description of the text — he will find no summary of general kinetic theory. h.r.r. 


Geometrische Elektronenoptik, by E. Bruche and O. Scherzer. (Berlin: Springer.) 

RM 26; cloth-bound RM 28.40. 

Although the general phenomena of the effects of electric and magnetic fields on 
electric discharges have been known for many years, it was only in 1926 that H. Bush 
showed theoretically that if such fields possessed an axial symmetry they could be used to 
focus the paths of electrons derived from a single point of origin. The full significance of 
this work was not at once realized and, broadly speaking, it was not followed up for some 
four years; but in the period from 1930 to the present time a great deal of work has been 
done which is ably summarized in the book under review. Not only have the practical 
possibilities been studied in the period mentioned, but the realization of the wave-directed 
characteristics of electrons in motion has enabled Glaser and others to apply Hamiltonian 
methods to the discussion of the theory. 

On the practical side, the new methods have proved of the greatest value for the study 
of thermionic emission from surfaces, and have had valuable applications in the design of 
cathode-ray oscillograph tubes. It has also proved possible to obtain real images of objects 
irradiated by electron streams ; these will bear a magnification of 8000 or more, even with 
the employment of magnetic fields for which no attempt has been made to eliminate the 
aberrations which are known to be present. Theory indicates an ultimately possible re- 
solving-power far out-reaching that of optical microscopy, and it is by no means impossible 
to deal with biological objects by special methods. The book presents a very complete 
picture of such practical developments up to the present date, and gives useful chapters 
on the theory, although the theoretical presentation makes a less coherent whole. The wave- 
mechanical theory, in spite of its mathematical beauty, proves over-strenuous, and more 
progress can be made for practical purposes by more straightforward methods. 

Since there is such a complete analogy with Gaussian Optics in many respects, wc may, 
perhaps, ask in passing why more attention is not given to the symmetrical form of the 
paraxial equations. A refractive index appears, for example, as proportional to the square 
root of a potential, and it would seem to be generally useful to quote the conjugate relation 
in such a form as 
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where I and /' are conjugate distances. The corresponding Gaussian equation is 
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if a well-known sign convention is used. Such equations convey far more infoimation than 
those usual in the book, which merely give an expression of the “focal length” as the 
result of a theoretical discussion. 

In the discussion of such a large range of theoretical and practical matters a good deal 
is bound to lie outside the practicd experience of any author, and it will not be surprising 
if such a book presents, on the whole, too easy an appearance to the whole subject. The 
phenomena of the discharge tube are not by any means completely mastered, and although 
what appear to be results of surprising promise in “ microscopy ” have already been achiev^, 
there can be few subjects in which real advances will require more patience, skill, and 
technical resource. Consider some of the factors involved in the present image-production ; 
the very small angular apertures of the beams which have so far been found practicable for 
use, the heterogeneous character of the electron-energies, the aberrations of the lenses, 
only measurable with difficulty, and the various difficulties of vacuum work where high 
vacua must be maintained. It will be seen that the superficial reading of a text-book may 
easily produce a mental picture glowing in over-rosy hues. On the other hand the book 
does present a picture of a technical method which, although difficult, reveals no such un- 
surmountable barrier as that produced by the wave-length of light in optical microscopy ; 
no ultimate barrier, that is, in dealing with smaller and smaller objects until the region of 
the phantom electron wave-length is reached, in the neighbourhood of io“® cm. or less. 
If technical methods of dealing with biological objects are successfully developed, the 
possibilities of advance are incalculable, and methods of microscopical examination of 
bodies far beyond resolving-power even of the ultra-violet microscope seem to be within 
the range of expectation. , l.c.m. 

Diffraction of X-rays and electrons by amorphous solids, liquids and gases, by J. T. 

Randall, M.Sc. Pp. xii + 290. (London: Chapman and Hall, Ltd.) 21s. net. 

This book appears at an opportune moment. The discussions on the solid state at the 
recent conference showed that the centre of interest is shifting from a consideration of the 
structure of regular crystals to that of the irregularities which disturb the lattice and of the 
various non-crystalline and quasi-crystalline structures with which this book deals. In 
particular the problem of the transition from a liquid or a glassy state to perfect crystalline 
arrangement seems likely to occupy an increasing amount of attention in the next few years. 

The author has performed a valuable task in collecting together the very large amount 
of scattered work which bears on these problems and presenting it in a clear and logical 
order. His work will save a great deal of time and trouble to all working in this field and 
enable them to see more clearly the directions in which to advance. 

Apart from its purely scientific interest, the subject is of considerable industrial in- 
terest, especially as regards the study of glasses and organic fibres, so that it is appropriate 
that the author should be a member of one of the great commercial research institutions. 
The book is extremely up-to-date, and it is interesting to see the stress laid on electron- 
diffraction as an experimental method which has already proved its usefulness in this field 
and seems likely to. have a rapid development. On the theoretical side the chief results are 
given with an indication of the way in which they have been obtained, but as a rule without 
detailed analysis. g.p.t. 

Thermionic Emission, by Arnold L. Reimann. Pp. xi-l-324. (London: Chapman 
and Hall, Ltd.) 21s. net. 

In a volume of 324 pages the author gives an admirable survey of a subject which has 
received a vast amount of attention in recent years, particularly in the industrial research 
laboratories of manufacturers of thermionic valves, and it may be mentioned that the 
author is on the staff of the G.E.C. laboratories. 
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In the last decade big additions have been made to our theoretical and practical 
knowledge of thermionic phenomena. The classical theory has been replaced by the 
quantum statistics in the theory of electrons in metals and in a vacuum, and by the appli- 
cation of the wave-mechanical theory of the transmission of electrons through potential 
barriers. On the practical side the employment of modern high-vacuum technique has 
resulted in a marked increase in the quantity and accuracy of the data available. 

The volume is primarily concerned with thermal electron-emission and the principal 
emitters are the metals and certain other electronic conductors. Thirty- three years have 
elapsed since O. W. Richardson derived his emission formula to fit the experimental re- 
sults for the emission of electrons from metals. In his theory the velocity-distribution of 
the electrons available for emission was assumed to be the Maxwellian. Later this theory 
was involved in so many difficulties that it had to be abandoned and has been replaced by 
the theory of electrons in metals originally put forward by Pauli and Sommerfeld and since 
modified and extended by Bloch and others. This theory assumes the existence of effec- 
tively free electrons, whose velocity-distribution, instead of being Maxwellian, is governed 
by the new quantum statistical principles of Fermi and Dirac. 

It has been shown by Nordheim and Sommerfeld that the substitution in Richardson’s 
derivation of his original formula of the Fermi-Dirac distribution for the Maxwellian dis- 
tribution leads to an emission formula concerning whose essential validity there can be 
no reasonable doubt. It is interesting to note in this connection that H. A. Wilson deduced 
an emission formula by thermodynamic reasoning without any assumption as to the actual 
mechanism of the emission, and this theory was further developed by Wilson and Richard- 
son. Later developments of the thermodynamical theory are due to M. V. Laue, W. 
Schottky and S. Dushman. In its final form the formula derived thermodynamically agrees 
perfectly with that obtained by Nordheim and Sommerfeld by the quantum statistical 
method referred to above. 

Hence it will be apparent that the study of thermionics touches directly on the electrical 
constitution of conductors and that the thermal emission of electrons is related to other 
electron emission phenomena such as the photoelectric effect. In the present volume the 
theory is presented in a simple form, and where it has not been possible to discuss in any 
detail such branches of physics as quantum statistics and the modern electron theory of 
metals, the author has tried to show by what processes of reasoning the results have been 
arrived at. 

The book should prove of great value to those interested in the various practical appli- 
cations of thermionic phenomena, and the author is to be warmly congratulated on the 
results of his labours in the production of the volume undcx review. e.g. 
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ABSTRACT. A description is given of the preparation in vacuo of pure amorphous 
manganese. It is found to be paramagnetic, without trace of ferromagnetism, and to obey 
the Curie-Weiss law, x = 2*174 x io~'‘*/T+ 1540, over the range of temperature 90 to 
600° K., the experimental value of x at 20° C. being ii*8o x 10 ®. 


§ I. INTRODUCTION 

I N recent years the magnetic properties of manganese have been investigated by 
many workers, for it is known to exist in several well-defined states and to com- 
bine readily with non-magnetic elements to form ferromagnetic substances. In 
1912, Honda^^^ used a specimen of fused manganese obtained from Kahlbaum, 
stated to contain about 3*4 parts of ferromagnetic impurity per 1000, and measured 
dts susceptibility over a wide range of temperature, the value at room temperature 
being 970 x io~® e.m.u. per gram. A little later, Ishiwara^*\ using a similar sample, 
obtained 9*66 x 10-®, and suggested that certain traces of ferromagnetism might be 
attributed to the combination of manganese with nitrogen. 

Hadfield, Ch^veneau and Geneau^^^ prepared manganese from an amalgam and 
cast it in dry hydrogen. The grey powder which they obtained was slightly ferro- 
magnetic with a susceptibility of 11*2 x io~®, the traces of ferromagnetism being 
attributed to combination with hydrogen. Freese however, found that man- 
ganese prepared in this way was non-ferromagnetic, and that specimens prepared by 
cathode disintegration in hydrogen showed no traces of ferromagnetism. Kapitza^’^ 
found that a very pure specimen of manganese prepared by distillation and melted 
in vacuo by Miss Gayler^'^^ was perfectly paramagnetic with a susceptibility of 
9*66 X io~* at room temperature. Miss Wheeler prepared samples of a-manganese 
by distillation and obtained a sample of ^-manganese by quenching an a specimen 
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at 1000° C. in water. She found susceptibilities of 9*60 and 8*8o x io~® for the a 
and ^ specimens respectively, with no traces of ferromagnetism. It must also be 
recorded that Shimizu obtained specimens by distillation and followed the 
magnetic changes associated with the a to jS and ^ toy transitions, but his values for 
the susceptibilities are much lower than those recorded above, and the two magnetic 
transition points recorded by him do not appear to correspond with any of the four 
transition temperatures recorded by Miss Gayler. 

It is generally stated that the susceptibility of manganese appears to be inde- 
pendent of the temperature over a wide range. Thus, Owen^**^ used a fused Kahl- 
baum specimen and found a value of 8*93 x io~® which was practically independent 
of temperature over many hundreds of degrees. This value is, however, rather low 
compared with Miss Wheeler’s, assuming that it refers to unquenched manganese. 
Again, Honda and Sone^^^ made measurements with similar specimens and also 
found the susceptibility constant over a wide range. It does not appear to be profit- 
able, however, to consider their results in detail, for their specimens contained con- 
siderable quantities of iron and appreciable amounts of aluminium, copper and 
silicon, and certain sudden changes in susceptibility and the temperature hysteresis 
phenomena exhibited by these specimens may not be attributed to pure manganese. 
It therefore seems that the statements concerning the constant susceptibility of 
manganese are open to question. As no record of the preparation of pure amorphous 
manganese from an amalgam heated in vacuo could be found, and its thermo- 
magnetic properties were unknown, the following preparation and investigation 
were made. 


§2. PREPARATION OF SPECIMENS 

Manganese amalgam was prepared by electrolysis in the following manner. A 
saturated solution of manganese chloride was placed in a large glazed earthenware 
trough and crystals were added during the electrolysis to keep the solution saturated. 
The anode consisted of a platinum strip placed inside a porous pot containing 
saturated manganese sulphate solution. The cathode was a pool of mercury con- 
tained in a flat dish. During electrolysis the reactions at the anode were vigorous 
and could become unpleasant, but the latter tendency was counteracted by periodic- 
ally transferring the platinum strip to a porous pot filled with fresh solution. A 
stream of manganese sulphate could, of course, be used in large-scale manufacture. 

Usually, a current of six amperes was passed for thirty minutes. The method 
employed in stirring the mercury was important, for when it was vigorously stirred 
by a rotating glass vane the amalgam did not appear to be at all rich in manganese. 
Careful stirring with a glass stirrer, such that the portions of the amalgam richer in 
manganese were systematically pushed beneath the surface of the pool, gave very 
satisfactory yields. 

The amalgam was quickly washed in water and squeezed in a linen bag. The 
heavy mass thus obtained was rapidly forced into the pyrex glass bulb A of figure i 
through the tube «, which was then sealed. The apparatus of figure i was placed 
inside a furnace up to the region and exhausted through drying tubes by a Hyvac 



The magnetic properties of amorphous manganese 199 

pump. When all traces of water had been removed the temperature was raised 
slowly to 370° C., when the mercury vapour driven off was condensed in a water- 
cooled bulb. After the bulb A had been maintained at 370° C. for a sufficient time a 
mercury-vapour pump and vapour-trap were used to remove the last traces of 
mercury from the manganese. The apparatus was sealed at the constriction e and 
allowed to cool slowly. 



The porous black lump of manganese was now powdered and forced into the 
tube de^ which was of uniform cross-section of diameter 0*5 cm. Inside the bulb A 
were three pyrex beads, and on shaking of the bulb these easily smashed the man- 
ganese to a fine powder. The powder was shaken into the tube, the beads again being 
used to force it through the constriction d. Finally, when practically all the man- 
ganese had been forced into de^ the tube was sealed at d, and glass hooks were formed 
at d and e as shown in figure 2. The tube de now contained a specimen of amorphous 
manganese prepared and sealed in vacuo. Its purity undoubtedly depended to some 
extent on the rapidity with which the amalgam was transferred from the electrolyte 
trough to the bulb A. 

§3. MEASUREMENT OF MAGNETIC SUSCEPTIBILITY 

The measurement of magnetic susceptibility was made by the Gouy method, the 
tube de being suspended vertically from the arm of a sensitive balance with its 
lower end in a uniform field between the flat pole pieces of an electromagnet, as 
shown in figure 2. A tube cut from the same piece of pyrex was evacuated, sealed 
and attached close to the lower end of de, in order to compensate for the magnetic 
effects of the tube de and the air displaced by it. Therefore, except for a small effect 
due to slight dissimilarities between the two tubes, the magnetic field acting on the 
system provided a downward force mg equal to J/?a — //q^) dynes, where k is mg 
the susceptibility per cm? of the manganese, a the area of internal cross-section of 
the tube, and H and Hq the strengths of the field at the lower and upper ends of de, H 

respectively. In our experiments and the small effect just mentioned were 
found negligible. H was measured by a calibrated fluximeter and search coil. 

In the high-temperature measurements de was suspended from a copper wire 
inside the furnace, as shown in figure 2. The furnace consisted of a thick-walled 
copper tube suitably wound and lagged. The temperature in the neighbourhood of 
the lower end of de was recorded by a mercury thermometer inserted through /; it 
was calibrated in situ against a series of standard thermometers placed vertically in 
turn inside the furnace. In the low-temperature measurements the tubes were 
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suspended by a thread inside a copper tube surrounded by liquid oxygen or carbon 
dioxide and alcohol mixture contained in a Dewar flask. In the latter case the 
temperature was measured by a standard pentane thermometer. 

After these measurements had been made, de was weighed and opened, and the 
manganese was removed. The area of internal cross-section and the volume pre- 
viously occupied by manganese were found by suitable weighings. The suscepti- 



Figure 2. 
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Figure 3 (b). 


bility per gram could now be calculated. These operations meant the loss of the pure 
manganese, for we were unable satisfactorily to transfer the intensely pyrophoric 
material from one vessel to another. The method of poisoning with hydrogen which 
we tried to adopt in accordance with published information was found useless. 
Indeed, very little hydrogen appeared to be absorbed by the manganese. The above 
magnetic results were also checked against a standardized solution of nickel chloride 
of known susceptibility, kindly supplied by Professor Sugden. 
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§4. EXPERIMENTAL RESULTS 

The most complete investigations were made with two chosen specimens of 
amorphous manganese. The first specimen, I, was made before the best arrange- 
ments had been effected for the rapid handling of the amalgam, so that it was in 
contact with air for a longer period than was desirable. Accordingly, it exhibited 
traces of ferromagnetism as shown by figures 3 {a) and 3 (^), where the downward 
force mg is plotted against //*, and mgjH^ against i/ 7 /, respectively. For small 
values of the curve of figure 3 (a) is not linear. Figure 3 (6) shows that Honda’s 
method may be employed to eliminate the effect of the ferromagnetic impurity, 
provided that the values of are not so low that the measurements are liable to be 
inaccurate. 

The second specimen, II, was made under very satisfactory conditions, and 
showed no traces of ferromagnetism, the curve corresponding to figure 3 {a) being 
strictly linear. Mr H. Terrey kindly analysed this specimen and found it entirely 
free of mercury and other metals. We therefore conclude that amorphous manganese 
properly prepared in vacuo is definitely non-ferromagnetic, and the traces of ferro- 
magnetism exhibited by specimen I are attributed to the action of nitrogen; we 
propose to study this action in more detail at a later date. 

The way in which the susceptibility of specimen II varied with temperature over 
the range - 183 to 340° C. is shown in figure 4, where the reciprocal of the suscepti- 
bility per gram is plotted against the temperature. Figure 4 shows that over a con- 
siderable range the value of the susceptibility per gram is given by the Curie-Weiss 

X=C/(7’+A)=2-i74xio-2/(?’+is4o), A, T 

from which it follows that the effective magnetic moment of a manganese atom is 
3*09 Bohr magnetons. The actual susceptibility per gram at 20® was ii-8ox io“®. 

All values in figure 4 have been corrected for the diamagnetism of the manganese 
atom, which was taken as o*i unit per gram^*^\ 

Perhaps a more adequate conception of the rate of change of x with T may be 
obtained by reference to figure 5, where the uncorrected experimental values of the 
susceptibility are plotted against the corresponding absolute temperatures. 

In order to compare the paramagnetic properties of the two specimens, the 
effects of the ferromagnetic impurity in specimen I were eliminated by Honda’s 
method ; see figure 3 {b). It was considered unnecessary to apply the more complete 
form of correctwn given by Vogt^’^’ The susceptibility x<x^ in an infinitely large x® 
field is assumed to be related to the susceptibility xr in a field H by the equation xb 
where a is the saturation magnetization of the ferromagnetic im- 
purity. The values of x^c were therefore obtained at chosen temperatures - 183, 20, 

166 and 299° C., from the corresponding values of xe for two suitable values of H. 

The graph of ijxoo against T was strictly linear over the range — 183 to 300° C. with 
a value 1 541® of A. The value of the susceptibility at room-temperature corrected for 
diamagnetism of the manganese atom was 11*83 x lO"*. The agreement with the 
corresponding values of specimen II is very striking. 
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Two further points of interest appear to merit record in connexion with speci- 
men I. First, the mass of powder per cm? inside the tube was some 20 per cent 
greater than in the case of specimen 11 . Secondly, specimen I was far less pyro- 
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phoric, and could be transferred from one tube to another with comparative ease in 
an atmosphere of hydrogen. These points deserve more extensive examination than 
we have so far been able to give them. 



§5. DISCUSSION OF RESULTS 

The value obtained for the susceptibility at room temperature compares 
favourably with the corrected value 11*3 xio~® obtained by Hadheld and his 
collaborators, in view of the differences in the preparations. There is, however, a 
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considerable difference between our value and those of Kapitza and Miss Wheeler, 
which must be due to differences in crystalline structure. It would thus appear that 
in the case of amorphous manganese there is less quenching of the electron orbits 
than in the other forms. The value obtained for the effective atomic moment, 3*09 
Bohr magnetons, agrees well with the value 3-05 given by Sadron^*^\ who finds that 
the manganese atom dissolves in manganese-nickel and manganese-cobalt alloys 
with a mean moment of this amount. 

The value of A, 1 540°, is remarkably high, and is very interesting in view of the 
value, 1720°, recently calculated by N^*el^*°\ He finds that a series of solid solutions 
of manganese in copper and silver obey Curie-Weiss laws, the appropriate values of 
the Curie constant in each case being directly proportional to the concentration of 
manganese. Hence the Curie constant for i gm.-mol. of manganese dissolved under 
these conditions can be computed. It is thus found that the manganese atom 
possesses an effective magnetic moment of 4*81 Bohr magnetons, which is con- 
siderably higher than any values hitherto recorded. 

Neel^"^ has recently given a theory of the constant paramagnetism of metals 
based on classical ideas. He supposes that in a specimen of pure manganese a 
negative molecular field causes alternate atoms to set with their moments oppositely 
directed so that the resultant magnetic moment of the specimen is zero. An applied 
magnetic field produces only a slight departure from this arrangement, and at high 
temperatures T greater than A the susceptibility is given by 

while at low temperatures T less than A the susceptibility is given by 

Xo=C/2^, 

i.e. wc have a constant susceptibility. Assuming that the value of Xo is 9*9 x io~® and 
taking his calculated value of C, Neel finds A to be 1720° from the last expression. 
It is therefore of some interest that a form of manganese exists which obeys a 
Curie-Weiss law even at low temperatures with A equal to 1 540°. 

The highest experimental values for the quantity A are found in the case of 
platinum. Foex and Miss Collet have recently shown that platinum specimens 
behave in a very complicated way in different magnetic fields and over different 
ranges of temperature, and give different values for the ^'ffective magnetic moment 
for A. I'o a first approximation A was here directly proportional to the value of the 
Curie constant. The highest value of A, 3420^, was found with a specimen which 
possessed a moment of 13 Weiss magnetons over the range —180 to — iio^C. 
Consequently, beyond a suggestion that a high value of A means the presence of an 
internal molecular field which opposes magnetization, no satisfactory explanation of 
these high values can at present be given. 

The modem quantum theory of the magnetic properties of metals has recently 
been discussed in an illuminating manner by Stoner Paramagnetism, on this 
theory, is attributed to electron spins. In the absence of a magnetic field the number 
of spins pointing in one direction is balanced by an equal number pointing in the 
opposite direction. The establishment of a magnetic field causes an increase in the 
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number pointing along the lines of force. Now according to the Fermi-Dirac 
statistics, this increase can only occur by the transition of electrons from cells of 
lower to cells of higher energy. In a metal the conduction electrons must be re- 
garded as occupying a series of energy bands, and accordingly the possibility of 
transfer depends on the energy-separation between successive bands. 

The comparatively high susceptibilities of the transition elements may be con- 
sidered to be due to a narrowing of these energy bands, which in these atoms are 
derived from five d and one s states. Stoner suggests that these bands probably over- 
lap, and perhaps should more properly be treated as one composite band in which 
the number of electrons able to contribute to the paramagnetism is equal to the 
number of unpaired electron spins in the atom. From these views is derived an 
expression for the susceptibility of manganese which requires that the variation with 
temperature over the range investigated in the above experiments should be of the 
order of 2 per cent, assuming the critical temperature, i.e. the temperature above 
which the conduction electrons may be taken to obey classical laws, to be 3150° K. 
Our experiments may therefore be interpreted as showing that the critical tem- 
perature must be much lower than this, and that the composite band must be very 
narrow. 
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ABSTRACT. The authors’ luminosity curves, trichromatic coefficients, mixture curves, 
complementary wave-lengths and their mixture in terms of luminosity, their hue-discrimi- 
nation curves and some data on saturation discrimination have been obtained and the 
results tabulated. The importance, for visual research, of complete data for individual 
observers, rather than mean curves for different groups of observers, is emphasized. 


§1. INTRODUCTION 

I N the discussion on a recent paper on hue-discrimination the question was 
raised of the relation between the discrimination function and the colour-mixture 
data for individual eyes. 'Fhis raises the larger question of the need, in visual 
research, of having complete information for each observer, rather than a number of 
mean curves, especially when these have been obtained for very different groups of 
observers. This need is of no particular concern in colorimetry, but visual problems 
can undoubtedly be attacked more profitably by investigating each individual 
observer completely, relating his various curves with each other, and then comparing 
the complete characteristics of different observers. This has led us to collect all the 
data we have for our own eyes and present it in a form suitable for comparing with 
other results as they become available. We believe this is the first time such complete 
information has been published for even one eye, but it is to be hoped that data for 
other observers will be forthcoming in the near future. 

It will be realized that the larger part of the tables and curves given here do not 
represent new observations, but results that have been extracted from previous 
publications. This applies to the trichromatic coefficients, the hue-discrimination 
curves and, indirectly, the complementary colours. The luminosity curves and the 
saturation data represent new observations. 

One or two points of interest are noted, but the results have not, as yet, been 
subjected to any detailed analytical study. 
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§2. APPARATUS 

The apparatus used for all the measurements has been the Wright colorimeter, 
and as this has been described in detail elsewhere no further description is given. 
The uses of the apparatus have also been given previously, so that, where further 
reference has been desirable in this paper, it has been made as brief as possible. 

§j. LUMINOSITY 

The evaluation of a luminosity curve involves two distinct measurements. We 
have first to compare the luminosities of narrow bands of a given spectrum and, 
secondly, we have to determine the relative amounts of energy in each band. There 
are three possible ways in which the first observations may be obtained, by direct 
comparison, by flicker, or by means of a trichromatic colour-match. The first 
method is useless for accurate work, the second is satisfactory if somewhat lengthy 
and tedious, while the third is very convenient and straightforward, provided the 
relative luminosities of the three primaries can be found. The latter method was 
adopted, as it was particularly convenient with our colorimeter, but it is surprising 
that the method is not more generally used in heterochromatic photometry. It 
should be very useful in these days, when gas discharge lamps of various colours are 
being used on such a large scale for illumination purposes. 

The energy in the spectrum viewed in the colorimeter was computed from a 
knowledge of the colour temperature of the pointolite lamp, from measurements of 
the absorption of a filter that was used and whose transmission was not strictly 
uniform throughout the spectrum, from an approximate correction for the ab- 
sorption in the prisms and lenses of the colorimeter, and from a further correction to 
allow for the varying width of spectrum transmitted through the exit pupil of the 
instrument. 

The results for W. D.W. and F.H.G.P. are given in the second columns of 
tables I and 2 and in figures i and 6 respectively. They have been corrected to give 
the relative luminosity of an equal-energy spectrum and the ordinates have been 
adjusted so that the maximum luminosity is in each case i*ooo. For W. D.W. the 
maximum is at 0-558 /x., while for F.H.G.P. it occurs at 0*562 /x.; these values 
compare with a maximum at 0*555 /x. for the standard luminosity curve. In the 
blue, both curves are somewhat higher than the normal curve, apparently owing to a 
less dense macular pigment, as will be shown below from the position of the white 
points in the colour triangle. 

§4. TRICHROMATIC COEFFICIENTS 

The trichromatic coefficients were obtained exactly as described elsewhere and 
further description is unnecessary. It has, however, to be decided in what form the 
results shall be expressed. In 1931, the Commission Internationale de Pficlairage 
defined the colorimetric characteristics of a standard observer in terms of three 
monochromatic radiations, 0*70 /x., 0*5461 /x. and 0*4358^1., while the units of the 



Table i. Colour characteristics for W.D.W. 





Table 2. Colour characteristics for F. H. G. P. 
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three stimuli were taken as equal when mixed together so as to match the colour 
possessed by a hypothetical source having an equal-energy spectral radiation. 



Wave-length (/x.) 

Figure i. T.uminosity curve and mixture curves for equal-energy spectrum (W.D.W.). 



Figure 2. Spectral locus and white point (W.D. W.), plotted in colour triangle on W. D. W. system. 
Dotted curve shows the locus of points having a just-noticeable difference in saturation from 
the spectral colours. 

Should the coefficients given here be expressed in the same framework.? It would be 
convenient, for instance, to be able to compare the authors' coefficients with those of 
the standard observer and it is certainly desirable to keep the number of different 
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reference systems down to a minimum. On the other hand, the standard observer 
has been defined for use in colorimetry and is only indirectly of interest to the 
physiological side of the subject. I'he system of units used by Wright in 1929 has 

0*50 

0*48 
3 

0-46 

0-44 
^ 0.4J 
0.40 

(J.'ii. 0-58 0-^,1) 0-02 0.64 0.(4i O-W 0‘70 

Waz'C'-let^fth A' (/x.) 

Figure 3. Curve showing relation between complementary wave-lengths 
A and A'(\V.D.W.). 



Sa 





Wave-letifith (/i.) 

Figure 5. Saturation discrimination (W.D.W.). Luminosity of white (480a"’ K.) which has to be 
added to unit luminosity of spectral radiation to produce a just-noticeable difference in saturation 
from the spectral colour. 

an advantage, from the latter point of view, that seems worth retaining. In this 
method the units of the primaries are based on matches of two monochromatic 
radiations, a yellow and a blue-green, instead of on a match with a source of con- 
tinuous-energy radiation. The spectral coefficients so obtained are unaffected by the 
density of the macular pigment while, on the other hand, the position of the white 
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point in the colour triangle is a direct indication of the yellowness of the pigment. 
This feature, we feel, should be retained, and although it could be done while still 
retaining the primaries prescribed by the Commission Internationale de Tficlairage, 
there would be little point in doing so if the units of the primaries were defined on 
another system. In fact, a hybrid arrangement of this sort would probably cause 
more confusion than two distinct systems. We therefore decided to retain the 
monochromatic basis, which we may perhaps be allowed to distinguish as the 
W.D.W. system, using the primaries we have employed for the past seven years, 
namely 0*65 /lc., 0-53 ft., and 0*46 ft. In the W.D.W. system, the red and green units 
are adjusted to be equal when matched against a yellow, 0*5825 ft., and the blue 
and green units are corrected so that equal amounts of 0*46 ft. and 0*53 ft. are re- 
quired in the match on 0*4940 ft. 



Wave-length {fi.) 

Figure 6. Luminosity curve and mixture curv^es for equal-energy spectrum (F. H.Ct.P.). 

The authors^ coefficients are given in columns 3, 4 and 5 of tables i and 2 and 
are shown in the colour triangle in figures 2 and 7. It is interesting to note that in 
the blue-green region, the slightly larger negative red coefficients for W.D.W. 
correspond to larger positive red values in the violet part of the spectrum. Also, the 
two white points, which by pure coincidence happen to be practically identical, are 
both on the blue side of the corresponding point for the standard observer, whose 
coefficients on this system are /^ = 0*249, ^ = 0*399, 5 — 0*352. This indicates that 
the authors’ macular pigment is rather less dense than that of the standard observer, 
and this would in turn account for the higher ordinates found at the blue end of the 
luminosity curve. The illuminant used to provide this white point was the Sb 
source, having a colour temperature of 4800° K., of the Commission Internationale 
de rficlairage (1931). 

§5. MIXTURE CURVES 

The mixture curves, which merely express the colour-mixture data in terms of 
luminosity, have been computed from the luminosity curve, the trichromatic 
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coefficients and the relative luminosities of the three primaries, in the usual manner. 
The data is given for an equal-energy spectrum in columns 6, 7 and 8 of the two 
tables and diagrammatically in figures i and 6. The three mixture curves when 
added together give, of course, the luminosity curve. Some small differences in the 
two sets of results, such as the shape of the red curves, the position of the green 
maxima and, most of all, the differences at the blue end, are of interest. 

§6. COMPLEMENTARY COLOURS 

Once the spectral locus and the white point in the colour triangle are known, it is 
possible, from the geometry of the triangle, to locate complementary wave-lengths. 
If a straight line passing through the white point intersects the spectral locus at 
wave-lengths A and A', then these two wave-lengths are complementary. Pairs of 
complementary wave-lengths have been found in this manner and are given in 
columns 9 and 10 of the tables. The values obtained will depend on the white 
radiation to which they refer and, as in the rest of the work, the Sji source of the 
Commission Internationale de Tliclairage has been used. For convenience, the 
complementaries have been given for radiations at intervals of o*oio/>t., both for the 
range between 0-40 /x. and 0-49^1. and for that between 0*57 /x. and 0*65 /x. The green 
region has, of course, no complementary colour in the spectrum. In figures 3 and 8, 
the results are shown graphically. 

Not only can the complementary wave-lengths be deduced, but the proportion 
in which they must be mixed can also be calculated and expressed in terms of 
luminosity, provided the luminosities of the primaries are known. The procedure 
involves merely the application of the well-known centre-of-gravity property of the 
colour triangle, combined with the luminosity values of trichromatic units of the 
radiations concerned. The results calculated in this way arc given in column 1 1 of 
the tables and show the intensity of A required to be mixed with unit intensity of A' 
to match the white illuminant. 

§7. HUE-DISCRIMINATION 

The determination of the authors* hue-discrimination curves has been described 
recently and the results given here have been extracted directly from the previous 
paper. In column 12 of the tables the wave-length difference required to produce a 
just-noticeable colour-difference has been tabulated for intervals of o-oio/x. 
through the spectrum. The results are shown graphically in figures 4 and 9. 

§8. SATURATION-DISCRIMINATION 

We should have liked to include some measurements on the relative saturation of 
the spectral colours, similar to the curves given by Priest and Brickwedde^*^ and by 
Martin, Warburton and Morgan These investigators have obtained curves show- 
ing the luminosity required by each monochromatic radiation to produce, when 
mixed with a given luminosity of white, a just-noticeable colour-difference from 
white. In figure 1 1 a mean curve taken from the paper by Martin, Warburton and 
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Figure 7. Spectral locus and white point (P'. H. Ct. P.), plotted in colour 
triangle on W.D.W. system. 



Figure 8. Curve showing relation between complementary 
wave-lengths A and A' (F. H. G.P.). 



Wave-let^th (ft.) 

Fig:ure 9. Hue-discrimination curve (F. H. G. P.). 
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Morgan is reproduced and shows one form of this relation. We can see, for instance, 
that the yellow region, o*57/Lt., is very much less saturated than the rest of the 
spectrum, since a greater intensity of the monochromatic beam has to be added to 
the white to produce a colour-difference. Pressure of other work prevented us from 
determining these curves for our own eyes, but we were able to obtain some results 
that we hoped would be equivalent by reversing the measurements and thus simpli- 
fying the experimental procedure. Instead of adding a small amount of mono- 
chromatic radiation to white, we added a small quantity of white light to the mono- 
chromatic radiation, to produce a difference from the spectral colour. This could be 
fairly easily carried out with our apparatus and we were able to get some results in 
a comparatively short space of time. 

The optical system necessary in addition to the colorimeter is shown in figure 12. 
The two monochromatic beams a and b coming from the colorimeter pass into a 
photometer prism P and are brought to a focus at the exit pupil E by the lens O. 
When the eye is placed at E, a 2°-square field is seen, one half illuminated by beam 
and the other by beam b. Parallel to this system, an optical bench B was fixed on 
which a 1000-watt lamp L could be moved by the observer so as to vary the illumina- 
tion on a magnesium oxide screen M placed at one end of the bench. A glass plate 
G mounted at 45° to the direction of beam b enabled a fraction of the light from the 
magnesium screen to be mixed with beam 6, and the observer merely had to adjust 
the position of the lamp L until he could just notice a difference in saturation between 
a and assuming these had been previously adjusted to be of the same wave-length. 
Two sectors and * 5 ^ provided further control of the intensities of the field if 
required. The intensity of beam a could, of course, be varied by the observer by 
using the photometer wedge belonging to the colorimeter. The 1000- watt lamp 
was run at the voltage required to give the Sji illuminant of the Commission 
Internationale de Tficlairage, when used in conjunction with the appropriate 
filter at F. 

The optical bench was calibrated against the colorimeter wedges and the re- 
lative intensities of the spectral radiation and the white light could be calculated 
readily. To ensure that a and b were accurately at the same wave-lengths, a pre- 
liminary hue-discrimination measurement was made. One half of the field was 
illuminated by A, while the other was altered by a small amount to a wave-length 
(A + SAj), until SAj was such that a just-noticeable colour-difference between the two 
halves of the field could be seen. The measurement was repeated on the short-wave 
side of A, to a wave-length (A — SA^), and the value was again recorded. To a first 
approximation SA^ = SAg , so that the mean value of (A + SA^) and (A — 8A2) will be A and 
the correct setting for identical wave-lengths can be found to within i or 2 A. This 
method was considered more accurate than independent calibration of the two 
wave-length scales on the apparatus. 

The intensity at which the observations were made was maintained at an approxi- 
mately constant level by the use of the sectors. Except for the wave-lengths of 
0*70 /X. and 0*46 /X., the intensities never differed by more than 25 per cent from a 
mean value of about 50 photons. 
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The steps as measured for 10 wave-lengths are given in column 13 of the tables. 
The values give /«,, the small white luminosity that must be added to unit intensity 
of each spectral radiation to produce a just-noticeable saturation difference. The 
results are shown graphically in figures 5 and 10. 



Wave-length (/tt.) 


Fijjure lo. Saturation discrimination (F.H. G.P.). Luminosity of white (4800” K.) which has to be 
added to unit luminosity of spectral radiation to produce a just-noticeable difference in satura- 
tion from the spectral colour. 



0*5 I i-- - ...J 1 I I 

0*44 0-48 0*32 0-56 0*60 0-64 0-68 

Wave-ler^th (/n.) 

Figure ii. Saturation discrimination — mean curve taken from Martin, Warburton and Morgan, 
showing the relation between spectral radiation (luminosity Lg) which, when mixed ith white 
(luminosity gives a colour (luminosity LcyLc = L, 4-Ljt,) which has a just -noticeable saturation 

difference from white. 

The rather unexpected result has been obtained that /„, remains very nearly 
constant for all wave-lengths. This result was quite definitely confirmed for W. D. W. 
on two or three occasions, and although time did not permit the observations for 
F. H. G.P. to be repeated so thoroughly, there was every reason to believe that more 
extensive observations would have produced equally constant results. The two end 
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values for W.D.W. were higher than the rest, possibly but not necessarily as a 
result of the lower intensity-level. It was of some interest to find that the intensity 
seemed to play a bigger part in changing the size of saturation-step than had been 
found in the case with hue-discrimination. This may be associated with the de- 
creasing saturation (increasing whiteness) known to occur as the intensity of a 
radiation is increased. 

There is a surprising difference between the saturation functions of figures 5 and 
10 and that of figure ii, but we consider that the latter is the more correct measure 
of the saturation for two reasons. In the first place, when the spectral radiations are 
added to white, all the measurements are made in one part of the colour triangle and 
the sensitivity of the eye to colour-differences will be practically the same for all the 
observations. In the other method, not only is the saturation a variable, but at each 



Figure 12. Diagram of optical system used for measurement of 
saturation discrimination. 


wave-length the eye will have a different sensitivity and the results will measure the 
combined effect of variations of saturation and sensitivity. Secondly, when the steps 
from white are being measured, the eye will be in practically the same state of 
adaptation for all the experiments ; but this is certainly not the case in the method we 
have adopted. Both these points suggest that figure 1 1 is the more reliable satura- 
tion function. Nevertheless, the more or less constant value we found for has to 
be explained and there is evidently room for further investigation. 

The saturation-steps plotted in the colour triangle are of some interest and we 
have therefore given, in figure 2, the first step from the spectral locus for W. D.W.^s 
colour triangle. It must be remembered when using this diagram that the colour 
difference is only a liminal one when measured along a line passing through the 
white point. It would be incorrect, for instance, to draw a normal to the spectral 
locus and regard the intersections with the locus and the dotted line as giving two 
points having a just-noticeable colour-difference. 
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§9. CONCLUSIONS 

Several points of interest have been brought out in the course of the paper and 
these are probably sufficient to demonstrate the advantage of a complete series of 
results for each individual observer. The value of each item is undoubtedly en- 
hanced by a knowledge of the remaining items, and when comparison is made with 
other observers, the manner in which the characteristics vary should be of particular 
value. These variations and their connexion with the more marked abnormalities of 
colour-vision, such as anomalous trichromatism, should also be of special interest. 
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ABSTRACT. This paper investigates the potential of a small cylindrical rod standing 
upon, and insulated from, a charged plane, and provided with a small collector at the top. 
Data of a direct observational comparison between such a rod and a standard piece of 
apparatus are given. The main part of the paper consists of a theoretical determination of 
the potential of the rod by means of an approximate solution of the integral equation 
involved. The investigation is extended to cover a certain range of values of the ratio of 
the diameter to the height of the rod. An attempt is made to indicate the distribution of 
charge on the surface of the rod in a special case. An estimate is made of the subsidiary 
error involved when the collector takes the form of a horizontal fuze which shortens as it 
burns away. 

§ I. STATEMENT OF THE PROBLEM 

T he measurement of the electric stress near the surface of the ground is a 
problem which has exercised the minds of meteorologists for several decades. 
The physical quantity which it is desired to measure is the vertical gradient 
of electric potential over a large horizontal surface, but in the earlier attempts the 
measuring apparatus employed itself distorted the field so much that the results 
obtained were subject to large error. 

Several improved forms of apparatus were devised about twenty-five years ago, 
and one which was adopted by the late G. W. Walker was installed by him at 
Eskdalemuir Observatory, Dumfriesshire, and has been in use there since. It con- 
sists of a thin insulated vertical rod, of which the lower end passes through a small 
hole in a large horizontal plane into an underground chamber, in which sits an 
observer with an electrometer connected to the rod. A collector is attached to the 
top of the rod in the form of a small burning fuze placed horizontally. 

It was originally assumed that when equilibrium had been attained the potential 
of the rod would be very nearly the same as the undisturbed potential at points in 
the horizontal plane passing through the top of the rod, and it is the object of the 
present paper to test the truth of this assumption. 

Under normal conditions the surface of the ground is negatively charged, and a 
qualitative consideration of the problem shows that as the rod is mainly at a higher 
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potential than its surroundings it must have positive charges on its surface, and its 
potential must therefore be higher than the undisturbed potential in the neighbour- 
hood of the burning fuze. In a paper by G. M. B. Dobson^*\ published about 
twenty years ago, reference is made in a footnote to a comparison between the 
vertical rod and another form of apparatus employing a horizontal rod, which 
showed that the former gave readings about 4 per cent higher than the latter. 
Unfortunately very few details of this test are available. 

Figure i shows in diagrammatic form the shape of the equipotential surfaces in 
the neighbourhood of a plain insulated rod fitted with an ideal small collector at the 
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Fi|?ure i. Approximate diagrammatic section of the equipotential surfaces in the neighbourhood of 
an insulated vertical rod loo cm. in height and 4 mm. in diameter, standing upon a charged 
horizontal surface and provided with a collector at the top. 

extreme top. It is demonstrated later that the critical equipotential which passes 
through the top of the rod takes a form in that region which departs little from that 
of a cone. This fact suggested that if the long thin fuze commonly used as a collector 
were placed on the slope so as to form a generator of the cone, then the presence of 
the fuze would not disturb the configuration of the equipotential surfaces, and 
observations so made would give results identical with those made with a plain rod 
and an ideal small collector. On this basis, a series of comparisons were made at 
Kew Observatory between a vertical rod with an inclined fuze and a modern form 
of apparatus substantially free from systematic error. This work was done subse- 
quently to the theoretical investigation, but it seems best to give an account of it 
first. 
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§a. AN EXPERIMENTAL DETERMINATION 

Early in the year 1933 a series of simultaneous readings of potential were madC) 
use being made on the one hand of a vertical rod fitted with an inclined fusCi and 
on the other a long insulated horizontal wire provided with a fuase in the middle. 
On theoretical grounds it is demonstrable that the latter form of apparatus is not 
subject to appreciable error due to distortion of the electric field. A description of 
it is given by Dr R. E. Watson 

The site of the comparison was the roof of the underground electrical laboratory 
at Kew Observatory and the surrounding level lawn. The roof consists of a hori- 
zontal surface 10 m. square raised about 25 cm. above the level of the surrounding 
lawn. The vertical rod protruded from the roof near the middle of the square, 
through a small hole from the chamber below, where the electrometer was placed. 
The rod could be removed and in its place a horizontal wire 18 m. in length could be 
stretched across the flat roof; the middle portion of the wire passed through the same 
point in space as had been occupied by the top of the rod, and had a small fuze 
fixed to it concentrically. As a standard of comparison another stretched wire, 
observer, and electrometer were situated on the lawn a little distance away, the 
latter observer took readings of his electrometer simultaneously with every observa- 
tion made on the roof, whether by means of the rod or the alternative stretched wire. 

The reading of potential by rod or alternative wire referred to exactly the same 
point in space, and the same electrometer was used for both. Strictly speaking 
there was a slight difference between the exposures of the rod and the alternative 
wire in that the observer was underground in the former case and above ground in 
the latter. He was however about 9 m. distant from the fuze, and furthermore his 
presence would to some extent affect the other stretched wire also, and therefore 
tend to be cancelled out in a direct comparison. 

The vertical rod employed was approximately i m. in height and 4*1 mm. in 
diameter. The theoretical investigation which follows shows that for such a rod the 
fuze should be inclined at 7° above the horizontal, and it was accordingly so fixed. 
At the point where it joined the vertical rod its axis was i m. above the roof, its 
diameter was 4^ mm. and initial length from 7 to 10 cm., burning away to nothing 
at the end of the test in each case. 

Seven complete comparative tests were made. In each case simultaneous 
readings were made by both observers at intervals of half a minute. Table i sets 
out the mean results of each portion of each comparison, the nomenclature adopted 
being as follows: 

Vr is the potential of the vertical rod ; 

Va the potential of the stretched wire over the roof ; and 

Vc the potential of the control wire over the lawn. 

The values of Vr/V^ have been derived from the mean values of Vr/V^ and VJVc 
in the rows above. The whole series was made under good conditions in dry weather 
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D«te, 1933' 

April 
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April 

7 

April 

7 

April 

8 

April 

10 

April 

II 

April 

II 

Mean 

No. of readings 
Mean of 

16 
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IS 

1*09 

IS 

i*ii 

20 

1*10 

20 

I *08 

23 

109 

IS 

IIO 

1*09 

No. of readings 
Mean of VJV, 

18 

1*02 

11 

I 05 

17 

1*02 

I-OO 

21 

i»o 6 

23 

1*02 

19 

1*03 

I 03 

VrIV. 

I 06 

1*04 

1*09 

1*04 

106 

1*06 

1*08 
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with a gentle breeze. The scatter of the individual values in the last row is too great 
to allow us to say with precision what the mean value of a very large number of 
similar observations would be, but it is fairly safe to say that it must lie between 
1*05 and 1*07. 


§3. THE THEORETICAL INVESTIGATION 

In dealing with the potential of the rod from the theoretical point of view it is 
necessary to simplify the conditions. The fuze will be supposed to be replaced by 
a particle of ionizing material attached to the tip of the rod, and the shape of the 
latter will be regarded as a cylinder of length h and diameter 2fl, having plane A, a 
orthogonal ends. I’he cylinder stands vertically upon, but is insulated from, an 
infinite horizontal plane which is uniformly charged with a surface density q. The q 
only physical property of the collector which we need consider is that it produces a 
state of equilibrium in which the surface density of charge at the top of the rod is 
zero. The. writer does not know of any published solution of this problem, nor of 
the more tractable case when the rod takes the form of a thin prolate spheroid. It 
can however be attacked by methods of approximation, and the method which has 
been adopted here was suggested by the description of' a somewhat similar process 
given by L. F. Richardson in a paper entitled “How to solve differential equations 
approximately by arithmetic 

The problem may be stated analytically thus. Take the axis of the rod as axis 
of F, the positive direction being downwards with the origin at the top of the rod. 

Let <7 be the surface density of the charge on the rod at the distance y from the top. a, y 

At the top end of the rod the surface density is zero: at the bottom end, which is 
nearly in contact With the infinite plane, there will be a large charge. The latter will 
have in close proximity a corresponding charge on the plane, nearly equal and 
opposite to it, and the external effect of such pairs falls off as a high power of the 
distance. Its effect will be ignored in the present investigation. We are therefore 
solely concerned with charges on the cylindrical surface. The surface density of 
the charge on the infinite plane is disturbed by the presence of the charged rod ; its 
effect may be dealt with by the method of images, so that we shall envisage the 
problem as that of a charged rod above the plane, the image of the rod below, and the 
plane having a uniform surface density q. 
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Again, if a/yj be small and be positive, this reduces to 

= ‘ -^) + (<^.-<^1) t)} 

If the portion of the shell considered lie on the negative side of the origin, 
equation (2) must be modified; in that casejVa is zero andjVj is negative. 

We then have 

s (‘ a) ^■)} 

If the origin be at the centre of a portion of the shell whose total length is 2yi , 
then by a similar process we have, when ajy^ is small, 

P, = ^^“(a.-«r,)(log^^‘-i) (4). 


Again, the potential <^o the origin O, due to the portion of the shell lying 
between the limits >^1 and 3/2? is given by the integral 

= 27 ra I a{y^-\- a^)~^ dy. 


Whence, proceeding as before, we obtain the equation 

'h = [(‘'2 - O'!) {W + - W + - ‘^2 ji) log (tan ^2 cot J0i)] . 

yi~yi 

If ajy be small and y^ and jg l^ave the same sign, this reduces to 


(l>Q = 2TTa 




y2-yi ^yx 




Again, in the special case when ajy^ is small, y^ is zero and y^ is positive, we have 


= 27ra |<Ti log + (<72 - (7,) ( I 


To find the potential due to the shell at an external point T, take axes as before 
and suppose that the co-ordinates of T are given hy x~x and 3; = o. Suppose also 
that X is large compared with a, so that we may take the surface charge on the shell- 
to be concentrated along the axis, that is we may take ajy to be negligible from the 
start. 

The potential at T due to that part of the rod lying between the limits jv=jVi and 
y =y^ is then given by the expression 


(j)T=2TTa 1 a{y^-{-x^) ^dy. 

JVi 


Integrating, we obtain 

<Ar=:,^~ r(<^i3'2-<^2>'i) log (tan cot i^2) + (‘'2-t^i) {(V+**)*-(3'i® + **)*}] 


where 0i = tan~^ xjyi and 62 = tan“^ xly2 
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§4. NUMERICAL EXAMPLES 

By the aid of the general equations (i) to (7) the numerical equations may be 
written down in any specific case. As has previously been stated, attention has been 
confined to the case of a rod i m. in height and 4 mm. in diameter. The calculations 
have been made for values of n from i to 5 inclusive. In each case the constants 
etc. have been computed, and thence the potential at the top end of 
the rod determined. Lack of space prevents the setting out of the work in detail, but 
a summary of the results is given in table 2. Each row in the table deals with one 
definite hypothetical case. The last column gives the potential computed for the top 
end of the rod ; this is a somewhat arbitrary proceeding because if the computation 
had been made for some other point on the rod the figures would not necessarily 
have been quite the same, though they must approximate to the same limit as n is 
increased. There are advantages in computing for the top, because that is a region 
of zero stress at the surface of the rod. 


Table 2. Computed values of the density of the surface charge on a rod i m. high 
and 4 mm. in diameter in the five hypothetical cases considered, with the 
resultant potential at the top of the rod relative to the plane 


Dis- 
tance 
from 
top of 
rod 
(cm.) 

0 

20 

25 

33-33 

40 

50 

] 

60 

6667 

75 

! 

80 

100 

Potential 
of the 
top of 
the rod 
iV) 





(Surface density of charge on rod) x 41T 




M= I 

0 

— 

' — 

— 

— 

— 

— 

— 

— 

1 — 

1 104-90 

106-417 

n — 2 

0 

— 

— 

— 


4770 

— 


— 

1 

j 12310 

106-090 

n = 3 

0 

— 

— 

3232 

— 

— 

— 

6625 

— 

~ 

136-69 

106-134 

11 = 4 

0 

— 

24-71 

— 

— 

48-95 


— 

77-29 

— 

148-13 

106-184 

« = 5 

0 

20* 1 3 

— 

— 

39-25 

— 

59-77 

— 


8510 

158-32 

1 106-224 


We see from table 2 that the potential of the rod appears to be somewhat in 
excess of 106. If the rod were removed the potential at the level of the top would be 
100, so that the disturbance produced by the rod is of the order of 6 per cent or 
more. To determine the limiting value we may plot the potential against i/n and 
extrapolate the curve. The figures in the last column of table 2 are shown plotted 
as small circles in figure 2. Such a method is not very satisfactory, and it is better 
to proceed as follows. There is every reason to suppose that the potential converges 
to a limit as n is increased indefinitely; call this limit V' and we may assume that 
the difference between V' and the estimate obtained by using any particular value 
of n will take the form 


ct/n + p/n^ -r y/n^ + B/n* -f . . . , 
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where a, jS, y, 8, etc. are independent of n. From the data of table 2 five equations 
may now be formed from which to determine V' and the first four coefficients 
a, Py y and 8, provided that it may be assumed that the rest of the series is in- 
significant. 

Thus, 

106-417— F'= a-f y-f 8, 

106-090- F' = Ja+ hy+ 

106-134- F'=Ja-f- 
106-184— F' = ia 4 -YV^ 4 - 
106-224 - F' = -h + rhy + 

Solving, we find a=— 1-653, j^== +2-287, y=— 1*358, 8= +0-669 and 
F' = 106*47. 



Fig. 2 . Estimates of the potential at the top of the rod, and at a point level with the top 
but I2’5 cm. distant from it, based on various values of i/w. 


As a check the same process was followed using only the first three terms and the 
first four equations; in this case the value of F' was found to be 106*45. 

As the validity of the limiting value is vital to the investigation it has been 
examined in another manner. If the hypothetical distributions of charge given in 
table 2 agree closely with the real distribution, then it must follow that the values 
of the function dVfjdy derived from them must approximate to unity at all points 
on the axis of the rod. The values when 11 = 5 are shown plotted in figure 3, from 
which it will be seen that the agreement is reasonably good except at the extreme 
top and near the bottom. The same procedure was carried out for smaller values of 
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n, and it was found that both discrepancies decrease as n increases. Discrepancies 
at the bottom have little influence in any case, while at the top was found to 
decrease in a manner roughly proportional to i/n. Hence there is no reason to 
doubt that the calculated potential will converge steadily to a limit as n increases, 
and also that the most important terms in the expression for the difference between 
the estimate and its limit will be those involving the smaller powers of n. 

When the figures obtained above have been rounded off, the best estimate of 
F' which the present investigation can give is 106-5 for a rod 100 cm. in height 
and 4 mm. in diameter. 



Figure 3. Values of dV^jdy along the axis of the rod, computed for the case in which w = 5. 


§5. AGREEMENT WITH EXPERIMENT 

The value of the potential just obtained may be compared with the experimental 
result on page 221. The agreement is not perfect, but is good enough to check the 
general accuracy of both methods. The theoretical investigation suggests that the 
experimental value must be too low; there is no reason why it should not be so, 
since it is always difficult to avoid appreciable casual error in observations of 
potential gradient. The scatter among the seven experimental determinations on 
page 221 is such that the true mean may be as great as 106-5 can tell. 

There is a difference between the practical case and the theoretical one in that 
in the former the rod passes through a hole in the plane, whereas in the latter it 
does not. If the hole be small this is immaterial, as the difference in the electric 
stress in the two cases is entirely negligible except in the immediate neighbourhood 
of the hole, where it does not affect the calculations. 
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§6. THE SHAPE OF THE EQUIPOTENTIAL SURFACE PASSING 
THROUGH THE TOP OF THE ROD 

It appears from the foregoing calculations that a reasonably good estimate of the 
potential of the rod can be made even when n is as small as 2 or 3. We may therefore 
with confidence make use of the hypothetical distributions to determine the shape 
of the equipotential surfaces near the top of the rod. Since there is no charge at the 
top of the rod there can be no question of discontinuities in that region. Taking 
axes as before, consider the potential at a point (x, y) in space near the top of the 
rod ; using equation (7) we may deal with the several portions of the rod and image 
as before and work out To find V we remember that V~ FyH-(ioo— where 
y is measured in centimetres. 

The work is tedious but presents no difficulty ; it was found convenient to take 
points at horizontal distances from the rod of and i.e. 12*5 and 6*25 cm. The 
potentials are set out in table 3 for various values of w. 


Table 3. Values of and V at points in space at and near the top of the 
rod in various cases of hypothetical distribution of charge on the rod. 


Co-ordinates 
{x, y) (cm.) 

(0, 0) 

(6-25, 0) 

(6-25, - i-2s) 

(i 2 - 5 > 0) 

(12-5, -2-5) 

W=I Vr 

6-417 


— 

5*233 

4-880 

V 

106-417 

— 

— 

105*233 

107-380 

n~2 Vr 

6090 

— 

— 

5*023 

4-670 

V 

106-090 

— 

— 

105-023 

107- 170 

'~r^ 3 Vr 

6133 

— 

— 

5055 I 

— 

V 

106133 

— 

— 

105*055 1 

— 

« = 4 Vr 

6-185 

5 602 

5-370 j 

5*057 

4*685 

V 

106-185 

105-602 

106-620 1 

105-057 1 

107-185 

~~n^v 7 ~ 

6-225 

— 

— 

5085 ' 

— 

V 

106-225 

— 

— 

105-085 j 

— 


Taking the case in which w = 4 we can find the points at the same potential as the 
top of the rod by interpolation on the ordinates x~& 2 $ and x=i 2 '^. They are 
found to be (6-25, --071) and (12*5, —1-32). These are nearly collinear with the 
top of the rod. Since the distribution in this case has been shown to be not far from 
the true one, it may be inferred that the curvature of the equipotential through the 
top of the rod in the actual case will be very nearly the same as in that just found. 

It is next necessary to determine the limiting value of at the point (12-5, o) 
when n is infinite. The five estimates in table 3 are plotted as small squares in 
figure 2. The means of calculation employed (slide-rule and four-figure tables) 
were not quite accurate enough to give a smooth curve, but as the principles in- 
volved are exactly the same as before we may draw a smooth curve through the 
points, as far as they allow, similar in shape to the curve above. This curve may then 
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be extrapolated to the ordinate through the origin by exactly the same process as 
before, save that as we have already smoothed the curve we can only profitably work 
from four points instead of five. Solving the necessary equations, the limiting value 
of V is found to be 105-17. 

Lastly we require the limiting value of the vertical potential gradient near the 
point (i2*5, o). Table 3 shows that there is little difference between the computed 
values whether « be i , 2 or 4, and therefore we may take the value in the latter case 
as indicating the actual value sufficiently closely for the purpose, namely a gradient 
of 2-13 in 2*5 cm. 

From the data of the last three paragraphs the equipotential through the top of 
the rod in the actual case may be determined thus: 

The potential at the top of the rod is 106-47. 

On the ordinate = 12-5 this potential occurs at the point given by the equation 
.V= —(1*30/2-13) X 2-50 cm. That is, ““^’53 om. 

Allowing for curvature the intermediate point is 

a: = 6-25 cm., y= —0-87 cm. 

Since the equipotential surface is symmetrical with regard to the axis of F, its 
form near the top of the rod is very nearly that of a cone, having a semi-vertical 
angle of 83° from the vertical drawn upwards. It follows that if a thin conductor 
not more than 13 cm. in length be attached to the rod at this angle at the top, it 
will lie in an equipotential surface, and the collector may be placed at any point on 
it without altering anything. Hence a fuze fulfilling these conditions will maintain 
the rod at the same potential independently of the length of the fuze as it burns 
away. 


§7. THE ACTUAL DISTRIBUTION OF THE CHARGE ON THE 
SURFACE OF THE ROD 

It remains to discuss the actual distribution of charge on the rod. Five approxi- 
mations have been worked out for a rod 100 cm. by 4 mm., and in figure 4 three of 
them are shown plotted corresponding with values of w of 1,3 and 5 ; the other two 
are very similar but have been omitted for the sake of clearness. The question is, 
what form would the curve take if n were very great? 

Since the various approximations have all yielded estimates of the potential 
which have been shown to be not far from the limiting value, they cannot be very 
far from the true distribution, except at the bottom end which has not been 
explored. Taking the case when « = 5 as the best, certain refinements suggest them- 
selves which may be applied to it. In the first place, an examination of figure 3 
shows that at the extreme top of the rod the gradient of charge must be somewhat 
steeper than has been postulated. Also at 20 cm. above the plane rather too steep 
a gradient has been obtained. Furthermore, table 2 shows that at 50 cm. above the 
plane the densi^ is on the whole tending to increase as n increases from 2 to 5, 
while the density at the bottom if plotted against ijn suggests an asymptotic curve 
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when n is large. These several points have been incorporated in the upper curve in 
figure 4. The noteworthy feature is the close approximation of the curve to a straight 
line over the upper two-thirds of the length of the rod. 



Figure 4. Graph of the product 47r into the density of the surface charge on a rod 100 cm. in height 
and 4 mm. in diameter, for various values of n. The limiting case is shown above as ABC. 


§8. EFFECT OF THE DIMENSIONS OF THE ROD 

The results so far obtained have been based on a rod of definite dimensions; we 
have next to consider how far they are generally applicable. It will be seen that in 
the equations for the determination of Pq on pages 223, 224 each term is homogeneous 
and of the first power in a, but of zero dimensions in the linear factors. Also in the 
equations for the determination of the terms are of the first power in both <7 and 
the linear factors. The same conditions apply to the electric stresses and potentials 
due to the charged plane. It follows that provided the ratio of the diameter to the 
height of the rod remains the same, identical values of <7^, < 7 ^,, cr^, etc. will be 
obtained whatever the height of the rod may be. Equipotential surfaces will remain 
similar figures as the scale varies, but the absolute magnitude of the potential will be 
proportional to the linear dimensions. Hence for any rod for which the ratio of 
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diameter to height is 0*004, the preceding results are immediately applicable by 
the application of a simple dimensional factor to all the potentials. 

If the ratio of diameter to height be varied, further examination is required. 
By means of the same methods as before the potentials were worked out for rods 
100 cm. in height and 2 and 6 mm. in diameter. They are tabulated in table 4, in 
which for convenience the results previously obtained for a 4 mm. rod are also 
included. The limiting values of Vr (0), the value of V2 at the top of the rod, have been 
determined from the four cases when «=i, 2, 3 and 4, respectively. The limiting 
value of Vf (0) for a 4-mm. rod is not exactly the same as that previously found by 
taking five values of n, but we may with little risk of error assume that though the 
actual values in the fifth row of table 4 are not the best available, yet the proportions 
between them are very nearly correct. Accordingly in the last row are entered the 
estimated values of the potential, based on the previously accepted value of 6*47 for 
the 4-mm. rod. 


Table 4. Potential K, (o) for rods of various diameters 


Diameter of rod 

0*2 cm. 

0*4 cm. 

1 0-6 cm. j 

« = i i 

5*612 

6-417 

1 7-000 1 

W = 2 

5*372 1 

6ogo 

i 6-609 

« = 3 ' 

5*395 

1 6134 

i 6-658 , 

n = 4 

i 5-436 

6184 

; 6-721 

Limiting value of (o) deduced from above 

1 5-704 

6450 

1 7*077 

j Estimated value of potential 

s-72 

6-47 

' 7-10 


'Phc shape of the equipotential surface through the top of the rod can be worked 
out in detail as before, but it is not necessary to do so. I'he potential at any point 
external to the rod is determined by means of equations similar to (7) on page 224, 
from which it is seen that Vj. is proportional to 2acr, where a is used in the general 
sense. If then in any special case all the a*s are altered in a certain ratio, the 
external potentials Vy will also alter in the same proportion. 

In table 5 the figures are given for the surface distribution on the three rods in 
the hypothetical case when « = 4. 025 denotes the surface density at 25 cm. from tiie 
top, and so on. 

Table 5. Surface density when « = 4 on rods 100 cm. in height and of 
various diameters 


Diameter of rod 

0-2 cm. 

0*4 cm. 

0-6 cm. 


43*5 

24-7 

17-9 

<^50 

86-3 

49*0 

35*4 


135*7 

77*3 

56-1 

<^100 

246-4 

148-1 

iti-9 

2<Z <^25 

8-70 

9-88 

10-74 




15-2 
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It will be seen that the distributions in the three cases are very nearly similar; 
the only appreciable discrepancy is at the bottom of the rod, where the effect on 
the potential is comparatively small ; we may assume that much the same conditions 
exist in the actual case. The values of 2a in the bottom row may therefore be 
taken to represent the proportional magnitudes of the similar distributions of linear 
charge on the three rods. It follows that the external potentials are proportional 
to the values of aao-js bottom row. Now it will be seen from table 4 that 

when 72 =4, Vr (o) is also very nearly proportional to 2a ( 726 1 s® that the configurations 
of the isopleths of passing through the tops of the rods are very nearly identical 
in the three cases. This result has been proved for the case of w = 4, it can readily 
be worked out and shown to be true when 72 = 2, and we may assume that it is true 
in the actual case also. 

If now we repeat for rods 0*2 and o-6 cm. in diameter the analysis made on 
page 228 we find the equipotential surfaces through the tops of the rods to be cones 
of semivertical angles 83*8° and 81*9° respectively; if fuzes be used with such rods 
the angle of inclination must be adjusted accordingly. 

I'he results so far obtained may be put in the following general form. A vertical 
rod of height h and diameter 2a is exposed in the manner before described on an 
infinite charged horizontal plane, having a surface density of q. At the top is fixed 
a small collector, or a fuze whose length does not exceed set at an angle of if/ 
above the horizontal. The potential V' of the rod and the appropriate value of i/j are 
set out in table 6 for various values of zajh. 


Table 6 


2a/h 

0*002 

0004 

0006 

V'f 4 ^qh 

- 10572 

— I *0647 

— 1*0710 


6*2" 

0 

0 

T,. j 


§9. THE INFLUENCE OF THE FUZE AS COMMONLY EMPLOYED 

When the vertical rod is used as a means of measuring the electric stress it is 
usual to fix the fuze horizontally, and in such a case the conditions are not quite the 
same as those which have been discussed above. With a rod i m. in height and 
4 mm. in diameter the fuze is generally about 12*5 cm. in length and about 5 mm. 
in diameter, and bums away to nothing in the course of the observation. At the 
start the active end is situated at the point whose co-ordinates. are (12*5, o), where 
it will be seen from the results given on page 228 that the potential, apart from the 
presence of the fuze, is less than that at the tip of the rod by 1*30. It is not possible 
however to say that the equilibrium potential of the rod and fuze will therefore be 
less by this amount, because the field of force is altered by the presence of the fuze. 

An approximation can be made in the following way. Roughly speaking the 
fuze lies in a potential-gradient along its axis of 0-104 per cm.; using equation (4) 
and the same methods as before, and assuming a uniformly increasing surface 
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density of charge on the fuze from the burning tip to the junction with the top of 
the rod, we find that a fuze 4 mm. in diameter would have a surface density of 

— o-53/7r at its junction with the rod, and one of 6 mm. a surface density of 

— 0*40/77. Considering the case of the 4-mm. fuze, since there cannot be a dis- 
continuity as between fuze and rod we may assume that the charges on the rod have 
been modified in such a way that the surface density at the top is now —0*53/77 
instead of zero. As a rough approximation it may be assumed that this modification 
takes the form of a uniform reduction by 0*53/77 of the surface density all over the 
surface of the rod, which if anything will be an overestimate. Acting on this 
assumption and using the formulae and methods already given we may calculate by 
how much the potential of the rod and fuze is less than that of the original rod 
alone. The result is that for either a 4- or 6-mm. fuze the potential is about 0*65 
less than the original potential at the point (12*5, o). 

On this basis the potential of the rod and fuze when the fuze is 12*5 in length 
will be (106*47 — 1*30 — 0*65), or 104*52, increasing to 106*47 as it just burns away. 
Taking the mean over the life of the fuze we have 105*5 as the mean potential of the 
rod and fuze. This result is not greatly dependent on the diameter of the fuze, and 
may be applied to any between 3 and 6 mm. 


§ lo. CONCLUSION 

The writer feels a certain amount of diffidence in presenting this approximate 
solution of a problem hitherto unsolved. Such solutions are liable to leave loose 
ends here and there, and details are inevitably open to criticism. The method of 
procedure however seems to have been justified by the agreement between the 
calculated potential and that found by direct experiment. 

An interesting point arose in the course of the work in the choice of the best 
positions on the axis at which to equate dV^ldy with the electric intensity due to the 
undisturbed plane; the upper ends of each section were tried instead of the middle 
points, but the result failed to give an approximation to the limit with any reasonable 
value of w. The reason became apparent when a diagram similar to that of 
figure 3 was plotted; the curve showed great oscillations, and these became more 
pronounced as n increased. A few graphs drawn for several values of n on this 
principle provide an excellent criterion of the validity of the method of approxima- 
tion employed. 

A noteworthy feature of the method which was finally adopted is the com- 
parative closeness of all the several estimates of the potential of the rod to the final 
limiting value. Even the worst of them, when n = 2, departs from it by an amount 
which is less than the error which nearly always exists in any individual observational 
measurement of the potential-gradient. The simple case when w= i, the calculations 
of which only take a few minutes to perform, yields a surprisingly close estimate. 
Unfortunately this could not be predicted beforehand, but the fact may be useful 
in other applications of the same process 
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ABSTRACT, Two emission band systems attributed to CdF are described and analysed. 
One, in the orange region, is probably due to a transition, and the other, in the 

yellow-green, to The vibrational analyses suggest that the two systems have a 

common lower state, which is presumably the ground state. The origins of the two 
systems are roughly 16558 and 18871 cm:^ respectively, and the vibrational coefficients 
and XgWg are of the orders 694*3 and 4*96 for the lower ^2 state, 704*4 and 5*74 for the 
*11 state, and 672*4 and 5*14 for the excited *S state. The heats and products of dissocia- 
tion and the electronic structures of the three states of CdF are discussed. 


§1. INTRODUCTION 

I ITTLE seems to he known about the spectra of cadmium fluoride. The 
spectrum of CdH is well known and the existence of certain bands supposed to 
^ be due to the molecules Cdg, CdO, CdClg, CdBrg and Cdlg as studied in 
emission in flame and discharge tube is also quoted in literature Spectroscopic- 
ally the CdF molecule should behave similarly to BeF, MgF, CaF, SrF and other 
similar molecules. The spectra of these molecules are studied and detailed vibra- 
tional analyses are available Data on some of them have also been utilized 
recently by Lessheim and SamueF*^ in explaining the linkage between the valence 
electrons of the two constituent atoms. In each of these molecules the metal atom 
has two valence electrons, both in the s state, while the halogen has five p electrons 
in the outermost ring. Following Herzberg^^\ these authors show that for the 
formation of a molecule in such cases the excitation of one of the s electrons of the 
metal atom to a state is necessary before linkage can take place with one of the p 
electrons of the halogen. From the spectra of CaF and SrF etc. they show further 
that the anomalous terms of the alkaline earth atoms are involved in such of the 
higher electronig energy levels of these molecules as have a dissociation energy 
greater than in the ground level. It was thought that CdF may behave in a rather 
analogous way and an investigation of its spectrum was therefore undertaken. 

§2. EXPERIMENTAL PROCEDURE 

Pure cadmium fluoride was packed in bored copper rods, and also in Hilger’s 
pure graphite rods in some cases, and the arc on no volts d.c. was struck between 
them. It was found that a current of about 5 amperes developed the bands with 
optimum strength. The bands were found to lie in the range AA 6000-6300 and 
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^ 5300-5530; the entire quartz and glass regions up to 9000 A. were explored with 
low-dispersion instruments, but no other bands were developed. In their general 
appearance the bands are very similar to those of CaF. 

The region to be explored having been ascertained, the bands were photographed 
with instruments of higher dispersion. A Zeiss 3 -prism glass spectrograph which 
gives a dispersion of about 35 A. /mm. betw’een AA 6600 and 6000 and about 25 A./mm. 
between AA 5500 and 5300 was employed. A small concave grating with a radius of 
124 cm. and 30,000 lines to the inch, having a dispersion of about 10 A./mm. in the 
first order, was also employed. 




Figure 1. 


For the final photographs three plates were taken for the orange and yellow-green 
bands with the 3 -prism spectrograph and two with the grating for the orange. 
They were measured on a Zeiss- Abb6 comparator readable directly to o'ooi mm. 
and estimable to o-oooi mm. ; in every case the cross-wire was focused on the most 
intense part of the band-head. The copper lines, the cadmium- lines and some iron 
lines were used as standard wave-lengths. In the case of the prism spectrograms 
wave-lengths were calculated by means of the usual Hartmann dispersion formula. 
The mean of three measurements of wave-lengths calculated on three separate 
plates in the case of the prismatic spectrograms and two of the grating was taken. In 
most cases the agreement in wave-lengths measured on the different plates was 
satisfactory, the maximum divergence being 1 A. On account of the rather low 
dispersion used and the rather diffuse nature of some of the band-heads, very high 
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accuracy cannot be claimed, the probable error being about 0*3 A. for the prism 
plates and 0*1 A. for the grating plates. However, in the entire region in which the 
bands lie, an error of 0*3 A. introduces an error of not more than one unit in wave- 
number values. 

Figure i contains the reproductions on an enlarged scale of the various spectro- 
grams taken. A glance at these pictures reveals the close similarity in the physical 
structure between these bands and those due to CaF; the bands in the orange, 
figure I a, are evidently similar to the red bands of CaF, and those in the yellow- 
green, figure I by to the green bands of CaF. Analysis further shows some more 
similarity to which we shall come later. Tables i and 2 give the heads of the two 
different systems of the CdF bands arranged in the usual v' v" notation. 


Table i. CdF yellow-green bands 



Rz heads 

Ri heads 


R2 heads 

Ri heads 

v'" 

^alr Vvac. 

Aalr I'vac. 

V ,v' 

Aair J'vac. 

Aalr I'vac. 

0, 0 

2 530i’3 18858 

2 5299*3 18865 

0, I 

1 5500-2 18176 

1 5497*7 18184 

I, I 

2 5307-0 18838 

2 5305*5 18843 

1, 2 

1 5504-2 18163 

0 5501-1 18173 

2, 2 

I 5313*2 18816 

I 5311*3 18823 

2, 3 

I 5508 5 18149 

I 5506 0 18157 

3 . 3 

I 5319*5 18794 

I 5317-8 18800 

3 , 4 

1 5511-7 18138 

0 5511-0 18141 

4 » 4 

I 5325 2 18773 

I 5323 7 18779 

4 , 5 

I 5516-2 18123’' 

I 6515-7 18125 

5 , 5 

3 5334*3 18741 

1 5329-7 18758 

5» 6 

1 5520-5 18109 

0 5518-7 18115 

6, 6 

3 5340-6 18719 

1 53362 18735 

6. 7 

0 5524*8 18095 

0 5523*6 18099 

7 , 7 

8, 8 

9 , 9 

10, 10 

I 5346-9 18697 

0 5353*8 18673 

1 5360-4 18650 

I 5367 0 18627 

5 5342-9 18711 

4 5349-2 18689 

2 5355-6 18667 

7 , 8 
8 . 9 

0 5529 6 18079 

1 

I 5528-1 18084 
5532-0 18071 


Table 2. CdF orange bands 


v\ v'" 

Q2 heads 

P2 heads 

Qi heads 

Pi heads 

Aalr I'vac. 

^alr I'vac. 

Aalr I'vae. 

Aalr I'vac, 

0, 0 

1, 1 

2, 2 
3 » 3 

4 , 4 

5 , 5 

6, 6 

4 6036-9 16561 

3 6034-6 16567 

3 6032-5 16572 

2 6031-0 16576 

I 6029-3 16581 
I? 6027-9 16585 

1 6053-3 16515 

5 6050-6 16523 

5 6048*6 16528 

2 6046-7 16533 

I 6045-0 16538 

0 6043-1 16543 

4 6064-3 16485 

4 6061*8 16492 

5 6o6o-o 16497 

3 6058*8 16500 

5 6057-6 16504 

3 6056-0 16508 

3 6054-7 16512 

5 6082*5 16436 

2 6079-4 16444 

I 6077 7 16449 

I 6076- 1 16453 

I 6074-6 16457 

I 6073*5 16460 

I 6072-4 16463 

0, I 

1, 2 

2, 3 

3 , 4 

5, 6 
6,7 

5 6297-0 15876 
(Masked) 

4 6285-5 1590S 

5 6280-9 15917 

5 6276*1 15929 

4 6272-5 15938 

4 6268-3 15949 
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§3. DESCRIPTION OF THE BANDS 

As is well known the wave numbers of the origins of bands belonging to the 
same electronic band system are expressed by the formula 

= I'. + K' (v^ + i) - {v' -f m - [oj/ (v'' + i) - + in 

If, as in most cases, only the heads of the bands are known, the same equation is 
satisfactory, provided the wave-number difference between the origin and the heads 
is constant for all the bands. In many cases however the situation is not very 
simple, and, according to the nature of the emitter, many characteristic behaviours of 
the system are met with. In this particular case, as in the case of CaF, SrF, CaCl, 
SrCl and other similar molecules, we find that only two sequences are developed, 
namely the o, o and the o, i. This points clearly to a case in which the vibrational 
frequency and the anharmonic constant do not differ greatly in the various electronic 
levels. Further, the moments of inertia being also about the same, the peculiar 
physical structure of the bands pointed out by Johnson obtains here. The simi- 
larity between these bands and those of the already known molecules of the alkaline 
earth halides has been of considerable help in arriving at a proper analysis of these 
bands. 

In the yellow-green system we find that the o, o sequence is very clearly de- 
veloped. Each band-head is accompanied by a nearly equally intense band-head, as 
in the case CaF. This band system evidently belongs to the transition ^ in the 
molecule. The double-headed structure of the bands may be due, as Harvey has 
pointed out in the case of CaF, to the two R branches (arising from a wide p-type 
doubling) each forming a head of its own. If, on the other hand, we regard one of 
these as a head and the other as a head, as Johnson does, it is rather difficult 
to explain how such strong Q branches can be present in a S transition. Quite 
empirically, therefore, we call the two heads R^ and R2. Along the sequence the 
band-heads go on diverging, and this is a clear indication that we are dealing with an 
excited level for which, though the frequency of vibration is smaller than the fre- 
quency of vibration of the unexcited state, the anharmonic constant is bigger; in this 
respect also these bands are perfectly analogous to the similar CaF band. The o, i 
sequence is rather diffuse; but it has been possible to measure Ri and R2 heads. 
Photometric plates of the bands of this sequence were also taken on a Zeiss record- 
ing micro-photometer, which helped to identify the position of the bands with 
more exactness. Figure 2 is a reproduction of the photometric plate taken of this 
sequence. For the purpose of calculation the values measured on. the photometric 
plates are utilized. 

The orange system develops the o, o sequence strongly and its structure clearly 
indicates that a 11 — >-2 transition is involved. There are two Q heads and two P heads 
in the o, o sequence. The o, i sequence however develops only Q heads; this is a 
handicap for the analysis of the bands, but it seems fairly certain that this is the Q 
series corresponding to the Q2 series of the o, o sequence. The other arrangement of 
putting them with the Qi series changes the vibrational frequency by 75 cm:^, 
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which is highly improbable because we should then have no similarity between the 
final level of this band system and that of the yellow-green system. The analysis was 
attempted with a view to correlate, if possible, these two electronic levels, and this 
we think is perfectly natural because of our knowledge of the behaviour of similar 
molecules. The appearance of only one Q branch in this sequence is rather sur- 
prising but by no means exceptional. We know, for example, that in the analogous 
bands of CaF^**^ the o, i sequence develops only two Q branches + 

^j3i2 + Pi) fairly well, while one of the P-head sequences (Pg) is completely absent, 
and the other P heads (^Pia) are very weak. The o, i sequence on the other hand 



Fififure 2 . 

develops only one (y-head sequence, and this jy-head sequence goes, as in our case, 
with the Q 2 of the o, o sequence. An interesting explanation of such a situation in 
CaF is put forward by Harvey and it is clear that the same may be extended to this 
case also. From all these considerations we believe that we have correctly placed the 
o, I sequence in the quantum analysis. An isotopic effect would have been an in- 
fallible guide in such analysis but unfortunately no such isotopic heads are observed ; 
cadmium possesses several isotopes but the abundance ratio seems to be unfavour- 
able for their detection, at least in the method of excitation of the bands adopted 
here. 

§4- ANALYSIS AND DISCUSSION 

In a band system in which a fairly large number of sequences are developed, the 
method of deriving the vibrational equations is not so tedious. Usually many 
observations are available of the same frequency difference between adjacent 
vibrational levels, and the weighted mean or arithmetical mean, as the case may be, 
of all these values is utilized to obtain the frequency differences between successive 
vibrational levels in the initial and the final states of the molecule. These are then 
expressed by a suitable quadratic or cubic formula and the vibrational equation is 
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thence deduced. In cases where, as here, only two sequences are developed, this 
method is, however, clearly not suitable. We follow Johnson in this case and 
express each sequence by a polynomial by the rapid least-squares method de- 
veloped by Birge and Shea^^^ and thereby deduce the required vibrational equation 
by equating the coefficients. Each sequence was first expressed by a polynomial 
of the third order and so vibrational equations involving cubics were developed, the 
results being as follows: 

Yellow-green system 

(i) For heads : 

in o, o sequence, v — 18865*05 — 20*976 zi'' — 0*124 +0*0052 
in o, I sequence, v = 18198*58 —13*23 1;'' —0*324 v'"* +0*0244 v'"®; 
hence, for the whole system, 

vji^ =18865*05 -I (662*62 1;' —3*781?'® +0*067 1;'®) —(683*60?;^ —3*651;''® +0*062 v'®). 

(ii) For i?2 heads : 

in o, o sequence, i/ = 18857*68 — 1841 —1*104 1;"® + 0*064''®, 
in o, I sequence, y = 18187*78 —11*991?:;'' —0*166?;''® —0*00351;''®; 
hence, for the whole system, 

= 18857*68 +(666*53?;' —3*68?;'® —0*313?;'®) —(684*94?;'' —2*58?;''® —0*377?;''®). 
Orange system 

For Q2 heads: 

in o, o sequence, v = 16561*05 +6*389?;" —0*591 ?;"® +0*055?;"®, 
in o, I sequence, v = 15840*65 +27*85?;" —2*82?;"® +0*15?;"®; 
hence, for the whole system, 

=16561*05 +(710*05?;' —9*615?;'® +0*741 ?;'®) —(703*66?;" —9*024?;"® +0*686?;"®). 

In view of the fact already mentioned that the accuracy claimed is not very 
high, it was also thought advisable to use only a quadratic function; the equations 
thus obtained are: 

Yellow-green system 

(i) For heads .* 

in o, o sequence, v = 18864*75 —20*98?;" -0*1174?;"®, 
in o, I sequence, v =18200*19 —14*722?;" H-o*0422?;"®; 
hence, for the whole system, 

vr, =18864*75 +(661*75?;' — 3*11 ^'®) —(682*43?;" —3*07?;"®). 

(ii) For R2 heads : 

in o, o sequence, v =18859*99 —22*09?;" —0*140?;"®, 
in o, I sequence, ^ = 18187*61 - 1 1*81 ?;" —0*214?;"®; 
hence, for the whole system, 

=18859*99 +(667*24?;' -5*14?;'®) -(689*33?;" 

Orange system 

For Q2 heads : 

in o, o sequence, v = 15561*21 +5*636?;" —0*1785?;"®, 
in o, I sequence, v = 15856*857 +17*114?;" —0*5714?;"®; 
hence, for the whole system, 

vqj =16561*21 +(689*62?;' —5*74?;'^)— (692*97?;"— 5*36?;"®). 

It is found that the cubic expressions on the whole give smaller O-C values, but 
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the general equations deduced from them invariably lead to positive values of 
This is not a happy situation for they would lead to imaginary values of the heats of 
dissociation. A similar situation is already met with in the case of the alkaline- 
earth halides One way of explaining this is that, in such molecules, Q heads may 
not represent the origins of the bands and the difference Vf^-v^ is not constant 
throughout the system. Coupled with this are to be taken into consideration the 
violent perturbations observed in the present molecule. While some of these may 
really not be perturbations at all, but only errors of observation, we feel convinced 
that at least the band in the yellow-green system at v 18741 is a genuine instance. 
For these reasons we adopt the quadratic equations to represent the band-heads. 
Reducing these to the form required by the new quantum theory, we have: 

Yellow-green system 

For heads : 

V = 18874-04 -f [664-86 K +J) -3-II { v ' +J)2] -[685-50 K H i) -3*07 H-i)2]. 

For heads : 

V =18871-1 +[672-38 +i) -5*14 W + W \ -[694*29 K + J) -4*96 { v ” +i)2]. 

Orange system 

For heads : 

V = 16558-31 +[704*36 W + J) -5*74 ( v ' + J)2] -[698-34 (v" +J) -5-36 

In these equations we find again many discrepancies, such as are encountered in 
the case of similar alkaline earth fluorides. We assume that the final level of these 
systems is the same. The only justification for this is that the final vibration fre- 
quencies for the orange system and the yellow-green R2 heads are nearly equal 
though the anharmonic constants widely vary. The yellow-green Ri heads ought 
really to give roughly the same equations as R2 heads, but here again the discrepancy 
— especially in the anharmonic constant — is very noticeable*. The difference 
however is not surprisingly large if we remember that the Ri and R^ branches of a 
fully resolved band are usually very different in form. These discrepancies can only 

• To satisfy ourselves that this is not a weighty argument against the analysis, we have calculated 
the equation for the similar bands of the CaF molecule which also shows a wide discrepancy, especially 
in the anharmonic constant. Thus the heads of the green bands of CaF are represented by the 
following equation (vide Johnson) 

J'head^ ^8888-1 36 + (563-388 t;'— 1-7160 v'* — 0-02245 v'*) 

’ — (583-829 v"'— 1-6339 i;"'*—/o o2 1 4o\ v"^). 

\o-0224i J 

The equations for Ri heads were calculated using Johnson’s data in the same way as he has done, 
with the following result: 

J'head^ 18894-652 + (559-818 v''— 1-265 i;'* + o-i983 v'^) 

— (580-499 — 0-505 v*'*+ fo-i995\ 1;"'®). 

\0-1991j 

It is true that these equations are not correct in so far as Johnson’s v' v" numbering is too high by one 
unit in both v' and u''. But still it is evident that the difference between the coefficients for Ri and /?* 
heads would certainly occur in the corrected equations. Similar discrepancies have also been ob- 
served in BeF and other molecules. 
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be set right by a detailed rotational analysis of the bands, but we believe that the 
vibrational frequencies derived are of the correct order of magnitude. Under these 
circumstances, for reasons already mentioned, the data on R2 heads only were 
utilized for calculating the heats of dissociation in the case of the yellow-green 
system. These can be only rough, probably correct to not more than 0*5 V. Before 
proceeding to discuss this point in detail we should like to draw attention to two 
more points, (i) The vibrational frequency, which is of the order of 700 cmT^, is 
higher than for the similar CaF, SrF, and other molecules. That this is of the right 
magnitude, however, can be seen in table 3 which shows how the frequency of 
vibration changes as we pass from the hydride to the fluoride in all these cases. The 
ionization-potential data of the metals concerned also bear this out. 


Table 3 


Atom 

Ionization 
potential 
of atom 

Hydrides 

Fluorides 

Ratio 

hydride 

fluoride 

Mg 

7-61 

14935 

690*8 

2*i6 

Ca 

6*09 

1316*7 

586*7 

2*24 

Sr 

567 

— 

500*1 

— 

Ba 1 

1 519 

— 

468*9 

— 

Cd 1 

1 8'95 

1430*7 

692*7 

2*07 


(ii) The doublet separation for the CdH molecule is about 1000 cm:' and from 
analogy we should expect the doublet interval in CdF to be roughly about 900 cm:^; 
but we find that this is only 75 cm:^. In the o, o sequence of the orange system the 
Pi heads are rather diffuse, but the remaining three, P^ and are quite sharply 
developed as can be seen from the enlarged spectrogram, figure i. Thus there seems 
to be no doubt about the separation between the j^i and heads being roughly 
75 cm:^. Of course there is the possibility that this is not the deepest ^ll state of the 
molecule, but only a higher excited one. A similar situation was met with in BaH 
and a lower ^11 state was afterwards found with about the right interval. Because of 
this divergence between the expected and the observed values we have several times 
tried to see if another arrangement of the heads could be made but without success. 
The present arrangement is the most straightforward one in such cases and the 
development of the o, o sequence with its four series cannot be mistaken. We there- 
fore point out this glaring discrepancy and think that very probably this ^II term in 
the CdF molecule does not arise from the same electronic configuration as the 
term in CaF and SrF, as will be shown in the discussion on the heats of dissociation. 
Investigations on the spectrum of the molecule in absorption might throw more 
light on this point. 
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§5. HEATS OF DISSOCIATION, AND THE STRUCTURE OF CdF 

Assuming a linear extrapolation of the vibrational levels one can deduce the 
heats of dissociation of the CdF molecule in the ground state and the excited states 
by means of the following well-known formula: 


X 8100 * 

where D is the heat of dissociation in volts. The values thus obtained are shown 
in table 4. 


Table 4 


Level 

D (volts) 

Remarks 

Ground 

/30 

\zS 

From the yellow-green system (R2 heads) 
From the orange system 

Excited 

27 

From the yellow-green system (Pg heads) 

Excited ^11 

2-7 



From these data the potential-energy curves in figures 3 and 4, p. 244, 
were drawn. The course of these curves is drawn qualitatively but with due 
regard to the direction of degradation of the bands. The difference between the 
energies of the dissociation products in the final and the excited states is the same, 
namely 2*0 V., for both band systems. The only possibility of correlating this 
energy with the energy of excitation of the constituent atoms is the one shown in the 
diagrams; i.e. the normal state of the CdF molecule arises thus: 

Cd (5^, sp) F . CdF, 

and the excited states thus: 

Cd (5^, 6 s) F {zpy -> CdF, and ^n. 

The Cd atom in its normal state has, in addition to closed shells, two electrons in the 
55 group which also is completed, and the fluorine atom five electrons in the 2.p 
group. In this state of the Cd atom we have only repulsion on account of the closed 
group and the linkage starts from the excited level of the configuration {sp). 

In the case of the alkaline earths Mulliken^^^ assumed that linkage starts with the 
configuration (s)'^ whereas Herzberg^^^ showed that the linkage probably starts from 
the first excited term of the metal atom with the configuration (sp). The helium-like 
configuration (s)^ should give rise only to a repulsive curve of the two-centre system 
and this indeed seems to be very probable from the paper of I^essheim and Samuel 
who have shown that if the ground level of these molecules is considered as arising 
out of the (sp) configuration, then it is possible to explain why the heat of dissocia- 
tion in some of the excited states in the alkaline-earth halides and in some other 
molecules is bigger than in the ground state, and in some cases smaller. The p 
electron of the metal together with 2ip electron of the halogen are responsible for the 
chemical linkage. If the p electron which brings about the linkage is excited, we get 



Energy {volts) 
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a molecular electronic state which has a decreased heat of dissociation and which 
dissociates adiabatically, yielding a metal in a normal excited state. The s electron of 
the metal does not take part in the linkage but only disturbs it. Therefore if this s 
electron in the molecule is now excited, the heat of dissociation increases in the excited 
level and the term dissociates adiabatically yielding a metal atom in which two 
electrons are excited, i.e. a metal atom in an anomalous excited state. 

For these reasons the ground state of the CdF molecule arises from the configur- 
ation Cd(55, SpYPy since the configuration Cd (55)* gives rise to a repulsive curve 
only. It can be shown that the spectra of the alkaline-earth oxides, and Hund’s 
theory of their crystal lattice, also lend support to this view^^\ In this case, how- 
ever, we cannot be certain of the quantum numbers of the united atom and we have 
recourse to the configuration in the analogous case of BeF. Here we obtain from the 
configurations of the metal and fluorine the following configuration for the level of 
the molecule according to WeizeFs correlation scheme : 

: 2S(j‘^{2s)y 2pTr^{2p\ 2P^{2s)y {2p), 

Since the dissociation energy decreases in the excited terms observed in CdF, 
we will consider those configurations of the excited molecule in which the excitation 
is due to one of the electrons contributing to the linkage; this electron will be 
either in or group. The excitation will bring it to either the next or group or the 
next TT group. There are two possible o- groups, '^sg {^s) and ^pa (3^), and two possible 
TT groups, 3/>7r (2P) and 2d7r (2/)). Since the dissociation energy indicates the elec- 
tronic configuration (55, 65) of Cd, the tt group containing p electrons of the 
separated atoms may be excluded. We therefore derive the following configurations 
for the excited levels of BeF : 

211 : 2sa^(2s), 2p7T^{2p)y 3pa{2s), (2p), 3^0^ (3^) 

and : 2sg^ (2s), 2p7r« (2/>), 3por (35)^ 3da{2p)y 3Jor(35); 

in which the 4/)o- (35) may replace the 3SG (35) and the states may be inverted. 
Both states will have less energy of dissociation. Neglecting now the quantum 
numbers of the united atom, we suggest therefore the following configurations for 
the three levels of CdF : 

22 ground state : (5), tt* (p), a (s), (p), 

term : (s), tt^ (/>), a (s), cr^ (/>), a (s), 

22 excited state : (f), tt* (/>), a (j), a (/>), or (s). 

Of these, the excited 22 state is similar to the excited 22 state observed in the case 
of CaF and SrF molecules. The difference in the energies of the Cd atom in the 
(gs, 6s) 2*S and (gs, gp) states is 2*4 In view of the errors of observation, 
and for reasons previously explained, we think that the value 2, o obtained from the 
bands is in fair agreement with this value. The excited 211 state cannot be compared 
to the 2n state of the alkaline-earth halides. In the case of CaF and other such 
molecules, the 2II state has a greater dissociation energy than in the ground state 
and arises out of the anomalous term. In the case of the CdF molecule, the excited 
211 has a smaller dissociation energy and arises out of the same terms that give the 

PHYS.SOC.XLVII, 2 " 16 
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excited state. The reason is that the metals Zn, Cd and Hg of the sub-group of 
the periodic system have a much higher ionization potential than the alkaline 
earths. Therefore the anomalous terms of these atoms are also much higher than for 
the atoms of the main group. The same is already the case in BeF. The anomalous 
term (5/>*) in the Cd atom lies about 5*4 V. above the (55, 5/)) term, while in 
Ca this anomalous term is 2-9 V. above the (49, 4/)) term^’\ Since the dissociation 
energies of the two molecules in their ground states are nearly the same, we assume 
that the dissociation energy of the CdF molecule which arises out of this configura- 
tion in the Cd atom is also about the same as that for the CaF molecule in a similar 
state, namely 4*8 V. Calculation will show that a transition from such a state to 
the ground state should give rise to bands near about A3 100. The plates do not 
show any trace of such a system in this region under the conditions of the present 
investigation. 
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53S-338-4:S46-i82-6 

ROTATIONAL ANALYSIS OF THE ULTRA-VIOLET 
BANDS OF PHOSPHORUS MONOXIDE 

By A. K. SEN GUPTA 

Communicated by Prof. P. N. Ghosh, October i6, 1934. Read in title December 7, 1934. 

ABSTRACT. The structure of (o, 0), (0, i) and (i, o) bands of the ultra-violet system of 
the PO molecule has been analysed. The bands are due to a transition. Each 

band consists of six main branches Pg* (?2» 6i» ^1 ^wo satellite branches 

^^21 • "The potential-energy curves for both the upper and lower states of the 
system have been drawn on the basis of the equations given by Morse as well as by 
Rydberg. From these curves the Condon parabola for the intensity of the bands in the 
system has been obtained. The relevant molecular constants have been obtained. The 
products of dissociation in the different states are discussed. 

§1. INTRODUCTION 

A VIBRATIONAL quantum analysis of the ultra-violet bands of phosphorus 
monoxide has been recently published by Ghosh and Ball^^l. The marked 
JL V resemblance in appearance which these bands bear to the y bands of NO 
led these authors to suggest that they might be due to a ->-211 transition. 

In the present investigation, a rotational analysis of the (0, 0), (o, i) and (1,0) 
bands has been made. The analysis confirms the idea that they are of the ->‘-lI 
type. Each band is found to consist of eight branches, viz., ^P^, Pa Qiy R^ and 

Qu Ri, 

§2. SPECTROGRAMS 

Using as a source the flame of carbon arc fed from 220-volt d.c. circuit with 
P2O5 placed in the lower (positive) electrode and with a current of 3-4 A., the bands 
have been photographed in the ist order of a 21 -ft. concave grating recently set up in 
the laboratory on a Paschen mounting and having a dispersion of about i -22 A./mm. 
in the first order in the neighbourhood of A 2500. The time of exposure was about 
15 hours. The usual standard iron arc was used as a comparison spectrum. For 
measurements a’ Gaertner precision comparator was used. The wave-numbers 
given in tables 2, 3 and 4 are correct to ± o-a cm:^ 

§3. ROTATIONAL ANALYSIS 

As the bands were excited at a high temperature, the different series were long 
and there was considerable overlapping of series lines from one band to another. 
Many of the observed lines were blends. The bands (0, o), (0, i) and (i, 0) were 
selected for measurement of structure lines in view of their comparatively strong 

• 16-2 
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intensity and minimum overlapping due to the lines of the neighbouring bands. The 
choice of these bands also enabled us to take full advantage of the combination 
principle. 

Each band is found to consist of eight branches, four of them forming heads. 
This shows that the band system is due to transition, with negligible spin 

doubling in the state. A more definite idea about the nature of transition could 
not be derived from the criterion of missing lines, for lines of low J values are not 
sufficiently intense for measurement. The intensity of the different branch lines for 
moderate J values is, however, in agreement with what one would expect in the 
case of a ^2 transition. In fact, the analysis of each individual band was started 
on this assumption so that the four heads were attributed to , P^* Pi Qi 
branches. Members of the P, Q, and R series with common values of rotation 
quantum number of the lower energy state were selected with the aid of the relation 

and those of the ^^21 series from the relations 

RiU)-PiU)=P2(J)-^p^2U) 

and (7). 


§4. EVALUATION OF THE CONSTANTS 
The upper ^2 state. The upper-state combinations are defined by 

/^i(7)-^i(7)=W(7), ...7=/^+i 

and P,(/)-A(7) = W{7), = 

Within the limits of experimental error, these differences for (o, o) and (o, i) bands 
are equal in magnitude. This indicates that the two bands have a common upper 
state and that the spin doubling of the ^2 state is negligible. The values of and 
for the upper state were calculated by the method of successive approximation 
from the mean of these differences in accordance with the following relation : 

{K)^b: (4i^+2)+D7 i2a:h 

The lower ^11 state. I'he lower-state combinations are defined by 

Ri {J— i)~Pi (7+ = (J), for the ^II^ sub-state, 

and R 2 (7~ A (7+ i) — ^T 2 ^ (/), for the sub-state. 

The mutual agreement between these differences in each sub-state for (o, o) and 
( 1 , 0 ) bands indicates that the two bands have a common lower state. The values of 
BJ* and were calculated from the relation 

u )^ b : (47+2)+/)/ (873 + 127^+ 127+4). 

The values of the molecular constants are given in table i. 
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Table i. Constants of the PO molecule. 


Upper state 


B/=o*8i2i cm:^ 

Bo' = 0*8093 cm:^ 

Bi'= 0*8037 cm:^ 
a' = 0*0056 cm:^ 

£)/= — 1*096 X io“® cm:^ 
r/= 1*402 X io“® cm. 

/' = 34-io 9 X io~®® gm. cm? 


Lower * 11 ^ sub-state 


B/ = o* 76 i 3 cm:^ 

^0"' = 0*7585 cm:' 

^1'' = 0*75 30 cm:' 

a"' = 0*0055 om:' 

/)/= — 1*151 X io“® cm:' 
r/' = 1*446 X io“® cm. 

/^ = 36-385 X 10“'® gm. cm? 


Lower sub-state 

J3/ = 0 7645 cm:' 

Bo'' = 0*76 17 cm:' 

Bi'' = 0*7652 cm:' 

a'" = 0*0055 cm:' 

D/= - 1*167 X 10”* cm:' 
r/= 1*443 X io“® cm. 

/'' = 36-233 X lo"^® gm. cm? 


§5. A-TYPE DOUBLING 

The combination defects in the (o, i), (o, o) and (1,0) bands were computed for 
each value of J in accordance with the following relation: 

2 A U+\)={QU)-PU+^))-{RU)-QU+i )}. 

The combination defects obtained from and branches are negative and 

increase almost linearly with (/ + J) for moderate J values, while those obtained 
from Bgj A Q2 branches are positive and rather smaller in magnitude. This 
shows that Bi, Pj and branches are to be associated with ^ll^j'and Bg, P2 and 
branches with ^Jlij sub-states, indicating that state is normal. The nature of the 
combination defects points further to the fact that the coupling is intermediate 
between case a and case h and is nearer to case a. This is also supported by the fact 
that the satellite branches ^Pia and "^Bgi extend to fairly large rotational quantum 
numbers. 


§6. POTENTIAL-ENERGY CURVES AND INTENSITY 
DISTRIBUTION IN THE BAND SYSTEM 

Potential-energy curves derived by means of both Morse and Rydberg ( 3 ) 
equations are given in figures i and 2. Using the Franck-Condon theory of proba- 
bility of transition, the Condon parabola for the intensity-distribution in the band 
system is drawn in figure 3 as deduced from them; M indicates the parabola derived 
from the Morse curves and B that derived from those of Rydberg. The Condon 
parabola M seems to be in good agreement with the visual estimation of the in- 
tensities of the bapd-heads, but the parabola B fits still better. 

§7. PRODUCTS OF DISSOCIATION 

An enquiry into the products of dissociation of the PO molecule seems to be of 
interest in view of the conflicting opinions regarding their identity in the case of the 
NO molecule. Birge and Sponer and others were of opinion that the latter molecule 
in its different excited states is dissociated into an excited oxygen atom and a normal 
nitrogen atom. Hence for the homologous PO molecule one would naturally expect 
that the value of the atomic excitation energy as calculated from its band system 
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should be identical with that obtained from the y bands of NO. From a similar 
consideration Lessheim and Samuel calculated the values of Ea in the case of NO 
and PO molecules and found them to be of distinctly different magnitude. This led 
these authors to conclude that the two oxide molecules in their excited states are 




Figure i. Potential-energy curves 
by Morse’s function. 


Figure 2. Potential-energy curves 
by Rydberg’s function. 
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dissociated into a normal oxygen atom and an excited nitrogen or phosphorus atom. 
For the PO molecule the heats of dissociation of its different states were calculated 
by them from the earlier data. In view of the fact that new data are now available 
from the recent vibrational analysis of Ghosh and Ball, we are now in a position to 
decide more definitely the identity of the products of dissociation. 



Rotational analysis of the ultra-violet bands of phosphorus monoxide 25 1 

From these recent data the value of E^, is calculated to be 6*i V. and is thus widely 
different from the atomic excitation energy of the oxygen atom corresponding to the 
transition. It is, however, in fair agreement, within the limits of extrapola- 
tion error, with the value of phosphorus, if we assume that the ^IT state of the 
PO molecule is derived from normal P {*S) and O (®P) atoms and its upper 
state from excited P (^P) and normal O (®P) atoms. From the data of energy states 
published by Bacher and Goudsmit<s> the difference of energy values between a 
P atom in the normal state and that in an excited (35‘-*3/>245)4p state is 

6*9 V. This result, therefore, appears to be in agreement with the view of Lessheim 
and Samuel. 

There is yet another possibility that the products of dissociation of the PO 
molecule in its normal and excited states may consist respectively of a P atom in 
(3i®3/>®) and (3^^3/)*4j) states, since the difference of energy values between 
these two atomic states is 5*7 V. This indicates that in the normal state the molecule 
is dissociated into a normal O atom and a metastable P atom. A similar possibility 
may be reckoned also in the case of the NO molecule, since the atomic excitation 
energy derived from the y bands is 9*4 V., whereas the differences between the 
energy states of N atom corresponding to ^P^AS and are 10-3 and 8*3 V. 

respectively. From the uncertainties involved in the determination of dissociation 
energies by the method of extrapolation, it is difficult to decide between the two 
alternatives. 

§8. DISCUSSION OF RESULTS 

A check on the correctness and the analysis was afforded by a rule due to 
R. T. Birge^^^^ According to this rule the quantity zx^BJol is approximately equal to 
I ’4 ±0*2. For these bands the substitution of the proper values showed that 
1-59 and 2A:/P/7a"= 1*47. 

An additional check is given by the approximate relation that for a molecule 
composed of two atoms of nearly equal mass, the quantity is approximately 

equal to 3000 x cm? This condition is satisfied since we have 

cu^'r^' 3 == 3800 X io ~24 cm? and oj/r/® =370ox cm? 

It is to be expected that for PO the value of cugr/ will be greater than 3000 x 10“^* cm? 
since the masses of the two atoms are rather unequal. 
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Table 2. (o, o) band at A 2478 


r 


Pi 

Qi 

Ri 


A.r.- (/) 


— 

— 

4037683 

— 

— 

— 


— 

— 

377.91 

— 

— 

— 

si 

— 

— 

378-95 

— 

— 

— 

4 i 

40365*74 

— 

380*25 

— 

— 

— 

si 

36395 

— 

381*62 

40392-97 

— 

i 8-34 

6} 

362*06 1 

40371*61 

383*03 

395*93 

24*32 

21*37 

7 i 

36036 1 

371-61 

384-48 

399*10 

27*49 

24-32 

Si 

35857 1 

371 61 

386*29 

402*45 

30-84 

27*49 

9 i 

35710 ; 

371-61 

387-82 

405*63 

34*02 

— 

loj 

35580 


389-71 

408*08 


33*43 

Hi 

354*34 

372*20 

391*60 

412*73 

40-53 

36-49 

12 j 

353*13 

372*59 

393*63 

416*33 

43*74 

39*65 

I 3 i 

35210 

373-08 

395-83 

420*99 

46*91 

42*60 

142 

35092 

373*73 

397-87 

423*68 

49*95 


I 5 i 

349*97 

374-28 

400*12 

427*60 

53*32 

48*65 

16^ 

349*12 

375*03 

402*55 

431*69 

56*66 


J 7 i 

34847 

37585 

405*06 

435*72 

59*87 

54*86 

iSi 

34782 

376*83 

407*61 

439*89 

63*06 

57*91 

i 9 i 

347*23 

377*81 

410-12 

444*12 

66*31 

60*94 

20 i 

34668 

378-95 

41306 

448*62 

69-67 

63-87 

2li 

34636 

380*25 

415*84 

453*02 

72-77 

66*90 

22i 


381*72 

418*78 

457*54 

75*82 

69*99 

23 i 

34587 

38303 

421*89 

462*20 

79*17 

72*96 

24 i 

34587 

384*58 

424*99 

466*96 

82-38 

75*91 

25 i 

34587 

386*29 

428-35 

471*95 

85*66 

79*04 

26 1 

34587 

387-92 

431*53 

476*71 

88*79 

82*24 

27 i 

— 

389-71 

434*96 

481*87 

92*16 

85*12 

28i 

34636 

391*59 

438*56 

486*97 

95-38 

88* 14 

29^ 

346*88 

393*73 

442*25 

492*12 

9839 

91*14 

30^ 

347*43 

395*83 

445*86 

497*52 

101*69 

94*08 

3 ii 

347*98 

398*04 

449*68 

502*88 

104*84 

97*20 

32I 

348*68 

400*32 

453*61 

508*46 

108*14 

100*19 

33 i 

349*45 

402*69 

457*59 

514*09 

1 1 1*40 

103*23 

34 i 

350*43 

405*23 

461*80 

519*78 

114*55 

io6*33 

35 ^ 

351*30 

; 407*76 

465*89 

525*60 

117*84 

109*33 

36 i 

35238 

1 410*45 

470*15 

531*35 

120*90 

112*37 

37 i 

353*68 

413*23 

474*49 

537*27 

1 24*04 

115*18 

38J 

354*92 

416*17 

479*08 

543*51 

127*34 

1 18*16 

39 ^ 

356*28 

419*11 

483*59 

549*60 

130*49 

121*30 

4 oi 

357*76 

422*21 

488*38 

555*84 

133*63 

124*20 

41^ 

359*38 

425*40 

493*02 

562*35 

136-95 

127*24 

42 J 

361*02 

428*60 

49806 

568*68 

140*08 

130-33 

43 i 

362*81 

432*02 

502*78 

575*27 

143*25 

133*39 

44 i 

364*68 

435*29 

50789 

581*86 

146-57 

136-38 

45 i 

366*56 

438*89 

513*06 

588*70 

149-81 

139-21 

461 

368*61 

442*65 

518*45 

595*53 

152-88 

142*12 

47 i 

370*79 

446*58 

523*81 

602*46 

155*88 

145*29 

48 i 

373*08 

450*24 

528*95 

609*47 

159*23 

148-36 

49 i 

375*52 

454*10 

534*74 

616*55 

162*45 

151*11 

Soi 

377*91 

45836 

540*32 

623*74 

165-38 

154*03 

5 if 

380*52 

462*52 

54605 

63117 

168*65 

— j 

52 i 

383*13 

— 

551*74 

638*44 

— 

— 

53 i 

— 

— 

557*66 

646-04 

— 

— 

54 i 

— 

— 

563*91 

653-64 

— 

— 

5 Si 

— 

— 

569*83 

661*41 

— 

— 

56 i 

— 

— 

576*09 

669*03 

— 

— 

S 7 i 

— 

— 

582*35 

677*13 1 

— 

— 

58 i , 

— 

— 

588*70 


— 

— 

59 i 1 

— 

— 

595*37 

— 

— 

— 



Table 2 {cont.) 
*E->*n* 


r 

Pi 

Oi 

Ri 



u) 

3 l 


40590*42 

— 

40601*63 

40609*72 

11*21 

— 

4 


588*29 

— 

602*79 

612*68 

14*50 

15*16 

5 


586-47 

— 

604*27 

615*65 

17*80 

17*97 

6 


584*82 

40594-38 

605*76 

618*79 

20*94 

21*26 

2 


583-01 

594-38 

607*41 

621*89 

24*40 

24*41 

8 


581-36 

594-38 

609*06 

625*23 

27*70 

27*36 

9 


580*05 

— 

610*70 

628*53 

30*65 

30*33 

10 

■ 

578-73 

— 

612*68 

632*00 

33*95 

33*29 

1 1 

: 


595*20 

614*66 

635-SS 

37*25 

36-43 

12 ] 

- 

576-25 

595-63 

616*65 

639*43 

40*40 

39*39 

13 ^ 

: 

575*27 

596-19 

618*89 

643*07 

43*62 

42*37 

14^ 


574-28 

596*89 

621*16 

647*03 

46*88 

45*43 


f 

573-46 

597*64 

623*59 

65113 

50* 13 

48*48 

16 


572*68 

598*50 

626*05 

65513 

53*37 

51*53 

17^ 

r 

572*06 

599*45 

628*63 

65 9* 26 

56*57 

54*57 

18. 

r 

571-48 

600*54 

631*34 

663*64 

59*86 

— 1 

19^ 

1 


601*70 

633*98 

668*03 

— 

60*52 

20^ 

— 

602*92 

637*05 

672*45 

— 

63*65 

2li 

570*33 

604*40 

639*93 

677*13 

69*60 

66*72 

22^ 

570*33 

605*76 

643*00 

681*79 

72*67 

69*60 

23 i 

570*33 

607*41 

646*30 

686*56 

75-97 

72*67 

24 i 

570*33 

609* 1 2 

649* 57 

691*59 

79*24 

— 

25 i 


610*83 

652*98 

696*50 

— 

78-75 

26 


570*82 

6t2*8o 

656*45 

701*67 

85*63 

8 i *75 

27 


571*23 

614*73 

660*09 

706*86 

88*86 

84*80 

28^ 

571-65 

616*87 

663*74 

712*24 

92*09 

87-79 

29} 

572*30 

619*02 

667-53 

717*55 

95*23 

90*61 

3 oi 

57313 

621*43 

671*44 

723*19 

98*31 

93*66 

31^ 

573*87 

623*74 

675*47 

728*66 

101*60 

96*67 

32 i 

574*77 

626*30 

679*60 

734*47 

104*83 

99*84 

33 l 

575*76 

628*82 

683*84 

740*21 

108*08 

102*92 

34 i 

576*75 

631*57 

688*12 

746* 15 

111*37 

105*77 

35 ^ 

578*07 

634*37 

692*52 

752*24 

114*45 

108*73 ! 

36^ 

579*39 

637*18 

697*10 

758*39 

117*71 

1 1 1*82 

37 i 

580*70 

640*30 

701*70 

764*49 

121*00 

114*75 

38 


582*35 

643*36 

706*37 

770*92 

124*02 

117*70 

39 


584*00 

646*67 

711*25 

777*34 

127*25 

120*73 

4 oi 

585*64 

649*87 

716*22 

783*74 

130*58 

123*79 

41^ 

587*46 

653*44 

721*18 

790*48 

133.72 

126*79 

42 ^ 

589*43 

657*83 

726*40 

797 * 14 

136*97 

129*75 

43 J 

591*43 

660*55 

731*55 

804*03 

140*12 

132*76 

44 i 

593*64 

664*25 

736*89 

810*94 

143*25 

135*69 

45 ^ 

595*86 

66806 

742*38 

817*96 

146*52 

138*62 

464 

598*27 

672*05 

747*92 

825*10 

149*75 

141*64 

47 i 

600*74 

676*13 

753*50 

832*23 

152*76 

144*68 

48I 

603*24 

68o*i6 

759*28 

839*70 

156*04 

147*64 

49 i 

605*86 

684*56 

76501 

846*97 

159*15 

150*55 

Soi 

608*73 

688*85 

771*02 


162*29 

153*48 

Sif 

611*63 

693*38 

777*01 

— 

165*38 

156*52 

52 i 

614*60 

697*89 

783*26 

— 

1 68*66 

159*38 

53 

i 

617*63 

702*63 

789*52 

— 

171*89 

162*33 

54 

i 

620*93 

707*34 

795*91 

— 

174*98 

165*35 



624*17 

712*27 

802*30 

— 

17813 

168*45 

56 

I 

627*46 

717*35 

808*79 

— 

181*33 

17113 

57 


631*17 

722*33 

— 

— 

— 

174*15 

58 

t 

634*64 

638*44 

727*63 

732*90 

— 

z 

— 


60 

i 

642*40 

738*25 

— 

— 

— 

— 



Table 3. (o, i) band at A 2555 


r 


Pi 

Oa 

Pi 

^ iTi '( J ) 

A,T,' ( 7 ) 

li 

— 

— 

39154*34 

— 

— 

— 

z \ 

— 

— 

154*48 

— 

— 

— 

3 i 

— 

— 

156*48 

— 

— 

— 


39143*30 

— 

157*71 

— 

— 

— 

si 

141*46 

— 

159*24 

39170*60 

— 

— 

6| 

139-78 

39149*43 

160*78 

173-62 

24*19 

21*07 

7 


138-09 

149*43 

162*31 

176*89 

27-46 

24*19 

8] 


136*56 

149*43 

164*05 

180*19 

30*76 

— 

9 i 

13518 

— 

165*84 

183*72 

— 

3015 

loi 

133-80 

150*04 

167*89 

187-17 

37*13 

33*22 

jii 


132-73 

150-50 

169*82 

190*84 

40*34 

36*21 

izl 


131*65 

150*96 

172*00 

194*63 

43-67 

39*26 

i 3 | 


130-74 

151-58 

174-28 

198-54 

46*96 

42*28 

14] 


129-74 

152*35 

176-58 

202*55 

50*20 

45*43 

15I 


128-74 

153*11 

179*04 

206*50 

53*39 

48-37 

16^ 


12813 

154-18 

181*64 

210*69 

56-51 

51*40 

17^ 


127*72 

155*10 

184*22 

215*00 

59*90 

54*36 

iSi 


127-21 

156-33 

187*07 

219*41 

63*08 

57*44 

19] 


126*91 

157-56 

189-94 

223*87 

66*31 

60-47 

20^ 


— 

158-94 

192*93 

228^49 

69-55 

63*40 

21^ 


126-45 

i6o*47 

196*08 

23313 

72*66 

66*49 

22^ 


126*45 

162*00 

199*14 

237*93 

75-93 

69*44 

23^ 


126*45 

163*69 

202*55 

242*86 

79-17 

72*40 

24; 


— 

165-53 

205*90 

247-89 

82*36 

75*41 



126*91 

167-45 

209*46 

253*11 

85*66 

78-50 

26J 


127*47 

169-39 

21305 

258-27 

89*88 

81-59 

Zji 


127*98 

171-52 

216*77 

263-55 

92*03 

84-45 

2 Si 


128-74 

173*82 

220*61 

269*06 

95*24 

87-50 

zgl 


129*41 

176*05 

224*60 

274*62 

98-57 

90*49 

30] 


130*17 

178-57 

228*69 

280*28 

101*71 

93*51 

31^ 


131*04 

181*11 

232*77 

286*00 

104*89 

96*46 

32^ 


132*11 

183*82 

237*16 

291*91 

108*09 

99*44 

33 


133*34 

186*56 

241*37 

297*77 

111*21 

102*58 

34 ^ 


134*51 

189*33 

245*88 

303*87 

114*54 

105*30 

35- 

k 

135*94 

192*47 

250*51 

310*13 

1 17*66 

108*40 

36 

i 

137*32 

195*47 

255*18 

316*37 

120*90 

111*47 


i 

138*96 

198*70 

259*97 

322*81 

124*11 

114*44 

38 

h 

140*69 

201*93 

264*90 

329*31 

127*38 

117*50 

39 

i 

14253 

205*31 

269*88 

335*8i 

130*50 

120*31 

40^ 

144*45 

209*00 

275*00 

342*62 

133*62 

123*43 

4 ii 

146*36 

212*58 

280*13 

34936 

136-98 

126*39 

42 J 

148*66 

216*23 

285*52 

356-25 

140*02 

129*29 

43 i 

150*96 

220*07 

290*92 

363*30 

143*23 

13217 

44 i 

153*19 

224*08 

296*54 

370*56 

146*48 

135*18 

45 ^ 

155*77 

228*12 

302*25 

377*74 

149*62 

138-25 

4^1 

158-32 

232*31 

307*97 

385*14 

152-83 

141*19 

47I 

i6i*oo 

236-55 

313*77 

392-57 

156*02 

144*18 

48I 

163*69 

240*96 

319*87 

400*14 

159-18 

14709 

49 i 

166*61 

245-48 

325*90 

407*75 

162-27 

149-96 

50 i 

169*68 

250*08 

33209 

415*50 

165*42 

153-03 

5 ii 

172*82 

254*72 

338*28 

423*37 

168*65 

155-92 

52 i 

176*05 

259*58 

344*84 

431*53 

171*95 

158-87 

S 3 

* 

179*34 

264*54 

351*35 

439*62 

175*12 

162*00 

54 


182*88 

269*53 

358-00 

447*71 

178-18 

164*85 

55 


186*41 

274*77 

364*66 

455*96 

181*19 

167*69 

564 

190-25 

280*02 

371*54 

464*38 

184*36 

170-54 

S 7 i 

193*94 

285*42 

378-49 

473*02 

187*60 

173*56 

584 

197*93 

290*82 

385*57 

481-57 

190*75 

176*48 

594 

201-77 

296*54 

392*85 

— 

— 

179*57 

60 jr 


302*10 

“*“ 

— 

— 

— 
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3937035 

36849 

36655 

365-08 

363-53 

361*98 

360-59 

359-39 

358-19 

357-i8 

3S6a| 

335-48 

3^-85 

353'8o 

353-54 

352-99 

352- 99 

353- 54 

353- 80 

354- 85 

355- 48 

356- 25 

357- 28 

358- 19 

359- 39 

360*69 

362- 08 

363- 53 

365-18 

366*94 

368*72 
370-66 

372-75 
374-85 

377-17 
379*62 
382*06 

384- 70 

385- 47 
390-36 
393-31 

396*46 
399-67 
40309 ■ 
406-51 
410-03 
413-66 

417-54 
421-43 
425-47 
429-51 

433-86 
438-25 
442-57 


Qi 


Ri 






39374*79 
374'79 

375-24 
375-52 
375-93 

376*60 

378-15 

37904 

380*14 
381*26 

382- 53 

383- 85 

385-37 

38706 
388-81 
390*70 

392*54 

394*61 

396-78 

399-11 

401-49 

403*98 

406*65 

409-38 

412-26 

415*21 

418*37 

421-56 

424*85 

428-32 

431*84 
435-48 
439-17 
443-15 

447-12 

451-25 

455-39 

459*75 
464-18 
468-78 

473-49 

478-35 
483*23 

488*23 

493-33 

498*65 
504*06 
509-66 
515-12 
520-90 
526-69 
532*68 
538-72 


39381*75 

383- 07 

384- 46 

386- 06 

387- 70 

389-51 

391-45 

393-31 

395-43 

397-65 

399-93 

402-40 

404*96 

407-65 I 

410-40 

413-35 

416*30 

419*41 

422-67 

426-09 

429-51 

433-08 

436-66 

440*50 

444.44 

448-33 

452*54 

456*74 

461*10 

465-54 

470-14 

474-89 

479-69 

484-63 
489-70 
494-81 
500-08 

505-39 

510-92 

516-57 

522*25 
528-04 
53400 
540-03 
546-20 

555’53 
558-84 
565*38 
571*99 
578-73 
585-58 
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396-11 
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402-24 

405-53 
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412-73 

416*40 

420-30 

424-23 

428*26 

432-46 

436*66 

441*02 

445-53 

45025 

454-87 

459-85 

464*84 

469-77 

47502 

480-27 

485-78 

491-19 

496-80 

502*63 

508-40 

514-44 

520*54 

526*55 

532*88 


545-86 

552-43 

559-16 

566-12 

573-02* 

580-20 

587-35 



66-42 

69*68 

75-97 

79-28 

85-‘i5 

88-96 

92-08 

95-26 

98-55 

101*71 

104*85 

108*06 

111*36 

114-51 

I 17-69 

120*98 

124-15 

127-33 

130-54 

133-75 

136-95 

140*19 

143-34 

146-43 

149-67 

153-89 

156-07 

15917 

162*29 

165-48 

168-70 

171*92 
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— 

— 

— 


1 

— 
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— 

— 

— 
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41744*59 

— 
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— 

— 

— 


742*42 
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757*07 
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17-78 

— 

sl 
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748-59 
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20*94 
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— 
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772-49 


21*45 

7I 

736 85 
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760-98 

775-46 
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74808 
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778*60 
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9 ^ 

733-61 
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33*79 

30-52 

10^ 

732-09 

748-08 
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785-06 

36-98 


ili 

730-74 

— 

767-69 

788-55 


36-47 

la^ 
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74859 

769-46 

791-96 

43*37 

39*59 

i 3 i 

728-04 
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771-47 

795*44 

46-48 

42-58 
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726-90 

74938 

773-37 
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49*74 

45-62 
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53*06 
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i6| 

724-72 

750*43 

777*70 

806-56 

5613 

51-84 

17^ 

723*77 

751-10 

780*01 

810-48 

59-38 

54-64 

18J 

722-99 

751-92 

782*42 

814-47 

62-55 

57-87 

I 9 i 
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752-61 

784-71 

818-49 

65*88 

60-91 

20.1 

721-46 
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822-65 

69-09 

63*86 

21 1 
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72*21 

66-90 
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720-38 

755*75 

792-67 

831*05 

75-30 

69-97 

23^ 
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795*27 

835*51 

78-64 
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719-68 

758-01 

798-34 

839-97 

81-96 

75*93 

25-2 

. 
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801-24 
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84*95 

78-99 

26 J 
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804-18 

849-08 

88-10 

82-18 

27^ 

719-16 

762-35 

807-35 

853-81 

91*46 

84*96 

28} 

719-16 

764-12 

810-53 

858-54 

94*42 

88-12 

29^ 

719*16 

765 69 

813-78 

863-45 

97*76 

90*93 

3 oi 

1 

767-61 

817-30 

868-53 

100-92 

9409 

3 i| 

719-68 

769-36 

820-67 

873*54 

104-18 

97*26 

32 i 

720-03 

771-27 

824-23 

878-58 

107-31 

100-17 

332 

720-38 

773*37 

827*79 

883-79 

1 10-42 

10312 

34 i 

720-90 1 

775-46 

831*59 

889- 10 

113*64 

106*15 

35S 

721-46 

777*64 

835*25 

894*50 

II6-86 

109*19 

36 i 

722-12 

779*91 

839-27 

90002 

120-11 

112-23 

37 ^ 

722-99 

782-27 

843*15 

905*47 

123 20 

i 115*31 

38^ 

723*77 

784-71 

847*25 

91114 

126-43 

i 118-18 

39 i 

724-72 

787-29 

851*28 

916-98 

129-69 

121-36 

4 oi 

725*77 

789-78 

855-62 

922-61 

132*83 

i 124*41 

41I 

726-90 

792-57 

859*96 

928-62 

136*05 

127-24 

42^ 

728-21 

795*37 

864-15 

934*39 

139*02 

130*28 

43 i 

729-60 

798-34 

868-82 

940 59 

142-25 

133-08 

44 ^ 

730-82 

801-31 

873-26 

946*70 

145*39 

136*31 

45 i 

73239 

804-28 

878-01 

953*04 

148-76 

139-27 

46^ 

733*96 

807-43 

882-56 

959*20 

151*77 

142-29 

47 i 

735*53 

810-75 

887-57 

965*54 

154*79 

145*13 

48^ 

737*27 

814-07 

892-25 

972-06 

157*99 

148-14 

49 J 

739-10 

817-40 

897*43 

978-58 

161*18 

151*17 

Soi 

741*11 

820-89 

902*20 

985*20 

*164-31 

154*18 

51 1 

74302 

824-40 

907-67 

992*07 

167-67 

157*05 

52 i 

745*20 

828-15 

912-65 

998*86 

170-71 

160-28 , 

53 J^ 

74738 

831-75 

918-21 

42005-74 

173*95 

163-09 

54 ^ 

749*64 

835-77 

923*48 

012*63 

176-86 

166-12 

55 ^ 

751-92 

839-62 

928-93 

019-69 

180*07 

169*02 

sH 

754*53 

843-61 

934*59 

026-93 

183-32 

171-96 

57 i 

— 

847-73 

940-28 

034*00 

186-27 

174*96 

sSi 

— 

§ 53 '97 1 

945*91 

041-42 

189*45 

177-76 

59 i 

— 

856-20 

951*98 
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180-78 

60.^ 

— 

8^-64 1 


— 

— 

— 
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— 
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17-76 
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6i 
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— 
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si 
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30*32 
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— 
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— 
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36*99 
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— 
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012*98 
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13 r 

948*99 

— 
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— 
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— 
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— 

— 

24 i 

— 
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— 
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— 

— 
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— 
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— 
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086*73 

94*62 

90*74 

30^ 

942 - 83 

990*92 

040*64 

091*87 

97-81 

93*83 

3 ii 

943*27 

992*84 

044*25 j 

097*19 

100*98 1 

96*83 

32^ 

943 * 8 i 

995*10 

048*05 

102*50 

104*34 

99*73 

33 i^ 

944*52 

997*28 

051*85 

107*95 

107*33 

102*83 

34 :; 

945*22 

999*60 

055*75 

113*50 

110*53 

105*85 

35 ^ 

1 946 00 

42001*94 

059*73 

119*10 

113*73 

108*77 

36J 

946*98 
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126*49 
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123*77 
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160*65 
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129*81 

43 : 
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— 

139*20 

132*75 

44 1 
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100*02 

— 
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— 
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— 
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— 
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— 
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147*57 

49 r 
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045*47 
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— 
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— 
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— 
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— 

170-66 

162*44 
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— 
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— 

— 
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— 
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ABSTRACT. A docile time-marker was arranged in which the oscillograph acted also as 
a triode giving retroaction in a tuned circuit where one of the harmonics of the trace- 
frequency was selected and applied to the Wehnelt cylinder so as to modulate the focus of 
the trace. 


§1. GENERAL DESCRIPTION 

A former paper described time-marks made by periodically unfocusing 
the electron beam by applying an oscillating potential to the cylindrical 
L shield which surrounds the filament of the oscillograph. The time-marking 
potential was produced by a triode oscillator of an ordinary kind. It subsequently 
occurred to me that the oscillograph might itself serve as a triode. The circuit 
shown in figure i proved to be extremely convenient, after various difficulties had 
been overcome in the way that will be described. 

The Wehnelt shield G of the oscillograph behaved like the grid of a triode, 
controlling the anode current, so as to produce retroaction; but of course its po- 
tential to the filament is of the opposite sign to that in a triode. No special coupling 
was introduced between the phenomenon and time-marking circuit. There is how- 
ever inevitably a small capacitance-coupling inside the oscillograph and at its base. 

In the previous method, where a quite independent oscillator was used to 
interrupt the trace, the ratio of the two frequencies, that of the time-marker and that 
of the phenomenon, had to be very accurately adjusted in order to hold the time-marks 
steady enough for photography. A change in the ratio of frequencies changed the 
speed of the marks and they were apt to race so fast as to become invisible. That is to 
say, the previous arrangement behaved like a stroboscope. 

The present apparatus has several types of actual or possible behaviour. Type I. 
If retroaction could be made sufficient to maintain free oscillation of the circuit 
NK^ we should presumably have again the headstrong stroboscopic behaviour of 
the independent oscillator. Type 11 . Actually retroaction has been just not enough 
for steady free oscillations, and the behaviour of the apparatus was correspondingly 
docile. The time-marks never moved too fast to be seen. When the frequency of 
either the light-spot or the time-marker has been slightly changed, and left so, the 
marks have not acquired a new speed, they have acquired a new stationary position 
and sometimes a new distinctness. This steadiness is a great advantage for photo- 
graphy. 

The advantage however is not all in favour of a time-marker with a decrement; 
for the greatest attainable number of time-marks on the trace has been much smaller, 
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only 1 5 ; whereas with steady free oscillation 196 were attained. The greatest number 
of marks obtainable with the circuit of figure i appeared to be dependent on the 
highest harmonic in the voltages applied to the deflector plates; for when these 



Figure i. 


voltages were pure sine waves only one blur could be obtained on the trace. The 
finest attainable subdivision of time is thus automatically almost sufficient to analyse 
the finest detail in the phenomenon. 

There are two varieties of type II depending on whether there is a jerk at one 
part of the trace or not. A jerk in a periodic phenomenon can of course be analysed 
by Fourier methods into harmonics. Nevertheless there is something in the rela- 
tions between the phases and amplitudes of the successive harmonics which 
distinguishe s a jerk from a ripple. 

Variety II A. The free oscillation of the time-marker was damped, but it was 
started once in every period of the phenomenon by a jerk, and decreased during the 
rest of the period. This is shown in plate I, figure i which consists of three oscillo- 
grams superposed, the time-marker frequency being 1 1 times that of the trace for one 
oscillogram, for the next, and 12 times for the last. 'Fhe light-spot travelled in 
the sense oL^yh^ completing the circuit 1821 times per sec. The exposure was about 
15 sec. The thinness of the trace between a and jS shows that the spot was moving at 
its fastest there. A time-mark, a blur, stands near y ; and however the capacitance K 
was varied there always was a time-mark near y. As the capacitance K was in- 
creased the marks spread along the trace ySt, the mark near y remaining almost 
stationary, the others being more displaced as they were farther along the trace. 
The conspicuousness of the marks decreased from 8 to € and from e to a. This 
indicates that the rapid portion ajS acted like an electrical jerk in starting the oscilla- 
tion in the circuit NK\ and that the circuit NK was oscillating with a decrement. 

On reversal of the sign of the mutual inductance M by turning over of one coil, 
the marks became much feebler on 8c though still plain on yS. This showed that the 
oscillograph had indeed been giving retroaction, which had tended to maintain the 
oscillations started by the jerk. As the capacitance K in the time-marker was con- 
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tinuously varied, the blurs not only moved along the trace but periodically waxed 
and waned in distinctness. The values of K producing maxima of distinctness were 
found to be those for which the time-marker-frequency was an integral multiple of 
the trace-frequency. 

Variety II B, The free oscillation of the time-marker was damped ; the oscillation 
applied to the deflector plates contained harmonics, but no conspicuous jerk. Figure 2 
of the plate shows, superposed, three oscillograms in which the light-spot travelled 
in the clockwise sense 9800 times per sec. The frequency of the time-marker was 
severally 5, 5^ and 6 times that of the trace. 

When the frequency of the time-mark has been changed, all the marks have 
taken up new positions. Unlike variety II A, variety II B gave no stationary mark. 
Certain tuning-capacitances K gave marks which were specially conspicuous, and 
these values of K corresponded to harmonics of the trace-frequency. This was 
shown by plotting G. W. O. Howe’s well-known diagram of K against n~'^ 
where n is the number of blurs on the trace. The points lay nearly on a straight 
line. 

The frequency of the time-marks was thus obtained as a whole multiple of the 
known frequency of the trace. In this way the condenser K was calibrated for 
frequency. On account of self-capacitance, and of the coupling MjLN, the values 
of K and N determined at low frequencies had to be regarded as giving merely a 
rough check on the time-marking frequency. 

To produce satisfactory marks, the shield voltage was first adjusted by battery so 
that the trace was slightly blurred. When the oscillatory voltage of the circuit KN 
was superposed some parts of the trace went into focus, other parts became more 
blurred. The amplitude of the time-marking voltage was estimated by altering the 
superposed steady voltage of the focusing battery until the time-marks alternately 
appeared and disappeared; and was thus found to be about i V. As this is a 
small fraction of the range of good focus, it is certain that there was one blur, not 
two, in each complete oscillation of the time-marking voltage. 

To avoid any appreciable deflection of the cathode-rays by the stray field from 
the time-marking coils it was found to be quite sufficient to remove the coils to a 
distance of i m. from the tube and to orient them so that the electrons moved 
along the lines of magnetic force, for the central ray. The particulars thus far given 
may suffice to justify the results obtained by this method and set out in another 
memoir. 

§2. FURTHER PARTICULARS 


This section is appended for those who wish to use the method in the laboratory. 
Coils, Some guidance as to the kind of coils required for L and N was provided 
by the well-known theory of the maintenance of oscillations in the similar circuit 
having a triode instead of an oscillograph. For maintenance or growth. 


rK. 

M'^— approximately 


•(i)» 


where M is the mutual inductance and r is the resistance of the condenser plus that 
of the coil N both at the resonant frequency and g^dujdeg in which «« is the anode 
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current and Cg the potential between grid and filament. In order to increase g it was 
found beneficial to increase the filament current to 0*93 A. and to decrease the 
anode voltage to 265 V. This done, g was found to be 7 x 10“® ampere volf^ for 
an oscillograph supplied by Standard Telephones and Cables, Ltd. and marked 
type 401 8-A. 

Thus g for the oscillograph was of the order of of the g customary in small 
triodes. Consequently the coils had to have small decrements if the oscillations were 
to be maintained. 

We have by the theory of the tuned circuit at frequency v. 


On elimination of K between (i) and (2), 

^ {zm>Y Ng 

If M is unknown we have anyway the restriction 

^/{LN)>M 

Eliminating M between (3) and (4), 

I 

r '' g (2Trv)* 


.( 2 ). 

( 3 ) . 

( 4 ) . 

( 5 ) . 


On substitution of numerical values it was seen that this condition was not easy 
to satisfy. Suitable coils were either costly to buy or troublesome to make; but 
unlike triodes and batteries they should last a lifetime. 


Several coils were tried for L and N. The frequency required was of the order of 
T c./sec. or i o® c./ sec. Secondaries of old induction coils or slices thereof were useless ; 
they had too low an open-circuit frequency, about 2 x 10^ c./sec. and 3 x 10^ c./sec. 
Radio coils, sold for broadcast reception at 2 x 10® c./sec., had too small a time- 
constant Njr, Best wave-meter coils should do ; but actually some coils were made for 
the purpose, after studying information about self-capacitance and high-frequency 
resistance given in writings by G. W. O. Howe^^)^ P) Dye<^^ and E. B. Moullin^'^\ 
Three particular coils formed serviceable combinations when arranged as 
explained in the table. 


Reference mark 

Self 

inductance 
at so c./sec. 
(henries) 

Open-circuit 

frequency 

(c./sec.) 

Coil resistance 
at I o'* C. 

at at 

0 c./sec. 9800 c./sec. 
(U.) (iJ.) 

Resistance 
r at 

9800 c./sec. 
(O.) 

A = R 33/2 

B = R 33/3 

C = Igranic 

Honeycomb 

0-124 

0-00857 

0-0100 

4 5 10^ 

1-5 X 10® 
f 4x10® 
(Makers* value 

102 

2-4 

23-6 

130 ±5 

2-9 

< 170 

34 


The inductances were measured by the aid of a Campbell variable mutual in- 
ductance. The high-frequency resistances were measured both by distuning and by 
the added resistance method; as described by Moullin^^>. The dielectric in the con- 
densers was mica or air. 
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Combination for time-marker frequencies between 10^ and 3 x 10^ c.jsec. Tuning- 
coil Ay anode-coil B. At the lowest frequency in this range 

7 xnrr < 0-0052 H., 

{zttvY Ng ^ ’ 

whereas M= 0*00955 H., so that the condition for growth was satisfied at 9800 c./sec., 
and probably throughout the range of frequency. 

Combination for time-marker frequencies between 2x10^ and 10® c,lsec. Tuning- 
coil By anode-coil C. At the lowest frequency in this range, r being estimated as 
less than 6 ohms, 

r 

7 < 0*000,65 H., 

{ZTTvYNg ^ ’ 

whereas Af= 0*00X4 H. or more. Again the condition for growth was satisfied. 

Yet actually, for both combinations, the time-marker oscillated with a decre- 
ment. So there must be in the oscillograph some dissipation of energy not occurring 
in a triode. The high resistance of the return path from the fluorescent screen is 
conceivably the cause of the dissipation. 

Order of connections. A minor difficulty was that when the anode connections 
were altered while the filament was lit, the anode fuse melted, at o*i A. The energy 
presumably came from the magnetic field of the coil L. It was necessary to make 
the connections in the order opposite to that recommended by the makers 
putting on the anode volts permanently while the filament was cold and then slowly 
increasing the filament current. The reverse procedure was adopted for discon- 
necting. 

Focussing battery. For adjusting the battery-voltage on the Wehnelt shield, 
steps of 1*5 V. were rather large, but 0*5 V. steps were small enough. The latter 
were provided by placing small accumulators in opposition to dry Leclanche 
cells. 

Intermittent vision. Faint time-marks, which might pass unnoticed if persisting 
steadily, became clearly visible when the time-marker capacitance K was switched 
repeatedly in and out of resonance. 
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IONIZATION CHARTS OF THE UPPER 
ATMOSPHERE, PART II 

By G. MILLINGTON, Marconi’s Wireless Telegraph Co., Ltd. 

Communicated by Prof, S. Chapman^ August 30, 1934. Read December ziy 1934. 

ABSTRACT. This paper discusses an envelope correction to some ionization charts 
previously published, and in addition presents the new charts on a circular projection to 
help in the study of conditions in the polar regions. 

§1. INTRODUCTION 

T his paper is in the nature of an appendix to a previous paper, here referred 
to as “part I,” which was published some time ago^*^ and is mainly concerned 
with a small correction to the charts contained therein. It was pointed out 
that in order to reduce the amount of work to reasonable dimensions the simpli- 
fying assumption was made that the density, time (v, <^) curve for the height Zq v, Zq 
at which the noon rate of ionization was a maximum could be taken as the envelope 
of the system of (v, <^) curves for varying values of the height z. It was realized z 

that the error involved would be greatest in the sunrise region, but it was thought 
that for the values of the oq chosen, namely 0*5 and i, the error would not be 
serious. Detailed comparison of the theoretical charts with experimental data has 
shown, however, that there is a consistent discrepancy in this critical region, the 
charts always yielding density-values which are too low. The error introduced by 
the assumption may thus be greater than was anticipated, and it is important to 
know whether it is responsible for the whole of the discrepancy or whether there 
is a residual effect to be accounted for in some other way. 

It was therefore decided to investigate the problem at least for one set of con- 
ditions, e.g. for latitude 60° in winter, where the effect would be most noticeable. 

Accordingly a number of (v, <!>) curves were worked out for different values of z. 

Now in figure 3 of part I the rate-of-ionization function F(; 5 , x) is plotted for a F 
number of values bf Zy where x is the zenithal angle of the sun. X 

Actually z is there called Zq and is expressed in terms of xo the relation 

Xo)» the curves being drawn for a series of values of xo» the noon Xo 

zenithal angle of the sun. The curves are only drawn for values of x beyond their 
respective xo values, and it will be seen that each curve lies entirely outside all the 
curves for smaller values of xo* If» however, the curves are continued backwards 
it will be found that each curve crosses all the curves before it. For the chosen 
latitude and season the minimum value of x is the appropriate value of xoi ^^Rd 
beyond Xo the F curves for values of z smsdler than Zq will all lie inside the Zq 

17-2 
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curve and need not be considered in determining the envelope of the (v, <(>) curves; 
for it is obvious that if the F curves for two values of z do not intersect then the 
corresponding (r, </>) curves will not intersect either, and we can ignore the inner 
curve. 

Fortunately a little work soon suggested an easy method of making a close 
approximation to the required envelope, by means of which it was possible to 
work out the complete modified charts with less labour than the original charts 
required. The fact already mentioned, that the curves of figure 3 in part I if con- 
tinued back intersect, suggests that the set of curves has an envelope which passes 
through the initial points of each of the curves. From equation (i) of part I we 
have for the form of the function F 

F=exp[i-z-exp(-z).f{R, x)], 

and the equation dF/dz = o for eliminating z to obtain the equation of the envelope 
gives 

-i+exp(-2)./(/?,x) = o, 

and on substitution in F for the equation of the envelope. 

From equation (7) of part I it follows at once that when x=Xo> 

so that the envelope passes through the initial points of the curves of figure 3 of 
part I, as was anticipated. Now since the function / (/?, x) increases upwards from 
unity with increasing values of x> the solution for the envelope is only valid for 
positive values of z (it being remembered that z is not the actual height h but is 
referred to a height as datum level). This corresponds to the easily verified fact 
that as z increases negatively the F curves lie wholly inside one another, but as 
they are all inside the curve for ^ = 0 they can be neglected as far as our problem 
is concerned. 

Now if the fundamental differential equation, given in (4) of part I, 

is solved not for a given height z but for the envelope function For ilfiR^ x)» then 
the (v, <jJ) curve obtained must lie outside all the possible (v, <[>) curves for various 
values of z. Calculation shows moreover that if it is not the true envelope it is 
at any rate a very close approximation for widely different conditions of season 
and latitude, especially in the critical region where the correction is of most 
importance. Although the mathematical process involved may have no physical 
justification, it can be seen that the method suggests what in a general way must 
be true, that as time progresses the position where the maximum density occurs 
will tend to follow the variation in height at which the rate of ionization is a 
maximum. Moreover the method suggests a possible interaction between neigh- 
bouring regions which may occur as a process of diffusion of ions, and we are 
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probably not justified in seeking to approximate closer to the envelope of the 
(v, <l>) curves. The modified charts have therefore been worked out on this basis, 
and thus the labour required is actually reduced owing to the use of a single F 
curve instead of having to interpolate from a set of F (zqx) curves. In any case the 
charts now set an upper limit to the theoretical v values. 

§a. CALCULATION OF THE CORRECTED CHARTS 

Much of the material already obtained and outlined in § 5 of part I can be used, 
but a graph of the envelope function F or iff (F, x) is needed and is given in 
figure I . In the calculations for solving the differential equation, F can be neglected 
when it is less than o-ooi, i.e. when x is greater than about 102°, but the region 
between x — 9 ^° snd 102° is very important, especially in high latitudes in winter 
when Xo itself is large. Now as the curve for F does not take account of the fact 
that as X increases above 90° the curvature of the earth cuts off the sun's radiation 
from the lower regions of the atmosphere, we must verify that in practice the F 
function does exist at least as far as x = 102°. If we write x = 90 + e then at a height h 
the sun's radiation is cut off when e exceeds the limiting value Cmax. given by 
sec €max. = I and in figure 2 Xmax. is plotted as a function of A. Although 

the curve soon settles down to very small increases of Xmax. for large increases 
of hi X can be greater than 102® provided that h is greater than 145 km. Since in 
the construction of the charts we are mainly concerned with the upper or F 
region of the Heaviside layer, h is actually greater than this value, so that in 
practice the increased attenuation of the sun's radiation due to the longer path 
through the earth's atmosphere reduces the F function to a negligible value before 
the radiation is actually cut off by the curve of the earth. 

The solution of the differential equation follows along the lines given in part I 
and the resulting set of (v, curves is given in figures 3 to 5 where for convenience 
<l> has been converted from radians to Greenwich mean time. They are only given 
for the value <to = 0'5> experience has shown that this value corresponds with 
present conditions rather than (7o== i as suggested in part I, while it may be useful 
later to construct charts for (Jq — 0*25. From these curves v was plotted as a function 
of the latitude for a series of values of tf) as this was found useful for interpolating 
to obtain the (v, <^) curve for any other latitude and was an aid towards the accurate 
construction of the charts from the curves. The new charts for oro=o*5 are given 
in figures 6 and 7! 

Comparison between the new and old charts shows that while the positions 
of the contour lines of equal density are scarcely changed round mid-day, the region 
after sunrise where the lines are crowded together and represent the rapid early- 
morning increase of density is moved noticeably towards the sunrise line. But 
although in othei parts the charts agree well with experimental data there is still 
some discrepancy in the sunrise region sufficient to suggest that there is an effect 
not accounted for by the theory. 

* R here is of course not Chapnian’s parameter inf(R, x) but the radius of the earth. 
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§3. A POLAR PROJECTION OF THE CHARTS 

The charts so far have been constructed in conjunction with a Mercator projec- 
tion of the world, and there are two great advantages in using this projection to 
study short-wave long-distance transmission problems with the aid of such charts. 
Firstly the projection is conformal, i.e. small areas are shown undistorted and true 
bearings are indicated, and secondly it lends itself to a very convenient method of 
studying the change in ionization along any given route with change of local time 
at some fixed place by merely moving the chart parallel to its length from east to 
west. There are, however, two serious drawbacks to the Mercator projection. 
Firstly there is the linear distortion which increases rapidly as one proceeds to high 
latitudes and gives quite a false impression of the relative lengths in the various 
grades of density of the chart for any route running more or less from north to 
south. Arising from this we have secondly the complete break-down of the pro- 
jection in the polar regions, where the charts fail to give any true idea of what 
happens to the contour lines of equal density over the polar cap. In order therefore 
to study the conditions along great-circle routes which pass near to the poles, e.g. 
round-the-world echoes on the London-to- Capetown route, and in view of the 
present interest in experimental work carried out in the polar regions, it seemed 
advisable to supplement the existing charts with others constructed according to 
some form of circular projection with the pole as centre. 

In any such projection the process of moving the chart across the map trans- 
forms into a rotation about the pole, but obviously we shall need a separate map 
for each hemisphere. Adopting the usual convention and drawing the maps so 
that a journey eastward along a line of latitude in the southern hemisphere is repre- 
sented by a clockwise direction, as opposed to a counter clockwise direction in 
the northern hemisphere, it will be seen that the equinox chart for the southern 
hemisphere is the mirror image of the equinox chart for the northern hemisphere, 
while the southern chart for the December solstice is the mirror image of the 
northern chart for the June solstice and vice versa. The rotation of the earth is 
represented by rotating the maps in opposite directions as if they were geared 
together so that they always touch at corresponding places on the equator. To 
study the conditions along any north-to-south route the maps are fixed so that 
they touch at the point where the route crosses the equator and the route appears 
unbroken as it passes from one map to the other. The charts are then rotated in 
opposite directions over the maps, and if necessary some simple mechanism could 
be devised to gear them together. 

The projection which has been chosen for the purpose is the one in which the 
radius of the circle representing any line of latitude is proportional to tan ^0 where 
0 is the colatitude, since this is the only circular projection which is conformal. 
It is the stereographic projection used largely in crystallography, and as is well 
known it has the most useful property that great circles on the sphere which do 
not pass through the poles project as arcs of circles which terminate on diameters. 
In addition it is the only projection in which all small circles on the sphere project 
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as circles. (Of course if the small circle cuts the equator this property only holds 
if we project the southern hemisphere with respect to the north pole on the same 
map as the northern hemisphere or vice versa.) This property is useful if we wish 
to study the ionization at places in relation to their distances from some fixed point 
other than the pole, e.g. in discussing effects in the neighbourhood of the magnetic 
pole or the skip-distance phenomena observed at any particular place. The linear 
distortion with this projection is never more than 2 to i and owing to the conformal 
property is independent of direction. Actually, when referred to the equator as 
standard, distances in colatitude 6 must be multiplied by i -f- cos so that it is 
fairly easy to estimate the true lengths of any route which lie in the various grades 
of the chart. In practice the size of the map is chosen so that the polar regions 
where areas are reduced fourfold are represented on a reasonably large scale. 

As the projection is well known it is not thought necessary to give here any 
detailed methods of drawing in circles on it, but the following suggestions may be 
helpful. If we wish to draw the projection of a small circle of radius 8 degrees 
round the point whose longitude is <l> and colatitude is 6 , the points (<^, 6 — h) and 
(^, 0 - 1 - 8 ) which can be put on the projection at once by the tan iO rule will define 
a diameter of the required circle which can then be constructed from geometrical 
principles. This holds even if the small circle cuts the equator, but in this case we 

have in addition the fact that where it cuts the longitude is ( 0 ±«A) where 

cos i/f-cos 8 /sin 6 , If we wish to draw the great circle joining two points whose 
longitudes are and (^2 respectively and whose colatitudes both measured from 
the north pole are 6 ^ and 6 ^ respectively, then the great circle cuts the equator at 
longitudes (f) and (<^ + 7 r) where tan = 

and ai — sin 6 ^ cos 9 ^ cos — sin 0 ^ cos 9 ^ cos (/>2 , 

while «2 = sin 9 ^ cos 9 ^ sin (f>i — sin 02 cos 0 ^ sin <^2 

and the nearest points of approach to the poles will be given by (^ + ^77, Omin ), 

where tan 9 min. = sin 0 ^ sin 02 sin ((^2 “ i>i) 

and 

From these points the circle can be constructed. 

Lastly it can be shown that the great circle through any point ( 0 , <^) which makes 
an angle 8 with the great circle passing through the point and the poles cuts the 
equator at longitude (<^± 0 ) where tan ^ = cos 0 tan 8 , the sign depending upon 
the direction in which 8 is taken. 

The charts for the northern hemisphere for ob = o*5 are shown in figures 8 to 10 
and are based on tbe corrected charts of figures 6 and 7 with extra contour lines 
for ^=0*13, 0*05 and 0-02 to give more detail in the polar regions in winter. 
In figures ii and 12 are given outline maps of the two hemispheres for use with 
the charts. The charts show well how little seasonal variation there is on the 
equator. In summer the minimum density over the hemisphere occurs on the 
equator about twenty minutes before sunrise and corresponds to v = 0*13. At the 




Figure 6, Equinox chart, 
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equinox the minimum density is still about 0*13 but it now extends from the 
equator up to latitude 60°, and is represented in the chart by a single thick line. 
In winter this line has opened out into a contour which just reaches the equator 
(corresponding to the summer minimum) and encloses all the polar regions within 
latitude 68°. The y = 0‘io contour just touches latitude 70° but does not extend 


MN 



MD 


Figure 8. Winter chart, <70 = 0*5. 


below latitude 40°, while the v = o*o5 contour lies wholly between latitudes 70° 
and 80°. The v=o *02 contour is very nearly a circle corresponding to latitude 80°. 
That the contour lines should approximate to circles for small values of v can be 
seen by writing the equation connecting v, and the sunset and sunrise values 
in the form 



V 


Sf 
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80 that- even in the long winter night when approaches 27 r, vjvr differs from 

unity, by less than 0*25 when v=o*02. 

The extra contour lines show how rapidly the maximum density decreases in 
the region of the pole at mid-winter. At the pole itself the ionization is negligible 
and it is a matter of some importance to know the extent of the polar cap over 


MN 



which there is effectively no ionization and how the area diminishes on either side 
of the winter solstice. There is no easy way of determining what are the maximum 
and minimum densities for any given latitude and season, but we can get an 
approximate solution to the problem by using the fact already mentioned that for 
small density values the contour lines become nearly circular about the pole, 
together with the knowledge that at any place where the noon zenithal angle is Xo 
the maximum value of 1/ must he less than Xo)} except at the pole where 
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it is equal to this quantity. Knowing that for a latitude / when the decimation 
of the sun is 8 the value of xo Is | /— 8 j, we can find at once the upper limit of v. 
Thus, as we have seen, v is about 0‘02 at latitude 8o° in mid- winter when 8 = — 23-5®, 
and extrapolation from a graph of VUlf x)) shows that v is probably less than 
0*01 at latitude 81*5°, less than 0-005 possibly less than o-ooi at 
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Figure 10. Summer chart, ao = o*5. 

latitude 86®. In considering the effect of the change of season we have to remember 
that as we move away from mid winter the minimum density does not remain at 
the pole. The equinox chart shows the way in which the contour lines spread out 
across the pole until nowhere over the earth’s surface does the density fall below 
i/=o-i3. But at first the major effect is the shrinking of the contours of small 
density into the pole with the contraction and final disappearance of the area of 
negligible ionization. Now the relation Xo^ U—S I gives an approximate rule that 
as 8 changes from the mid-winter value of —23*5® the contours for v<o*02 close 
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in to a latitude nearer the pole by the amount of change in 8. Thus when 8 = ~ 13*5° 
the density has everywhere risen above v=o-02, and this corresponds to a period 
of about eight weeks on either side of the winter solstice. The density is probably 
ever3rwhere above v = when 8 is about — 10° since v becomes 0*05 at the pole 
when 8= — 10*5®. In this way the extent and duration of this polar dark area, 
as we may call it, can be fairly well defined. 



Figure II. Northern hemisphere. 

The significance of this dark area is that it has been worked out on the assump- 
tion of ideal theoretical conditions in which it is assumed that there will be no 
tendency of outside ions to diffuse in towards the pole, and that it implies that at 
mid-winter short waves could not be transmitted at all on any route crossing this 
polar area. The theory takes no account of the existence of the earth’s magnetic 
poles and of the large effects which are thereby produced, especially in the northern 
latitudes into which the electrons *from the sun tend to be deflected. Unfortunately 
the difficulties in the way of making direct observations across the polar cap, 
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especially in winter, are very great, and it also happens that there are very few 
long-distance commercial routes which pass near to the pole, but it is useful to 
have the ideal theoretical conditions as a basis for analysing any available experi- 
mental data. 


0 



180 

Figure 12. Southern hemisphere. 


In conclusion it will be seen that the polar charts give a much better idea of the 
density conditions over the polar caps than can be obtained from the Mercator 
projection, and although they are not so convenient they can be used by the 
method indicated above to study routes which cross the equator. They also give 
a better idea of the overall daylight attenuation for a route lying in more than one 
grade and should have a special application in the study of magnetic-storm effects. 
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ABSTRACT, The paper gives results of measurements made on the wave-length of 
the oscillations generated by small triodes using the positive-grid (Barkhausen-Kurz^*^) 
method, in a fixed oscillatory circuit which, in most of the cases studied, was formed by 
the valve electrodes and leads. It was found possible, with the grid current emission 
limited, to express the relation between the generated wave-length A, the grid voltage Vg , 
and the plate voltage e;,,, by a straight-line graph connecting (Vg-yLV^) with A, where 

I I ^ constant for a particular valve. The results show that u is con- 

'^LV'^VAcons.J 

stant whatever the value of A generated by the triode and associated circuit. It is sug- 
gested that triodes connected in the manner described might be used as oscillation wave- 
meters working over a limited range. 


§ I. INTRODUCTION 

I N some preliminary experiments on electronic oscillations generated by small 
receiving triodes of the bright-emitter type the effect of joining the electrode 
leads through a condenser of capacity 0*0005 M^* noted. The effect was 
greatest when the condenser was connected to the plate and filament leads, close 
to the valve. In a particular experiment it was found that the galvanometer deflec- 
tion when resonance occurred in the wave-meter was increased ten times by con- 
necting the condenser in this way. A large, but not proportionate, increase in the 
plate current of the valve was noted at the same time. With the condenser in position, 
oscillations could be obtained with lower filament current than was sufficient without 
it, other circuit conditions remaining unchanged. A second condenser between 
the plate and the qther end of the filament was found to be a further improvement. 

The increased strength of oscillation due to these condensers was illustrated 
in an experiment made with a Mullard R valve. A small flash-lamp bulb was 
inserted as a resistance in the condenser circuit, figure i. The conditions were as 
follows: Vg^io^Y,, ig = 39 mA., — With the bulb in, Z> = 20 divisions and 
fp= 120 divisions. With the bulb removed, D = yoo divisions and 1^ = 280 divisions. 
These results show that considerable current was flowing in the condenser circuit. 
With this method of connexion, observations were made of the variation of the 
generated wave-length with alteration of grid voltage, plate voltage, and filament 
emission. 
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For convenience, the various quantities referred to in the paper are repre^nted 
by symbols as shown below: 


Vg is grid voltage and) negative end of the filament; 

Vp plate voltage j 

Vf is the filament voltage; 
ig the grid current; 

Af^ the change in mean grid current due to oscillations; 
ip the plate current; 
if the filament current; 

D the deflection of the galvanometer at resonance in the wave-meter circuit, and 
A the wave-length of the oscillations, while 

\dVp}x 



Ch 



Ch 


Figure i. P, plate; G, grid; P, filament; C, C, condensers; CA, CA, chokes; P, flash-lamp bulb. 


§2. DESCRIPTION OF APPARATUS AND EXPERIMENTAL RESULTS 

The triodes used were two B.T.H, R valves, one, having had the pins 
removed; two Mullard R triodes, of different sizes; a Q valve, an L.S.I. valve, 
a valve X oi R type of unknown manufacture, and a T.M.C. valve with a fixed 
Lecher-wire circuit attached to grid and anode, and bridged at the end remote 
from the valve by a condenser of large capacity. Thus experiments were made 
with triodes differing considerably from each other both in construction and in 
electrode-spacing. 

The wave-meter used was like that described by Chapman The coupling 
between the valve circuit and the wave-meter was loose enough for the plate 
current to be independent of the wave-meter bridge position. 
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It wa» found that the relation between grid voltage and wave-length for a 
particular value of plate voltage was a linear one, and that when the lines were 
drawn for different values of plate voltage they were parallel. Further, the relation 
between grid voltage, plate voltage and wave-length could be shown by a single 
straight line connecting {Vg—fiVj) with A, where /x had a different value for each 
valve tested. 

Some curves showing the straight-line relationship between {vg—fiv^ and A 
are shown in figures 2 and 3. The marked values of Vg and indicated on the graph 
show the wide range of these quantities over which the relationship held in the 
case of the small Mullard valve, figure 3. 



Figure 2. I, B.T.H. i? valve (/?i) with pins removed, this valve contained a little gas, ft = 3 *33; 
0 Wp=— 3, = 17-20 mA.; X 100, — 2-^--8, tj, = 20 mA.; @ r^ = 8o, Vp = o->- — 9, 

t^ = 2omA. ; 3, 1^=10 mA. II, B.T.H. R valve {R^ with pins left on, /4 = 2-5; 

® Vp= —3, f^y = 20->'34rnA., blocking condensers 0*0003 rnF. ; f, x Vp= —6, ip = i5->34mA., 
blocking condensers o*ooimF. ; (x) t>p = — ii, i6->3omA., blocking condensers 0*0003 mF. ; 
Vp= —20, ig = 40 mA., blocking condensers 0*0003 mF. 


A further experiment was made with the valve X by means of the circuit of 
figure I without the flash-lamp bulb resistance and with rather long choke coils, 
on which it was found that there were standing waves of quite considerable ampli- 
tude. The circuit was then set up again, the choke coils being omitted completely. 
The grid lead to the milliammeter was made as short and straight as possible. 
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as also was the anode lead. The latter was run parallel and close to the filament 
leads. The valve oscillated over about the same range of voltages, but the slope 
of the , A) curve was less. In figure 4 are shown curves connecting {Vg ~ fxVj) 

with A for these conditions. The value of a 1 was, as would be 

LW»l./Acon.tJ 


75f 



\ 

\ 


66 

60 70 80 90 100 1 10 120 

Figure 4. Valve X, 

X Vp = o; 0 Vp=-- 2 ; f ^3)= —4*5; —6*5, no chokes. 

A V3, = o; ^ Vj,— — 6 , with long chokes. 

expected, unaltered by changing the external circuit. This experiment shows how 
the change in wave-length resulting from a given alteration of electrode potential 
is diminished by reducing the effective resistance of the attached oscillatory circuit. 

The straight-line relationship between Vg and A was still found to hold, and the 
slope of the line was found to alter at a particular value of Vg dependent on the 
filament emission for a T.M.G. valve, with fixed Lecher-wire circuit attached to 
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the plate and grid terminals (see figure 5). It was further noted that the condenser 
at the end of the fixed Lecher-wire system was definitely a potential node for 
smaller values of Vg , but as the value of Vg was raised it ceased to be so. In figure 5 
is also shown a A) curve obtained with the circuit of figure i, except that one 
condenser only connected plate and filament and B was omitted. The difference 
between the two curves shows the effect of the attached oscillatory circuit on the 
generated wave-length. 

78 r ^ 

\ 

V 

761 - \ 

\ 

\ 

74 



Figure 5. T.M.C. valve with fixed Lecher-wire circuit between grid and plate; 0Vp=— 2*05, 
i^ = 27mA. ; ®Vp=— 2*6, 1^= 12*75 mA.; x u^ = o, 1^ = 27 mA.; ® from graphs of and 
position of A meter bridge for max. deflection; calculated by Scheibe’s method (Vp=— 2*0^); 

~2, condenser between plate and F— (August 1933 and August 1934). 


In obtaining results with the circuit of figure i but with B omitted, ip and D 
(for resonance in the wave-meter circuit) were noted, the position of the valve 
with reference to the wave-meter wires being left unaltered. Curves connecting 
Vg with ip and Vg with D for a particular value of Vp are given in figure 6 for four 
different triodes« 
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The form of these curves suggests very strongly that some kind of tuning is 
taking place as the grid voltage is altered. They may be compared with the curve 
recently given by Gill and Donaldson for a triode used as a receiver of ultra-short 
waves. In the present case it is to be supposed that the potential differences impressed 
on the electrodes are due to oscillations maintained in an oscillatory circuit con- 
sisting of the valve electrodes and leads. 

It will be noted that D^ax. and /^max. do not in general occur for the same value 
of grid voltage. This corresponds with the observations made by other workers 
to the effect that maximum amplitude of oscillation and maximum plate current 



do not coincide as the length of a Lecher-wire circuit attached to the generating 
triode is altered while the static potentials applied to the electrodes remain un- 
changed. In figure 7 is shown the variation with Vg of D, ij, and Lig for two 
values of Vj, for the Mullard valve; ip and ^ig are proportional to each other and 
of the same order of magnitude. Evidently in this case a certain fraction of the 
constant total emission current was alternately taken by the plate and by the grid. 
The variations in ig were measured by means of a balanced galvanometer in the 
grid circuit. 

In almost all cases in which ig was recorded simultaneously with A, a change 
in slope of the (Vg, ^)vp const, curve was observed in the neighbourhood of the top 
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bend of the {Vg , ig) curve, and therefore usually in the neighbourhood of the 
maximum amplitude of oscillation. The abrupt changes in slope of the {Vg^ A) 
curves shown in figure 5 for the T.M.C. valve coincided with the points of maximum 
oscillation, which in this case occurred for values of Vg considerably greater than 
that required to draw the saturation current from the filament. This triode con- 
tained a certain amount of gas. 

§3. NOTES ON THE RESULTS 

After the relationship between (Vg—fxVp) and A had been established, a paper 
appeared by Clavier in which it was stated that for the frequency most strongly 
maintained by the micro-ray valves used in the Lympne-St. Inglevert 17 cm. -wave 
service, a linear relation between grid and plate voltages held over a wide range 
of values. The results given in the present paper show that this linear relationship 
holds for the very different oscillation arrangements described here, and further- 
more that it holds not only for the frequency most strongly maintained but for 
any frequency generated by the system comprising the tube and associated circuit. 

A linear relation between grid voltage and wave-length, was also found by 
Grechowa^^^ for a double-tube arrangement with fixed oscillatory circuit attached, 
but the effect of alteration of plate voltage was not shown as in the present experi- 
ments. The effect of an alteration of grid or plate voltage on the generated wave- 
length may be considered as twofold. Firstly, by alteration of the quantity and 
static distribution of space charge within the tube, the effective capacity of the 
electrodes may be altered. Secondly, the time of transit of the electrons between 
the electrodes is altered so that the phase of the current at the electrode under 
consideration is altered with respect to the oscillating v^oltage there. The change 
of phase is, of course, accompanied by a change in amplitude of the generated 
oscillations. If neither the filament-grid space nor the grid-plate space is carrying 
its saturation current the first effect would not be marked, and the second effect 
would be predominant. 

In order to see how experimentally determined wave-lengths compared with 
those calculated on the assumption that A=2cT, where T is the time of transit 
of an electron between the electrodes in the absence of oscillation, and c = 3 x 10^® 
cm./sec., the dimensions of the valves used were measured as accurately as possible 
(i) by using a cathetometer and (ii) by projecting enlarged images on a screen by 
means of a projecting lantern. The electrodes of commercial valves of the type 
used are not likely to be of exact cylindrical symmetry, but the particular valves 
chosen approximated to this condition. 

In the case of the triode R2 the experimental results for the shortest values 
of A fitted almost exactly the {vg , A) curves obtained by calculation of the electron 
transit time between filament and turning-point on the assumption that neither 
space charge nor oscillations influenced this time. 

In the case of the other valves such exact coincidence was not found. However, 
in all cases, except that of the‘ Mullard valve, the experimental values of A were 
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shorter than those calculated from X = :tcT according to the method given by 
Scheibe^^\ 

Various authors have noted that the effect of increasing space charge well 
as of increasing amplitude of oscillation is to shorten the wave-length of the 
electronic oscillations generated by a triode. 

It may be concluded that the straight-line relationship between (Vg — and A, 
for oscillations generated in a suitable fixed circuit by a positive-grid triode, has 
been established experimentally. A quantitative explanation of the relationship 
has not been found. However, lack of agreement between the measured wave- 
lengths and those found from calculated transit times must be ascribed to the 
disturbing factors not allowed for in the wave-length calculations, such as (i) the 
quantity of space charge and its distribution; (ii) the amplitude of oscillation of 
the electrode potentials; and (iii) the phase differences between these potentials 
and the currents to the electrodes. 

The definiteness and repeatability of the results of the wave-length determina- 
tions with fixed circuit conditions and the linear dependence of A on the applied 
potentials suggest that a triode connected in the simple way described might be 
used as an oscillation wave-meter over a limited range ; moreover, the amplitude 
of oscillation could be altered by adjustment of the filament current without 
appreciable change in the wave-length, provided that Vg was sufficiently great. 


§4. ACKNOWLEDGMENTS 

The experimental work described in this paper was carried out mainly in the 
Physics Department of the London (R.F.H.) School of Medicine for Women; it 
was completed in the Electrical Laboratory at Oxford, with the kind permission 
of Prof. J. S. Townsend. 

I should like to express my thanks to Dr W. H. Eccles for the interest he has 
taken in the work, and to Mr E. W. B. Gill for helpful suggestions made while 
I was working in the Electrical Laboratory. 


REFERENCES 

(1) Barkhausen H. and Kurz, K. Pkys. Z. 2 t, 1 (1920); E. W. B. Gill and J. H. Morrell. 

Phil. Mag. 44 , 161 (1922). 

(2) Chapman, F. W. Exp. Wireless^ 9 , No. 108, 500 (1932). 

(3) Clavier, A. VOnde ilect. 13 , No. 147, loi (1934). 

(4) Gill, E. W. B. and Donaldson, R. H. Phil. Mag. 16 , 1177 (1933). 

(6) Grechowa, M. T. Z. Phys. 36 , 50 and 59 (1925) ; 38 , 621 (1926). 

(7) . ScHEiBE, A. Ann. Phys.^ Lpz., 73 , 54 (1924). 



287 


541.183.26 

MODELS OF THE SUPERPOSITION AND INTER- 
PENETRATION OF COMPONENTS IN GAS MIX- 
TURES ADSORBED UPON THERMIONIC, PHOTO- 
ELECTRIC, AND CATALYTIC SURFACES : 

PART I, PRINCIPLES 

By M. C. JOHNSON, M.A., D.Sc., Physics Department, 
Birmingham University 

Received October 16, 1934, and in revised form November 14, 1934. 

Read in title December 21, 1934. 

ABSTRACT, Models of intermolecular attraction and repulsion ar^ developed to repre- 
sent the penetration of one adsorbed substance through another. Such interchanges 
between two or more components are important in view of the complex surface structures 
required for control of thermionic or photoelectric emission, and for the many physical 
and chemical experiments in which a metal is covered with a thin deposit of another 
metal over an intermediate gas layer; the latter may reach its final equilibrium between 
the metals after migration from above or below. Other relationships between successive 
adsorbed materials range from the protection of a layer by inert gas, to the disruption 
of a catalyst by penetration of reacting vapour. The concepts of bulk diffusion and 
electrolysis, applied successfully to comparatively thick oxides, etc., require supplementing 
when the exchanges take place between two layers each of single atomic thickness. 
Accordingly we adopt simplified models to enquire what properties a molecule must 
possess if it is either to penetrate and replace, or to remain stiperposed upon and stabilize, 
a previously adsorbed group of molecules. The range of models is chosen to cover certain 
main features of oxygen, hydrogen, caesium, and inert gases, adsorbed in dissociated, 
ionic, and other states upon a tungsten surface. The enquiry yields some of the conditions 
whereby any given metal-gas sequence is able to rearrange its layers into a stable 
equilibrium independent of the order in which the components were originally deposited. 
In successive approximations we consider first the adhesion of given molecular models 
to a clean surface, and to the same surface when screened by a previous deposit in the 
form of a complete sheet. Distribution of the previous deposit is next taken into account 
as giving access to the solid through interstices between inert or repelling atoms and ions. 
The restriction to immobility of the first deposit is then removed ; the energy required for 
lateral migration is also considered for a second layer upon a first layer, and for the first 
layer loaded by the second layer. The work done in penetration of one layer by another 
then becomes determinate for the given models. Finally the modifications needed for 
fissures and edges on the solid lattice are briefly discussed, for application to the catalytic 
activity of isolated areas and grains. 
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§ I. INTRODUCTION 

T he production of thermionic filaments capable of large and lasting enp^sion 
at low tcmperatures^*\ and of photocells capable of a required sensitivity and 
spectral range depends essentially on the formation of surface layers Sl^ch 
are often very complex; they may include one or more gases and metallic vapours 
deposited, modified by discharge, and required to remain stable during long life 
exposed to the residuals of a high vacuum or to the impurities of an inert atmosphere. 
The attainment of equilibrium ensuring such stability may involve one or more 
exchanges of position by interpenetration between one layer and another. 

The mechanics of adsorption presented by such assemblages is not susceptible 
of exact treatment. We suggest, however, that by constructing very simple models, 
i.e. by assuming certain laws of force and dimensions of spheres of molecular in- 
fluence, it is possible to determine within specified limits the extent to which two 
components bearing at least some of the properties of known gases may be expected 
to interpenetrate; this distinguishes ultimately between mixtures which must be 
deposited on a surface in the order finally required, and mixtures which may be left 
to arrange themselves. 

The present paper is concerned with outlining the method for all likely sub- 
stances rather than pursuing detail of any one of them; the terms “caesium,** 
“oxygen,** etc., are only used to describe highly conventionalized constructions 
chosen as caesium-like, oxygen-like, etc., from one or two representative tendencies. 


§2. ATTRACTION OF A MOLECULE OUTSIDE AN ALREADY 
ADSORBED LAYER 

Method. The chance of a molecule from the gaseous phase penetrating or dis- 
placing any outer layer on which it impinges depends on (a) the time during which 
it can remain attached before re-evaporation, (b) the interstices of the outer layer, 
and (c) the lateral movements of which the atoms of the outer layers are capable 
during that attachment. Since (a) is known to vary exponentially with temperature 
and with the potential energy of the attachment, its range of variation is obtainable 
by determining the difference between energy of adhesion to a clean surface and 
energy of adhesion to the same surface if the latter is already covered by a screening 
layer of adsorbed gas or vapour. Before discussing in §3 the structure of such a 
screen, we consider the simpler case in which it is regarded as, a locally plane and 
complete sheet, whose thickness d' is equal to the supposed diameter of the adsorbed 
particle. 

In the simplest case the attraction of impinging gas to the solid is unaltered in 
character by the interposed screen, but merely diminished in magnitude owing to 
the gas being prevented from closest approach to the solid. In more complex cases 
the screen itself adds its own attraction to that transmitted through it from the solid, 
as in the cementing of an alkali to tungsten by a gas layer. In extreme cases the 
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screen or even the surface layers of the solid become detached by attraction to in- 
coming gas, as in the formation of WO3, the action of CO on Ni, etc. A further 
complexity is introduced if the screen modifies qualitatively and not only quanti- 
tatively the forces between solid and gas. For Van der Waals’s forces this modifica- 
tion is probably slight. It may become important, however, if the screen is held by a 
valency bond to the surface, as in the so-called chemisorption of Oj and Hi ; if this 
bond is saturated by the first layer, similar particles approaching from the gas may 
no longer feel even the weakened residual attraction appropriate to their greater 
distance from the solid. For instance if Ni has caused the formation of a layer of Hi 
by surface dissociation, subsequently impinging Hg forms a second but probably 
undissociated layer by Van der Waals’s attraction only, and any Hi generated in the 
gas, e.g. by discharges, will also have to adsorb by Van der Waals's attraction. A 
second layer of mobile oxygen upon a first layer of rigid oxygen covering a metal 
filament is probably also to be explained in this way. 

Starting with the simplest case of the plane, inert, non-modifying layer, if the 
laws of variation of attraction and repulsion with distance can be reliably assumed, 
the action of this interposed screen can be represented by simply displacing out- 
wards the repulsions and retaining the same attractions as were felt at corresponding 
distances from a clean surface. We combine the attraction appropriate to a distance 
d from the solid with the repulsion appropriate to a distance d — d\ when d' is the 
thickness of the screen. This type of model is only strictly valid if the atoms of the 
first adsorbed layer are similar in hardness to the solid itself. 

Let the potential energy of an impinging particle at a distance d from the bare 
solid be given by 

= (i), 

where n and m represent laws of decrease of repulsive and attractive energy with 
respect to the solid, and A and fi are constants which must be chosen, for any n and 
m, to enable the position of equilibrium under all the forces to occur at a correct 
distance from the surface. Then for the potential energy E2 of attraction of the same 
atom to an already gas-covered surface, this approximation gives 

= (2). 

Graphs of E^ and E^ plotted against d illustrate the effect of the screening layer in 
causing the potential minimum, representing position of equilibrium in adsorption, 
to become rapidly shallower as it is displaced outwards, figures i, 2 and 3. 

Values of the constants. The effects of d\ and the distance at which the first 
potential minimum occurs, and also the distribution of adsorbed atoms to be con- 
sidered later, require some convention to be adopted as to atomic dimensions in 
gases, vapours, and solids. 

The size of any atom varies greatly according as it is defined through {a) gas- 
collision target, {h) X-ray crystallographic packing, (c) maximum density in charge 
distribution of an outer electron shell. Since Oi and Hi are inaccessible by («), and 
(h) yields mainly ionic states, a complete set of radii is only obtainable through (c) 
and will appear excessive or deficient, according to the nature of the surrounding 
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fields^ when comparison with (a) or {h) arises. The definition of radii through atomic 
wave functions has been developed by Slater, Hartree, Pauling, and others ; although 
Slater’s comprehensive table has been superseded for certain atoms, it fulfils best 
our need of exhibiting all atoms on a single comparable basis : accordingly we adopt 
the mean of his Oi and Hi as smallest possible model, and his Cs as largest possible 
model. These exaggerate both upper and lower limits, and his tungsten constitutes 
a too overlapping lattice. But for our purpose of emphasizing consequences of 
differences in size these exaggerations are an advantage rather than otherwise in this 
general survey. Our diagrams differ radically from those employed in crystal 
analysis, where overlapping and separation are both avoided by confining definitions 
of radii to (6) alone, and where the structure is in equilibrium, under forces not 
necessarily those of a monomolecular adsorbed layer, so that the problem of 
penetrability does not arise. 

Table i 

Hi Oi He A Oa Cs W C8+ 0 -<-> 

J</' = o-5 O’S i-o 1*4 i*s 1-8 4*25 2*7 1-75 1*35 x io“® cm. 

In any model of an interface the distance between centres of adsorbed and 
adsorbing particles might be approximately the sum of these structural radii, or if 
the adsorbate packs as if taking part in certain types of chemical reaction the 
distances might be compressed to the order of | the sum of the radii. To compare 
such alternatives we choose values of A and /x which will give minima in the po- 
tential curve at {d' jz+d' {2)^ models 2 and 4, and also at f {d l 2 + d' {2)^ models i and 
3, where J' is the diameter of the atom in the solid. The repulsive index n we take as 
always 12, and it is not likely to be smaller except possibly for the soft alkalis, m is 
known to be about 6 for Van der Waals’s forces, models 2 and i ; 3 for dipole forces, 
model 5 ; and much higher for the homopolar bond. Since this latter can be imitated 
by an induced polarization involving the square of a dipole moment, and the dipole 
moment may itself vary with distance up to a fourth poWfer, the greatest steepness in 
attractive potential can be represented suitably by giving to m the value ii, models 
4 and 3. Actually these forces may decrease exponentially with distance, but to a 
considerable approximation and with greater computational facility a power model 
suffices. 

Figures i, 2 and 3 show the equilibrium of a second adsorbed layer in com- 
parison with that of a first, calculated from the above values inserted in equations 
(i) and (2). Each group of shallow curves represents the combined attractive and 
repulsive energy of an impinging atom when the surface is covered with the several 
inert-model screening layers; the single deep curve of each group represents the 
corresponding values of the quantities if the surface were bare. Thus for these 
simple models it it possible to see at once how much less work has to be done by the 
solid in evaporating a second layer than in evaporating the first layer, as measured by 
the decreasing depth of the minima ; we also see the dependence of this decrease 
upon the type of attraction exercised, as represented by its particular laws of force. 
While sufficient range of variation with distance is covered by the several models. 
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the scale of ordinates will differ in different cases served possibly by similar oo^pdels; 
e.g. the depth of the trough in the curve for Oi and Hi is of the order of 10* calories 
per gram-molecule, but for He at the other extreme it is of the order of 10*. 

Results. Let be the energy of adsorption of the first layer on the bare surface, 
i.e. the work to be done in evaporating the first gas. Let be the corresponding 
value for the second layer on the g^-screened surface. The values of E^jEi are 
tabulated in table 2 from the several graphs, showing the reduction of adsorptive 
power by the inert screens. 

Table 2 


d ' 

(cm. X 10“®) 

10 2*0 2-8 30 3*6 

Adsorption 

model 

E ^'/ E ,' 

029 0-13 008 o-o6 0*04 

5 


007 0*01 0005 

2 


003 0-005 

I 


<0-005 

4 


< 0-005 

3 


We proceed to indicate briefly the application of this table. 

(a) One of the largest known values of Ei is that for Oi on W, estimated by 
Langmuir to be about 160,000 calories per gram-atom. The models 4 and 3 are the 
most appropriate for such an adsorption which has the strength of a chemical 
attraction of extremely short range; from the above table it is seen that only 800 cal. 
could remain as the maximum possible energy of adsorption outside a close screen 
whose thickness is that of the smallest possible atom. Independently of whether 
such screen does itself saturate the available valency of the metal, we have from this 
figure a reason why no second layer of Oj is found by surface dissociation, and also 
a reason for expecting Oj or Hi present in a gaseous discharge to be only weakly 
adsorbed, if the W is already covered by a packed layer similar to this model. 

{b) The next largest values of E^ belong to metallic vapours, e.g. 65,000 cal., is 
estimated in Langmuir’s experiments with Cs on W. The forces involved are not 
necessarily of the shortest range, and models 2 and i are allowable, giving the 
maximum energy of binding of a second layer as 4500 cal. through a model screen 
corresponding to Oj or Hj, 650 through He, and 300 through diatomic gases. 

(c) Van der Waals’s forces provide heats of adsorption up to the order of 600 cal. 
only, and these will be reduced on the same scale to 400, and to less than 100 cal., 
through Hi, He, and diatomic layers. 

(d) The longer range forces of model 5 are less drastically diminished by the gas 
screens, but in their case the value of E^ is less initially. A strong dipolar molecule 
provides energy of surface adhesion of the order of 3000 cal., which will be reduced 
by the Hi , He, and diatomic layers to 900, 400, and 300 cal. per gm.-mol. respectively. 

(e) With the forces of longest range, E^ may be large if due to the attraction of 
an opposite ion in a polar crystal; at a metal surface an ion or a molecule of dipolar 
structure will experience the similar attraction to its image at a corresponding 
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distance behind the surface. A screen of monomolecular thickness may double the 
distance of a layer while the energy of image attraction of gaseous ions falls only to 
half value; at the smallest atomic distances the mirror plane is an inadequate model, 
but the decrease of potential with distance will be closely linear outside the regions 
of chemical attraction. 

Two standards of comparison must be used in applying these and similarly 
derived estimates of the diminished energy with which a second substance, or a 
second layer of the same substance, adheres outside a first adsorbed layer. Firstly 
take the attraction of the screen itself, which should be added to that which it 
transmits from the solid. For screens of inert gas, or of active gas whose valency is 
saturated, this attraction will be very small ; in other important cases the attraction to 
the screen is of the same order as that of the screen itself to the solid, as when a 
diatomic molecule is formed from striking adsorbed , or when CO.2 is formed 
at a Pt surface, or when multimolecular layers are formed from most vapours. The 
extreme case when atoms of the solid become detached has been mentioned. 
Qualitatively such processes may be represented as transitions from the troughs of 
figures I, 2 and 3, to other troughs of potential energy with respect to isolated 
centres in the adjacent gaseous phase, as depicted by Gurney and by Fowler in the 
study of electrolysis. Since the energy in the final trough is often that of some well- 
known gaseous compound, comparison may be effected between this known energy 
and the energy of adsorption, the latter being less than the fornier if the reaction 
proceeds irreversibly. 

The second standard of comparison is that of the vibrational energy levels in the 
adsorbed state; the energy of thermal equilibrium is of the order of 300 cal. per gm.- 
mol. at 100° K., 900 cal. at 300°, and 3000 cal. at 1000°. Hence comparison of these 
with the data derived above will decide, for any given model at a given temperature, 
the chance of a second layer adhering to a first layer long enough for completion of 
the gradual mutual penetrations which we discuss later. 

In addition, the graphs indicate the distinction between rates of change of energy" 
with distance for nearer and further layers; these determine the work done during 
any small normal displacement involved in lateral migration of adsorbed particles, 
and will be used below in estimating the penetration of layers by their mobilities. 


§3. PENETRATION THROUGH INTERSTICES OF A RIGID LAYER 

Distribution of dn immobile inert adsorbate. We next remove the restriction by 
which the first adsorbed gas was regarded as a plane sheet completely withholding 
further gases from the solid. Let saturation of any layer be defined, for the present 
needs, as the state in which the maximum number of particles is present, consistent 
with their equilibrium, at a given temperature, in the fields due to neighbours and to 
the solid below. When a steady state has been reached, the surface density at 
saturation may either fall short of close packing or may exceed close packing, if the 
latter be defined as the number of particles which can be arranged with their 
diameters in contact. Figure 4 illustrates models in which this excess or deficiency 
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aflFects a layer’s penetrability towards later arrivals from the gas phase. In this 
diagram the outer electron shells of the metal are represented by the dotted circles, 
and the atoms adsorbed on face or edges are represented by the full circles. 

In using the values of d' from table i both neutral and negatively charged oxygen 
atoms must be taken into account as well as the diatomic molecule. The accepted 
diameter in crystal compounds, 2*7 x io~® cm., refers to an ionic state, but although 
some writers have suggested this state for adsorbed oxygen, the proof by detection of 
evaporating ions would be exceedingly difficult; such evidence as exists indicates 
that the evaporated adsorbate is neutral, both in the case of Oj and H^. On the 
other hand the alkalis evaporate as positive ions, according to a well-known law, from 
a surface of large enough electronic work function, while some at least of their 
atoms behave as neutral when still adsorbed. It is not possible to distinguish 
sharply between stable existence as a charged ion in an adsorbed state and mere loss 
or gain of an electron in separating from the surface ; development of the new theory 
of molecular orbitals will probably remodel such states as are incapable of permanent 
association with a fixed number of electrons, and distinction between ions and 
neutrals is merely an approach from two extremes between which any actual facts 
must lie. 

Neutral atomic oxygen and hydrogen. If the number of gas atoms in a saturated 
layer on tungsten is limited chemically to a final proportion of one to each exposed 
atom of the metal, *we must suppose that the components of a diatomic gas molecule, 
dissociating under surface forces, experience initial attraction to several neighbouring 
metal centres. Round each of the latter a spherical shell will represent the locus of a 
potential energy minimum such as was studied in § 2, and the position of an adsorbed 
atom in equilibrium on the crystal lattice will be the nearest point to the intersection 
of as many as possible of such shells. 'Fhis position is marked with shaded circles 
on the face and top edge in figure 4, in contrast to the positions marked + which 
would satisfy similar valency considerations but would be unstable for small dis- 
placements unless the gas-tungsten complex possessed a moment resisting rotation. 
Since the heat of adsorption of Oj on W, attributable to a very intimate bond, is so 
enormous, the models of figure i are appropriate, so that the radius of the sphere of 
equilibrium is even smaller than the bounding radius of the W atom, if the adsorbed 
particle is a normal neutral atom. Considerations not very different apply to Hj. 

An important feature of any such small atomic model is that tungsten covered 
by the neutral gas screen will present, even at saturation, a surface with the greater 
part of the metal still exposed, though with its free valencies no longer fully 
available. Similar impinging gases can therefore penetrate in most places un- 
impeded to the W ; but if the valency of the metal is already saturated, this will 
limit subsequent adsorption to a Van der Waals’s mechanism which, though weak, 
does not restrict their final density of packing. Such additional O2 and Oj will 
not follow any lattice structure, and are shown on the lower edge of figure 4. Hence 
even when the screen considered in § 2 becomes locally of vanishing thickness, so 
that the results given in table 2 are only applicable at separated points, it is still 
necessary to regard the second oxygen particle in Langmuir’s OOW as a diatomic 
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molecule, penetrating easily between the large interstices of a strongly held layer of 
atoms but unable to dissociate. By similar mechanism we may explain the inhibition 
of hydrogen dissociation at an oxygen-covered surface. 



The presence of Og or Oj on W cannot be regarded as in stable equilibrium ; the 
formation of volatile WO3 when excess oxygen is admitted shows that further transition 
to a new grouping occurs, with a. loosening of the bond from tungsten to tungsten. 

19-2 
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Caesium. In contrast, the model representing extreme alkaline properties has a 
saturation density actually in excess of close packing if the neutral state is assumed ; 
for any model approaching this extreme, penetrability to outside gases becomes 
unlikely except by the lateral displacements discussed later. If the adsorbed atoms 
crowd as closely into the W as into each other the Cs will take up the position shown 
at the top edge of figure 4; in this the central atom of the body-centred W lattice has 
the four oxygens above it clustered as near to the intersection of their minimum 
equipotential surfaces as their mutual repulsions allow, with one Cs atom above the 
group. Here again the oxygen-screen thickness of § 2 becomes vanishingly small, 
explaining the well-known fact that the Cs is more strongly held to OW than to W ; 
since in our model the attraction of the atoms is added to that of the metal 
without the latter itself being seriously weakened by distance. 

Van der Waals's adsorption of inert and diatomic particles is illustrated along the 
lower edge of figure 4. Not being subject to valency restriction, these and many 
metallic vapour layers when saturated do not present permanent interstices for pene- 
tration by external gases, and have to depend for such upon the displacements which 
we consider in § 4. In these cases the effective thickness of screen does not fall short 
of that considered in the models discussed in § 2. 

Ions of oxygen and alkali. The sizes of these oppositely charged ions are not so 
unlike as those of their neutrals, and are shown on the right-hand edge in figure 4. 
The distribution of any one sign is limited by mutual repulsion. 

The penetrability of any layer depends on the fields of force existing between its 
constituent particles, and it is only with neutral and spherically symmetrical atoms 
that this field can be considered negligible outside their boundary. 

Distribution of immobile mutally repelling adsorbate: ions. The energy of mutual 
repulsion scatters any assemblage of like ions if they are not enclosed, and in a 
closed space would cause an appearance of enormous internal pressure on any 
boundary. Three consequences for the theory of penetration are to be noted ; (i) The 
constituents of even a very unsaturated layer experiencing such mutual repulsion 
will tend to escape into the gas phase. The alkalis possess an inert core, therefore 
ions of Cs will be unrestrictedly driven apart, while ions of oxygen and hydrogen 
may be prevented from scattering by valency bonds to individual atoms of the solid, 
(ii) The electrostatic field surrounding an ion decreases so slowly with distance that 
it nowhere approaches zero in its lateral fiuctuations over even a very sparse sheet of 
charged particles. Penetration by outside gases will involve passage through 
whatever potential barrier is presented by this fluctuating field, and cannot rely on 
interstices such as existed between neutrals of similar size and packing, (iii) Ad- 
sorbed ions can only remain in a stationary pattern when strongly held to individual 
atoms of the solid; otherwise they will show a gas-like mobility. 

Distribution of dipoles. If the work function of a metal is not such as to alter the 
net charge of the adsorbed atoms, they may nevertheless suffer considerable distor- 
tion in the field of the surface, resulting in behaviour as dipoles towards neighbours. 
The mutual repulsive energy E between two like dipoles of moment /x reaches a 
maximum, under favourable orientation, given by 

E=fjL^ld^ 
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An estimate of /x is available since Langmuir considered the heat of adsorption of 
isolated Cs atoms on W was about 65,000 calories per gram-molecule, but for Cs in a 
saturated layer about 41,000 cal. The deficiency represents approximately 17 x 10-^^ 
ergs per atom. If this is accounted for by mutual repulsions at the mean distance of 
6 X io“® cm. used in figure 4, the repulsion of one particle by four similar neighbours 
implies that 

/x = 9*6 X io~^® e.s.u. 

Conclusion o/§ 3. The dimensions and force laws of the models appropriate to 
neutral and allow gas molecules to penetrate freely through wide interstices in 
the first adsorbed layer ; but as these models are also associated with saturation of the 
valency of the metal with respect to those gases, any second layer, though reaching 
the solid, is only weakly held there. The models corresponding to large alkali atoms 
and to diatomic molecules allow no such interstices in a saturated layer. Ions cannot 
be packed as densely as neutrals, but their scattering is greater for an inert than for 
an active core. Even a sparse ionic layer covers the whole surface with its potential 
barrier. The repulsion of distorted neutrals exerts a calculable but slighter effect on 
their spacing, and hence on the penetrability of a layer. 

§4. PENETRATION BY DIFFERENTIAL MOBILITY OF LAYERS 

Migration on clean surface. It is well known from experiment that the state of 
aggregation of adsorbed gases and vapours ranges from an almost complete freedom 
of migration over the surface, giving a two-dimensional gas, in some cases, to a rigid 
binding with either a characteristic spacing or the spacing of the underlying solid, 
giving a two-dimensional lattice, in others. Leonard -Jones has initiated methods 
for calculating the energy which an adsorbed particle in a first layer must acquire in 
order to migrate from one cell to another on the surface of certain types of lattice. 
When a second layer is adsorbed upon the first layer in the manner we have dis- 
cussed, the chance of the former penetrating the latter will obviously depend on its 
ability to migrate along the screen until it finds any of the interstices mentioned in 
§ 3. Similarly, any migration of atoms in the screening layer itself will contribute 
towards opening such interstices. 

Figures 5 and 6 show the components, in the plane of the surface and normal to it 
respectively, of such a change in position. In figure 5 the largest and smallest circles 
represent the boundaries of models used in § 3 for Cs and Oj ; the dotted circles are 
sections of spheres whose radius is equal to the distance of the potential minimum in 
figure I from its attracting W centres. The length and direction of the horizontal 
arrow indicates the smallest movement by which an adsorbed atom, in equilibrium 
above the central W atom of the body-centred cube, can migrate to the top of a pass 
without actual evaporation ; once the energy for this movement is obtained the atom 
can wander over an infinite network of such paths without needing further gain 
except to counteract losses by collision. An oblique movement, ending at the head 
of the vertical arrow, would require the surmounting of a higher pass and allow a 
wider choice of subsequent migration routes. The main lateral component of 
migration is derivable graphically or algebraically from the change in distance 
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relative to central and right-hand W atoms, indicated by the dotted straight 
lines. 

In the plotting of the normal components, figure 6, the dotted circles around the 
W atoms are supplemented by smaller circles which trace the intersection of pairs 
of the equipotential spheres represented by the former; the innermost pair of Oi 
positions show migration over these smaller circles, corresponding to the horizontal 
arrow of figure 5, and the outermost pair show the further migration at right angles, 
along the vertical arrow of figure 5. Three-dimensional components of displacement 
are taken from these diagrams, and the distance from each W atom at the top of the 
pass between lattice cells is compared with that at the trough in the centre of a cell. 
Referring then to the appropriate model in § 2, the work done in removal from 
trough to pass is calculated to the accuracy needed. 

We find thus that if the energy of binding of the Oj is 160,000 cal., the energy 
needed to mount the nearest pass, and hence to migrate over the surface, is nearly 
90,000 cal., or more than 50 per cent. For Cs, 12,500 out of 65,000 cal. are needed. 
It is not unexpected that the smallest adsorbed particle, capable of penetrating 
almost through the solid lattice, should be so much less mobile than the large Cs ; 
the estimate for the latter is close to that found in Langmuir’s thermionic experiment 
with Cs on W, where the energy of migration is 21 per cent of the' heat of adsorption, 
compared with the 19 per cent calculated from our model. Particles held by the 
much smaller Van der Waals’s forces will have a much greater mobility. 

Adsorbed ions arc attracted to images in a plane surface ; at such close distances 
the ideal plane is not an accurate localization, but an approximation from figure 4 
places the work of migration of an ion between 5 per cent and 10 per cent of its 
work of evaporation. 

Migration on gas-covered surface. Combining the results of the preceding section 
with those of § 2, it becomes evident that the great decrease of attraction which we 
found outside a screening layer must render all above that layer extremely mobile 
with respect to the underlying solid ; not only is the residual attraction weak, but the 
graphs of § 2 show that the work done in migrating is further decreased by the 
flattening of the potential curves at great distances, until the path from trough to 
pass in a second layer becomes almost an equipotential. Only when the screening 
atoms themselves act as attracting centres will the second layer approach rigidity, 
and then only such measure of rigidity as was also possessed by the first layer. 

Penetration due to migration of upper layer. The model of greatest rigidity, corre- 
sponding to neutral Oj , was also in § 3 that of sparsest distribution ; hence, apart from 
inhibition of penetration by lateral repulsion as described below, any atom striking 
any part of the oxygenated surface needs only the slightest displacement to reach the 
underlying metal. 

Penetration due to migration of lower layer. At the other extreme the very large 
and overlapping Cs atoms will not allow any penetration from outside unless they are 
pushed apart, which action we found to require the large energy of 12,500 calories 
per gram-molecule, greater than the total adsorption energy of any substance held 
by Van der Waals’s forces alone, and greater than the diminished energy (§ 2) of even 
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the strongest adsorption outside the Cs. It is experimentally known that oxygen 
adsorbed upon an alkaline-earth metal on tungsten succeeds slowly in penetrating 
and reversing the order, e.g. from WBaO to WOBa at about 1300° K. If these 
particles are neutral and have any likeness to the models we have used, our in- 
vestigation suggests that the outer layer migrates easily over the lower one, but that 
until the lower is forced by the heating of the tungsten to migrate, mutual inter- 
penetration cannot set in. A similar effect probably underlies the diffusion outwards 
of a layer of alkali from a bulk alkali already covered with a gas layer. Observation of 
the temperature variation of these exchanges would provide, on our theory, informa- 
tion as to the mobility of the lower rather than of the upper layer. 


A B 



Inhibition of mobility of lower layer by comparative rigidity of upper layer. This is 
illustrated in figure 7, with respect to the extreme example of a layer of helium 
models adsorbed on the metal at low temperature, with Cs deposited subsequently. 
An unprotected layer of He would only remain unevaporated at a very low tempera- 
ture, and its lateral mobility would be very complete. But to achieve the migration 
shown by the arrows in figure 7 the protected or loaded He will have also to gain the 
energy needed to displace the Cs atom normally through the distance . 4 , B. The large 
energy of migration of Cs found at the beginning of the present section is greatly 
reduced outside the He screen, but may still exceed the small migration energy of the 
He or even the energy required for the latter’s evaporation. Such an immobilizing of 
an inner by an outer layer occurs in the trapping of molecules during deposit of 
sputtered and evaporated metal in the presence of gas, and is responsible for many of 
the electrical and optical properties of films so formed. 

In contrast to the penetration due to migration of the lower layer, interpenetra- 
tion of this double layer will depend mainly upon mobility being attained by the 
upper atoms, and temperature coefficients must be interpreted accordingly. 
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Inhibition of penetration by lateral repulsion. If the first layer or screen is no 
longer inert towards impinging gas, the initial requirement (§ 2) for penetration has 
the greater chance of fulfilment, through the lengthened interval before re-evapora- 
tion of the second layer; but an opposing tendency is also introduced if screen and 
gas molecule form together a complex which possesses preferential orientation with 
respect to (a) neighbours, or (b) the underlying solid. In some strong bindings of 
gas to screen, access of the former to the solid would be opposed as involving work of 
rotation of the combined structure. In case (a), this work is needed to overcome the 
lateral repulsion considered in § 3, if the layer is closely packed. In case (^), even 
without close packing, work has to be done in interpenetration of the two layers if 
attraction of the gas is exclusively to the screen, since distortion may then repel the 
outer atom from the solid. Such a system approaches the strictly oriented organic 
adsorption on liquids, studied by Adam and others, the nearer and further portions 
of a long chain molecule corresponding to the lower and upper atoms of our double 
layer. The directional properties of some types of valency bond may also appear in 
certain adsorptions, reinforcing the tendency for the second layer to remain outside 
the first and not penetrate to the solid. 

Two-phase single layer of two components. When penetration has been achieved, 
there may have occurred a complete exchange of position between upper and lower 
layers, or, if one component is not much more strongly bound to the surface than the 
other, the two may form a mixed layer but still one of monomolecular thickness. In 
many cases, owing to discrepancy in size of atoms, etc., two such coplanar components 
will not be of the same mobility; thus arises the phenomenon of a two-phase ad- 
sorbed layer, conforming neither to the homogeneous two-dimensional gas nor to 
the two-dimensional lattice. 

It is possible to illustrate (figure 8) the restriction which an immobile component 
may exercise on the migration of a companion. The closed contours round the 
summit of each lattice atom limit the regions over which a certain adsorbed particle 
can wander at a given temperature; the solid has also adsorbed a few isolated Cs and 
Oi particles, whose rigidity was found to be considerable at moderate temperatures. 
The path of the migrating particle in the absence of any second component is 
restricted only to the shaded area between these equipotential cpntours; but where 
this area is covered by comparatively immobile Cs or Oi , freedom of movement in 
their directions is curtailed. A very sparse distribution may even block several 
adjacent channels and keep any one migrating atom to a small region of surface. 
Wherever any irregularity of distribution in the underlying solid allows a local 
opening of path, otherwise closed by the interspersed Oi or Cs, a sudden increase in 
migration takes place; the picture thus adapts itself to the phenomena of lattice 
edges and fissures to be discussed in § 5. 

Conclusion of § 4. We have shown, by analysing the components of displacement 
of given models, that the probability of an adsorbed atom being laterally mobile or 
rigidly attached will depend on its size and on the force laws of its adsorption bond. 
Selected examples of each of these dependencies range from rigid oxygen through 
semi-rigid alkalis to very mobile .diatomic and inert gases and ions and the greatest 
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mobility of all substances on gas-covered surfaces. Penetration of a second layer 
through a first layer is in certain cases determined by mobility of the outer com- 
ponent, in others by that of the inner, but may be inhibited by the loading of one 
atom by another and by the lateral repulsion between complex molecular structures. 
If a penetration is effected, a single layer of more than one component exhibits the 
state of aggregation of a fluid whose movement is restricted to definite channels. 



§5. PENETRATION AT EDGES AND FISSURES IN A SOLID SURFACE 

It is well known that irregularities in the microcrystalline structure of solids play 
a large part in the catalytic activity of their surfaces, and also in the extent to which 
impurities from both inside and outside a metal become enabled to modify its 
thermionic and photoelectric emission. If a group of surface atoms becomes 
partially isolated by the non-uniform distribution of its neighbours, its valencies 
must be less saturated than if it were completely surrounded, so that a denser 
clustering of any single adsorbate will be liable to occur in the neighbourhood; 
further, if two components are present in the gas phase, the increased probability of 
their adsorption in juxtaposition to each other at such points, edges, and corners, 
will increase locally the catalytic activity of the metal for reactions between those 
two gases. Beyond these general effects, we enquire whether any local modifications 
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of catalytic activity can be ascribed to irregularities which modify our previous con- 
clusions regarding penetrability of layers on a plane lattice. 

As previously, the behaviour of front and rear portions of a long chain mole- 
cule, adhering perpendicularly to an interface, throws light on the behaviour of the 
two superposed components of a double layer. If the surface contains an isolated 
projection, the head of the chain can reach the mean plane while the tail lies along- 
side the raised excrescence, and similarly a fissure allows the head to go below the 
mean surface while the tail is level with the plane. In both cases the outer portion of 
the molecule has access to atoms of the solid from which it is otherwise withheld. 
Since decomposition of organic molecules forms the main experimental basis of the 
projecting-patch theory of catalysis (and indeed the applicability of that theory to 
reactions other than the decomposition in question has been challenged), the ex- 
planation may partly be attributable to such penetration by an outer portion of an 
orientated molecule which would, at a perfectly plane surface, never reach the metal. 

Extending the term “penetration” from the behaviour of the rear portion of a 
long single molecule to that of the outer component of a double layer, let us take 
three conventionalized types of irregularity, of which any actual surface region will 
present instances similar in principle to but more complex in detail than the pro- 
posed models. 

Projection above plane lattice. Consider an idealized lattice on which projects a 
single row of additional atoms. On the solid is adsorbed a saturated layer of larger 
atoms, and on this layer impinge smaller atoms. So long as the projecting atoms and 
the two gas components differ considerably in size, the former introduce gaps in the 
regular packing of the otherwise saturated layer, allowing the second component of 
smaller size to enter between the projection and the first component. Access to the 
solid will occur at temperatures too low for normal interpenetration of the two gases 
to be attained by the mechanism discussed in connexion with migration of the 
lower layer, and a number of the smaller atoms will accumulate in any such hollows 
of atomic size caused by the presence of the projection. * Reactions in which these 
small atoms take part will tend to be accelerated along such linear projections, since 
this trap greatly extends the duration of their life in the Unevaporated state. Such an 
effect will be greatest for the greatest discrepancy in size betweep the gaseous com- 
ponents, and for the greatest mobility of the smaller atom. Since the latter condition 
will be best fulfilled if the projecting row of atoms are not themselves too strongly 
attracting, the effect of the projection may be greater if it consists of partly inert 
foreign particles than if it consists of the underlying metal itself: thus we approach 
the conception of a non-reacting promoter facilitating the catalytic powers of a more 
active solid. 

Parallel-sided fissure of atomic width. Consider a fissure whose width is not 
greater than that of the larger atoms of the first gas component. In this case the 
second component has not the additional mode of access which, in the case of a 
projection above a plane lattice, allowed it to undermine a saturated layer. But 
when once any ordinary penetration at the top of the fissure sets in, accumulation of 
the second and smaller component in the vacant space below can proceed, draining 
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the gas phase into the metal by decreasing continuously the chance of re-evaporation 
of the dissolved gas. All consequences of penetration of the first layer by the seccmd 
will thus be accelerated from such point sources or line sources. 

Narrowing fissure. In most practical cases the open end of a fissure is wider than 
the largest atom: the principal difference between this case and the last is in the 
chance of escape of reactants and of products of reaction ; this decides whether the 
reactions initiated at a fissure proceed indefinitely or are terminated. In general, if 
the fissure is wide enough for the larger atoms also to accumulate in it, their presence 
will accelerate reactions in which they take part but will retard reactions involving 
only the other components and the solid, by blocking the way to evaporation. 

In addition to the above types of mechanism, by which surface irregularities 
anticipate and accelerate the plane penetrations discussed in previous sections, all 
fissures and projections cause local suspension of the inhibitions of interpenetration 
of layers by lateral repulsion. 

By introducing third and fourth components of varied properties, the models 
can be extended, in principle, to allow discussion of catalytic poisons as well as of 
promoters. Another extension is indicated where lattice irregularities cause trans- 
mission and accumulation of material which was initially in the interior of the metal 
instead of in the gas phase. A molecular mechanism of penetrability is required for 
the phenomena of release from solid solution, e.g. the renewal of surface layers 
from within a thoriated filament, and the effect thereon of existing deposits from 
outside. 

The very much simplified structures to which we have confined attention are 
sufficient to indicate that the common preparation of a solid for chemical activity 
by heating and by alternate oxidation and reduction must cover a very complex 
sequence of physical processes, which will rarely be either reversible or repeatable ; 
a single treatment may succeed in mobilizing each component to take advantage of 
fissure growth, but its repetition at excess temperature may lead to inhibition of 
activity by sintering or closure of fissures. Up to a certain point, increase of sub- 
division of a solid facilitates most of the mechanisms we have described, to a limit 
based on the following considerations. Let A be the activity of a surface, defined by 
the velocity of reaction of given components striking unit area under given condi- 
tions of temperature and pressure. Then if unit activity is that of which the perfect 
lattice is capable and A' the added activity at grain-boundaries or fissure-edges, 

A^i-\-A\ 



where is the number of particles striking an edge and ^2 the number striking the 
plane area, and / is some function. 

In the simplest case where square grains are separated by cracks of the kind first 
studied by Smekal and by Zwicky, will increase a hundredfold during any 
subdivision of the surface which reduces average grain-length from lO"® cm. to 
cm., for atoms about 3 x io“® cm. in diameter. Where/ is a constant, and made 
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large by favourable development of some of the irregular penetrations which we have 
suggested, A will be increased by any treatment which tends to break up the solid, 
up to a limiting ratio of Wj/wg set by the size of the gas particles. 


§6. CONCLUSION 

It has been shown that only in certain restricted circumstances can two sub- 
stances adsorbed from the gaseous phase maintain stable existence as superposed 
strata, even if the one is completely condensed before the other is admitted to the 
surface. In general the two substances will interpenetrate with greater or lesser 
rapidity, in certain cases sharing a single layer of monomolecular thickness, and in 
others reversing their order of proximity to the underlying solid. The occurrence 
of these interpenetrations has been related to regular and irregular structure of the 
solid, to dimensions and force laws of any two adsorbed components, and to their 
mobilities and the several inhibitions controlling the latter. All the results have been 
obtained by very much simplified models and conventionalized force laws; only to 
the extent that actual oxygen, hydrogen, inert gases, alkali vapours, etc., have 
properties describable in terms of these simple models, will the conclusions apply to 
these substances. 

It is hoped next to deal quantitatively wfth certain of the problems treated here 
only in general outline. 
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ABSTRACT. The paper gives a mathematical treatment of the behaviour of convergent 
polarized light passing through a uniaxial crystal, together with some practical details 
relating to the production of rings and brushes. The Fresnel wave surface is shown to 
be the isophasic for a system of waves diverging from a point source in the crystal. 
Explicit expressions are given, in terms of elementary functions, for the electric and 
magnetic fields and the energy-stream, both far from and close to the source ; and the 
validity of FresneFs construction is discussed. 

§1. INTRODUCTION 

O N account of purely technical mathematical difficulties the classical theory 
of the optics of crystals is usually b.ased almost entirely upon plane waves; 
the Fresnel wave surface is deduced as the envelope of a system of plane 
waves passing through the crystal in all directions. 

In making instruments to exhibit the well-known rings and brushes, opticians 
have carefully reproduced the conditions that have had to be assumed in the 
mathematical theory. But the usual rings and brushes can be produced as easily 
and as brilliantly with truly divergent polarized light as with the artificial system 
of plane waves that is usually described as “convergent polarized light,** much to 
the mystification of the student. 

An attempt is made in this paper to show that in the case of a uniaxial crystal 
the Fresnel wave surface is not merely the envelope of a system of plane waves 
passing through the material, but the actual isophasic for a system of waves diverging 
from a point-source in the crystal. No attempt is made here to deal with the much 
more difficult mathematical problem of a biaxial crystal’*^. The problem is, of course, 
to solve Hertz’s problem for a uniaxial material. 

* One of the earliest treatments of this problem (from the elastic solid standpoint) was given, 
nearly a century ago, by Lam^, and can be found in his treatise Lefom sur la Thiorie mathhnatique 
de VElasticite des Corps solides (Paris, 1852, 2nd ed., 1866). Certain general solutions have been 
discussed by Herglotz, who used mathematical methods of extreme difficulty. His papers are : “ Ueber 
die Integration linearer partiellcr Differentialgleichungen mit Konstanten Koefficienten, Teile I, II, 
III.’* Ber. sacks. Ges. (Akad.) Wiss. 78 (1926) (I, II), 80 (1928) (III) ; “ Ueber die Integration linearer 
partieller Differential-gleichungen mit Konstanten Koefficienten,” Abh. math. Sem. hamburg. Univ. 
6, Heft 7 (1928). See also S. Kowalewski, “Ober die Brechung des Uchtes in kristallinischen 
Mitteln”, Acta Math. (1885) ; V. Volterra, ” Sur les vibrations dans les milieux bir^fringents ”, Acta 
Math. (1892) ; J. Grunwald, ‘‘ Ausbreitung der Wellenbewegungcn in optisch zweiachsigen elastichen 
Medien”, Boltzmann- Festschrift (Leipzig, 1904). 
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§2. CALCULATION OF THE MAGNETIC AND ELECTRIC FIELDS 
We begin with Lorentz's equations for a set of principal axes, 
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We assume that p and v are given as functions of position and time, where v is' the 
velocity of electric charge. Assume, as usual, that A is a vector potential such that 

H = curl A, 

then H = curl A, 

and, by (2), — c curl E = curl A, 

i.e. curl (A + cE)=o, 

or, since curl grad <^==0, 
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where is an arbitrary scalar function of x, z and t. 
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A has, so far, been incompletely defined; its curl only is specified so far. We com- 
plete its specification by defining its divergence and this we do by putting 

c div = o (io)> 

hence the first two equations of (9) become 

— 4.TTpVj. 

K. V 

cAAy — ^ Ay = — /\.7r pVy 



and the third 


cAA.-^^ A^= - 4 . 7 rpv^ + c--^^~ V div A 

C A. j 


dz 


(12). 


or, somewhat more conveniently, 

A'l 02 

c 


( dt^ dx^ ay d. 


a2 


{_K, aa 

l c 

A,a‘^ 0-^) ^ 

■ c^~ dz'^\ K 


02 

dy^ 

a2 


02 




A'3ta*> 


0S2 


’ jl ^ _A'”P^y 


A‘^P 3 ‘. 

c 


(«) 

ib) 


4 


K, 

A' 


} -(is)- 


+ 


Kj — Kj 0 /dAx dAy 


ds\ dx 


?) w 


We shall suppose a Hertzian electric dipole^*^ at the origin with its axis pointing 
in any direction. We can choose the axes so that Vy — Oy i.e. so that the axis of the 
dipole lies in the xz plane. Equation 13 {b) now disappears as well as the last 
term in the last bracket on the right of equation 13 (r). Equation 13 {a) in A^ 
is a standard wave equation and has a well-known solution having a suitable singu- 
larity at the origin and vanishing at infinity to the proper order. It is 


M 


® gipit-rfa) 


■(H), 


where by we mean ipM^^y Mj. being the maximum value of the x component 
of the electric moment of the dipole, and 

I 

and r^=x^+y^ + s^\ 




We are left with equation 13 (c) to solve. Since a solution having the required 
singularity at the origin and vanishing at infinity in the proper way is unique, we 
only need a particular integral of equation 13 (c). We can obtain it in the following 
way. Ag can be considered as made up of two parts, A^^ coming from the first 
term on the right of equation 13 (c) and i from the second term. We have then 


[ 


2 9* 9* 

a^d^dz^ 






Ki ^irpv, 

K c ' 
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or, putting 



i.v 


I 4 



we have 

(\' ^ A - 

a2 0/2;^2-““ ^ 

( 15 ). 


where 

, 02 02 02 
^ “0f2 + 0^J + 0^8- 




This is a standard case like the last, so 

(16), 

where + 

This wave is a point-source spherical wave in 5: space and so a spheroidal 
wave in jc, jy, z space. We are now left to find A^iy where 

A = ( i-~ e^P(t-rfa)l 

p2 )dzdx\cr 1 ' ’ 

Put 1 


B' = Bc/MJ 
= dgldx I 

I 02 02 , I / 02 02 x"l I . > 

■ a 2 0/2 + a «2 + ^2 (a *2 + 3 ^ 2 ) j ^ y 




where r* = Jc2-f-j2-|-02_^2_^^2 

Now it is possible that, if 



where G is some constant*; and this supposition proves to be true, as we shall 
now show. We can easily solve 

^ g*p(Mp2 +*s)*/a) 

^dp^^dp y/(p^ + Z^)^ 


i.e. 


i.e. 

4 ' 

i.e. 

g' 


* Dr Johi\ Dougall suggested this to me. 


PHYS. SOC. XLVII, 2 


20 





-^*,1 
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Differentiating twice with respect to z, we get 

dy 


X = f - t r i ^P 

'<*' . 00 f t* J QQ fJf 


dz^ Ja.r" ■ aJoc/>r‘ 

and differentiating twice with respect to t and dividing by —a* we get 

at* aj„p P 

Adding equations (21) and (22), we get 

I a* a* 


.(22). 




[P 0 


^tp(t-r/o)L 


Joo^/)( r 

= gip{t-rla). 

r ’ 

hence G of equation 19 (a) is given by 

G=-i (23), 

SO the hypothesis is proved. 

We can now easily get a solution of equation (19). 

Let g = ^g\ where g' is the function given by equation (20); then, substituting 
in equation (19), we get 

- A e*” I = i 


and 

solves equation (19), where 


• A- 

» 


and, by equation (18), 


and 


I i giPii~>^(pHzi)la) 

i-^'dx 

M, ¥ 

” c'l-^-dx’ 

c 'aara* c 'dz'Xdp'dxJ 

c r 


(24). 

••(25). 

■(26): 


(27)- 
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This function has a singularity along the whole ar-axis. We can remove it in the 
following way : 

Since i = PXy y] — jSy , we get 


I 02 02 I 702 02vl I 02 02 02 02 \ 


We know from equations (20) and (23) that 



u= -tr 

ipimR 

(28), 

U 

where 


( 29 ) 

R 

and 

P^=^R->tz^ ] 

P 

lead to the equation 

/ 0 * 0 »\ / I 0* 02\ 

V0^2 + j “ - \ a* dzV 



i.e. 





■■_i 02 9"\1 



i.e. 

fl2 0/2"^0^2 ^yV\ ^ ^ 




We can consequently add any multiple we please of 

^ gip(f-i*/a) 

c R^'P 

to the solution already obtained; compare equation (27). Let us add — jS times this 
expression, where 

— Piz/R= —xzjp^. 

The complete solution is then 

( 30 ). 

which has a singularity at the origin only. Our vector potential is then 

cr 

A ij(*-P/a) 

j 82 ‘cP 


+ (t-rja) _ 1 gip {t-ria)\ 

C * p 2 \r P ) 


lere 

d P^ = p^{x^+y^) + z\ 

The electromagnetic field is at once given from this vector potential, since 
H = curlA \ 

E = — A/c — grad I 

cdivA + iCi^ = o I 


and 

where 


(32). 
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The first of these equations gives the readiest means of calculating H from A; 
but, once H is known, E, for points at a distance, can be more simply found 
directly from Lorentz*s equations observing that the first three become 

ccur\H = {K^,K^,K^)t 

except at the origin, giving "E and hence E immediately. Since alone involves 
purely spherical waves, it is immediately clear that //*, alone of all the six com- 
ponents of the field, proceeds exclusively on a spherical isophasic. We propose 
to examine the fields due to these vector potentials, at a considerable distance 
from the origin, bearing in mind that for this purpose we need only differentiate 
the exponential functions, treating the rest of the expressions for the ^*s as 
constant. 


Put 


and 


§3. THE SPHERICAL WAVE 
M 

Ax —F. where F . 

* ' cr ^ 

xz 

A/ = G . where G . = « • " 

cr 

dL^pJa. 


Then, the common factor being omitted, 

Fe:- 

y \ ' rp^ 




This result shows that, if 


(RH) = o, 

i.e. H is perpendicular to the radius vector, R. 

From equation (33) we get at once the real forms of H: 


a cr phr ^ \ a) 


The amplitude of H is therefore 

H -^ y 

' ' a' p' cr 


and 


a p cr ^ \ a) 


•(33)- 


•(34)' 


(35) 


•(35«). 


where h is the numerical value of the whole magnetic vector at any time and place. 
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To calculate the electric vector, we have 

ccurlH=(^i,/s:i,/(:3)i>E, 

i.e. £.=^^^^(curlH), 

i>,/^^(curlH), (36), 

whence £* = - ^ 

C 



c pV 

K=0 

so the real forms are: 

„ M, ( r 

* c <rr p V ^ V a 

'’*>■ 

The scalar product (RE) is again zero, so E is perpendicular to the radius vector. 
Also (EH) = o; therefore E and H are perpendicular. Also, since £* = 0, E lies 
wholly in the plane parallel to ry, i.e. E lies along the parallel of latitude and 
H lies along the meridian through the point. The amplitude of E is 

f"-/ ( 39 ) 

and c = — .^®.^.cos/) (i--) (40), 

c cr p ^ \ a) ^ 

where e is the numerical value of the whole electric vector. The vector product is 

«■) 

and, if jc=r sin^ cos 

y = r sin 0 sin 
z=r cos By 
yjp=sm<l>; 

hence, since the Poynting vector S is given by 

S= [EH], 
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energy radiates outwards on the spherical wave at a mean rate S^^i, where 



It is evident that is constant all over any meridian; on a given isophasic 
it varies with the longitude only. 





FiKure I. Spherical field. 
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The real form of H is 



H,=o. 


The amplitude of H is 



so that 


(46). 

where B is defined by equation (44). 

We can calculate the electric vector by the formula (36). 



E,= +'^.^.^^.ipB.e-*-‘‘ 

( 47 )- 

Consequently the real values are: 




(48). 

The amplitude of E is 





Equation (47) shows that E is perpendicular to R; also, by equations (45) and (47), 

(EH) = o, 

so that E is perpendicular to H. 

The vector product of E and H is 

ac ^ ^ \ a) 

and consequently the mean rate, of radiation of energy is 

(49), 

where = (jc* + z^ (50). 



3i6 
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Since — the H vector lies along a parallel of latitude of the spheroid and E 
in the meridian plane, perpendicular to R. D, however, is along the meridian, as 
can be easily shown, so that D and H lie in the tangent plane at P. 

The Poynting vectors of each system are radial. Since the E of one field is 
parallel to the H of the other, the radiation of energy is given by the sum of 5,^.1 
due to the spherical field and *S',n.2 due to the spheroidal field. This follows from 


the fact that 


[A+B, Gh-D] = [AG] + [BD] 


if B, G are parallel and A, D are parallel. It is also clear that if we draw the 
tangent plane to the spheroid at P, the projection of the radius vector from O on 
to this tangent plane lies in the plane containing the meridian through P. This 


X 

Figure 2. Spheroidal field. S is along OP and perpendicular to E and H; 

D and H lie in tangent plane at P; D and E lie in plane OAB. 

projection therefore gives the plane in which E and D lie, as it should by Fresners 
rule. It will be seen from equation (31) that if we make M.j. equal to o the spherical 
field vanishes entirely, leaving only the spheroidal field due to . If we now let 
K^-^Ki (the isotropic case), this spheroidal field becomes spherical. Thus the 
spherical field of the isotropic case of an electric dipole is the degenerate spheroidal 
field — it is not the spherical field of the electric dipole in an aelotropic medium. 
Hence the E and H vectors are directed in accordance with the well-known results 
for the isotropic case. The directions of E and H for the aelotropic spherical field 
are perpendicular to these directions. If we start with an isotropic material and 
a dipole along Oz a spherical wave is generated. If we now introduce aelotropy by 
letting differ from Ki while this spherical wave becomes spheroidal. 

If we now let the dipole become oblique so that exists, then a new spherical 
wave makes its appearance. 

§5. FIELD VERY CLOSE TO THE ORIGIN 
Suppose r< A, say r = A/ioo. The most complicated form we have to differentiate, 

XZ I . xz . . 

= ^ — la 2 — positive powers of r. 


spatially, is 


^ xz i ( 
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so that, when r and /j -> o every quantity that matters comes from the first term; 
i.e. the retardation of phase becomes insignificant. It is therefore of little useful 
purpose to distinguish the two wave fields; it is more convenient to consider 
separately the field due to M* and that due to M* . 

Field due to M*. The vector potential is now given by 

. 

P'"Pr(P+r)J 

each multiplied by ipMJc,e^^K 

These functions have singularities at the origin only. 

To calculate E it is best to use the formula 


'-grad<^ 


••(52). 


where 

4 = div A 


Here grad is 

the important term, for it is two orders lower 

in r than A. Hence 


E«-grad<^, 


where 

! 

11 

-0- 


and 

. dAg. dAg 

divA = -^+ «- 
dx oz 





If we put 



we get 

0 = M * 

AV *P» 

(S3). 

and 

E = -~ M ^ c'”' 

E = M ^ r* e*'" 

E = - M ^ 

Ai* *‘0 zVP»/ 

••(S4)- 


When = equation (53) reduces to 


Ki * dx \Kir/ ’ 


which is the correct potential for an electrostatic doublet of moment Mg. in an 
isotropic medium of dielectric constant Ki. The vector defined by equation (54) 
is not perpendicular to the radius vector. The H field can be calculated immediately 
from equation (51), if it is wanted. 
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If we put /> = o in equation (54), we get the electrostatic field due to the doublet 
at rest. 

Field due to . In this case 

Ay=0, 


and 


and therefore 


A = ^ 

' p- • 

0 = --- M * 

(MA 

~ dzKKP) 

E — - ^ M -- 

“ K, ’‘dx 


(55). 


Ipv 






A M ^ 




dy VP*. 

0 

'dz 


\ gipt 


...(56). 


\P^/ 


eipt 


If p = o in equation (56) we get the electrostatic field for this dipole, at rest. Since 
Ax==o = Ay, the magnetic lines of force corresponding to this field are circles lying 
in planes perpendicular to Oz and having their centres on the Oz axis. 

It is evident from these solutions that an electric dipole always generates a 
spheroidal wave. It will not generate the spherical wave if Mg. is zero, i.e. if the 
dipole lies wholly along the Oz axis, so that such a dipole generates a purely 
spheroidal field. One surmises that a purely spherical field would be generated 
by a magnetic dipole lying wholly along Oz, and this proves to be the case. 

Equation (13 c) is consistent with ^^ = 0 if 

= o 


and 

II 

p 


>1 SP 

i.e. 

dy 

* ^ 0* ’ 

where 

F—F(x,y, z, t). 

Also, by equation (136), 



since Vy = o, 


hence 


giving 


-;,P+AP=o, 




_ 0 
dy 
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//«=- 


//.=- 


Ji. 

dzZx 

8 » 

0a: 0y I 
0 *“ 






which is easily shown to be the field due to a magnetic dipole along Oz at the origin*. 
A field due to electric and magnetic dipoles along the axis of symmetry Oz consists 
of physically distinct fields, a radial spheroidal field due to the electric dipoles 
and a radial spherical field due to the magnetic dipoles. The field due to an isolated 
oblique dipole cannot be generated by a combination of electric and magnetic 
dipoles along Ozy for the compensating waves do not appear in either of these 
special cases. 

The spheroidal isophasic is given by 

'\/{i^-\-r}^ + z‘-)la = 2L constant, say zero, 

where 

so that K, {x^+y^)+K^z^=^CH^ 

where C is the velocity of light in vacuo, or, alternatively. 


( 57 ). 


i.e. 






for t=i 


•(58), 

•(59). 


which is precisely FresneFs form. 

The Fresnel spheroid is, then, a genuine isophasic for a divergent wave, even 
close to the origin. The isophasics of the spherical field are obviously the spheres 

r=a (60), 

so that the Fresnel surface 

(r^ - a^) {a^x^ + a^y^ + c^z^ - a^c^) = o 

is a true isophasic for a wave diverging from a point source in a uniaxial crystal. 
The spheroids (58) are such that, if two are drawn for values of ty say t' and f", 
then the lengths of the radii r' and r" drawn in the same direction are given by 


r 


.(61), 


a relation true for any direction. Consequently the velocity of the spheroid in 
any fixed radial direction is constant, but of course it is different for different 
directions. The radii of 


- i=F{Xy y, z) 

* Cf. the standard Hertz problem in an isotropic medium. 


c 

tty C 


r', r" 


(62) 
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^ consequently give the ray speed ^ for point-source spheroidal fields, at points 

V sufficiently far from the origin, for we have shown that the Poynting vector is 

then radial. The sheet itself advances everywhere normally to itself at a speed V 
which varies from point to point in the sheet. Equation (58) is 

F{x,y, z, /) = o, 

so that the speed is given by 

IF1=- 

‘ ' {S (dFjdxY)^ 


when I, at the point P (xo^yo, Zq), 

The tangent plane at P is 

XqX yoY ZqZ 

“"i-o 


and the perpendicular distance from O to this plane is 


I 

{K®+V)/o*+ar„^/a‘}i ’ 

i.e. the phase speed at P (defined as the speed at which the isophasic advances 
normally to itself) is equal to the perpendicular distance from O on to the tangent 
plane at P, i.e. the usual Fresnel rule holds good, and 


^ cos rn = V. 


§6. CONCLUSIONS 

(i) The Fresnel surface 

(y2 _ ^ ^2^2 _ _ Q 

is the true isophasic system (t=i) for divergent light radiating from an electric 
dipole with its axis in any direction, in a uniaxial crystal. 

(ii) Provided we are far enough from the origin for the space derivatives of 

g-iar iQ swamp the space derivatives of such quantities as ^ or ^ , then the 

direction of the Poynting vector for each wave system is radial and the E and H 
of each wave system lie in the plane perpendicular to the radius vector and are 
perpendicular to each other, i.e., Ej x Hj and Eg x Hg*, but E^ is also perpendicular 
to Eg. For the spherical wave, H lies in a meridian; for the spheroidal wave, E lies 
in the meridian plane. For the spheroidal wave, E x R the radius vector, and there- 
fore does not lie in the tangent plane, in which both H and D lie. Since the two 
systems of vectors are cross- perpendicular, i.e. E^ x Eg and x Hg, the resultant 
Poynting vector is merely the sum of the Poynting vectors for each system. 

(iii) The well-known Fresnel construction for finding the direction of D, and 
hence the plane containing E, for the spheroidal field, and also the relation between 
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the ray speed ^ and the phase speed V apply at points sufficiently far from the 
origin. 

(iv) Fresners rules do not apply quite close to the origin, r for the wave 
system is not really established in this region. Here the electric field is the electro- 
static field due to the dipole, varying sinusoidally with time without appreciable 
phase lag due to distance. 

(v) If the spherical and spheroidal waves are to be considered separately we 
must exclude points on the z axis, for each of these waves separately gives indeter- 
minate fields on the z axis; for example, by formula (33) contains the factor 
cos d . cos ^ . sin and if we let ^ o the value of is not unique because it depends 
on the meridian along which we have approached the point on the z axis. The 
whole field due to both waves is, however, perfectly determinate at all points 
except the origin. This is an interesting instance of a case where the actual field 
cannot be completely resolved, everywhere, into two waves, a spherical one and 
a spheroidal one. The formulae (53) and (55) show that, when these equations are 
taken jointly, the whole electric field given by them is precisely what it should 
be close to the origin. 


§7. PRACTICAL DETAILS 

In order to produce the rings and brushes as simply as possible the writer has 
found the following modifications in a Reichart microscope to be sufficient. 

(i) A brass ring was turned which fitted into the sub-stage in place of the 
ordinary condenser fitting. Into one end of this ring the polarizing prism w^as 
fitted, and into the other screwed end the usual condenser lens was screwed. This 
condenser illuminated the bottom surface of a specimen of crystal with a spot of 
highly convergent polarized light. Such a source is, of course, not the same as an 
ideal electric dipole source. 

(ii) A lens was fitted into an adapter carrying an analysing prism and this 
adapter was screwed into the end of the draw-tube in place of the usual stop. 
This arrangement merely converted the draw-tube into a weak microscope for 
viewing the back of the objective and passing only polarized light; see figure 3. 
With this arrangement the usual rings and brushes are seen brilliantly both with 
uniaxial material (quartz and calcite) and biaxial material (arragonite). The most 
convenient objective was the No. 3 Reichart (§ in.). 

If the draw-tube is withdrawn altogether, the rings and brushes are visible 
quite clearly to the naked eye if a nicol prism is held in front of the eye and crossed. 
They appear on the back of the object glass. In the specimens examined, the 
uniaxial material was cut perpendicular to the optical axis and the biaxial material, 
perpendicular to the bisector of the axes. The detailed theory of the ring-formation 
would be difficult for these conditions of illumination, since the isophasic emerging 
from the crystal into air is not even spherical for the ordinary wave and is still less 
80 for the extraordinary wave. These surfaces, outside the crystal, are not con- 
gruent, whereas with plane waves, they are. But symmetry alone is sufficient 
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to secure the formation of the rings. It follows that if the wave- retardation is sufficient 
to cause blackness with crossed nicols at the point r, ^ it will do so, whatever ^ is, 
in the case of a uniaxial material cut perpendicular to the optical axis, and at — r, ^ 
in the case of a biaxial material cut perpendicular to the bisector of the optical axes. 
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THE PROPAGATION OF MEDIUM RADIO WAVES 
IN THE IONOSPHERE 

By D. F. MARTYN, Ph.D., A.R.C.Sc., F.InST.P., Research Physicist, 
Australian Radio Research Board 

Communicated by Prof, O. U, Vonwiller^ July 9, 1934. Read in title November 2, 1934. 

ABSTRACT, All the available measurements of sky-wave intensities at medium fre- 
quencies are collated and expressed as field-strength, distance curves for six typical wave- 
lengths and for distances from 25 to 1000 km. It is shown how this material may be used 
for the determination of the non-fading radii of broadcasting emitters over country of 
any effective conductivity. From the observational material an empirical expression for 
the reflection coefficient of the lower E layer of the ionosphere is derived. It is shown that 
the observations are incompatible with the existence of a linear or parabolic gradient of 
ionization in this layer. This incompatibility is not removed by the assumption of an 
absorbing or D region below the E layer, or by consideration of the variation with height 
of the collision frequency v of an electron with the air molecules in the E layer. It is 
found that the observations can be fully explained if the gradient of ionization is given by 
the exponential form A^= €*, where h is the height in km. above the region where ionization 
first becomes appreciable. This gradient also gives rise to equivalent heights which are in 
agreement with experience. It is found that v has a value of 10® collisions per second at a 
height of 90 km., in close agreement with Chapman’s recent estimate. It is shown that 
the conclusions reached are not affected by use of the ray methods of geometrical optics, 
or. by neglect of the influence of the earth’s magnetic field. 

§ I. INTRODUCTION ■ 

A LARGE number of measurements have been made in recent years of the 
/\ field-intensities due to stations emitting on broadcasting frequencies. In 
jL JL general this field is composed of two parts, that due to the ground-propagated 
wave and that due to the downcoming wave produced by reflection or refraction in 
the ionosphere. The propagation of the former wave is reasonably well understood, 
principally owing to the work of Watson^*^\ Sommerfeld^^^^ and T. L. Eckersley^**\ 
The applicability of the analyses of these authors has been confirmed by a large 
number of measurements accumulated in all parts of the world during the last few 
years. 

Until quite recently few data had been published which would permit a full 
analysis of sky-wave-propagation at these frequencies. The early work of Appleton 
and Ratcliffe^^^ has now been supplemented by the measurements of the Union 
Internationale de Radio-Diffusion^”^ in Europe, the Federal Radio Commission 
in America, and the Radio Research Board in Australia^*’ 

In this paper it is proposed .first to review these measurements and to set out 
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curves depicting the variation of field-intensity of the sky wave at distances up to 
1000 km. over a frequency spectrum ranging from 1500 to 150 kc./sec. Secondly, 
this material will be utilized to derive information regarding certain aspects of the 
structure of the E layer of the ionosphere, notably the ionization gradient, the value 
of the collision frequency of an electron with the air molecules, and the possibility 
of the existence of an absorbing region at a level below the E layer. 

§2. DISCUSSION OF FIELD-INTENSITY DATA 

Examination of the large number of measurements cited above reveals good 
agreement between the field-intensities of the sky wave obtained in Europe, America 
and Australia during 1930 and 1931, years of slightly less than average sunspot 
activity. There is evidence that field-intensities at these frequencies decrease with 
increasing sunspot activity, so that we may expect sky-wave intensities to reach 
their maximum values this year. There is not sufficient evidence, however, to in- 
dicate whether there will be a differential influence over the radio-frequency spectrum 
under consideration. On the whole, it seems probable that variation of sunspot 
activity will only affect the absolute values of the sky-wave intensities, and will not 
influence appreciably the variation of intensities with frequency and distance from 
the emitter. 

On all frequencies there is evidence of a steady increase of intensity with distance 
from the emitter, extending up to distances of about 600 km. Thereafter the field 
decreases steadily, and beyond 2000 km. it appears to fall off according to an inverse- 
distance law. 

For distances less than about 1 200 km. there is evidence that the higher fre- 
quencies are rather less attenuated than the lower. In this region, however, the ratio 
of the field-intensities at the extreme ends of the frequency spectrum is seldom 
greater than 2:1, and at greater distances than 1200 km. the attenuation appears 
to be independent of frequency. 

The sky wave fluctuates rapidly from minute to minute and from night to night, 
so that it is obviously a matter of some difficulty to select from the measurements 
a quantity which will be truly representative of the sky-wave field-intensity. It has 
been suggested by a committee at the Lucerne conference that quasi-maximum 
intensities be employed for this purpose 

The quasi-maximum intensities are defined as those values of field-intensity 
which are exceeded during only 5 per cent of the time of observation. With this 
definition the sky wave reaches an intensity of 0*35 mV./m. at a distance of 500 km. 
on a frequency of 1500 kc./sec. for i kW. of radiated power, while all frequencies 
give a value of about 0*04 mV./m. at a distance of 2000 km. 

§3. AN EMPIRICAL FORMULA FOR SKY-WAVE FIELD-INTENSITIES 

As a preliminary to theoretical investigation an attempt has been made to 
develop a single empirical formula which would express adequately the variations 
of the observed intensities over the range of observation. If we assume that the 
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radiating properties of the emitting aerial in the vertical plane may be expressed by 
a cosine law, i.e. that the energy radiated at an angle B with the horizontal is pro- 
portional to cos B, then the sky-wave field-intensity £ at a distance R km. in the 
horizontal plane is given by^**^ 


.(I), 


^= 3 V:(io y)-L 9 Qig mV /m 

where W watts is the total power radiated, is the height of the reflecting layer in 
kilometres, and r is the reflection coefficient of the layer. 
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Figure i. 


If the power radiated be i kW. then 


V./m. 


.( 2 ). 


Practically all evening transmission of the sky wave at these frequencies is due to 
the E layer of the ionosphere, so that without incurring much error we may assign 
to //q average value of lOO km., and then the only unknown quantity in this 
equation is r. If now we write for r the empirical expression 


where 


y ^ g - cos* Oo - 35*) logio A 



( 3 ). 


and A is the wave-length in metres, then it is found that equation (2) gives a very 
close approximation to the observed field-intensities. The intensities calculated 
from equations (2) and (3) are shown in figure i for six typical w^ave-Iengths and for 
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distances ranging from 25 km. to 1000 km. Beyond about 1000 km., radio trans- 
mission at these frequencies must occur chiefly by multiple reflections between the 
earth and the ground, so that the equations cannot be expected to apply without 
modification. 

The curves in figure i may be used to determine the distance from a broad- 
casting station at which fading first becomes serious. This happens when the quasi- 
maximum sky-wave intensity is equal to one-half the ground-wave intensity. It 
follows that if ground-wave field-intensity, distance curves be superposed on 
figure I, and if an average ground conductivity of e.m.u. be assumed, with 



200 300 500 1000 2000 


A {metres) 

Figure 2. 

a scale of field-intensities double that shown for the sky wave in figure i, then the 
fading-radius is given by the intersection of the ground-wave and sky-wave curves 
for the desired wave-length A. For ground of conductivity other than 10“^® e.m.u., 
it is only necessary to substitute for the ground-wave curve of wave-length A the 
A' curve of equivalents®^ wave-length A', and to utilize the intersection of this curve 
with the sky-wave curve of wave-length A. In this way a curve has been derived 
showing the variation of fading-radius with frequency, for country of average con- 
ductivity. It is shown in figure 2 as curve I. In the same figure, for comparison 
purposes, there are given curves which summarize the experience of broadcasting 
authorities. Curve II is due to the Union Internationale de Radio-Diffusion, curve 
III to the Federal Radio Comtnission, and curve IV to the Van der Pol committee. 
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It will be observed that curve I, which is derived from the above empirical formula 
for the sky-wave intensities, is in good agreement with the combined experience 
of these authorities. 

Reverting to equation (3), it will be observed that the apparent reflection co- 
efficient of the E layer attains a minimum value when the rays are incident at an 
angle of 35®. It is important to enquire whether this is a true indication of the 
variation of reflection from the layer with changing angle. Now in any formula of 
the type (3), if the angle 35*" be omitted it is found that (2) gives a maximum of 
signal-strength at distances considerably less than the observed value of 500 km. 

The main object of the introduction of this angle is therefore to retard the increase 
of reflection coefficient with distance. Now in deriving equation (2) we have as- 
sumed that the polar radiation diagram of the emitting aerial in the vertical plane 
is given by a cosine law. TJiere is little doubt that the majority of the aerials used in 
the actual measurements do not conform to this condition, since most aerials used 
for broadcasting are designed to radiate as strongly as practicable in the horizontal 
direction. They will therefore be expected to give a maximum sky wave at a 
greater distance from the emitter than would an aerial conforming to the cosine law. 

We therefore attribute the presence of the angle 35*^ in the formula to this circum- 
stance of aerial design, and consider that it is not necessarily significant in respect 
of the reflection coefficient of the layer. 

In applying these observations to the investigation of the structure of the iono- 
sphere, care has therefore been taken to utilize only measurements made at the longer 
distances, where uncertainty regarding the high-angle radiation of the aerial be- 
comes unimportant. 

§4. THEORIES OF SKY-WAVE PROPAGATION 

Appleton has made a theoretical investigation of the variation of equivalent 
height with frequency and angle of incidence, and Appleton and RatclifTe^^^ have 
examined the dependence of the reflection coefficient of the E layer on the same 
quantities. 

They have considered the two cases of a linear and parabolic gradient of ioniza- 
tion in the layer. In both cases it appears that h\ the contribution to the equivalent h! 

height made by the path in the layer, should vary as some power of cos and of />, p 

the angular frequency of the wave. The same remarks apply to the theoretically 
deduced attenuation coefficients of the layer. The same workers have examined 
these problems experimentally, although over a somewhat limited range of variation 
of cos I’o and p. They found, contrary to expectation, that the attenuation coefficient 
of the layer was nearly constant for different angles of incidence of the wave, w hile 
the equivalent height appeared either to be constant or to increase slightly with 
increasing angles of incidence. In order to explain their results these authors have 
postulated the existence of a £> region of ionization below the E region. They point 
out that a ray approaching the layer at a large angle of incidence will have travelled 
further in the D region and experienced greater absorption than one approaching 
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at vertical incidence. In this way the theoretical decrease of attenuation in the E 
layer with increasing angle of incidence is offset. 

Now it is easy to show that the balancing of these opposing tendencies can only 
be effective at a particular value of and moreover that this balance will be some- 
what critical since it involves the third or fourth power of cos 4 . Moreover for 
values of Iq greater than the critical balancing value we should have an increase of 
attenuation with increasing a condition which is opposed to the facts revealed 
in § 3 above. 

Again, these authors have suggested that the effect of the D region would be to 
increase the equivalent height of the E layer for increasing angles of incidence, 
owing to the “longer path in the D region.” But if the equivalent path in the D 
region is zU for vertical incidence, then the contribution to the equivalent height 
of the E region is while in the same way, for angle of incidence fo, the contribu- 
tion of the D region to the equivalent path is zD' /cos Iq , and to the equivalent height 
is aD'cos {q/z cos I'o or D'. It seems therefore that the D region cannot cause a varia- 
tion of iJ-layer heights for varying angles of incidence in the manner suggested by 
Appleton and Ratcliffe. 

There is, however, another possible way in which the supposed D region could 
affect the £'-layer equivalent heights. In its passage through the D region any ray 
must be diverted from its original line of travel. Simple optical considerations show 
that in such an event we have approximately 

H' = Hq + Z>8jLt/cos* Zo , 
where H' is the observed equivalent height, 

Hq the equivalent height which would be observed in the absence of the 
D region, 

D the thickness of the D region, and 
(i —SfjL) the refractive index of the D region. 

It will be observed that the influence of the D region is to cause an increase of 
H for increasing values of ^'y. Now in Appleton and Ratcliffe's experiments cos^ lo 
varied from i to 0*75 sr^d there was some evidence of an increase of H* with . On 
the other hand, in some experiments conducted by the Radio Research Board in 
Australia and shortly to be published, it has been possible to extend the range of 
variation of cos^ i,, from i to 0*25, and no marked variation of H' has been found. 
Now if the D region is responsible for the small variation of //' observed by Appleton 
and Ratcliffe, then we should expect the variation in the latter experiments to be 
three times as great, and consequently to be quite marked. 

Summing up the above considerations, with regard to both the apparent ab- 
sorption coefficients and equivalent heights of the E layer, it appears that the 
hypothesis of a Z) region is inadequate to explain the results. In what follows an 
attempt will be made to interpret the results, taking into account possible gradients 
of ionization in a single E layer and the probable variation of the collision frequency 
V with height. 
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§5. THE STRUCTURE OF THE E LAYER 

It appears that the maximum ionization-density ATmax. in the E layer is attained 
around noon, typical values being of the order 2 x 10® electrons per cm?^‘^\ This 
value decreases steadily until about two hours after sunset, when the rate of decrease 
falls off considerably, leaving an almost steady ionization of the order of 10^ electrons 
per cm? The latter figure is in good agreement with values obtained in Australia^^*^ 
It appears that the height at which this maximum value exists is about 100 km. at 
noon, and somewhat higher during the night. 

Our knowledge of the ionization-gradient is much less definite. For values of 
N approaching ATmax. from below there is some experimental and theoretical 
evidence to show that the gradient is approximately parabolic. There appears to be 
no reliable experimental evidence yet available concerning the gradient for small 
values of N. During night hours the position is even more obscure, there being 
evidence that the theory of Chapman is then invalid for the lower part of the E 
layer^*^\ 

We shall therefore endeavour to make use of the observations quoted in §§ 2 
and 4 above in order to derive information about the ionization-gradient in the 
lower part of the layer, since it is just this region that is responsible for the pro- 
pagation of waves of medium radio frequencies. There is considerable evidence 
that the thickness of the E layer is large compared with the wave-lengths we are 
considering. Now it is not usual for these waves to penetrate the E layer, so that in 
general we shall be justified in neglecting the effect of electron-limitation on the 
intensity of the waves, and can confine ourselves to the consideration of absorption. 

At present our knowledge of the value of v at the level of the E layer is derived 
from three sources. These are (i) the kinetic theory of gases as applied to the earth^s 
atmosphere, (ii) the observations of Lindeman and Dobson^ on meteors, and 
(iii) the theory of Bailey and Martyn^^^ on the interacfion of radio waves. All three 
sources give a value for v of n x 10® per second, where w is a small integer. It is one 
of the objects of the present investigation to attempt to evaluate n more accurately. 
The variation of v with height is given by the law 

where is the value of v at the beginning of the E layer, 
h the height above this level, and 
H the height of the homogeneous atmosphere. 

The quantity // is a slowly varying function of h but may safely be assumed to be 
constant over the region we shall consider. Its absolute value depends on the tem- 
perature and constitutes of the atmosphere in the E layer. It is probable that con- 
vection^*®^ exists at these levels, so that the composition of the atmosphere is not 
very different from that at the ground. The experiments of Whipple^*®^ on the re- 
fraction of sound-waves in the upper atmosphere, and the calculations of Gowan^**^^ 
taking account of absorption in the ozone layer, are in agreement with a temperature 



330 D, F, Martyn 

of 300° K. Taking these considerations into account, H cannot differ greatly from 
10 km. at the level of the E layer. 

Evidence has been obtained by Green^*®^ that two layers of ionization may exist 
simultaneously at heights near to 100 km. This stratification of the E layer has also 
been observed recently by Ratcliffe and White^*^^ on wave-lengths of 75 
150 m. For the wave-lengths and the angles of incidence which we are considering 
here, there is little doubt that reflection normally occurs from the lower of these two 
layers. It will be understood therefore that the conclusions reached below apply to 
this lower layer. 

§6. STATEMENT OF THE PROBLEM 

All the available evidence^^’ shows that long-distance transmission up to 
about 1000 km. is mainly due, at medium frequencies, to a wave which has undergone 
a single reflection from the E layer. The empirical formula developed in § 3 above 
therefore gives the actual reflection coefficient of the layer for the ranges of 
frequencies and angles of incidence specified. Appleton and Ratcliffe have 
examined this reflection coefficient for the two cases of a linear and a parabolic 
gradient of ionization in the layer. They obtained a reflection coefficient equal to 
exp ( — Avcos^tJA^) in the first case, and to exp ( — Bv cos^ Iq/X) in the second, 
where A and B are constants. In each case a ray theory of refraction was used, and 
the influence of the earth’s magnetic field and the variation of v with height were 
neglected. It will be observed that both of these expressions for the reflection 
coefficient of the layer are in serious disagreement with the experimental results 
quoted in § 3, which show a small decrease in reflecting power with increasing wave- 
length. This discrepancy has been noted by Appleton and Ratcliffe in examining 
their own experimental results, and they have attributed it to the presence of an 
absorbing D region below the E layer, and/or to the fact that v varies with height. 

It has been shown in § 4 that the existence of a region during the night is in- 
compatible with the evidence. The remaining alternative is examined in the follow- 
ing sections, where account is taken of the variation of v with height. 

In what follows we shall use a ray treatment, and neglect the influence of the 
earth’s magnetic field, two approximations which require justification. It is well 
known that the methods of geometrical optics are only applicable when the change 
of optical properties of the medium in the course of a wave-length is small. This 
condition, which is of fundamental importance in the theory of wave mechanics, 
has been expressed by de Broglie^ in the form 

/(;) . 

(4), 

where fx is the refractive index of the medium and h is the direction of maximum 
gradient in the layer. It will be observed that, for a given wave-length, this con- 
dition is most likely to be satisfied for long-distance transmission, where cos i is 
necessarily small. We shall then be justified in employing a ray treatment so long 
as the relation (4) is satisfied. 
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Turning now to the second proposed approximation we note that for long- 
distance propagation such as we are considering, in moderately high latitudes, 
transmission occurs approximately at right angles to the earth’s magnetic field. Now 
in such event the magneto-ionic theory shows that, in the now doubly- refracting 
layer, the ordinary ray will be propagated as if no magnetic field were present. For 
the lower wave-lengths the extraordinary ray will then be strongly absorbed and 
need not be considered further. On the other hand, for the longer wave-lengths in 
the broadcasting spectrum, the extraordinary ray may have a much smaller ab- 
sorption coefficient than the ordinary ray, and at first sight it might seem that it 
could not be neglected. Closer analysis reveals however that the extraordinary wave 
must penetrate more deeply into the layer, and for likely conditions of ionization- 
gradient will be absorbed to much the same extent as the ordinary wave. Again, the 
polarization of the extraordinary wave is such that the magnetic vector is nearly 
vertical, so that it will produce but a small eflfect in an aerial at the surface of the 
ground. 

Summing up these considerations we find that we shall be justified in neglecting 
the influence of the extraordinary ray in long-distance reception, and that we shall 
obtain a close approximation to the intensity of the ordinary wave by neglecting the 
earth’s field entirely. 


§7. A THEOREM 

We shall be concerned below with the general case of a ray incident on the E 
layer at any angle of incidence. It is convenient to show that the results for any 
angle may be deduced from those for vertical incidence by a simple substitution. 

Lorentz^^’^ has shown that the absorption by a dispersive medium of a wave of 
angular frequency p can be expressed by the coefficient 


2Cfx'm{p^+v^) 


(s). 


where the ratio of the intensity of the emergent wave to that of the incident wave 
is given by 


E -Jkc/j 

E-" 

and /z, the refractive index of the medium, is given by 


.( 6 ), 


m (p^’¥v^) 


( 7 )> 


and where c is the velocity of light in free space, and e, m are the charge and mass 
of an electron in e.s.u. 

Let us further write p^ = 


and . 


P 

K 


Cy t 


P 
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Then the absorption experienced by a wave at vertical incidence is given by 
Jo Jo CfJl. 

_ Wi€-*/»pV (A) dh 

”'o pc~^^p^-7¥m ^ 

provided 

In the same way, for an angle of incidence 4, the absorption is given by 

j . C^-Hp'cobHoIp') (h) dk 

2 J Kds - COS cp cos i„-p^ (A)} 

(9). 

It follows that 

(2 I \ds) =cos/o( 2 [ Kds] (10), 

so that we need only investigate the absorption for vertical incidence, that at in- 
cidence to being immediately deducible therefrom. 

By similar reasoning it may be shown that the equivalent path P' in the layer 
for any angle of incidence may be deduced from that at vertical incidence by the 
relation 

)p, io ~ ^Qg )p cos fo , 0 (^^)* 


a 

a 

Vo 


§8. ANALYSIS OF LINEAR IONIZATION-GRADIENT 
Let us write N—oc^h 

and a=plp(x.. 

Then for vertical incidence the attenuation rjo is given by 

fA. 


Vo = 


Writing h^ = a cos 6, we have 


7;o==— € 


~o*/2// [ ^e-a* 

Jo 


To effect this integration we make use of Sonine’s expansion, 

^ZCO3 0 — (z) + 2 2 In W COS nOy 


where /„ (z) is the modified Bessel coefficient given by 




n+2A; 



(I2)- 

oc.'o v'(«*-A) 

a' coa WIJ cos^ 0de 

(>3)- 


and n (k) is Gauss’s function having the values unity for A = o, and k ! for positive 
integral values of k. 
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Upon performing this integration, we have to a close approximation 
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_4a*v, / 3a* Jiga* 47a* , a* \ 

V ioH '^2»6H^ 5040/^*^8870^ 

and hence for angle of incidence by (10), 


(H). 


_ 4a*vi cos* io ( 3a® cos* to 19a* cos* ^ 47a* cos* 4 a* 

Yc ' ■^fl^'' + ~28o/f* 5040^* + 


cos* 


ljo\ 

8870H*) 

(15)- 

If we neglect the variation of v with height, then H = oo and the expression 
reduces to 


Vto' 


cos® to 

'' ’ 


which is the form obtained by Appleton and Ratcliffe in this simple case, and is in 
disagreement with the observations. We proceed to examine whether the terms 
introduced by consideration of the variation of v with height are adequate to explain 
the discrepancies. 

To investigate the dependence of attenuation on frequency we differentiate 
equation (15) with respect to a, which is proportional to p. Then if the experimental 
observations are to be satisfied, we must have 

^Vio 1 cos® to , 99a^ cos^ 4 359«® cos® 4 , a® cos® 4 ^ ^ 

da~^ loli 280H® 5840//® 200H* ^ - 


so that 


COS'* 4 


S-^>x- 35 . 


But cos® 4 = ^to is the depth of penetration of the ray into the layer, and it may 
readily be shown that h'j the contribution to the equivalent height of the layer made 
by the path in the layer, is equal to when the gradient of ionization is linear. It 
follows that h' > 27 km. 

This condition must be satisfied over the whole frequency spectrum, so that for 
wave-lengths near 200 m. we must have h ^ 2000 km. So large a value for W 
cannot exist in practice, since the total equivalent height of the layer is only about 
100 km. 

We conclude that the ionization-gradient at the under surface of the E layer is 
not of linear form. 


§9. ANALYSIS OF PARABOLIC IONIZATION-GRADIENT 
Let US write Ar= a®/r®, 

then for vertical incidence we have 

^0=2 (17), 

Jo acJo\/(a -A ) c Jo 

where A = a cos 
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Making further use of Sonine’s expansion, we find 


so that 



r, ^^iCOS^^gp /- ^hio \ 

™ \C V S25fll/W 


where, as before, A^q = ^ cos i and is the depth of penetration of the ray. Differenti- 
ating with respect to a, we have, if the attenuation does not decrease with increasing 
wave-length, 


4 S^f^'" 192//" 


(20), 


so that Aio^iakm., 

while A,o'-iqA,o=i 9 km. 

By the same reasoning as was employed in § 8 above we find that so large a value 
for A,o' would give rise to much larger variations of the equivalent height of the E 
layer than are observed in practice, and we conclude that the gradient of ionization 
in the layer is not parabolic. It is to be observed however that this gradient gives 
rise to results which are less divergent from the observed results than those obtained 
with the linear gradient. Moreover, there would appear to be a greater chance of 
the observations being satisfied by a layer in which the gradient of ionization varies 
with the depth of penetration of the incident ray. Accordingly, we proceed in the 
next section to examine the properties of a layer in which the ionization-gradient 
is exponential in form. 


§10. ANALYSIS OF EXPONENTIAL GRADIENT 
I^et US write N=ye^^ 

and k = p^Ip^, 


Then for vertical incidence 


Vo 


where 

Substituting 
we have 


Ao = ^-Mog, A-i. 

cos®0 


•(20» 


, („), 


provided that ^ < i 

pH 

and A'^i. 

Hence for angle of incidence Iq we have 

2Pi 


fi \i/PB 


cos lo / />V* 
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It is seen that the attenuation decreases slowly with increasing frequency, and 
varies approximately as cos The dependence of attenuation on these factors is 
therefore just of the type indicated by experiment. We proceed to examine the 
magnitude of the quantities involved. 

It is clearly necessary first of all to determine the value of y, which is the ioniza- 
tion-density postulated at the foot of the layer. Now the theory of Lorentz, on 
which we have based our analysis, becomes invalid when the number of electrons 
is small in a cube whose side is equal to i vacuum wave-length, so that a lower 
limit exists to the permissible value of y. At the same time an upper limit is set by 
the fact that if y is too great, appreciable absorption will occur below the region 
defined as the foot of the layer. For the frequencies under consideration we can 
safely assume a value of unity for y, so that we consider the layer to commence at 
the point where one electron per cm? is found. 

The gradient of ionization is determined by the value of Let us take p equal 
to I and examine the magnitudes of the quantities involved. Consider the value 
10’, for which A= 190 m. of the frequency />, and the angle of incidence 70°, for 
which i? = 55o km. 

Then by equation (23), 

^70 = 0*97 xio-«Vi. 

But by measurement we have from equation (3), for the average* value of 
7/70 = cos2 35° logio 190 - log, 3-3/2 = I -05, 

hence the theoretical value of the attenuation is in agreement with the measured 
value if = i-i x 10®. Taking this value for we proceed to examine the variation 
of the reflection coefficient with p. A comparison between the observed and cal- 
culated values of rj over the complete range of broadcasting frequencies is shown in 
figure 3. It is seen that the calculated values are in close agreement with the ob- 
served values over the entire range. 

It will be observed that this comparison has been made for a large value of /‘o, 
where uncertainty regarding the radiation characteristics of the aerials employed is 
of little importance. The variation of rj with 4 is set out in figure 4, where a com- 
parison is made between the observed and calculated values of the attenuation, for 
values of R ranging from 350 to 1150 km. The comparison is made for a wave- 
length of 190 m., and once again it is seen that close agreement exists between the 
observed and calculated values. 

It appears therefore that the facts of long-distance transmission on broad- 
casting frequencies can be accounted for, to a very close approximation, by re- 
fraction in a layer in which the ionization-gradient is given by N= The agree- 
ment with experience is so good that we proceed to examine this model of the E 
layer more closely. In the first place it appears desirable to test the applicability of 

• The average value of the reflection coefficient of the layer is found to be approximately one-half 
of the quasi-maximum value. The larger value of the latter coefficient is probably due mainly to the 
presence of multiply reflected rays from the E layer. The effect of these rays will be largely eliminated 
by taking the average value of the reflexion coefficient. 
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the ray theory to such a layer. Writing 

/Lt® = I — 8/i 
= I — 

we find that (4) becomes 

i/x cosi rf/x.A < I, 

where A is measured in km. 

Now 8/Lt has a maximum value of cos^ ^ and cos i varies from cos ^ to zero along 
the trajectory of the ray, so that we may safely say that the ray theory is applicable 
for the ranges of wave-length and distance which we have considered above. 
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Figure 3. 
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Secondly, it will be remembered that in § 7 we have assumed that Now 

we have seen above that has the value i*i x 10® collisions per second, so it would 
seem that the above assumption is invalid. It must be pointed out, however, that 
little absorption occurs in the regions where v is of the order 10®, since the ionization 
there is small. The greater part of the absorption occurs near the top of the ray’s 
trajectory, where v may be but J of this value, so that the condition may be 

satisfied even for the longest wave-lengths. It is to be noted, however, that even 
were this assumption to prove invalid for the longest wave-lengths it would lead 
to but little alteration in our conclusions, while for the shorter wave-lengths no doubt 
as to its validity exists. 

Finally, it is necessary to examine the equivalent heights which would be mea- 
sured for this layer. For vertical incidence we have 



dh 
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and writing 6 , we have 


where k\<i. 

Hence for incidence 


so that, if 



dd 1 , 


4 


^o> 


^=Y=t, 


then A'io = log, (i -3 x lo-* /)* cos* i ^) ; 

when p=id’ and incidence is vertical, km., while when /)=io® and in- 

cidence is vertical ^' = 7 km. These values appear entirely reasonable, although 
no simultaneous height-measurements with which they could be compared have 
been made over this range of wave-lengths. 

Since the total equivalent height of the layer measured on these wave-lengths 
is normally near to 100 km. it follows that the value of 10® occurs at a height 
of about 90 km. This result is in very close agreement with Chapman’s estimate, as 
quoted by T. L. Eckersley^*^^ 

The variation of equivalent height with angle of incidence 'is very small, in 
agreement with the observations^^’ 


§11. DISCUSSION AND CONCLUSIONS 

It has been shown that on medium radio frequencies the intensities of the sky 
waves, and their variation with frequency and distance, are inconsistent with the 
presence of a linear or parabolic gradient of ionization in the E layer. The assump- 
tion of an absorbing Z) region of ionization does not remove the inconsistencies. 

On the other hand, the facts of long-distance transmission, where the angle of 
incidence of the sky wave on the E layer is greater than 60'', can be accounted for 
to a close approximation if the gradient of ionization be of exponential form. It has 
been explained that the observations at short distances become unreliable owing to 
the uncertainty regarding the vertical polar diagram of the emitting aerials. Never- 
theless it may be shown from equations (2) and (3) that the field-intensities ob- 
served very close to the emitter are only a few times greater than those deduced from 
equation (23). This* result seems entirely reasonable in view of the important in- 
fluence of even a small horizontal portion of the emitting antennae when B ap- 
proaches 90°, and the consequent serious departure from the assumed polar radia- 
tion diagram which must occur at such short distances. Our inability to use the 
short-distance observations does not however limit seriously the amount of material 
with which the theory can be compared. Between 60° and 80°, cos (^) varies from 
0*5 to 0*17, while the distances covered, from 350 km. to 1100 km., ensure that the 
results of the great majority of the observing stations are utilized. The range of 
variation of p is some tenfold. - 
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Again, it should be pointed out that in utilizing the measurements for the de- 
duction of the reflection coefficient of the ionized layer no account has been taken 
of the imperfect conductivity of the ground and its influence on the measured fields. 
It may be shown that this effect becomes of importance for the shorter wave- 
lengths and the longer distances, when it may reduce the observed field-intensities 
by some 20 per cent. It follows that the reflection coefficient of the layer for the 
shorter wave-lengths is slightly greater than is indicated by equation (3). It appears 
therefore that a value of v slightly less than i-i x 10® collisions per second might 
give an even better fit to the observations. In view, however, of the statistical nature 
of the observations, and of the necessary variabilities of emitting aerials and ob- 
serving personnel, as well as the naturally occurring variations in the ionized layer, 
it does not seem profitable at this stage to attempt a more accurate determination 
of the values of v or of the ionization-gradient. 

Summing up the discussion and analysis of the wide range of observations avail- 
able, it appears difficult to escape the conclusion that the gradient of ionization in 
the layer is very sharp and closely approaches exponential form, that the collision 
frequency v has the value 10® at a height of about 90 km., and that the D region, if it 
exists, must have a very low ionization content. 

As a corollary to these conclusions it follows that the equivalent height of the 
E layer measured at long wave-lengths should not differ by more than a few km. 
from those measured at the lower end of the broadcasting band of wave-lengths. 
Experimental evidence on this point appears to be lacking. The measurements of 
Hollingworth^*^^ on a wave-length of 14,350 m. show heights of 90 km. during the 
day in winter, although there is necessarily some doubt as to the accuracy of height- 
measurements on these very long wave-lengths. 

It is, however, a necessary consequence of the conclusions reached in this paper 
that the equivalent height of the layer for the longer wave-lengths in the medium- 
frequency spectrum (2000 m.) should not differ greatly from 95 km. 
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ABSTRACT. The frequency-change technique of Appleton and Barnett has been applied 
to the analysis of the downcoming waves from a distant transmitter. The observations 
were carried out simultaneously at distances of 25 and 700 km. from the emitter, which 
operated on a frequency of 1415 kc./sec. It was found that several downcoming waves 
were present at the more distant receiving station. Each of these waves was identified by 
using the path-length of the singly reflected wave from the E layer as a reference. In 
this way it was found that the equivalent heights of both the E and the F layers are 
relatively stable over the 700-km. transmission path, and do not vary appreciably with 
the angle of incidence of the wave. The equivalent height of the F layer showed a pro- 
nounced minimum at about 3 a.m. each morning. The rate of propagation of the minimum 
height in the horizontal direction appears to be slower than the rate of sunset propagation 
in the same direction. The ionization-density in the E layer in the early morning was 
always greater than 2-4 x 10^ electrons per cm?, and during half the period of the obser- 
vations was less than 8-3 x 10^ electrons per cm? 'Fhe intermediate layer was observed 
regularly at sunrise. From the measurements of equivalent heights at different angles 
of incidence it is concluded that the gradient of ionization at the lower boundary of the 
E layer is sharp. 


§1. INTRODUCTION 

I N general the field-intensity due to an emitting station is made up of two parts, 
that due to the ground wave which has been propagated over the earth’s surface 
and that due to downcoming waves which have experienced one or more re- 
flections from the ionosphere. Numerous investigations^*^ have been made of the 
characteristics of the downcoming waves at comparatively short distances, of the 
order 100 km., from the emitter. The particular advantage of this procedure is that 
the ground wave is then comparable in intensity with the downcoming wave, so 
that it may be used as a reference wave, of known and stable characteristics, with 
which the much more variable downcoming wave may be compared. In this way 
much valuable information has been obtained about the equivalent or virtual heights 
of the layers of the ionosphere and of the ionization-densities in these layers. 

On the other hand it is not possible for such conditions to examine effectively 
the variation, with changing angles of incidence, of the equivalent heights of the 
layers and of their reflection coefficients. A knowledge of these variations would be 
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of considerable value in the elucidation of the structure of the ionosphere, and in 
particular of the gradient of ionization therein. Now, in general, if i be the angle of 
incidence of the wave on the layer, then the theoretical dependence of the equivalent 
height and reflection coefficient on i is given by some low power of cos i. For the 
experimental conditions outlined above the maximum possible change in cos i is 
about 15 per cent, so that great refinement of technique would be required to 
examine the small variations involved. 

In the experiments described in this paper two receiving centres were used, at 
distances of 700 and 25 km. from the emitter, so that the range of variation of cos i 
was from 0*3 to i or some 200 per cent. 

Preliminary observations by one of us^*'^ indicated that over the greater distance 
mentioned more than one downcoming wave was receivable. The present series of 
experiments has established the fact that one of these waves, that which has under- 
gone a single reflection at the surface of the E layer, is invariably present. Moreover, 
simple geometrical considerations show that the length of the equivalent path of 
this wave is almost independent of the precise height of the E layer, normally 
occurring changes in which produce a change of only i per cent in the total path. 
It is possible then to make use of this wave as a reference wave of known path- 
length and to measure therefrom the equivalent paths of othei; waves which may 
be present. 

Again, it might be anticipated that a complication would exist in such long- 
distance experiments in that the constitution of the ionosphere might not be uni- 
form over the entire path. Evidence to the effect that at times this non-uniformity 
exists has been found in the experiments, but it has been possible to interpret the 
measurements even in such conditions, and indeed it has been possible to utilize 
them in order to study the height of the layer at several points above the great- 
circle path between emitter and receiver, and so to study the horizontal propagation 
of changes in the layer. 

Finally, it has been possible to obtain measurements of the maximum ionization- 
density in the E layer by noting the presence or absence of the multiply reflected 
waves from that region. For the frequency employed (1415 kc./sec.) this layer is 
usually penetrable at vertical incidence during the night, but is seldom penetrated 
for the larger angles of incidence. In this way it has been possible to study the 
night-to-night variation of the maximum ionization-density in the layer during the 
period of the observations. 

§2. EXPERIMENTAL PROCEDURE 

The emitter was located in the P. N. Russell School of Engineering in the Uni- 
versity of Sydney. It radiated approximately i kW. on a frequency of 1415 kc./sec. 
The receiving sites were located at Liverpool, N.S.W., and Melbourne, Victoria, 
distant 25 and 700 km. respectively from the emitter. Throughout the investigation 
the frequency-change method of equivalent-path determination due to Appleton 
and Bamett^^^ was employed. The frequency-change was normally about 7*5 kc./sec. 
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For recording purposes an Einthoven galvanometer and camera were used at Liver- 
pool. In Melbourne a Moll galvanometer having a period of 0*2 sec. was used in 
conjunction with a photographic drum recorder of a type previously employed^^\ 
'Fhe frequency-changes, which are automatically produced at the transmitter, 
occupied about three seconds each. Since the number of interference fringes 
obtained in Melbourne ranged from 2 to 16 there appeared to be a possibility that 
the fringes might be distorted owing to the relatively great period of the galvano- 
meter. A calibration of the galvanometer response at low frequencies was made, 
and a correction factor was found which would enable the true amplitude of any 
given set of fringes to be deduced. As had been anticipated, this correction factor 
is larger for the larger fringe numbers. The present paper is concerned only with 
equivalent-path determinations, which depend only on the number of fringes 
present, and this correction factor has not been used in it. Indeed, for this work 
certain advantages accrue from the use of a galvanometer having a comparatively 
low period, since the fringes due to the higher orders of reflection are relatively 
suppressed, the interpretation of the records for the lower orders of reflection being 
thus facilitated. Moreover there is a tendency for the reception, of low-amplitude 
atmospherics to be suppressed, and this again facilitates the interpretation of the 
records. The galvanometer was shunted with a resistance of 29 12., a value which 
was found to give a satisfactory balance betw^een the undesirable features of over- 
and under-damping. 

The receiver used in Melbourne had three stages of high-frequency amplifica- 
tion employing variable-mu valves. The necessary flatness of the frequency, am- 
plitude response curve was obtained by slightly detuning each stage of amplifica- 
tion. With the screen grid of the detector valve connected to the negative terminal 
of the high-tension supply the plate current was 2 or 3 /xA. when no signal was being 
received. The rectified current varied linearly with the intensity of the incoming 
signal, reaching a value of 75 fxA. for the maximum signals received, which had a 
field intensity of the order 0-5 mV./m. 

At Idvcrpool, owing to the strong ground- wave signal, it was found better to 
use a square-law detector in which the steady plate current had been balanced out. 
The two stages of radio-frequency amplification were coupled by a band pass unit 
to ensure flatness of tuning. 

The experiments were carried out from midnight to sunrise on eleven mornings 
between the 5th and 28th October, 1932. At intervals of ten minutes a set of six 
complete frequency-changes lasting one minute was sent out from the emitter. 
During the pre-sunrise period, when conditions were changing rapidly, the interval 
between each set of observations was shortened to five minutes. 

§3. EXPERIMENTAL RESULTS 

General discussion. The results obtained at Liverpool were typical of those 
obtained for such frequencies over short distances, and call for no special comment 
here. It need only be remarked that the most frequently observed wave was one 
which had been reflected once from the F layer. On two days out of the eleven the 
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E layer was observed during the greater part of the morning. On most mornings 
the intermediate layer was observed during the transfer from the F to the E region 
which is associated with the sunrise period. 

The results obtained in Melbourne were considerably more complex. On all 
occasions interference fringes were obtained, showing that at least two down- 
coming waves were invariably present. A typical set of fringes is reproduced in 
figure I, where it is seen that the primary number of fringes is 4-2 while there is 
evidence of a secondary set of 12*5 fringes. During the series of experiments almost 
every possible number of fringes between 2 and 18 has been counted, and at first 
sight the analysis would appear to be difficult. If the fringe-counts be plotted against 
time, however, it is soon seen that each count lies on one of several continuous 
curves, and it only becomes necessary to identify the rays corresponding to each 
curve. The identification was facilitated by the curves set out in figure 2, which show 
the path-lengths and angles of incidence of the singly, doubly and triply reffected 
rays plotted as a function of layer-height. We shall denote the singly, doubly, triply. 



etc. reflected waves from the E region by E^^ E2, £^3, etc. and from the F and inter- 
mediate regions by Fi , A , etc. Then the curve showing the path difference between 
Ei and say, will be denoted by (Fj — £,). 

On plotting the curves it is found that the most commonly observable fringe- 
counts are produced by (Fj — Fj), (Fo — F^), (Fg-F,), (Fg — Fg) in that order of 
frequency of occurrence. It is seen, therefore, that the principal part of the received 
signal is due to Fj , the singly- reflected wave from the F region. The rays Fg and Fj 
have never been observed simultaneously, but it is frequently noticed that one ray 
may give place to the other for a brief time. Now reference to figure 2 shows that 
for normally occurring F-layer heights these two rays approach the F layer at almost 
the same angle of incidence. It is clear, therefore, that the transit from the Fg to the 
Fi ray is due to electron-limitation in the F layer. The size of the fringes produced 
by the Fg and the Fj rays are usually comparable. 

Temporal path variations. When the F-layer heights are steady the values 
measured at Liverpool and Melbourne are remarkably equal. In such circumstances 
the heights measured in both places do not differ by more than 10 km., which is 
about the limit of accuracy of the measurements for this layer. The F-layer heights 
vary by not more than two or three km. in similar circumstances. 

One of the most striking features of the results is the pronounced minimum 
which occurs in the F-layer equivalent heights at approximately 3 a.m. (Eastern 
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Australian standard time). This effect, which has been noticed by other workers^ \ 
was found on seven out of nine mornings when the Flayer was observable. The layer 
usually commences to fall at about 1.30 a.m. and after passing through a minimum 
value attains its normal value again at about 4 a.m. The total fall is usually about 
40 km. It is found that the equivalent height of the F layer measured at Liverpool 
attains this minimum value some time before that measured in Melbourne. If the 
height in the latter case be deduced from the (Fi — Fj) curve then the difference in 



time A/ between the attainment of the minimum heights is about 30 minutes. Now 
the difference between the times of sunset in Sydney and Melbourne is 24 minutes, 
so that if the minimum in the F-layer heights is directly associated with solar 
influences, then we should expect At to have a value of about 12 minutes. It appears, 
therefore, that the rate of propagation of the F-layer minimum height in the 
direction Sydney-Melbourne (49° ii' W. of S.) is slower than the rate of sunset 
propagation in the same direction. 

Shortly before sunrise the F-layer heights recorded at both Liyerpool and Mel- 
bourne rise to abnormally great values, and eventually F-layer rcfl^ion sets in. 
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There is no doubt that this phenomenon is due to the reduced group-velocity caused 
by increasing ionization below the F layer. 

It is noticeable that the apparent rise in the F layer observed at Melbourne takes 
place much more slowly than that recorded at Liverpool. This is attributed to the 
fact that the sun’s rays must take considerably longer to irradiate the path of the 
Fi r2iy received in Melbourne than that of the Fi ray received at almost vertical 
incidence in Liverpool. 

Ionization-densities of the E layer. For the case of propagation between Sydney 
and Melbourne the angle between the direction of the earth’s magnetic field and the 
direction of propagation of the rays at the apices of their paths in the E layer is such 
that propagation approximates to the transverse type of the magneto-ionic theory 
From the theory it may be shown that in this case the ordinary ray* will be much less 
attenuated than the extraordinary ray, and the refractive index of the layer for the 
ordinary ray will be given very nearly by 

I— ^7rNe^lmp\ 

where /x is the refractive index of the medium, 

N is the density of ionization, 

p is the popular frequency of the wave, and 

e, m are the charge and mass of an electron (e.s.u.). 


By Snell’s law the refractive index at the apex of the path of the refracted ray is 

M = sini. 


where i is the angle of incidence of the ray on the medium. Hence penetration of 
the medium occurs when the maximum ionization-density in the medium is less 
than iVo, where 




mp^ cos^ t 
477^* 


The critical ionization-densities for which penetration of the E layer occurs are set 
out in table i for the various rays observed. 


Table i 


Ray and 

wave-length (km.) 

i (degrees) 

Nq (io=* X 
electrons per 
cm?) 

-El 

72 

2*4 ; 

Ej 

57 

7*4 

E, (250) 

55 

8-3 i 

E, boo) 

49 

II 1 

E, (250) 

35 

17 j 

E,(3oo) 

30 

19 

U 

48 

. ”, 1 


Throughout the course of the experiments the ray was always present. It follows 
that the ionization-density in the E layer was always greater than 2*4 x 10® electrons 

• We have here neglected the controversial Hartrce polarization term {Nature^ 132 , 929 (i933))- 
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per cm? The Fi ray was present during 55 per cent of the time of observation, so 
that the ionization-density in the E layer was less than 8*3 x 10® electrons per cm? 
during that time. On two nights the ionization-density was seldom less than 10* 
electrons per cm? , as evidenced by the almost complete absence of F rays. It is to 
be remarked that if the Hartree polarization term be proved valid then the densities 
given above must be increased by 50 per cent. 

§4. ANALYSIS OF TYPICAL RESULTS 

Test of October 6, 1932. Sunrise at Sydney, 5.27 a,m. The results obtained on 
this morning are shown in figure 3 in which the uppermost curve gives the layer- 
heights measured at Liverpool, while the lower curves give the path-differences 



Figure 3. 

measured in Melbourne. The left-hand scale of ordinates refers to the Liverpool 
measurements and the right-hand one to those made in Melbourne. It will be seen 
that the (Fg ~ curve is practically unbroken, indicating the almost continuous pre- 
sence of the Fa ray. The minimum path-difference occurs about 27 minutes after 
the minimum height recorded at Liverpool. 
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The — curve is more irregular, breaks occurring at 1.40, 2.30, and 
3.10 a.m. We interpret these breaks as due to nocturnal increases of the ionization 
in the E region. 

The close agreement of the F-layer heights measured at Liverpool and Mel- 
bourne is readily apparent at i a.m. and 5 a.m., times when the F layer is relatively 
stationary. Making use of figure 2, we find the F-layer height* at i a.m. to be 
(a) 256 km., (b) 252 km., and (c) 245 km. as deduced from (a) Liverpool observa- 
tions, (A) the difference (Fg — Fi), and (c) the difference (Fi — F^). In the same way 
we find at 5 a.m. heights of (a) 275 km., (b) 262 km., and (r) 268 km. deduced in the 
same way. At 5.25 and 5.30 a.m. there is evidence of considerable group- retarda- 
tion in the Fj ray, showing that the ionization below the F layer has increased 
considerably. 

Test of October 21, 1932. Sunrise at Sydney ^ 5.07 a.m. The results obtained on 
this morning are shown in figure 4. This test gave perhaps the most interesting 
results of the present series. During the early hours of the morning the Fj ray was 
not received, showing that the ionization in the F layer was greater at that time than 
in the test described in {a) above. 

At 1.30 a.m. the F layer is detectable at Liverpool, while from 1.20 a.m. on- 
wards the Fa ray is received in Melbourne. Now the results obtained in Melbourne 
fall into two continuous curves, and consideration of figure 2 shows that it is very 
probable that these two curves are due to (a) the difference (Fg — a singly reflected 
ray from the F region) and {b) the difference (F^ a doubly reflected ray from the 
F region). Now, if such be the case, then at any time the difference in the ordinates 
of these two curves should give the value of (Fg — Fj). Between i and 2 a.m. the 
average value of this quantity is 73 km., so that the height of the F region must be 
near to 100 km. At 2 a.m. however the upper curve starts to rise, while the lower 
curve starts to fall, and at 2.20 a.m. the difference in the ordinates is 160 km., 
corresponding to an F-layer height of 150 km., which is a height considerably 
greater than normal for this layer. There is however another possibility. It has been 
suggested by Ratcliffe and White that the F layer has a stratified formation, one 
layer, which they term the e layer, existing at a height of about 105 km., while the e 

other has a height of about 135 km. Now in our experiments an e^ ray must pene- ^2 

trate the e layer before an e^ ray, owing to the smaller angle of incidence of the 
former ray. We consider therefore that up till 2 a.m. both the singly and doubly 
reflected rays from the lower region come from the e layer, while at 2 a.m. the ^2 
ray penetrates to the F layer at about 130 km. At 2.30 a.m. the difference between 
the ordinates has fallen to a steady value of 100 km., showing that the e^ ray has now 
penetrated to the F layer proper. 

This interpretation of the results is supported by the observation of fringes 
corresponding directly to (Fj — ej) at the end of the 2 a.m. record, and again by the 
observation of a fringe count giving (Fg — F^) at the end of the 2.20 a.m. record. 

Again, Ratcliffe and White have given reasons for believing that the presence of 

♦ All height-measurements have beyen corrected in order to allow for the effect of the curvature 
of the earth. 
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the e region is associated with magnetic storms. Reference to the Cosmic Rota 
Ursigrams for October 21 shows that this day was marked by moderate disturbatnce 
consisting of irregular oscillations. It is worthy of remark that all other days on 
which tests were conducted were magnetically quiet, and in none of them was diere 
ev^idence of spasmodic appearance of the e layer. 

The F layer measured at Liverpool rose sharply in height between 3.10 and 
3.30 a.m.* This increase is reflected some 30 minutes later in the Melbourne curves. 



» 234 56 

A.m. Eastern Australian standard timey October 21, 1932 

Figure 4. 


After 4 a.m. the fringes become so numerous, and consequently so small, that they 
could not be counted. Between 3.20 and 3.50 a.m. the F layer fell at Liverpool, and 
this is shown at 4.20 a.m. in Melbourne by the reappearance of the {F^ — E^) curve. 

At 4.10 the Fy ray made its first appearance in Melbourne and the 
curve rises steadily until 5.15 a.m. when the E layer becomes impenetrable. At 
4.50 and 5.10 a.m. there is evidence of a doubly reflected ray from the intermediate 
region. 

7 'est of October 28, 1932. Sunrise at Sydney, 5.00 a,m. On this morning, 
figure 5, the ionization-density was so great that thei? layer was only penetrable for 

* Unfortunately no observations were made during this interval. 
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a few minutes, even for the vertically incident rays at Liverpool. It will be seen that 
the e layer was responsible for the reflection of the rays received in Melbourne till 
3.30 a.m., when the ray penetrated to the E region. Almost simultaneously pene- 
tration of the e layer occurred at Liverpool. At 4.30 a.m. the ray appeared in 
Melbourne, and group-retardation set in, causing a rapid increase in the path 
difference 



Figure 5. 

The agreement between the equivalent heights of both the F and E regions 
measured at Melbourne and Liverpool is veiy^ close. Thils between i a.m. and 3 a.m. 
the average heights of the e layer deduced from (a) Liverpool observation, (b) the 
difference (^3 — ^1) and (c) the difference are (a) 108 km., (6) 109 km., and 

(c) 109 km. respectively. 

At 4.20 a.m. reflection at Liverpool occurs from the E region, but evidence of 
the presence of the e region is obtained for the shallow-range Ci ray in Melbourne 
until 5.10 a.m., when the absorption of the waves became too great to permit of 
further observations. 

§5. CONCLUSIONS 

It has been remarked that interference fringes are always observable in Mel- 
bourne. The presence of fringes has previously been noted by one of us^^^ on a longer 
wave-length (351 m.). 

It is concluded that on broadcasting frequencies, at distances of the order 
700 km., there are normally present at least two sky waves. The two principal sky 
waves are usually of comparable intensity, so that a large part of the fading experi- 
enced in such circumstances must be due to interference between these waves. 
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One of the most striking features of the results is the general uniformity of both 
the iS'-layer and the /^-layer equivalent heights over the 700 km. between Melbourne 
and Sydney, at times when these layers are comparatively steady. Now the equiva- 
lent height of that part of the path of a ray which lies in an ionized layer depends 
on cos I, so that if the path in the layer is appreciable in comparison with the total 
path of the ray, we should observe appreciable differences between the layer-heights 
recorded simultaneously in Melbourne and Liverpool. For example, if the gradient 
of ionization be given by N= a/r, where h is the height above the beginning of the 
layer^*^ and h' is the contribution to the equivalent layer-height made by the path 
in the layer, then „ „ . 

27rOL€^ ’ 

so that h' would vary some tenfold in our experiments as cos i ranged from i to 0*3. 

Again, if the gradient of ionization be parabolic, of the form 

then = 

4r^ 

and h! would vary some threefold. 

For constant gradients of either of these forms it follows that h' cannot be 
greater than one or two kilometres. Now it can be shown that such small values 
for h’ would be accompanied by lower values of attenuation than are observed in 
practice so that we may conclude that the ionization gradient on the under side 
of the layer is sharper than is indicated by either of the above forms. It appears 
however that an exponential gradient^^^ will explain the small variation of h' with i. 

It may be concluded that, whatever be the ionization gradient, the E and F 
layers are both normally comparatively uniform in characteristics over the 700 km. 
path between Sydney and Melbourne. 

During the occurrence of the dip in the F layer equivalent height which occurs 
about 3 a.m., however, it appears that there is a definite difference between the time 
of occurrence of the minimum heights over Sydney and Melbourne. The time lag 
in Melbourne is greater than could be accounted for directly by solar rotation. 

Finally there is clear evidence that the average ionization density in the E layer 
over the whole 700 km. path of observation varies considerably from night to night. 
The significance of these variations will be discussed in another paper. 
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ABSTRACT. A description is given of an extensometer in which interference fringes are 
used to measure elastic and plastic extensions of specimens of length about 3 cm. to an 
accuracy of about 3 x io~^ cm. Experiments on specimens of lead are described, and the 
following are the principal results obtained, (i) A specimen that has not recently been 
severely strained has a definite range in which Hooke’s law is obeyed within experimental 
limits, and a definite elastic limit, (ii) When the specimen has recently been severely 
strained, a new type of closed elastic-hysteresis loop is obtained, (iii) The elastic after- 
effect was investigated, and it was found that when the stress is below the elastic limit, the 
whole of the observed effect can be accounted for thermodynamically, (iv) 'Ehe true plastic 
after-effect (creep) was found to commence when the elastic limit is exceeded. 

§ I. INTRODUCTION 

I T is the object of the experimental study of elasticity to express the amount of a 
strain as a function of the stress producing it. To a first approximation, such a 
relationship is supplied by Hooke’s law, the law of linear variation of strain with 
stress. More refined investigations have not only shown that deviations from Hooke’s 
law occur, but have indicated that the stress is not the only variable on which the 
strain depends. More explicitly, it is found that the strain may vary with time as 
well as with stress, and that even when this time-variation has been allowed to reach 
completion, the strain is not necessarily a single-valued function of the stress, but 
may depend upon previous values of it. The stress-and-strain relations for a single 
specimen of a particular material are thus of great complexity ; and when the material 
is a metal a further complication is introduced by the fact that the elastic properties 
of a metal depend upon the thermal and mechanical treatment to which the metal 
has been subjected, as well as on the purity of the metal. 

It is evident, therefore, that in order to arrive at fundamental knowledge of the 
mechanism underlying the real elastic properties of metals, investigations must be 
made on specimens in some standard state of mechanical and thermal treatment. 
Now the effect of such treatment is to modify the size and disposition of the con- 
stituent crystals of the specimen. The standard state is therefore the state in which 
the specimen consists of a single crystal. The experimental difficulty of preparing 
very large single metal crystals sets a limit to the size of specimen readily obtainable, 
and the experimental method designed for the investigation of the elastic properties 
of single metal crystals should therefore be suitable for small specimens. 
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The experimental study of elasticity has been severely handicapped in the past 
by the fact that torsional and flexural strains are easier to measure than extensional 
strains. In both the former types of strain, the stress, and therefore also the strain, 
varies throughout the cross-section of the specimen. This, however, is not the 
case with extensional stresses which give homogeneous strains. 

The requirement of an appropriate apparatus designed for investigations on the 
elastic properties of single crystals of metals is, therefore, the measurement of the 
extensions produced by known tensions acting on short specimens of the metal. 
The apparatus described below fulfils this requirement, and although experiments 
on single crystals have not yet been made, the results obtained in experiments on 
polycrystalline lead seem to be of sufficient interest to justify separate publication. 

In particular, a type of elastic hysteresis loop which has not previously been 
noticed has been observed to occur in certain conditions, while in other circum- 
stances lead has a definite elastic range in which Hooke’s law is obeyed. 


§2. EXPERIMENTAL METHOD 


The apparatus consists essentially of two parts, of which the respective functions 
are to apply a known stress to the specimen and to measure the strain produced. The 
main frame of the apparatus consists of two vertical brass plates, each about 25 cm. 
square, held parallel to each other at a distance apart of about 8 cm. by horizontal 
brass bars screwed to the plates. The disposition of the cross-bars is shown in 
section in figure i {Ay F, Z, Z). 




Application and measurement of the stress. The specimen Sy figure i a, is soldered 
at its lower end to the centre of the cross-bar Ay and its upper end is soldered to the 
end of the brass rod By so that S and B are collinear. The upper end of B is fixed to 
a cross bar C through which an upward force is applied to B and S, Near each end 
of C, 2J cm. from By is a screw held vertically by a screw thread in C and a lock nut, 
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and from the lower end of each of these screws a steel gramophone needle point 
projects. These points rest in punch marks on the two bars Z), which are rigidly 
connected to form the lever through which the stress is applied. The bars D pivot 
on the points of two gramophone needles E carried by screws passing through the 
cross bar F of the main frame. 

The ends G of the bars D are connected by a cross-bar, and this cross-bar sup- 
ports a glass tube H of length 25 cm. and diameter 6 cm., closed at its lower end and 
open at the top. Water can be introduced into or removed from the tube H by means 
of a two-way syphon (not shown in diagram). 

The stress applied to the specimen is directly proportional to the amount of 
water in the tube // in excess of that required to balance the counterpoise weight J 
which is supported by the other end of the lever DD. Since the syphon tube dips 
into the water, allowance must be made for the downward force which it applies; 
this force is equal to the weight of the water displaced by the tube. Hence the level 
of the water-surface in H indicates the stress applied. The water-level is determined 
by means of a pointer which is moved vertically so as just to touch the water-surface. 
The pointer is supported by a glass rod which moves along a scale. The tube H is 
calibrated by introducing known amounts of water and observing the change of 
water-level. 

Measurement of the strain. In order to determine the strain of the specimen 
corresponding to any stress, it is necessary to measure changes in the distance 
between two points on the specimen. These measurements were made by an optical 
interference method as follows. Two screws /C, 4 cm. apart as measured along the 
bars Zy Z, each carry a gramophone needle, point upwards. On these points is 
supported a brass frame L, to which are rigidly attached a flat piece of glass A/, and 
an arrangement N through which contact is made with the specimen S. N consists 
of two similar brass plates, shown in figure i, between which are held two halves 
of a razor-blade of the three-hole type. The position of the razor-blades, which lie 
in a horizontal plane, is indicated by the dotted lines in figure i b. The distance 
apart of the razor-blades is adjusted so that they just cut the surface of the specimen 
when it is inserted in the position S. 

The second frame P of the interferometer, figure i «, holds a second glass plate 
Q and a second arrangement R similar to that shown in figure i h. The frame P is 
supported on L at two points by means of two screws T, the actual points of support 
being gramophone needle points projecting downwards from the screws T. The 
distance and angle between the glass plates Q and M can be adjusted by means of 
the screws T. 

The frames L and P are each counterbalanced by the adjustable weights U and F, 
so that no stress is applied to the specimen S through R or N. The interferometer 
is illuminated from above by means of light from a mercury arc passing through a 
water cell and a monochromatic green filter, and reflected downwards from the 
glass slip X. The fringes produced by the interference between the light reflected 
upwards from the lower surface of Q and from the upper surface of M are viewed 
through the microscope W. The direction and spacing of the fringes, which are the 
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loci of points of equal separation of the plates M and Q, can be adjusted by means of 
the screws T. This adjustment is made so that the fringes form a series of parallel 
lines whose direction is perpendicular to the plane of figure la, i.e., parallel to the 
line TT of the fulcrum of the interferometer unit. When the distance RN alters, the 
fringes move in a direction perpendicular to their length. The plates Q and M were 
pieces of good plate glass mirror, and it was found that the fringes obtained when 
there was no silvering on either plate were sufficiently sharp and sufficiently straight 
for satisfactory measurements to be made. 

Precautions taken to avoid disturbances. In order to avoid disturbances due to 
vibrations of the bench on which the apparatus stood, the two frames P and L of the 
interferometer were held together by two steel springs in the plane of the two 
screws T. The springs, being in the plane of the fulcrum about which the upper 
frame moves on the lower one, exert no force on the specimen through the interfero- 
meter. A second precaution to avoid vibrations was to fix the syphon arrangements 
and the apparatus for measuring the water-level in // on a different bench from the 
one on which the apparatus was placed. The apparatus itself was supported in a 
water bath on pads of rubber sponge which almost entirely prevented any effect 
from slight vibrations of the bench. In spite of these precautions it was occasionally 
found that vibrations occurred which altered the position of the" fringes. This did 
not occur often, and did not cause serious difficulty in the experiments. Smaller 
vibrations made the fringes appear to broaden for the duration of the vibrations, 
but did not permanently alter the position of the fringes. 

The surface of the water in the water bath was just below the level of the 
lower interferometer mirror, the specimen, contact pieces and supporting screws 
being under water. 

Design of apparatus. A certain degree of compromise has been necessary in 
designing the apparatus, since the conditions necessary for the elimination of 
vibration appear to be incompatible with strict geometrical considerations. It must 
be realized, however, that the components of the instrument only turn through very 
small angles, seldom exceeding iO“* radian. 

The particular instance in which this applies is that of the lower interferometer 
frame L. The point of support K should be in the same horizontal plane as the 
point of contact as the point N must move in a direction perpendicular to the line 
NK. The reason why this condition was not observed \vas that it was considered 
essential that the upper frame P should rest directly on the lower frame L and not 
on a second cross-bar, in order to obtain consistent readings and to avoid vibrations. 
The point Y should therefore not be allowed to move horizontally when L rotates, 
so Y must not be far above the point of support K. Since the upper frame P moves 
considerably more than the lower frame L, it is desirable that Y and R should be in 
the same horizontal plane. Thus K must be higher than N. Since N is near the 
lower end of the specimen, its movement during an experiment is very small ; hence 
the frame L turns through a very small angle (not exceeding 2 x io“® radian). It 
follows that the horizontal reaction on N during an experiment is very small, 
and that the horizontal movement of N will be small compared with the relative 
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vertical motion of R and N, It follows that the error in the results due to non- 
observance of the strict geometrical considerations of design will be negligible. The 
results obtained indicate that this is the case; see § 3. 

Experimental procedure. The experimental procedure depended upon the nature 
of the variation under investigation, and in general consisted in first adjusting the 
screw^s T so that the spacing of the fringes seen in the microscope was suitable, 
then allowing the temperature of the apparatus to become steady or, more usually, 
uniformly rising. The movement of the fringes caused by thermal expansion of the 
specimen and apparatus owing to this slow rise of temperature was allowed for in 
the results. 

Movements of the fringes due to changes of water-level in H were investigated 
by changing this water-level by equal steps and observing the movement of the 
fringes during and after the change of stress. The movements of the fringes were 
measured and expressed in terms of the fringe-spacing as a unit. 

Accuracy of the method. The length of the specimen between R and N was about 
3 cm., and the change of this length which will cause a displacement of the fringe 
system by one fringe space can be estimated as follows. When the fringe system is 
displaced by one unit, the change in the distance between Q and M at the point of 
observation is one-half wave-length of the light used. The mercury green line 
5460 A. was used in all the experiments, so that the change of distance between O 
and M for one fringe shift is | x 5460 A. or 2*73 x io“^ cm. This is the change of 
separation of Q and M at the point on which the microscope is focused. The increase 
A/ of the length I of the specimen is greater than this because the specimen is 
farther than the point of observation from the fulcrum; hence the change in 
separation of QM must be multiplied by a factor, which was found to be 1*35. 
The change of length of the specimen corresponding to a shift of one fringe is 
2*73 X 1*35 X 10“^ cm. or 3-68 x io~® cm., so that A///, the extension per unit 
length per fringe = 3 *68/3 -oo x io^= 1*23 x 10“'^ approximately. 

The microscope used for observing the fringes contained an eye-piece scale. 
By adjusting the fringes to he about ten scale-divisions apart, and reading the posi- 
tion of a fringe and the distance between two fringes to one-tenth of a scale division, 
movements of the fringes could be determined to o*oi of a fringe. It was usually 
found advantageous to observe two or three fringes. A movement of o*oi fringe 
represents a value of A/// equal to 1*23 x 

In the experiments described below, the position of the fulcrum E was such 
that a movement of one fringe was obtained when the water-level in H was changed 
by about i cm. The position of the water-level could be read to about o*i mm., so 
that the stress was measured to about the same accuracy as the strain. The tube H 
was calibrated by introducing known volumes of water from a burette, and 
observing the corresponding rise in water-level. 

When observations of A/// are made to an accuracy of the order of io“’ cm./cm., 
the temperature of the specimen assumes considerable importance. The coefficient 
of expansion of lead is 276 x lo-^ cm./cm. ° C., so that an increase of length of 
io~’ cm./cm. is produced by a rise of temperature of about 0-003° C. ' A correction 
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for change of temperature during the course of a series of observations was made 
when necessary from a calibration curve giving the movement of the fringes which 
occurred with change of temperature, when other things were equal. The water 
bath was kept vigorously stirred and its temperature was measured to o*oi° C. The 
rate of change of temperature of the water bath was always small and steady, and 
never exceeded 0*5° C. per hour. The results quoted in § 3 show that the accuracy 
obtained was of the order anticipated. 


§3. EXPERIMENTAL RESULTS 

The experimental work has consisted in the investigation of the variation of the 
distance between two points on a particular specimen of lead with the applied tension 
and with time. The specimen was a lead wire, 3 mm. in diameter, containing less 
than 0*001 per cent impurity, to which no special heat treatment had been applied. 
The results obtained can be described in general as follows. The variation of the 
length of the specimen with tension and time depends upon the history of the 
specimen, and in particular on whether the specimen has recently been subjected to 
a stress above a certain critical value. The results will therefore be 'considered in two 
sections, namely those obtained on an unstrained specimen, and those obtained after 
the specimen has been strained. 

The results obtained with the unstrained specimen are comparatively simple, 
Hooke’s law being obeyed within a small but definite stress-range. When this range 
is exceeded, the behaviour of the specimen deviates from Hooke’s law in the usual 
way. These results are described in detail in the next paragraph. If, however, the 
specimen has previously been subjected to a stress much larger than the stress at 
which deviation from Hooke’s law occurs, and if it has been allowed sufficient time 
for its length to become constant, then a type of elastic jiysteresis manifests itself. 
The formation of the hysteresis loop, which is of a type not previously described, is 
discussed at the end of this section. The experimental study of these effects is 
complicated by the presence of elastic after-effects. 

Elasticity of the unstrained specimen. Two typical stress-and strain curves obtained 
with an unstrained specimen are shown in figure 2, in which graph (a) shows a case 
in which the elastic limit has not been exceeded, while graph (b) shows a case in 
which it has. The points on (a) lie on a straight line, their greatest deviation not 
exceeding 5 x io“’ cm./cm. The points for increasing stress are represented as 
crosses, while those corresponding to decreasing stress are shown as circles. The 
two sets of points lie on the same line, and there is no observable permanent set of 
the specimen. The points shown were obtained by increasing or decreasing the 
stress by measured amounts, and waiting for three minutes after each change of 
stress before taking the reading of the fringes. This was necessary because the 
specimen does not attain the final length corresponding to any stress for a few 
minutes, eventually reaching a definite length. This elastic after-effect was observed 
whenever the stress was changed, and will be further described below. 

PH vs. SOC. XLVII, 2 


23 



358 Bruce Chalmers 

The curve (A), figure 2, shows that there is a limit to the region in which Hooke s 
law is obeyed. This limit occurs when the strain is just above 3 x 10 ® cm./cm. The 
critical stress is 9*0 kgm./cm? This point is also the lower limit of strains which 
result in permanent set observable by the present method. A third characteristic of 
this critical strain is that when it is exceeded a change takes place in the type of 
elastic after-effect obtained. 

'rhe method of investigation of the after-effect was to change the tension on the 
specimen by definite steps, usually either about 1500 gm./cm? or 3000 gm./cmr 
corresponding to changes of water-level in the tube figure i (a), of i cm. and 2 cm. 
respectively. These changes of tension were made in the direction of either 



Figure 2. 


increasing or decreasing stress, and after each change the movement of the Fringes 
was observed until it was less than o-oi fringe per minute, which corresponds to 
a change of length of the specimen of about iO“’ cm./cm. per minute. 

The type of curve obtained when the tension did not exceed the elastic limit 
was always that shown in figure 3 {a) in which several curves, selected at random, for 
these changes of stress are shown. It is found that similar curves are obtained wit;h 
increasing and decreasing stresses, and that so long as the elastic limit is not 
exceeded the curve depends only on the change of tension and not on the tension 
itself. 

Some uncertainty as to the time zero of these curves is inevitable, for the stress 
cannot be increased or decreased suddenly without causing vibrations that prevent 
measurements from being made. With the method of changing the stress adopted. 
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i.e. syphoning water into and out of the tube, the change of stress takes at least 
3 seconds and usually considerably more, and in general the zero of the curves could 
not be fixed to within about 10 seconds. This uncertainty will be referred to again 
in the discussion of results. 

Curves of the type shown were always obtained unless the elastic limit was 
exceeded. When the stress applied was above the elastic limit, the after-effect no 
longer ceased after a few minutes, but continued for a much longer time in a manner 
similar to that described in the next section. 



Figure 3. 


Elastic hysteresis of the strained specimen. If the stress is increased by steps from 
zero up to a maximum and then reduced to zero, and if a reading of the length is 
taken for each stress after sufficient time has elapsed for the lengths to have become 
constant, a closed loop denoting the existence of hysteresis is obtained. A series of 
such curves corresponding to different maximum stresses is shown in figure 4 (a). 

Each loop consists of two curved parts and two straight lines. The curved parts 
are similar for all the loops of the series, and the same two parallel straight lines form 
the straight parts of all the loops. It follows that the width of the loop, i.e. the 
difference in the lengths which the specimen has when the stress is increasing and 
when it is decreasing, is independent of the maximum stress reached, provided that 
the latter is less than the elastic limit. The width of the loop and the slope of the 
straight lines vary with tempergjure and with the crystalline state of the metal ; for 
instance they depend on whether the elastic limit has recently been exceeded. The 
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width of the loop obtained with the same specimen varied, in the experiments 
described, between 0*5 x io~® cm./cm. and 2*5 x io“® cm./cm. according to the 
amount of strain to which the specimen had been subjected. 

A further observation regarding the hysteresis loop is that the lower extremity 
of the loop can be produced at any stress-value by increasing the tension from that 
point. A typical example demonstrating this observation is given in figure 4 (6). The 
stress was increased from A to then decreased from B to C, increased from C to 
D and finally reduced from D to A, The point C behaved in a manner similar to 



Figure 4. 


the point A. Hence the same loop is obtained whether the lower reversal is made at 
zero stress or at some other stress. A further point of importance is that, although 
in these experiments stress is only being applied in one sense, i.e. tension and not 
compression, the loop is closed, and can be repeated a number of times without 
observable change. 

The elastic limit. The constancy of the slope of the straight-line parts of the 
hysteresis loops is shown in figure 5, in which the change of length, in units of 
10“^ cm./cm., corresponding to a change of stress of 1500 gm./cm?, is plotted against 
the total stress. The points marked by crosses indicate increasing stress, and the 
circles decreasing stress. The points lie very close to a straight line, with the excep- 
tion of two points at the beginning of each set which correspond to the curvature 
which gives rise to the hysteresis loop. Apart from these points, the maximum 
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deviation from a horizontal straight line is three units, indicating a maximum 
difference of slope of the stress-and-strain line of 3 per cent from the mean. There 
is, however, no systematic deviation of the points from the horizontal line, and it 
follows that there is no change of slope above the limits of the experimental error. 
It is safe to say that the slope does not change by more than i per cent over the range 
of this curve. 



Figure 5. 



Figure 6. 


Figure 6, however, shows that at a greater stress an abrupt departure from the 
straight line takes place. OABC represents the straight line part of the curve, and 
beyond C an obvious deviation occurs. Curves showing the elastic after-effect 
corresponding to increases of stress from A to B to C, C to D and D to E are 
given in figure 7. It is clear that the point C marks the transition between the two 
kinds of after-effect curve, as well as the end of the straight line. The points above 
C are not as definite as the points below C, because the after-effect curve shows no 
definite final value once C has been passed. It follows that the point C marks a 
definite change in the response of the metal to stress, and is the transition point 
between the elastic and the plastic parts of the curve. The point C is therefore taken 
as the elastic limit. It will be shown in § 4 that the after-effect occurring before this 
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point is due to thermal and not to plastic eflfects. The amount of stress corresponding 
to the elastic limit depends upon the history of the specimen, and so cannot be 
given a definite value. When the greatest strain to which the specimen has been 
subjected is comparatively small, i.e. not very much above the primitive elastic 
limit, the elastic limit of the strained specimen is low; when the maximum stress is 
high, the elastic limit is also high. 



Figure 7. 


§4. DISCUSSION OF THE RESULTS 

The experimental study of elastic hysteresis and the allied effects has been 
pursued in the past chiefly by the use of torsional stresses and strains Such 

work, although of the greatest value from the practical point of view, cannot be 
made to give very much information regarding the fundamental relations between 
stress and strain. The effect of a torsional stress on a material which does not obey 
Hooke’s law for the whole range of stress applied must be to set up ‘a very compli- 
cated set of internal stresses and strains. The observed torsional deformation would 
be some function of the stress and of the deviation from Hooke’s law. If, in addition, 
the stress acting on some part of the specimen, namely the outer shell, is above the 
limit of approximate adherence to Hooke's law, while the rest of the specimen is 
under stresses varying from zero to this Hmit, effects resembling the production of 
a hysceresis loop may result, the energy-loss in the loop being produced in the part 
of the material which is in the plastic state. 
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Much of the work done on elastic hysteresis in which a homogeneous stress 
(e.g. tension) is used is valueless from the present point of view owing to insufficient 
accuracy. Ewing performed experiments on long wires with an accuracy of 
io~’, but his experiment only established the existence of a hysteresis loop without 
investigating its shape. Gough, Hanson and Wright used tensile tests for part of 
their work, making their measurements with a Marten’s extensometer, the limit of 
their accuracy being 2 x io“®. 

In these cases, as in others in which the apparatus is constructed on a fairly 
large scale, sufficient temperature-control for an accuracy approaching io“^ cannot 
be obtained. 

The degree of accuracy obtainable with the present apparatus is necessary in 
order to establish the existence of a definite elastic range in the unstrained specimen. 
The elastic range is regarded as being definite because there appears to be a 
definite point at which three deviations from perfect elasticity first become dis- 
cernible — departure from the straight line, permanent set, and true plastic flow. 
These deviations increase rapidly, and roughly in proportion to the amount by 
which the stress exceeds the elastic limit, when this limit has been passed. These 
observations indicate that a higher degree of accuracy would not indefinitely reduce 
the elastic limit. 

After the specimen has been strained and allowed to recover from the immediate 
effects of the strain (which take the form of a continuous reduction of length 
towards a final value to which it approaches asymptotically and is sensibly equal 
after a few hours) its behaviour is quite different from the elastic behaviour discussed 
above. The slope of the stress-and-strain line at the origin is roughly equal to that of 
the straight line of the unstrained specimen, but further increase of stress reduces 
the slope of the line, so that there is less stress per unit strain, and the slope of the 
straight line which is eventually reached is between one-half and two-thirds of that 
of the primitive elastic line. Hence the general effect* of applying a large stress to 
the specimen is to reduce its effective elastic modulus, bring it to a condition in 
which hysteresis loops can be obtained, and replace the low elastic limit of the 
unstrained specimen by an elastic-hysteresis limit which is much greater (the 
limiting stress being five or ten times as great) and shares all the properties of the 
actual elastic limit. 

The type of hysteresis loop obtained in the investigations cited above, and dis- 
cussed by 1 omlinson^^^ and by Prandtl^^\ is that shown in figure 8. Such a loop 
depends upon the deviation of the line of increasing stress ABCD from a straight 
line at C. It requires, then, that the stress applied, at any rate to part of the 
specimen, should exceed the elastic limit. The loop is a result of permanent set of 
the specimen occurring at the extremes of stress, and can only be closed if equal 
stresses of opposite signs are applied alternately. Since it would presumably not 
exist if the reversal of the stress were made at the point C, it depends upon the 
material entering the plastic or overstrained state, and the name plastic hysteresis 
may be suggested for this type of loop. 

The formation of the hysteresis loop observed in the present experiments differs 
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fundamentally from the plastic hysteresis loop referred to above. An elastic 
hysteresis loop, such as that shown in figure 4, depends upon the fact that the stress- 
and-strain line is curved cither when the stress is increased from a minimum value or 
decreased from a maximum value, irrespective of what these values are, provided 
that they do not exceed the elastic limit, i.c. that the stress is not sufficient to produce 
a sensible deviation from the straight-line part of the stress-and-strain curve, or to 
cause a true plastic after-effect exceeding io~^ cm. /cm. per minute after 5 minutes. 

In a recent paper on the bending of marble. Lord Rayleigh gives diagrams of 
the hysteresis loops he obtained by applying flexural stresses to specimens of marble 
that had been heated. The diagrams show loops very similar to those described in 
the present paper, and appear to be elastic rather than plastic in origin. Similar 
elastic hysteresis loops are given by Hanson for zinc single crystals by bending. 
The difference between these loops and the plastic loops is not discussed in either 
of the papers cited. 



Figure 8. 


Before discussing the significance of these loops it is necessary to enquire into 
the possibility of their existence being only apparent, and due to some defect in the 
apparatus. Various experiments have been made with a view to eliminating this 
possibility. Any cause which would prevent the upper plate of the interferometer 
from moving freely, so that it lagged behind its true position, would cause a loop 
such as was found to appear. Two possible ways in which this might happen suggest 
themselves, the first being that some friction might prevent free movement of the 
upper plate, and that the upper interferometer mirror might not move in proportion 
to the movement of R (figure i) until R had moved by a certain amount. This would 
cause the length to appear too small when it was increasing and too large when 
decreasing. A similar effect on the lower plate would give the reverse effect, and a 
loop of apparently negative area would result. 

The effect of friction is usually to prevent all movement until a limiting force is 
reached, when movement suddenly starts; this is not what happens with the 
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hysteresis loops, since the ends of the loops are curved and not flat. Further, if 
such a frictional force existed, there would be a range of positions in which the 
upper interferometer plate would be in equilibrium between the frictional force and 
the force acting on it at its point of contact with the specimen. It is found, however, 
that if the plates are set in vibration by lightly tapping the bench on which the 
apparatus stands, after the broadening of the fringes due to vibration has disappeared, 
the fringes are in the same position as before, to an accuracy of o*oi of a fringe. This 
indicates that there is only one position of equilibrium, and that friction does not 
affect the position of the fringes to more than o-oi of a fringe. It was also found 
that if the plate R was moved by amounts corresponding to a movement of one or 
two fringes by pressure of the finger on /?, T or F, it returned to its original position 
when the pressure was removed. 

The second way in which spurious loops might appear is that the contact at R 
might not be effective, and might be different when the specimen was moving 
upwards and when it was moving downwards. On one or two occasions when the 
apparatus had been set up so that contact at R was definitely unsatisfactory, it was 
impossible to get the fringes steady, owing to chance vibrations of the upper plate. 
It follows that when the fringes are steady contact is satisfactory. A further test was 
made as follows. Normally the upper interferometer plate was baflanced and applied 
no force to the specimen; stress-and-strain curves were taken after altering the 
balancing so that R applied first a slight upward force on the specimen at the point of 
contact, and then a downward force. Identical loops were obtained in the various cases. 

A further consideration is that the appearance of the loops did not depend upon 
the particular setting of the apparatus, for they were not altered by taking the 
specimen out, taking the apparatus to pieces and putting it together again, and 
replacing the specimen. 

The most positive consideration, however, is that it is possible to get cither the 
straight line or the' hysteresis loop with the same specimen without removing it from 
the apparatus or making any other alteration except applying a larger stress to the 
specimen. In no case did a specimen which normally gave a straight line give a loop, 
and a specimen normally showing a loop was never observed to give a straight line. 
It must be concluded that it is not the instrument but the specimen which causes the 
loop to be observed, and that the hysteresis loop is an actual property of the specimen. 

It is next necessary to discuss the significance of the elastic hysteresis loop. In 
the first place, the magnitude of the loop can be expressed as the ratio of the work 
transformed into heat during the cycle to work done on the specimen during its 
extension. In the series of loops given in figure 4 (a) this ratio varies from 0*21 for 
the largest loop to 0*33 for the smallest loop. 

It follows that if a specimen of lead which has previously been strained is set in 
vibration, up to about one-third of the energy of the specimen in a single vibration 
may be lost if the amplitude is small. This conclusion will account for the fact that 
elastic vibrations in lead die away very quickly, and may account for the observa- 
tion of Waller^*®> that lead does not share the property of most other metals of being 
set into acoustic vibration by contact with solid carbon dioxide. This observation 
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must be distinguished from the decay of torsional vibrations of wires, in which 
plastic losses are probably concerned. 

The general cause of the loss of energy involved in the hysteresis loops must be 
some kind of internal friction that causes a difference in the equilibrium between 
stress and strain when the stress is increasing or decreasing. It would be unprofitable, 
however, to attempt to picture the mechanism involved until the way in which the 
effect varies with crystalline arrangement has been investigated much more fully 
and, in particular, until it has been established whether the hysteresis loop can be 
obtained with a specimen consisting of a single crystal. 

Although the elastic after-effect described above in connexion with figure 3 
superficially resembles the true plastic after-extension, it can be shown that it may 
be due to thermal changes and not to plastic flow. It was pointed out by Joule that 
if a substance expands when heated, then if that substance is subjected to pressure 
its temperature will rise. Conversely, if a tension be applied the temperature will 
fall. Calculation shows that the thermal expansion due to the rise of temperature 
required to bring the specimen back to the temperature of its surroundings, after a 
fall in temperature due to the application of a tension, is of the right magnitude to 
account for the observed after-extension. A reduction of the tension gives a corre- 
sponding effect with the sign changed. The calculation only applies while the stress 
applied is less than that required to cause deviations from the straight line OABy 
figure 6. 

The fourth thcnnodynamic relation of Maxwell states that 



where dH is the heat entry during an isothermal change due to a change of pressure 
dp of a volume at a temperature T, the coefficient of expansion being a. The 
isothermal heat entry dH is also the heat that will enter during the return to the 
original temperature if the first change is adiabatic, and that is approximately the 
condition of the experiment. Hence the fall in temperature of the specimen during 
an adiabatic extension can be calculated, and so the subsequent extension due to rise 
in temperature can also be determined. 

dH— —vcuTdpy 

or AH= -v(xTAp, 

where Ap is the change in tension in dynes/cm?, 

H= - olT erg/cm? per dyne/cm?, 

or H = -‘OiTDIJ cal./gm. per dyne/cm?, 

where J is Joule’s Equivalent and D is the density. The corresponding change in 
temperature AT is given by 

AT= —cLTDgjJS deg. per gm./cm?, 
where S is the specific heat. 
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Hence the subsequent increase AL of unit length is 

AL= —cL^TDglJS cm. per gm./cm? 

Evaluating this for lead we get 

AL = 1*937 X io“®. 

When the increase of tension is 3000 gm./cm?, 

AL = 3000 X 1-937 X io“® 

= 5*8 ii X io“® cm. /cm., 

which is about the extension required to give a shift of one half-fringe. 

It was always found that a change of tension of 3000 gm./cm? within the elastic 
limit gave an after-effect of less than 0*5 of a fringe, see curve figure 4. For greater 
changes of tension greater after-effects were found, but never greater than the 
value calculated as above. There are two reasons why the observed after-effect 
should be less than that calculated. The first is that the change is not strictly adia- 
batic, as it takes a definite time to apply the stress ; hence the fall in temperature T 
is not as large as is found in the calculation. Secondly, observations of the positions 
of the fringes cannot be taken immediately after the stress is applied, so the full 
extent of the after-effect is not observed. 

The slight variation in the shape of the curves Ay By C, D, figure 4, is probably 
due to the fact that the rate of loss of heat from the surface of the specimen depends 
upon the speed of circulation of the water surrounding it. This varied according to 
the speed of the stirring-motor. Hence the shape, but not the final extension, may 
vary. 

The variation of temperature of a cylinder with time, if the cylinder loses heat 
radially to its surroundings, can be derived from a Bessel-Fourier function. The 
variation of mean temperature with time can be shown to follow an exponential 
law. When one of the curves of figure 3 is plotted logarithmically (i.e. when 
log {(L — Zoo)/(Z/o”"^oo)} is plotted against /, where L is the length at time /, Lo the 
length when ^ = o, and La:, the final length) the curve of figure 3 {b) is obtained. The 
fact that this curve is straight shows that the law of the thermal after-effect is 
exponential. 

It is concluded, therefore, that within the elastic limit as indicated by the 
straight-line part of the stress-and-strain curve, the after-effect does not exceed the 
amount that can be accounted for on thermodynamic grounds. It appears probable 
that plastic flow commences at the elastic limit. 

The curves of figure 7 show quite clearly that the after-extension completely 
changes its character when the point C, figure 6, has been passed, and that the 
rate of this plastic extension increases rapidly with increase of stress beyond that 
corresponding to the point C, figure 6. This applies in both the strained and the 
unstrained conditions. 

Although Hooke’s law is not obeyed with lead after straining, it is possible to 
express a value for Young’s modulus for the specimen concerned; such a value 
refers to the slope of the straight-line portions of the stress-and-strain loop. Since the 
slope of these IJnes varies in some manner as yet unknown with the conditions that 
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affect the crystalline arrangement of the metal, it is useless to attempt to evaluate 
Young’s modulus to a high degree of accuracy. The values obtained are 
y — i-y X 10^^ dyne/cm? for a strained specimen 
and y==2*7 x 10^^ dyne/cm? for an unstrained specimen. 

Although the actual stress corresponding to the elastic limit varied somewhat, 
it was found to be of the order of 30,000 gm./cm?, and the limit of the elastic exten- 
sion was in the neighbourhood of 2 x lO"^ cin./cm. for a strained specimen. The 
corresponding values were 9000 gm./cm? and 4X lO"^ cm. /cm. for the unstrained 
specimen. 
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DISCUSSION 

Prof. Andrade. I understand that the strained rods recovered their unstrained 
condition, in which they showed no hysteresis, if kept at air temperature for a time. 
Is that so, and, if so for how long must they be kept.^ Did the author carry out 
any experiments on annealing strained rods, and what kind of strains did he 
employ? Were they simple extensions only? What were the magnitudes of the 
strains? 

Comparison of figures 2 and 4 seems to show that the strained rods have a higher 
modulus than the unstrained to begin with, but a lower one when they reach their 
steady state, corresponding to the straight-line portion of the curve. Are figures 2 
and 4 strictly comparable? 

Has the author studied the flow when the rods are subjected to such a stress 
that the creep continues for hours? The thermodynamic cooling cannot, of course, 
be calculated on simple lines in this irreversible case, but must be exceedingly small. 
It would much interest me to be able to compare the flow at such relatively small 
stresses with that at much higher stresses which I measured many years ago. In the 
case of these small extensions no special device is needed to keep the stress constant 
as the rod extends. 

As regards the propagation of sound, it looks as if an unstrained piece of lead 
should conduct sound quite well, as there is no hysteresis: the velocity will, of 
course, be that corresponding to adiabatic compressions and tensions, unless the 
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frequency is very low. A strained piece of lead, however, exhibits hysteresis, and 
should dissipate energy and show marked attenuation. 

Dr F. D. Smith. It is difficult to find an entirely satisfactory definition of 
Young’s modulus for a material like lead, which exhibits elastic hysteresis. We are 
not justified in calculating it from one part of the hysteresis loop, figure 4, rather 
than another. The velocity of propagation of elastic vibrations of large amplitude 
must be subject to a similar complexity. Certainly such vibrations will be rapidly 
distorted and attenuated. 

Elastic vibrations of small amplitude travel well in lead, as Dr Wood and I have 
noticed in our experiments. It may be that the hysteresis observed by the author 
does not occur unless the strain is large. 

Does the strain ever increase discontinuously ? We know that intensity of 
magnetization sometimes increases discontinuously (Barkhausen effect). I^he 
extensometer must, of course, be undamped for this test. 

It would be preferable to plot stress (cause) as abscissa and strain (effect) as 
ordinate. 

Dr A. B. Wood. The paper gives values of Young’s modulus for lead ranging 
from i-yx 10" dyne/cm? for a strained specimen to 2-7 x 10“ for an unstrained 
specimen. It is interesting to compare these values with those deduced from the 
velocity of sound in rolled lead sheet, as measured by a method recently described 
in the Proceedings^. The velocity of sound in rolled sheet (presumably overstrained) 
was found to be 1*56 x 10^ cm. /sec., which gives for the elastic modulus E;{i — cr^) 
a value of 2*73 x dyne/cm? Assuming a value 0*446 of Poisson’s ratio ct, this 
gives 2*35 > 10’^ dyne/cm? for Young’s modulus E. It would be a very simple matter 
to determine by the velocity method the variation of elasticity due to work- 
hardening of lead sheet. This method has the advantage that the strains superposed 
on the permanent strain in making the measurement are* always very small. 

Dr Mary D. Waller. I notice that the temperature is kept constant to within 
0*5° C. The temperature coefficient of variation of plasticity (possibly also that of 
elasticity) in the case of lead is probably considerable: world it not therefore be 
desirable to state the actual temperature of the experiments? The value of Young’s 
modulus is higher than that usually quoted. Do WTres of different diameters give 
constant results? The large diminution in Young’s modulus as a result of straining 
is interesting and may be characteristic of this peculiarly plastic metal. It appears 
to be much greater than that of other metals for which data are available. 

Author’s reply. In reply to Prof. Andrade : the question of annealing at room 
temperature and higher temperatures has not yet been dealt with quantitatively, 
but my results show that a strained specimen reverts to the unstrained state when 
kept at room temperature for some days. The curves in figures 2 and 4 are strictly 
comparable, being plotted in the same units, and the conclusions drawn from a 
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comparison are valid. I have not yet obtained creep curves over long periods of 
time, but this should not present any particular difficulty, and it will be interesting 
to see whether these results agree with Prof. Andrade’s empirical law for much 
faster rates of creep. 

In connection with the transmission of sound by lead, mentioned by Prof. 
Andrade, Dr Wood and Dr Smith, it seems possible that the adiabatic stress-and- 
strain curve may not exhibit the hysteresis loop even when the isothermal stress- 
and-strain curve does so. This cannot easily be tested directly, but can perhaps be 
concluded from such considerations as those mentioned. 

The importance of grain-size and the distribution of impurities in the material 
is probably considerable in connection with the elastic properties, and may render 
a comparison such as that suggested by Dr Wood of little value when the materials 
used have undergone very different treatments in their preparation. 

No discontinuous increases in strain have been observed, and the experimental 
results give no indication even of a discontinuity of the slope of the stress-and-strain 
curve, except perhaps at the elastic limit. 

In reply to Dr Waller; the experiments were all carried out at temperatures of 
about 15 C. Wires of different diameters have not been compared; such a com- 
parison would serve no useful purpose as the possible differences in the crystalline 
arrangements of the different specimens due to different mechanical treatment 
would vitiate any conclusions drawn from the results. 
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REVIEWS OF BOOKS 

Experimental Physics: A Selection of Experiments ^ by G. F. C. Searle. Pp. xiv + 363. 
(Cambridge University Press.) 165. 

In welcoming the publication of another manual of practical physics by the doyen of 
demonstrators, Dr G. F. C. Searle, we regret to learn that this, the fourth volume in his 
series of laboratory text-books, is not to be followed by another on experimental electricity 
and magnetism. From our knowledge of the excellence of the four volumes published we 
should have known that the completed pcntateuch would have been a final authority on 
laboratory investigations of physical laws and principles. The clarity of exposition and the 
ample practical details which are given will prevent much wandering in the wilderness on 
the part of teachers and others who wish to set up any of these original experiments. It is 
not suggested that such wandering should be condemned as being any more unprofitable 
in a physical laboratory than, as history shows, it was in the desert of Et Tih, but the great 
experience and the genius of Dr Searle are so very evident in each one of the experiments, 
both in the theoretical discussion of a problem and in the design of the apparatus used 
to investigate it, that these records of his methods of dealing with specific problems stand 
out as models for all. The present volume contains accounts of experiments in mechanics, 
elasticity, surface tension, viscosity, heat and sound, none of which occurs in the three 
manuals already published, together with other experiments which have not been described 
previously by Dr Searle except in the manuscripts written for use by his students in the 
Cavendish Laboratory. 

A practical example, with numerical data, follows each experiment. It is not always 
clear that the order of accuracy to which a result is stated is that to be expected from the 
measurements on which the result is based. For example, in determining the viscosity of 
water by flow through a capillary tube only two observations of the time of flow of unit 
mass, tjMy were made. These differ by about two per cent. The mean value is taken and the 
crude result is worked out. Corrections for calibration of the flow tube, buoyancy, etc., 
are then made by means of a factor 0*9915, better expressed as (i — *0085), and the final 
result is stated as o*oio66 c.g.s. units. A little more time spent in settling the value of 
tjM more accurately would have been time w^ell spent. j. H. B. 

A Study of Crystal Structure and its Applications y by Wheeler P. Davey, Ph.D. 
Pp. xi + 695, with numerous illustrations. (McGraw Hill Book Co., 1934.) 
455. net. 

This book is a review of the technique of crystal analysis, and the author states that it 
is intended for college graduates who wish to read the literature and do independent 
experimental work. It is based on lectures given over fourteen semesters in the Penn- 
sylvania State College. It is divided into three main sections containing the necessary 
preliminary information about diffraction and crystal structure, a description of methods 
of crystal analysis, and a description of its applications in physics, chemistry and metallurgy. 
The appendices deal with X-ray apparatus, charts for the powder method, and space 
groups. 

A book of this kind may either be a concise review of the main principles of the subject, 
which refers the student to the original papers for a detailed description of technique, or 
a comprehensive treatise for the X-ray worker which selects for description the most 
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recent and successful methods and theoretical advances. It seems to the reviewer that the 
present w ork does not achieve either of these objects. So long a book falls into the category 
of the comprehensive treatise, yet in many cases it goes in great detail into descriptions of 
early methods and ideas without mentioning the simpler and better ones that have since 
replaced them. This applies both to questions of technique and to theoretical discussions 
w hich must surely now be based on quantum mechanics and not on the semi-classical ideas 
of the Lewis-Langmuir and first Bohr atom, invaluable though these conceptions were in 
their time. To put it briefly, many sections of the book are years behind the times, and in a 
subject which is growing so fast this is a serious defect. 

'rhe work of Zwicky on secondary structure in crystals has been described at length 
without reference to the subsequent work of Pauling, Orowan, and Smekal which claims 
to show that it is based on very erroneous calculations of lattice energy. In the chapter on 
the powder method the use of molybdenum K rays is described, with bare reference to 
the vast literature on the use of rays from anticathodes in the calcium-zinc range which has 
resulted in so enormous an improvement of accuracy. JV^, rays have only been used because 
X-ray tubes with this anticathode are easily available; they are quite unsuited to accurate 
work. The description of the structure of AggAl (p. 549) is based on a reference in the 
International Critical Tables of 1926, apparently in ignorance of its solution by Westgren 
and Bradley two years later. Probably few workers in this field would agree with the 
author’s censure of the new nomenclature of space groups adopted by international 
agreement, which is widely held to he conspicuously successful in meeting the needs of 
X-ray analysis. The adoption of its rational system might have saved the author from giving 
in his list of screw axes (p. 213) only four of the eleven possible types, and listing as 
monoclinic (p. 21) the face-centred orthorhombic lattice. These are small points, but they 
are indicative of a want of balance and sense of proportion which mars the book. It con- 
tains many suggestive and interesting ideas, and is attractively illustrated. It does not 
appear to the reviewer, however, to present an accurate picture of the present state of 
the subject. 

Electrolytes, by Hans Falkenhagen. Translated by R. P. Bell. Royal 8vo, pp. 346. 

(Oxford University Press.) 25^. net. 

The volume gives an admirable account of a subject which is receiving but little atten- 
tion from physicists in this country. The foundations laid by Faraday have been built upon 
by Debye and other workers abroad. In the book will be found a comprehensive survey 
of the modern theory of electrolytes and an indication of the experimental investigations 
and the data obtained. 

The early chapters are devoted to a consideration of the theory of dilute solutions 
following on the lines laid down by Planck and Arrhenius. This theory is only valid for 
weak electrolytes, and the author then proceeds to consider strong electrolytes. The be- 
haviour of strong electrolytes shows considerable departures from Arrhenius’s theory, and 
to explain these account must be taken of interionic action. It is only with difficulty that 
the theory can be extended from the field of dilute solutions to embrace concentrated 
solutions Such an extended theory must take into account the polarization, dispersion 
and repulsive forces between the ions, as well as the forces of interaction between the ions 
and the solvent molecules. The theoretical treatment of these complicated factors has so 
lar been only partially successful. An account is given of the various attempts that have 
been made to treat theoretically the properties of concentrated solutions and the question 
of the true degree of dissociation of an electrolyte is closely connected with this problem. 
A section of the book is devoted to points connected with the optics of electrolytes and the 
detection of the undissociated part. It is of interest to note that attempts have been made 
to study the structure of electrolyte solutions by means of the Raman effect. Prof. R. H. 
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Fowler contributes an appendix on recent applications of quantum mechanics to the theory 
of electrode processes. 

The volume is to be strongly recommended to students wishing to enter this promising 
field of enquiry. A word of praise is also due to Mr Bell for the excellence of his translation. 

E. G. 

Magnetism and Matter, by E. C. Stoner, Ph.D. Pp. xv + S7S, with 87 diagrams. 
(Methuen and Co., Ltd., 1934.) 21s, net. 

Progress in the study of magnetic phenomena has been particularly rapid since the 
discovery of the electron, but at no period has it been more rapid than in the eight years 
which have elapsed since the publication of Stoner’s Magnetism and Atomic Structure, The 
rate of progress has been such that the new book, Magnetism and Matter, is virtually a new 
work. It takes a very definite and important place in the literature of magnetism, for it 
occupies a position somewhere between the purely descriptive accounts of experimental 
facts and procedure and the more rigorous theoretical treatises such as Van VIeck’s Theory 
of Electric and Magnetic Susceptibilities, 

Consequently one must not turn to Stoner for the most comprehensive experimental 
details, although complete references and many useful accounts of experimental methods 
are to be found in his work. The experimental sections have been brought up to date by 
the inclusion of descriptions of the Sucksmith ring balance (which might, incidentally, be 
amended in the next edition) and of Kapitza’s work with intense magitetic fields. But one 
must turn to Stoner for an outline of the more important experimental facts and their 
possible interpretations in the light of modern theories. Thus, those readers who require 
an easy approach to the present-day theory of paramagnetism will find it here. Here, too, 
is a readable outline of the modern theory of ferromagnetism and a treatment of the modern 
aspect of magnetoelastic and magnetoelectric effects. There is very much to be said in 
favour of such an adequate guide, as a preliminary to the more advanced mathematical 
treatises and works on modern magnetism. 

In his preface the author states that the selection of investigations for detailed con- 
sideration has necessarily been somewhat arbitrary, but there must be singularly few 
competent persons who will find fault with his selection. The book is an important 
addition to the standard works on physics and is heartily commended to the Fellows of the 
Physical Society. l. f. b. 


The Kinetic Theory of Gases (Second Edition), by L. B. Loeb. Pp. xx 4-687. 
(McGraw-Hill Book Co., 1934.) 36^. net. 

In reviewing a Kinetic Theory of the scope of this book some comparison with the well- 
known treatise of Jeans seems almost unavoidable, and in any case there is no reason why 
so useful a comparison should be avoided. 

Though much of the same ground is covered in the two treatises, Loeb lays much 
more emphasis than Jeans on the experimental side of the kinetic theory, and he deals 
exhaustively with a great many modern applications and developments of the subject. On 
the mathematical side the treatment is less systematic and less elegant than that of Jeans. 
To use a possibly far-fetched analogy, Jeans climbs his mathematical hills quietly and 
easily in top gear and then in special physical chapters tells his humbler readers exactly 
what is visible from the hill-tops. Loeb, on the other hand, takes the experimental 
physicist and chemist with him up such hills as he elects to climb. The load being heavier, 
this choice makes for a certain amount of gear-grinding, but on the whole there is much to 
be said for it. 
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Prof. Loeb clearly writes with a real enthusiasm for his subject. The book is of special 
value in that it combines in a single volume accounts of the classical kinetic theory and of 
the most recent developments. It thus provides, both for undergraduate and for advanced 
students, a valuable compendium of information, much of which is not elsewhere available 
in text-book form. In particular mention must be made of the chapter, nearly loo pages 
long, on the applications of kinetic theory to problems in electrical conduction through 
gases, where Prof. Loeb can write freely as a leading authority. 

There are, unfortunately, some minor blemishes in the work. There are some slips 
which should not have appeared in a second edition, and some errors — for example, the 
derivation of Poiseuillc’s formula on the assumption that a gas behaves as an incompressible 
fluid. There is also some carelessness in the writing of proper names. Most of these are too 
trivial for comment, but it is not in human nature to overlook the reference in the index 
to “Sir W. Rayleigh” — which suggests an ingenious telescoping, across almost exactly 
three centuries, of a great physicist and a great Elizabethan seaman. It must, however, be 
added that if Prof. L^eb is slightly inaccurate in some of his references, he is precise and 
very generous in his acknowledgments. 

Prof. Loeb deserves credit for emphasizing the historical side of the subject, but the 
weight of evidence is against some of his historical notes. Brown, for instance, would have 
been much in advance of the other botanists of his time if in 1827 he had been led (p. 390) 
“to venture the idea that the (Brownian) motion was due to the unequal bombardment of 
the particles on various sides by the molecules of the liquid executing their heat motions 
and that they were therefore a manifestation of molecular heat motions.” The kinetic- 
molecular explanation is generally attributed to Wiener (1863), and in his paper of 1829 
Brown speaks of “motions for which I am unable to account.” There is little evidence of 
any strong interest in the motions, and still less of any “violent controversy/’ for some 
years after Brown’s discovery. 

Again (pp. 84, 139) there has been some misapprehension concerning the date of 
publication of Waterston’s paper on “The Physics of Media that arc Composed of Free 
and Perfectly Elastic Molecules in a State of Motion.” This was communicated to the 
Royal Society in 1845 by Beaufort, but it was not until nearly fifty years later that Ray- 
leigh, then Secretary, rescued it from the Archives and caused it to be printed in the 
Phil, Trans, for 1892. It is not likely that Rayleigh, who was born in 1842, had in 1845 
any very pertinent comment to make on the importance of the paper. If he had, his 
precocity would have been almost as remarkable as the vitality and versatility of Robert 
Brown, who was in his fifties when he discovered the Brownian movements, but who is 
shown in the index as O. W. Richardson’s collaborator more than eighty years later. 

These minor sources of irritation or amusement apart, this is a very good book. 

H. R. R. 


Bessel Functions for Beginnersy by N. W. McLaciilan, D.Sc., M.I.E.E. Pp. xi + 192. 

(Clarendon Press, 1934.) 15^. net. 

The object of this book is to provide engineers and engineering students with a course 
of Bessel functions sufficiently advanced to enable them to employ the functions in practice 
in their physical and engineering researches. The book is well written and a great deal of 
labour has obviously been expended on it. Besides the worked-out examples there are 
600 other examples set with answers. It will thus be as useful to students of pure as to 
students of applied mathematics. A graduate student looking out for a mathematical or 
physical subject as a thesis for a doctor’s degree would find this a suggestive book. We can 
thoroughly recommend it. A. R. 
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Les Appareils a Fil Chaud, by E. G. Richardson. Pp. 67. (Paris: Gauthier- Villars, 
1934.) 20 fr. 

This memoir contains in an expanded form the substance of a lecture given during 
1932 by its author at the Institut de Mecanique des Fluides of the University of Paris. 
It is divided into two parts, the first of which contains an outline of the history and 
theory of hot-wire anemometers together with instructions for their use including par- 
ticulars of precautions and corrections to be observed and made. In the second part the 
results of investigations making use of such instruments are described : these investigations 
are concerned with such phenomena as the flow around aerofoils, vortex formation and 
turbulence, the distribution of air-velocity in acoustical resonators, flow in tubes, and the 
viscosity of colloids. 

The book summarizes conveniently the advances made by the author (who in many of 
his researches has collaborated with Dr Piercy of the Aeronautical Department at East 
London College and Dr Tyler of Leicester Technical College), while a bibliography of 
some sixty references ensures that adequate weight is given to the results of other workers 
in this field. All those who contemplate using a hot wire will be well advised to 
economize in both time and trouble by securing a copy of this book. E. j. i. 
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ABSTRACT. In a previous approximate theory of the action of rectangular frame aerials 
used with waves comparable in length to the frame-dimensions, it was assumed that the 
frame current would he a maximum when the initial current produced by a local oscillator 
or a passing electromagnetic wave was in phase with a supplementary current produced 
by the mutual reactions between the currents in opposite limbs of the frame. The co- 
phasing of these component currents was accomplished by adjusting the dimensions of 
the frame, a process for which the term “ format! zing ” was suggested. 

The present paper develops this theory, and the critical dimensions for rectangular 
transmitting and receiving frames are exactly determined. It is found that the maximum 
error arising from the use of the approximate formulae previously given does not exceed 
4*7 per cent and is usually less than 3 per cent. These errors are not greater than the 
experimental errors which arise when short waves comparable in length to the dimensions 
of the frames are used. 

§1. THE ACTION OF RECTANGULAR SHORT-WAVE FRAMES 

A CURRENT is generally produced in a wireless frame aerial either because the 
/ \ frame is fed by a local high-frequency oscillator or because passing electro- 
JL jL magnetic waves are incident upon it. Either of these primary sources of 
energy will cause an initial current to be set up in the frame. If the frame be 
rectangular and if its dimensions be comparable with the wave-length of the initial 
current, then two other supplementary or component currents (which are other- 
wise negligible) will contribute appreciably to the final or resultant current produced 
in the frame. 

One of these supplementary currents is due to the fact that the initial current in 
one limb of the frame at any point P, say, contributes to the resultant current in the 
opposite limb of the frame at P', say, by direct radiation across the frame, whilst the 
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initial current at P also contributes to the resultant current at P by reflection of its 
radiation back to P from the opposite limb of the frame. 

The other supplementary current arises from the fact that the initial disturbance 
at P causes a wave to travel round the frame-perimeter back to P where it, also, will 
contribute to the initial disturbance. 

In the previous communications an approximate theory of the first or 
radiation effect has been given, whilst the second effect has been discussed in a 
paper on the current-distribution round a short-wave frame aerial It is the 
object of the present note to consider the magnitude of the errors arising from the 
approximate theory of the radiation effect which has been described in the com- 
munications referred to above. 

§2. THEORETICAL CONSIDERATIONS: TRANSMISSION 

Consider first the case of a frame actuated by a local oscillator, and let the initial 
/, /q, (o current per centimetre at P in one limb of the frame be /, where /=/o sin coL This 
initial current will not be that actually measured because it will be more or less 
reinforced by the supplementary currents produced by the radiation effects referred 
to above. In the case of a transmitting frame, let this initial current / at P produce 
1, Jo» pi a supplementary current i at P given by i = /o sin {cot+pi) per centimetre and also 

i' a supplementary current i' at P\ in the opposite limb of the frame, given by 

Pi — i^ sin {wt-\-p/) per centimetre. The amplitudes and Iq are dependent on 

A, D on the wave-length A in air, and on the distance D between the opposite limbs of 
the frame, pt and p/ are phase-changes between i and i' respectively and the initial 
current 1 . These phases are dependent on both time and space. We may write the 
supplementary currents in the general form 

/ (AD) Iq sin \o)t -\-2 tt liydt — ^/^/A)], 

Vy ty s where v is the wave frequency and dt and ds are increments of time and space 
respectively. The initial and supplementary currents at P will have a resultant 
In current lay the amplitude of which will depend on the amplitudes of and the phase- 
difference between the component currents. If ^ and were constant and in- 
dependent of D, then, for a given wave-length, a maximum resultant current would 
occur when the components / and i at P were in phase and when the components 
I at P and i' at P' were tt out of phase. The approximate theory already given 
assumed that for a given wave-length the variation of ^ or with D was negligible 
for values of D not very different from that particular value for which the two 
components were in or out of phase. Thus it was concluded*. that the frame 


current would be a maximum when 

Pt== ±2n7T (ifl) 

and p/ = ± (zn' + 1)77 (i^), 

fi' where n and n' are integers. 


For the particular case of a transmitting frame the two components I and i 
recombine at P after a time interval 2ty say, during which the initial component I 

• See references (2) and (i) respectively. 
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at P has continued, whilst the supplementary component i at P has resulted from 
radiation which has travelled across the frame and back through a total distance 
of 2Z). Thus at point P and time 2t the initial component I has suffered a phase- 
change of ZTT.zvt whilst the supplementary component i has also suffered a phase- 
change of 2Tr,2vt together with other phase-changes due to the distance 2D and 
to the mechanism of emission and absorption of radiation by the limbs of the frame. 
Thus the resultant phase-change may be considered as that due to the time interval 
2t together with that due to the “effective** distance traversed by the radiation. 

It has been shown that this “effective** distance is given by 


2 


(D — ~- tan 

\ 27r 



)• 


where a = zttD/X, Hence, for the case of a transmitting frame, the phase-difference 
between the supplementary current i at P and the initial current / at P is given by 


P, = 2ir |2 [vt-l (Z)- A tan-> ')] -2.i| 


^2 j 

where </> = tan“i assumption that pt = ± ^mr be cfirrect, then we have 


or 


— 2 — ± 2 W 7 T 

tan {a ± mr) = (a^ — i)/a 


(2a). 


Similarly the two components at P' will recombine after a time interval t during 
which the supplementary component i' will have resulted from radiation which has 
travelled across the frame a distance D, Thus the phase-difference between the 
supplementary current i' at P' and the initial current / at P is p/, where 




X 

\ 27 t a J_ 




Hence, if p/ = ± (2/z' + 1)77-, we have 

tan [a±{2n' -{■i) 7 r] = {a^-i)la 


{ 2 b). 


Since p^ = 2p/ these equations — and equations (i) — can only be satisfied simul- 
taneously if n be an odd integer. Consequently, only alternate solutions of equation 
(za) give what were, for convenience of reference, called the first formatizing con- 
ditions for transmission,* that is, the conditions giving the critical dimensions of 
the frame for maximum current from a local oscillator of constant voltage output. 
By introducing the arbitrary parameter ^ the final formatizing conditions for rect- 
angular transmitting frames were given as 

and tan(a' + ,^)=(a'»-i)/a'j 

where a — ZTrWjX and a' = 27 rpr/A, W and H being the frame- width and height 
respectively. 


a 






• See reference ( 2 ), p. 66. 
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It is now desirable to examine the function / (AZ)) in order to see how Iq and iV 
vary with D, This will enable us to determine to what extent the assumptions 
underlying equations (i) and (2) are justified and will also enable the magnitude of 
the errors involved in equations (3) to be calculated. 

If the initial current at P in one limb of the rectangular frame be /q sin wt per cm., 
then the supplementary current i' per cm. produced in the parallel opposite limb 
a distance D away is given by the equation 

i’ = sin [wt - (a 

where J is a constant.* For convenience of calculation this expression may be 
written in the form 

V — KI^ VC — I + 1 /a®) sin [wt — {a — <^)] 

= V sin {(x)t+p/). 

Here K is another constant for a given wave-length. With i' in amperes per centi- 
metre and D and A in centimetres, the constant K= izott^/X^R, where R is the 
resistance in ohms per centimetre of the frame wire. The numerical value of K for 
the short waves under consideration and for suitable copper wire is of the order of 
unity.f It is shown below that the exact value of K is of little importance in con- 
nection with the present problem. 

The field radiated by the current t' is responsible for producing the supple- 
mentary current i at P in the original wire. The relation between i and i will be 
similar to that between I and i\ and consequently 

i — Ki^ V( /«* + 1 ja^) sin [ojt — 2 {a- <^)] 

— K^ — i/a®) /q sin \o)t — 2 {a—<f>)\ 

= /osin(a)/+/)«) (4). 

For convenience in determining the magnitude of the errors involved in the use of 
equations (i) or (2), the discussion will be restricted to a consideration of the 
supplementary current i at P, although the same results can be obtained by con- 
sidering the supplementary current i' at P'. 

In figure i, IqIK'^Iq is plotted against a (i.e. 27 rZ)/A), whilst pt is plotted against a 
in the full-line graph of figure 2. By plotting corresponding data from these two 
graphs, the spiral vector diagram of figure 3 is obtained. Figure 36 is figure 3a 
enlarged. Any point on this spiral, when multiplied by the scalar constant KH^ , 
represents vectorially the supplementary current i for any particular value of a. 
In the theory already given any small element of this spiral was assumed to be part 
of a circle for values of a greater than about 1*25, i.e. for values of D greater than o-2A. 
If this were true, it is obvious that the resultant current In would be greatest when 

* See reference (i), p. 195, where the nomenclature is slightly different from that used in the 
present paper. 

t According to some recent measurements by Walmsley {J. Instn elect. EngrSj 69 , 311) the 
resistance per cm. of 1/0-044 copper wire for a wave-length of about 15 metres is 0-0055 fi. approxi- 
mately. Therefore for this wire K=0‘6. 
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its components / and i were exactly in phase, and equations (an) and (3) would be 
justified. Because io is a function of D (for a constant wave-length) thew equations 
are only approximately true, and the exact value of the amplitude of /« , the resultant 


current, is given by 


Jb = V[V + ^* + 2^0^) cos 2 (a -<f>)] 


is)- 


On substituting in equation (5) the value of 4 given in equation (4), we get 
(i/a*- iK+ i/n*) cos 2 {a- 4 )]. 


K 


2 • 0 ^ 


I 1*0-1 

V a 



a (radians) -> 


Figure i. Graph showing the variation in amplitude of the first supplemental current. 



0 2*0 4*0 6*0 

a (radians) 

Figure 2. Graph showing the variation in phase of the first supplemental current. 
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On equating d {olR)ld {a) to zero we get the conditions for maximum or minimum 
resultant current at the point P in the frame, namely 


fa-<AwU-i ^ 1 K n{a^-^r + 2][(a^-iY + a^] I ^ 


= tan"^ A -f sin"i B ± zmr 


This may be compared with equation (za) which is 

— 2 {a—<l>)= ±27177, 

In order to solve these transcendental equations it is convenient to write them re- 
spectively in the form , j 1 1 /i . • 1 d\ 

^ ^ a±n7T^(f> — \{pxi-^ A±sm-^ E) 

and a±n 7 r=(f 3 . 



Then the solutions are obtained where the straight lines y — a ±7177 intersect the 
curves y^<f} — \ (tan^^^ ^ + sin“^ B) and y—<t> respectively. For values of K equal 
to I these graphs* are shown in figure 4, and from the alternate points of inter- 
section the values of a for maximum current may be determined. The approximate 
equations (2) give a value of DfX (or tf/ 27 r) equal to 0713, the value previously 
given; whilst the first solution of equation (6) is D/A = 0-694. An approximation to 
equation (6) better than equation (2) is 


- 2 (a — = ^tan~^ ^ + sin“^ ± 2W7r 


The graph oiy^(l> — \ (tan“^ a7^ + sin~^ a-^) is shown by the dotted curve in figure 
4, and the resulting critical values of D/A are hardly distinguishable from those 
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given by equation (6). The very small value of the arc sin term shows that the 
correcting factor is practically independent of the precise value of K as long as K 
does not differ greatly from unity.* 

On substituting 0-694 for DjX in equation (6) we get the value of the correcting 
term J (tan“i ^ + sin-^ B) which is found to be equal to 12-8°. Thus the decrease 
in In due to this phase angle between the components I and i is more than com- 
pensated by the increased value of the amplitude of i (i.e. Iq) ; whilst, for phase angles 
greater than 12-8°, the further increase in is insufficient to compensate for the 
reduction in arising from the larger phase-difference between its component 
currents. This critical value of (divided by the scalar constant is shown in 
figure 3 by the vector OA. 

§3. THEORETICAL CONSIDERATIONS: RECEPTION 

With a receiving frame the initial disturbance at any point P is produced by an 
incident electromagnetic wave. The supplementary currents i at P and i' at P' due, 
respectively, to reflection from the opposite limb of the frame or to radiation across 
the frame will be identical with those discussed above for the transmitting frame; 
but the initial current will be different from that produced by a local oscillator. 
The initial disturbance at P, with which i combines, is produced by that part of the 
incident wave which was a distance —zD from the point P when the reflected 
radiation first left P at time 2t seconds ago. Thus the current / due to this retarded 
potential will be given by 

/(, sin 

and the phase- difference pr between / and i is now 

= — 2 { 2 a — <jj). 

The phase of the supplementary component i is the term within the square brackets 
and is the same as in the case of the transmitting frame. Hence the resultant current 
In at P has an amplitude ^In given by 

+ cos 2 (2<«-<^)] (8) 

in which, from equation (4), 

The way in which changes with a is shown in the dotted graph of figure 2, and 
from this graph and figure i the spiral vector diagram of figure 5 has been drawn. 

On substituting in equation (8) for 4 as before, and equating the differential 
with respect to a to zero, we get equation (9), the odd solutions of which will give 
the values of D/A for maximum receiving frame current: 



See footnote f on p. 380. 
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— 2 ( 2 a—<f))= |tan"^ [”- , ~ | — — 5] 

^ ^ ' I I A ( y»2 » \2 I xvS I 


( {za 4a(a*~i)H2a®J 

+ sin-1 . . [(g«-i)H a^1 _ 

a® V[{(a* - 1 )* + 2 }* +{2a{a^-iY + a®}*] 
= tan~^ A' + sin“i B' ± zmr. 


y ± zniT 



The equations previously deduced on the assumption that Ir is a maximum when / 
and i are in phase and when I and i' are out of phase^*^ were 


pr^ —Z {za-<l>)— tznn 

and pr = - ( 2 a = ± ( 2 «' + 1 ) TT .{lob). 


A\ 
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By introducing an arbitrary phase angle ^ and also the effective frame-width 
W,H,y W COS y and the effective frame-height H sin y for waves incident at an angle y to 
the frame, the formatizing conditions for rectangular receiving frames were given by 

tan [fl{n-cosy)-i/r] = (fl2_i)/<i I 

and tan [«' (i +sin y) + i/r] = (fl'*- 

where a and a' refer to the width and height of the frame respectively. With y 
and tjj equal to zero, the solutions of these equations for maximum currents are 



PF/A= 0*331 and o*86o and ///A= 0*713. This result for the value of H/X is the same 
as that for the transmitting frame because, when y = o, the incident wave does not 
directly affect the horizontal limbs of the frame. 

Equations (9) and (10) may be compared with the useful approximate equation 

-2(2a-^) = (tan-‘^’'^+sin-'~)±2mr , {12). 

The first two solutions of equations (9) and (10) for maximum current are shown in 
figure 6, in which the dotted curve represents the graph of the equation 

y = fk—l ( tan“^ — + sin~^ ) . 

As before, the value of K within practical limits does not appreciably alter the 
correction factor. 
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The straight lines are the graphs of y=={2a±iVTr), The solutions previously 
obtained from equation (10) or equation (ii), namely Z)/A = 0*331 and o*86o, may 
now be compared with the new results from equation (9). These are Z>/A = o*3i6 
and 0*856 when n = i and 3 respectively. 

On substituting these new values in equation (9), the correcting terms on the 
right-hand side are found to be 18*0® and 8*4° respectively. Thus the critical values 
of i which, together with /, will give a maximum resultant current are 

{q sin (caf — 342°) and Iq sin {oit — 1071 *6"^) 

respectively. These supplementary currents are proportional to the vectors OB and 
OA in figure 5. Alternate points of intersection must be taken because, when the 
component currents at P differ by 47r, 877, iztt, etc. and satisfy equation (loa) they 
differ at P' by ztt, 477, 67r, etc. which is not in agreement with equation (106). This 
point was referred to in the discussion of equation {za) in connection with the 
transmitting frame. 


§4. CONCLUSION 

Experimental measurements of the critical or formatizing dimensions of trans- 
mitting and receiving frames (for which the frame currents attain maximum values 
for given input voltage) yield values of DjX which agree closely with those calculated 
from the theoretical formulae discussed above, but the errors of measurements are 
usually greater than the errors arising from the use of the approximate equations 
(2) and (10) instead of equations (6) and (9) respectively. The percentage error in 
the first value of DjX given by equations (2) or (3) is 2*8 per cent, whilst the errors 
of the first two solutions of equations (10) or (ii) are 4*75 per cent and 0*47 per 
cent respectively. These errors are independent of the value of K for all practical 
frames. 

It would therefore appear that the best shapes of rectangular short-wave frames 
for transmission and reception (that is, the critical dimensions for formatized frames) 
may be calculated with sufficient accuracy for all practical purposes from the 
theoretical equations (2) and (10) based on the co-phasing of the initial and supple- 
mentary currents, whilst for more accurate calculations equations (7) and (12) are 
useful. 
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ABSTRACT. From a theory of the action of short-wave frame aerials outlined in previous 
communications it was concluded that the current at any point in a rectangular frame 
aerial should vary with time as the frame revolved in its own plane. If the current- 
measuring instrument moves round with the frame, complications arise because the 
instrument records not only the current- variations due to changes in what was called the 
degree of formatization of the frame, but also those due to the fact that the instrument 
passes in succession through the current nodes and antinodes which have been shown to be 
fixed in space and not to revolve with the frame. Hence current-measurements have been 
made, firstly with the frame fixed and the instrument moving round the frame, and 
secondly with the instrument fixed in space as the frame revolved. The apparatus and 
methods employed are briefly described. The current-variations observed in the two sets 
of experiments conform approximately to those predicted from the theory. The results 
lead in general to the conclusion that when a square frame aerial is used with short waves 
and revolves in its own plane then, in addition to spatial current- variations round the 
perimeter of the frame due to the formation of fixed current nudes and antinodes, there 
may also be temporal current variations at any fixed point due to the fact that the frame 
may become alternately formatized and deformatized as it revolves. 


§ I. INTRODUCTION 

According to the familiar view that the e.m.f. in a receiving frame aerial is 
proportional to the rate of change of the magnetic flux interlinked with it, 
JL A. the current should vary as the frame rotates about an axis in its plane, but 
there should be no current variations as a receiving frame revolves- about an axis 
perpendicular to its plane, that is, as the frame revolves in its own plane. 

It has, however, been shown that current variations are to be expected in the 
latter case if the frame be rectangular and if its dimensions be comparable with the 
length of the wave. This arises because other factors are involved which modify the 
simple theory indicated above. In particular, at any point in the frame the e.m.f. 
not only is produced by the changing magnetic flux of the incident wave, but also is 
influenced firstly by radiation from adjacent parts of the frame and secondly by the 



Current in a square frame aerial revolving in its own plane 389 

circulation of current round the frame perimeter. It was shown that the first of 
these supplemental effects (the radiation effect) and consequently the magnitude of 
the resulting frame current depends on the ratio of the frame-dimensions to the 
wave-length and on the angle of incidence of the wave upon the frame sides, the 
direction of propagation being in the plane of the frame — that is, on the shape and 
orientation of the frame; whilst the second supplemental, or current-distribution, 
effect depends only on the ratio of the frame-perimeter to the wave-length and is 
independent of the shape and orientation of the frame. 

A previous communication dealt with this latter or current-distribution effect 
when not complicated by the former or radiation effect. The isolation of the two 
effects was accomplished by utilizing frames so shaped that they were deformatized* 
for all angles of incidence with the particular wave-lengths in use. Furthermore it 
was shown that the positions of the current nodes and antinodes were determined 
by two currents circulating round the frame in opposite directions and that the 
resulting nodes and antinodes were fixed in space with reference to the position of 
the transmitter. 

The present paper deals with the radiation effect isolated from the current- 
distribution effect. It was thought that a study of the radiation effect by itself should 
confirm the existence of those current-variations which have been anticipated^*^ 
as a result of revolving a short-wave rectangular frame aerial in its own plane. 

§2. THEORETICAL CONSIDERATIONS 

When a rectangular frame is formalized it is so shaped that the current at any 
point in the frame becomes abnormally large compared with what it would be for 
a frame of the same area but of arbitrary shape. The necessary conditions have 
been termed, for convenience, the “first formatizing conditions From them it 
follows that a square frame, if formatized when the wave.-front is parallel to one side 
(when it is said to be in the “square position”), will become deformalized when the 
frame revolves through 45° into the “diamond position”, the current at any point 
becoming less; and the reverse will occur if the frame be formatized for reception 
in the diamond position. 

First, we may consider what current-variations are to be expected if the 
measuring instrument moves round a fixed frame. The instrument will pass in 
succession through the current nodes and antinodes spaced round the perimeter 
and so will record the current-distribution already discussed elsewhere If, 
however, the instrument be fixed in the frame and both revolve together, then the 
observed current- variations will differ from those recorded with a fixed frame. This 
arises because the instrument not only will pass in succession through the spacially 
fixed current nodes and antinodes as before, but also will record current-variations 

* That is, the ratios of the frame-dimensions to the wave-length w’ere such that, at any given 
point of the frame, the supplemental e.m.f. due to radiation from other parts of the frame did not 
augment or reinforce the initial e.m.f. ^ue to a local oscillator or an incident wave. See reference (2), 
pp. 198, 199. 

t See equations (x) below. 
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due to the fact that the frame may become alternately formatized and deformatized 
as it revolves. For certain wave-lengths, current maxima due to this cause will 
occur whenever the frame is in the square position, whilst for other wave-lengths 
maxima will occur when it is in the diamond position. Thus the current measured 
at any point will depend on the combination of the two different effects discussed 
above. 

The isolation of the radiation effect may be accomplished by measuring the 
current at any fixed point in space irrespective of the position of the point on the 
frame. The current at this point will vary with time as the revolving frame becomes 
alternately formatized and deformatized, but it will not vary as a result of the non- 
uniform current-distribution round the frame. This follows from the fact that this 
distribution is fixed in space and is dependent only on the position of the transmitter. 
Consequently, if it can be so arranged that the current is always measured at the 
same point in space with respect to the transmitter, then any current- variation 
which may be recorded will be due to the fulfilment or non-fulfilment of the first 
formatizing conditions as the frame revolves. 

Thus, this method of using a current-measuring instrument fixed in space 
enables the temporal current changes due to the first formatizing conditions to be 
studied without any disturbing effect arising from the non-uniform spacial dis- 
tribution of the current round the frame. 

It has already been shown* that the formatizing conditions arising from the 
mutual radiation between parallel limbs of a rectangular frame are given approxi- 
matelyf by the odd solutions of the equations; 

tan[a(i + cosy)-i^] = (a2-i)/^i ] 
tan [a' (i + sin = 

where a — ZTrWjX, a' = 2Tr///A, WjX and HjX are the ratios of the frame-width and 
the frame-height respectively to the wave-length, y the angle of incidence of the 
wave-front on the frame and an arbitrary phase angle. 

The alternative solutions of these equations give the critical frame-dimensions 
for maximum and minimum current. The values of a and a' were found for various 
values of 0 by a graphical method and curves were given showing the relation 
between W/X and H/X for different angles of incidence y of the wave on the frame. 
The first few curves for both maximum and minimum current conditions for 
y = o® and 45"^ are given in figures i (a) §nd i (b) respectively. The critical wave- 
lengths for a square frame, with which this paper is concerned, can be obtained 
from these curves by drawing a line through the origin at 45° to the axes and noting 
the values of W/X (or HjX) for the points where the straight line cuts the curves. In 
this way the wave-lengths for both maximum and minimum current conditions can 
be deduced for a square frame in the square position (y=:o°) or in the diamond 
position (y=45°). 

We may now consider what current-variations are to be expected when a square 
frame revolves in its own plane, the current being measured by an instrument which 


• Reference (i), p. 197. 


t See preceding paper, p. 377 of this volume. 
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is always inserted in the frame at that point which is (say) nearest to the transmitter. 
For a wave-length for which the frame is always deformatized when at any angle 
to the wave-front, the current measured should show no temporal variation as the 
frame revolves. This conclusion has already been tested and the graph relating 
frame current to frame-angle was a straight line parallel to the frame-angle axis.* 
Suppose now that the wave-length is changed so that the frame is formatized 
in the square position, that is, the ratio of the frame-sides to the wave-length is 
given by the coordinates of one of the points e.g. in figure i (a). Then when 
the frame is oriented so that one side is parallel to the wave-front, the current 
measured by an instrument inserted in the middle of the side nearest the trans- 
mitter will be a maximum because the frame will be formatized. As the frame re- 
volves in either direction it becomes more and more deformatized, and the current 
(still measured by putting the ammeter at the fixed point nearest the transmitter) 
will decrease until the diamond position is reached when the current will be a 
minimum. Thus a graph relating frame current with frame-angle should no longer 
be a straight line parallel to the frame-angle axis but should show a current peak 
whenever the frame is in the square position, and this will occur four times in each 
revolution. 


{Cl) 



Figure i. Graphical determination 
for square receiving a 


{h) 

^ 7 = 45 " 

I 
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theoretical formatizing dimensions 
transmitting frames. 


By a precisely similar argument, when the wave-length is such that the frame is 
formatized in the diamond position, given by the coordinates of one of the points 
By e.g. jBi in figure i {b)y then the graph relating frame current to frame-angle 


• See reference (2), figure 10, and also the last diagram in figure 4 of this paper. 
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should show current-maxima whenever the frame is in the diamond position and 
current-minima whenever it is in the square position. 

Consider now the case in which the wave-length is such that the frame is defor- 
matized in the square position; this is given by the coordinates of one of the points 
A\ e.g. in figure i (a). Then since the frame is not completely deformatized in 
the diamond position, which would occur at in figure i (A), a graph relating 
frame current to frame-angle should show a minimum in the square position and 
a maximum in the diamond position. Similarly, a current-maximum should be 
obtained when the frame is in the square position if the wave-length be such that 
the frame is deformatized in the diamond position. It is to be expected that these 
current variations will be repeated when the wave-length is progressively decreased 
so that the conditions indicated by the coordinates of the points A^y and A^ 
are successively fulfilled; and so on for the points B^, A„y B^ and A^ in general. 

'rhese theoretical deductions can best be shown on one graph by plotting against 
XjW the logarithm of the ratio of the current h in the square position to that in 
the diamond position. Positive peaks should then occur when the frame is forma- 
tted in the square position or deformatized in the diamond position, and negative 
peaks when it is formatted in the diamond position or deformatized in the square 
position. 


§3. EXPERIMENTAL INVESTIGATION 

Apparatus. The circuit of the short-wave transmitter used in these experiments 
was the ordinary series-fed Hartley circuit. To this was coupled a Hertzian dipole 
aerial of adjustable length, and in order to make the radiation as large and as uni- 
form as possible the oscillator and coupling coil were screened with an iron box. 
An Osram D.E.T. i.S.W. valve was employed. The wave-length range of the 
transmitter was from 5 to 12 metres. 

Figure i {a) shows that, for a square frame to be formalized in the square 
position, the values of WfX (or H/X) must be either 0-47 or 0-82 (for points A-^ and 
A2 respectively), whilst for the frame to be deformatized in the square position 
WjX must be either 0*65 or i-oi (for points A^' and A^ respectively). Similarly 
figure I (d) shows that for the square frame to be formalized in the diamond position 
fV/X must be either 0*39 or 0-72 (for points Bj and B2 respectively), and for it to be 
deformatized in the diamond position W/X must be either 0*57 or 0*87 (for points 
B/ and B2' respectively). 

As the wave-length range of the transmitter was limited, square receiving frames 
having sides of about 3 and 5 metres were used. With the smaller frame the mini- 
mum value of fV/X could be 3/12 or 0*25 whilst, with the larger frame; the maximum 
value of W/X could be 5/5 or i-o. In this way all the critical values deduced above 
from figure i could be studied. 

One method of keeping the current measuring-instrument fixed in space as the 
frame revolved was as follows. The aerial wire of the frame was passed round in- 
sulated pulleys on the four comers of a suitable wooden framework which could 
rotate on a horizontal axis secured at a little distance from the top of a 40-foot 
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scaffold pole. The current was measured by a vacuum thermojunction. Where the 
thermojunction was inserted in the frame, the aerial wire was shunted by a con- 
denser of o-ooo5-/>tF. capacity which tuned that portion of the frame to the wave- 
length in use. The current in the shunted portion of the aerial wire varied in the 
same way as that in the adjacent parts of the frame but was of greater magnitude and 
consequently easier to measure. The thermojunction was connected by a short 
length of flex to a microammeter which rested on a small platform hanging from a 
pivot clamped to the framework. The condenser, thermojunction and micro- 
ammeter could be moved along one side of the frame and could be clamped in any 
required position. 

The height of the frame above the ground was such that any change in its 
capacity to earth due to its revolving was negligibly small. The transmitter with a 
horizontal radiating dipole was placed vertically below the frame, so that if waves 
reflected from the ground affected the frame they were incident at the same angle 
as the waves arriving directly from the transmitter. The microammeter was read 
from the ground by means of a telescope and mirror because an observer near the 
frame would distort the field. 

A second method of obtaining the desired current-measurements was to dupli- 
cate the thermojunction, microammeter and condenser. One thermojunction 
connected to a microammeter and a condenser was fixed in the middle of one of the 
frame sides, and another identical thermojunction, also connected to a micro- 
ammeter and a condenser, was fixed at one corner of the frame. The whole frame 
with its two fixed instruments could revolve from the square to the diamond position 
and that instrument was read which was occupying the particular point in space at 
which the current was to be measured. In this way the ratio of the current when the 
frame was in the square position to the current when the frame was in the diamond 
position could be determined for a series of different wave-lengths. 

Some of the observations were made with the fi:^mes in the horizontal plane 
about five feet above the ground and rotating about a vertical axis. 

Current-measurements, It is convenient to consider the current-measurements 
under two sub-headings: (i) current- variations with a fixed frame, the instrument 
moving round the frame perimeter; and (ii) current-variations with a revolving 
frame, the instrument fixed in space relative to the transmitter. 

(i) Frame fixed: instrument moving round frame. Experiments with the 
instrument moving round a fixed frame were carried out to test the form of the 
current-distribution round the frame when the latter was formatized and deforma- 
tized in both the square and the diamond positions. As an example the results with 
a frame 3*06 metres square are shown in figures 2 and 3 for wave-lengths of 6-52 
and 7*89 metres respectively. For these wave-lengths W/X is 0-47 and 0*39 re- 
spectively and hence the frame is formatized in the square positions and deforma- 
tized in the diamond positions for the case shown in figure 2, whilst it is deforma- 
tized in the square positions and formatized in the diamond positions for the case 
shown in figure 3. These resttlts are discussed in § 4 below. 
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(ii) Frame revolving: instrument fixed in space. In the series of experiments 
with one measuring-instrument in the frame the procedure was as follows. The 
frame was turned to the diamond position and the instrument was placed at the 
corner of the frame nearest the transmitter. After the observation had been made 
through the telescope, the instrument was moved a short distance along the frame 




Frame formatized 


Frame deformatized 


Figure 2. Current-distribution round a fixed frame with side measuring 3'o6 m. 
Wave-length, 6*52 m. 



Figure 3. Current-distribution round a fixed frame with side measuring 3*06 m. 
Wave-length, 7 89 m. 


which was then revolved until the instrument came back to the same position in 
relation to the transmitter. The aerial wire moved round the insulated pulleys at 
the corners of the framework as the thermojunction etc., to which the ends of the 
aerial wire were attached, moved along the side of the frame. 

In this way the frame was turned from one diamond position through a square 
position to the next diamond position. This procedure was adopted in the case of 
the 3 -metre frame for wave-lengths varying from 5 to 12 metres, and for the 
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5-metre frame for wave-lengths varying from 5 to 10 metres. Some of the results 
are shown in the series of separate diagrams arranged in figures 4 and 5. 

In the case of the frame with two fixed thermoj unctions, the current measure- 
ments could only be taken when the frame was in the square or the diamond posi- 
tion. This was necessarily so because only when the frame was turned into one of 
those two positions was a thermojunction brought into that particular point in 
space at which the current was being measured. In the case of these experiments 
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A = 6*I2 m. 
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A = 6*52 m. A=:7*o tn. 
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A=7-5 m. 



A = 7’9 m. 


A = 8*7 m. A= 10*0 m. 


A= 12-24 


Figure 4. Current-measurements at P with frame revolving and instrument fixed. 
Frame 3-06 metres square. 


that particular point in space was the point of the frame nearest to the transmitter 
(points P on the inset diagrams of figures 2 and 3). The results of these experiments 
are plotted as circles in figure 6, in which the gain in the current Is when the frame 
was in the square position over that Ij, when the frame was in the diamond position 
is expressed in decibels. The reference letters on this figure correspond with those 
in figures i (a) and (b). 

All these results will now be considered in the light of the theoretical con- 
clusions of § 2 above. 
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§4. DISCUSSION OF RESULTS 

From figures 2 and 3, which show the current-distribution round a fixed frame, 
the first conclusion that is evident is the one previously obtained; namely, the 
fixity of the current nodes and antinodes in space and their complete independence 
of the orientation of the frame with respect to the wave-front and to the position 
of the thermojunction and condenser. 

The second conclusion arises from a comparative study of the temporal variation 
of the current at the fixed point P. This is the main objective of this paper. In 
figure 2 the current at this point has decreased as the frame turned from the square 
to the diamond position and so became deformatized, WjX being 0*47 and not 0*39. 
The reverse has taken place with the current at P in figure 3. Here the current 
increased as the frame revolved to the diamond position, but WjX now equals 0*39 
for which ratio the frame is formatized in the diamond position. 

Although these conclusions also apply to the other current antinodes in figure 2, 
they are not applicable to the antinodes at Q and Q' in figure 3. This is referred to 
again below in connection with figure 6. 

Let us now turn to figures 4 and 5, which depict the current- variations at the 
fixed point P as the. frame revolves. In figure 4 it is seen that there is a gradual 
transition throughout the range of wave-lengths used. Starting at 6*12 metres the 
variation due to formatizing is clearly indicated by the current peak when the frame 
is in the square position, and this becomes more pronounced when the wave- 
length is increased to 6*52 metres and the difference between the currents in the 
square and diamond positions is greatest. That is, the frame is formatized in the 
square position for a wave-length of 6-52 metres; this corresponds to point 
figure I. Between 6-52 metres and 7*9 metres a transition occurs, and at about 7*9 
metres the frame is formatized in the diamond position ; this corresponds to point 
in figure i. For wave-lengths longer. than 7*9 the difference between the currents 
when the frame is in the square and diamond positions becomes less until at about 
12 metres the current is sensibly constant, showing that there is no formatizing 
effect.’*" In order to illustrate in one diagram these progressive changes arising 
from points Ai and in figure i , and also the changes recorded in figure 5 which 
arise from points A^ and in figure i, together with other similar results not here 
figured, the ratio of the current Is when the frame was in the square position to the 
current when it was in the diamond position has been expressed in decibels, and 
the resultant values are marked as crosses in figure 6. With reference now to figure 6, 
it has been shown on page 392 that peaks should occur when the frame was either 
formatized in the square position (points A) or deformatized in the diamond 
position (points B') and troughs should occur when the frame was either formatized 
in the diamond position (points B) or deformatized in the square position (points 
A), In the table on p. 398 the theoretical positions of these peaks ( + ) and troughs 
( — ) are taken from figures i (a) and i (^) and are compared with the experimental 
values from figure 6. 

• Cf. figure lo on page 84 of reference (2). 
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A portion of the graph is shown dotted because, in order to obtain sufficient 
experimental values to fix the exact position of the curve, the change in \IW had to 
be of the order of one per cent and this could not be controlled to the required 
degree of accuracy with the apparatus available. Nevertheless a slight change in 
wave-length showed at once whether any two adjacent points were on a portion of 
the curve w^ith a positive or with a negative slope. Thus it is certain that where the 
value of A/ W is in the neighbourhood of i *3 there are two troughs and not one, and 
where it is about 1*15 there are similarly two peaks. 


Critical values of \IW 


Reference letter 







B,' 

A^' 

Theoretical values 
from figure i 

-256 

1 

+ 2-12 

+ 1*75 

-I-54 

~i -39 

+ 1-22 

■+-I I 5 

-0*99 

Experimental values ! 
from figure 6 

-2*58 

1 , i 

+ 2-13 

+ 169 

-1-38 

-1-25 

(?) 

+ II 7 
(?)_ 

+ I-I I I 

1 

_ p 


Hence it is thought that, in spite of the difficulties of these short-wave experi- 
ments, the agreement between the number and order of the peaks and troughs as 
determined by experiment and as deduced from figure i tends to support the theory 
of formatization upon which the graphs of figure i are based. This agreement is 
perhaps all the more interesting when it is realized that with the shorter wave- 
lengths there may be at least two current antinodes along any one limb of the frame, 
the current at any instant being in opposite phases at adjacent antinodes. 

In conclusion it may be asked whether the current-increase which occurs when 
the frame becomes formatized is due to a decrease in the apparent impedance of 
the whole frame, or to a redistribution of a constant total current between the 
several current-antinodes. Figure 2 suggests that the whole frame has a reduced 
impedance when it is formatized, whilst figure 3 seems to support the second 
suggestion, since the current at Q and Q' seems to have decreased when the frame 
became formatized. Other experiments now in progress indicate that probably 
both these factors are involved. 

Of the practical consequences of the foregoing work, two are immediately 
evident, (i) It depends on the wave-length whether it is best to orient a given square 
frame aerial in the square or in the diamond position, and (ii) a current-actuated 
or voltage-actuated instrument will function best when placed at certain specific 
points round the frame. 

We may now summarize the results of this investigation by the following 
statement. When a short-wave square frame aerial revolves in its own plane, then in 
addition to spatial current variations round the perimeter due to the formation of 
fixed current nodes and antinodes, there may also he temporal current variations at any 
fixed point due to the fact that the frame may become alternately formatized and 
deformatized as it revolves. 
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ABSTRACT. Methods are suggested for reducing the labour involved in colorimetric 
transformations, with particular application to routine industrial measurements. The 
calibration of an instrument by measurement of illuminant B is replaced by measurement 
of a suitable stable filter and the illuminant in usual use. A nomographic method of 
conversion from instrument readings to the c.i.E. basis is suggested, and a graphical 
method is given for conversion to terms of hue and saturation. Scales are given for a 
graphical method of converting from the spectrophotometric curve of a coloured specimen 
to the trichromatic coefficients with a series of illuminants on the c.i.E. basis. The errors 
of these methods are estimated for comparison with the errors of observation on a Hilger- 
Guild trichromatic colorimeter. 

§ I. INTRODUCTION 

T he majority of those who have investigated the use of a system of trichro- 
matic colorimetry have developed some arithmetical or graphical method of 
simplifying the mathematics of th^ transformation with which they have been 
concerned. This has become increasingly necessary within the last fifteen years, 
owing to the continued use of different systems of primaries and to the need of 
coordination of the trichromatic system with the monochromatic-plus-white 
system. The basic principles of several transformations were given in two papers 
by Ives^*^ and were followed by arithmetical applications by Froelich^^^ in America 
and by Guild in this country. Geometric methods and a variety of arithmetical 
methods have been derived since. 'The majority of these methods are arithmetically 
accurate; it is the purpose of this paper to put forward both graphical and obser- 
vational methods of a sufficiently high order of accuracy for industrial or routine 
measurements, and for guidance in cases where the extreme accuracy required in 
the standardization of instruments or the designation of standard colours is not 
required. An accuracy of i per cent is all that can usually be expected in industrial 
colorimetry, and a mathematical tolerance of yU of this amount allpws of compro- 
mises which effect a considerable acceleration of the calculations involved in some 
of these transformations. 

§2. OBSERVATIONAL ERROR 

The most recent measurements of the hue limen of fully saturated colours 
and of the saturation limen throughout the spectrum indicate that differences of 
hue of less than 2*0 m/x., and that differences of saturation of less than 5 per cent, 
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cannot be discerned in a single observation, except in certain limited areas of the 
colour triangle. For routine measurements, sufficient accuracy is assured if the 
gross probable error of the observational method is definitely less than the liminal 
tolerance at that point. 

The errors of the method comprise the instrumental inaccuracies, the errors of 
reading the scales, and the errors of the transformation from scale readings to 
absolute values. The first of these may be sub-divided into mechanical inaccuracies 
which will be negligible in all well-designed instruments, and the inaccuracies 
introduced by irregular variation of the source of light and of the components of 
the optical system. These latter errors are extremely difficult to estimate but pre- 
cautions may be taken to reduce their effect. The errors of reading depend on the 
accuracy and clarity of the scales, which again can usually be made fairly satis- 
factory. The errors of the transformations are the subject of this discussion. 

Besides the errors inherent in the method there are the errors in the setting of 
the colorimeter, and an attempt has been made to estimate the error which obtains 
in the use of the Hilger-Guild trichromatic colorimeter. Statistical treatment has 
been applied to thirty -four routine measurements of illuminant B by two normal 
observers, the measurements being spread over several weeks and carried out with 
different solutions and different arrangements of the auxiliary apparatus. Each 
measurement was the mean of two settings taken with both the colorimeter lamp 
and the standard lamp maintained at steady potentials, and the readings of the 
three sectors on the instrument were reduced to unit sum for the purpose of com- 
parison. The coefficients of variation for each observer were as shown in table i . 


Table i. Observers’ coefficients of variation (per cent) 


Observer 

Red sector 

Green sector 

Blue sector 

Mean 

A. H. A. 

115 

1-76 

0*90 

1-27 

J. G. H. 

I'lO 

1*25 

0*66 

0*99 

Mean 

112 

150 

0*78 

113 


The procedure which the author has adopted is that two settings are made on 
each specimen and the mean, obtained by mental arithmetic, is written down. This 
is taken as sufficiently reliable for most commercial purposes, but if greater 
accuracy is required the whole series of observations is repeated by the same 
method until the reliability of the results is ensured. 


§3. ROUTINE CALIBRATION OF INSTRUMENT AND OBSERVER 

The method to be employed for the calibration of the Hilger-Guild instrument 
is that in which a match is made on illuminant B and subsequent readings on any 
colour are divided by the sector readings of this match, so that the unit equation 
of illuminant B is 1/3/?+ 1/3G4- 1/3^. If the colorimeter is regularly used with an 
illuminant operated at 2360® fe., as for signal glassware, or with illuminant Ay as 
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for lighting fittings, it is convenient to eliminate the preliminary setting on illu- 
minant and this may be done by making a setting on the illuminant in use and 
applying a correction during the transformation of subsequent readings. Two 
methods are available for this. 

It is frequently of value to know the unit equations of the standard illuminants 
in terms of the instrumental system. The original calibration of the instrument 
by spectrophotometric measurement of the filters gives the colour equations, in 
terms of the c.i.e. basis, of the unitary stimuli corrected for intensity, so that 
illuminant B is matched by numerically equal proportions of each, and these 
equations may be applied to transform the accepted c.i.e. colour equations of the 
illuminants to the instrumental basis. For the particular colorimeter which the 
author is considering the equations are as shown in table 2. 


Table 2. Calibration equations for Hilger-Guild colorimeter No. H 93304/27206 


Instrumental 

stimuli 

Illuminant A 

Illuminant B 

Illuminant C 

Equi-energy 

white 

2360'^ K. 
1900° K. 


i^ = o- 744 X +0-2887 +o-oooZ 
G-O'isiX +0-7217 +0-07SZ 
B = o-i5oX +0-0467 +o-82sZ 
Qa = 0-4476^ + 0-4074 7+0- 14S0Z 
= 0-501!? +o-3s6G +0-143B 
Qb = 0-3484X +0-35167+ 0-3000Z 
= 0-333/? +0-3336; +0-333/? 
Qe = o- 3 iooX+o- 3 i 62 7+o-3738Z 
= 0-269/? +0-3056/ +0-426/? 
Qi?=o- 3333 -^+o -3333 7 +o- 3333 Z 

= 0-309/? +0-315G +0-3765 
Oasco” = 0-4894^: +0-41507+ 0-0956Z 
= 0-575/? +0-340G +00855 
01900 ’ = 0-5372^ +0-41147+ 0-05 14Z 
= 0-6575 +0-300G +0-0345 


If a match is made on one of these illuminants and the sector readings are 
divided by factors chosen to yield the appropriate unit equation on the instrumental 
system, the same factors can be applied to subsequent sector readings to reduce the 
results for all colours to the instrumental system. This method of eliminating 
illuminant B is not of high accuracy in the blue when used with a source at 2360° K. 
A higher accuracy is obtainable by using a glass or stable gelatine filter which, 
when combined with the usual illuminant, gives a colour similar to that of illu- 
minant By which is itself a combination of a liquid filter and illuminant A. This 
gives a calibration as accurate as illuminant B itself would give, and has the advan- 
tage that the instrument may be calibrated without the use of fresh solutions in the 
Davis-Gibson filter or without any doubts as to the freshness of the solutions. It is 
advisable to have the spectrophotometric curve of the glass filter determined 
accurately and to calculate the equation of the colour which it gives with the 
illuminant with which it is most used. When a match is made on this combination 
the factors necessary to reduce the sector readings to the unit equation of the 
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colour can be used for a conversion of subsequent sector-readings. For example, 
a particular glass of the ordinary half-watt-to-daylight type, when used with 
illuminant Ay gives an equation as follows: 

Qjj = 0-270/? + 0-378G + 0*3525. 

This glass has been used consistently without any apparent error in the author’s 
colorimeter. It is possible to select other blue glasses which would give a closer 
approximation to illuminant B with either 2360° K. or illuminant A. 


§4. CONVERSION FROM THE INSTRUMENTAL 
SYSTEM TO C.I.E. SYSTEM 

The coefficients of the colour equation of any particular specimen on the 
instrumental system may be converted to the c.i.E. system by replacing the instru- 
mental stimuli, as they appear in the equation, by their own equations on the 
c.i.K. system, which will have been obtained in the original calibration of the 
instrument. 

The arithmetical transformation is easy, but a nomographical method is avail- 
able which converts the unit equation on the instrumental sykem to an equation 
on the C.I.K. system, the sum of whose coefficients is sufficiently close to unity to 
enable the unit equation to be written down by the aid of a slide rule. A nomogram 
made on the principles outlined below, on a card measuring 20 in. by 30 in., gives 
figures reliable to o-ooi in the unit equation. 

Suppose the colour to be represented by 

C=T ,jR. -{-g . By 

where r, gy b are known, and 

r+g-j-b=i. 

The original calibration of the colorimeter would yield equations of the form 
R=Pi.X+p 2. Y +p^,Zy 
G = yi,X+y2,Y+y^.Zy 

b^P,.x+P2-Y+p,.z. 

The required equation is then 

C=x,X+y.Y-\-z.Zy 

where 

3'=^-(p2“y2)+y2 4-6.(ft-y2), 
^=^*(p3~y3)+y3+6-(ft-y3)* 

In a nomogram of the form shown in figure i the /?, G and B scales will be at 
equal separation, the G scale being reversed and with half the unit of the R and B 
scales, so that r+g+b=i. If the total separation of the R and B scales is /), and 
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d the unit of these scales is the positions and units of the Y and Z scales can 
be shown to be as follows : 

Position of X scale ... from R scale. 

Pi + Pi-2ri 

Position of zero on X scale — yi. 

Unit distance on X scale d/(pi + — 2yi). 

Position of Y scale ... ^ scale. 

P2 + P2-2y2 

Position of zero on Y scale — yj^. 

Unit distance on Y scale dl{p 2 + — 

Position of Z scale ... ~~t ^ scale. 

P3 + P3-2y3 

Position of zero on Z scale — y^. 

Unit distance on Z scale ^^/(ps + i^a — ays). 



Figure i. Nomogram for conversion from instrument basis to c.i.B. basis (H 93304/27206). 
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The nomogram shown is for the Hilger-Guild colorimeter, whose calibration 
equations are given in table 2. 

As an instance of the use of this nomogram, consider the conversion of the 
colour equation of a half- watt- to-daylight glass, with illuminant from the 
instrumental basis to the c.i.e. basis. The unit equation on the former basis is 

Qj) = o-zjoR 4 - 0-378G + 0*352^5. 

If a straight line, such as a stretched steel wire, be placed across the diagram 
through the points 0-270/? and 0-3525, it will also be found to pass through the 
point 0-3786, and so this line now represents the equation of the colour. This 
line will be found to intersect the AT, Y and Z scales at the points 0-3 ii A', 0-366!^ 
and 0-3 1 8Z. The sum of these coefficients is 0-995 and the unit equation may be 
written down at once: 

^^ = 0-31 zX + 0-368 Y + 0-320Z. 

These coefficients are the same as those found by the arithmetical transformation. 
The same process may be applied if some of the coefficients of R, G and B in the 
unit equation are negative or greater than unity. The sum of the values of Xy Y 
and Z given by the intersections will always be close to unity, so the evaluation of 
the unit equation on the c.i.e. basis is a matter of mental arithmetic or a simple 
slide-rule conversion. 

§5. COLORIMETRIC SATURATION 

The specification of a colour in terms of the coefficients of the three unitary 
stimuli Xy Y and Z is a complete description which is internationally comparable, 
but it is not generally possible to visualize the colour immediately from those 
figures, and although the specification is undoubtedly the best for all records or 
exact statements, there is a use for the conception of hue and saturation as a means 
of describing a colour. This latter method is liable to much abuse, for it can only 
be exact when care is taken to specify the white light which is taken as the reference 
point of the hue and saturation, and diflferent sets of figures are not comparable 
unless the same white diluent is used for each. 

The method is based on the experimental fact that any colour may be matched 
by the combination of two stimuli in suitable proportion, provided that the three 
points given by plotting their trichromatic coefficients on a linear scale are collinear. 
In general, the two stimuli chosen are the equi-energy white, which is termed the 
diluent, and a spectral colour, which is termed the hue wave-length. The colori- 
metric saturation is then the percentage of the spectral component when both 
stimuli are measured in units of the same luminosity. 

The transformation from the trichromatic system to the homogeneous-plus- 
heterogeneous system may be performed in various ways. Two exact methods have 
been proposed, one by Smith and Guild and one by Judd^^\ both of which are 
assisted if a plot of the spectrum locus is used. In practice the system is not used 
under conditions where exact specification is necessary, and an approximate trans- 
formation can be read off a graph if loci of equal saturation are plotted inside the 
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spectrum locus. It is obvious that these loci will only apply to one particular white 
diluent, but as it is not the general practice to use anything but equi-energy white 
for this purpose, the iso-saturation loci with reference to equi-energy white may be 
calculated with advantage. 

Taking the general case, let us define the following stimuli on some trichromatic 
system: 


R,G,B 

Coefficients of heterogeneous stimulus (white diluent) /?, G, B. 

r’,g'.b' 

Coefficients of homogeneous stimulus (hue wave- 
length or spectral component) 

r\g',b'. 

r,g,b 

Coefficients of combined colour of above, in specified 
proportions 

r, g, b. 


Luminosities of above stimuli, respectively 

Bat Lg 

Bt, Lg, Lg 

Luminosities of unitary stimuli of system 

Lft Lg, Lg. 

a 

Saturation of combined colour 

a. 


dx 


One luminous unit of the combined colour is proportional to the reciprocal of 
its luminosity: 

I _ I , V 

Lrr.Lr+g.L,+b:L, 

Also, by definition of ^‘saturation”, 

I (7 , i-or , V 

L„ 

Because the three points are collinear: 

r-R _b-B 

or r = jR + 8 (r' - R), etc. 

After insertion of these in equation (i), 

I _ I . . 

LrL,+8(LA-/g ^ 3 ]* 

Then, from equations (2) and (3), 

Let the linear distance from the diluent to the hue wave-length on a chart 
such as figure 2htd\y and let the distance from the diluent to the combined colour 
be d„. 

Then 

daj^-R 
dx r-R 


_i 


= 1 + 



r\Lr-^g'.L,+b'.L, 

R,Lf-\-G,La-{-B,Lt 


(4). 
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The final equation gives the ratio of the distances on the colour chart between 
points corresponding to the diluent, the spectral component and the combined 


0-400 0*2 0-3 0-4 0-5 0-6 0*7 A' 

Figure 2 . Iso-saturation loci on c.i.e. basis. 

colour, in terms of the known constants of the system. Reducing this to the c.i.e. 
system, we have 

which is the same as the equation obtained in Smith and Guild’s method. 

The use of the distances of the points on the chart from the diluent permits of 





4 o 8 J. G. Holmes 

a rapid calculation of the iso-saturation loci, and the curves shown in figure 2 were 
obtained by this method. From these curves, tables may be compiled for permanent 
record, but the results are best used in their diagrammatic form. 

If frequent use is to be made of a chart of this type in conjunction with a 
particular colorimeter, the figures can be calculated on the instrumental system 
by means of the relation given as equation (4) with equi-energy white as diluent, 
and the results are then directly converted from the unit equation on the instru- 
mental basis to terms of the hue and saturation with reference to equi-energy white, 
without the intermediate step of the c.i.E. system. The more exact algebraic trans- 
formations derived by Smith and Guild and by Judd may equally well be applied 
to the instrumental basis if necessary, by an extension of the same reasoning. 

It should be noted that if a chart of the type shown in figure 2 is employed for 
transformation from one system to the other it should be drawn on a card approxi- 
mately 24 inches square or larger in order to ensure an accuracy of one figure in 
the third decimal place. If this is not practicable or convenient, sections of the 
chart, which need not necessarily include the centre, can be used with equal 
facility. 

§6. TRANSFORMATION FROM SPECTROPHOTOMETRIC 
DATA TO TRICHROMATIC COEFFICIENTS ' 

The simple algebraic method of making this transformation is to multiply the 
brightness factor at each of a series of wave-lengths by the corresponding figures 
Ex, Ey, Ez Ex, Ey and Ez given in the computational table of the illuminant. This latter 

E figure is the product of the energy E of the source at that wave-length and the 

X, y, z distribution coefficients x, y and z for the equi-energy stimulus, which are actually 
the product of the standard visibility function V and the trichromatic coefficients 
X, y and z, divided by the coefficient j, which is a measure of the luminosity at that 
wave-length. The computational tables for standard illuminants A, B and and 
for 1900'^ have already been published together with illustrative calculations, 
and table 3 gives the computational data for a source at 2360'' K., carried to the 
third decimal place. 

A graphical method of making this transformation is available. Difficulties of 
accurate planimetry limit its accuracy to ± 0-5 per cent, but it effects a considerable 
\ saving of time when there are several results to be converted. The method consists 

of integrating the areas below the curves in which the spectrophotometric brightness 
factor is the ordinate and the wave-lengths, spaced according to the values of Ex, 

• Ey and Ez, are the abscissae. 

A different wave-length scale will be required for each unitary stimulus and 
for each illuminant, but when once the charts have been prepared on stiff paper 
they may be used almost indefinitely. The spacing of the wave-length scales is such 
that the intervals are proportional to the value of Ex, Ey or Ez at corresponding 
wave-lengths and table 4 gives the scales for the standard illuminants A, B and C 
and for Planckian sources at 2360° K. and 1900° K. on a basis of a lo-in. scale for 

* the coefficient of Y, giving points at every lom/A. 
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The integrated visible-brightness factor of the specimen is given by the value 
which the coefficient of Y has before reduction to the unit equation has taken 
place. 
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Table 3. Computational data for 2360° K. illuminant (Ca= 14,350 micron-degrees) 


Wave- 

length 

(niM.) 

Relative energy 
distribution 

Ex 

By 

r 

Ez 

380 

0*3 8708 

0*001 

0*000 

0*002 

390 

0*51039 

0*002 

0*000 

0*010 

400 

0*66420 

0*009 

0*000 

0*042 

410 

0*85016 

0035 

0*001 

0*165 

420 

1*0485 

0*132 

0*004 

0-635 

430 

1*3355 

0*355 

0*015 

1*735 

440 

1*6427 

0*537 

0*035 

2-694 

450 

1*9950 

0*630 

0*071 

3-316 

460 

2-3977 

0-654 

0*135 

3*762 

470 

2*8530 

0*523 

0*243 

3*442 

480 

33620 

0*302 

0-438 

2-564 

490 

3-9283 

0*118 

0*766 

1*713 

500 

4*5504 

0*021 

i 1*379 

i*i6i 

Sio 

3-2318 

0*046 

2-469 

j 0*776 

520 

5*9704 

0*355 

3*974 

0-438 

530 

6*7671 

1*051 

5*472 

0*268 

540 

7-6234 

2*078 

6*820 

0*145 

550 

8-5349 

3*471 

7-964 

0*070 

560 

9-5028 

5*300 

8*864 

0035 

570 

10*521 

7*521 

9*410 

0*021 

580 

11-594 

9*962 

9*465 

0*018 

590 

12-713 

12*245 

9024 

0013 

600 

13-879 

13*840 

8*218 

O'OIO 

610 

1508s 

14*200 

7*122 

0*004 

620 

16-336 

13*092 

5*845 

0*003 

630 

17*620 

10*615 

4*381 

0*000 

640 

18*937 

7*962 

3*110 

0*000 

650 

20*279 

5*395 

2035 

0*000 

660 

21*652 

3*348 

1*239 

0*000 

670 

23*044 

1*890 

0*692 

0*000 

680 

24*454 

1*074 

0*391 

0*000 

690 

25*879 

0*551 

0*199 

0*000 

700 

27*309 

0*292 

0*105 

0*000 

710 

28*754 

0*156 

0*057 

0*000 

720 

30*182 

0*082 

0*028 

0*000 

730 

31*645 

0*041 

0*015 

0*000 

740 

33*079 

0*022 

0*009 

0*000 

750 

760 

34*522 

35*851 

0*010 

0*007 

0*003 

0*002 

0*000 

0*000 

770 

37*357 

0*000 

0*000 

0*000 

780 

38*748 

0*000 

0*000 

0*000 



117-925 

100*000 

23*042 


Oa36o* K. = 0-4894X+ 0*4150 Y + oo9s6Z. 





Table 4. Abscissae for standard illuminants 


Wave- 

length 

(m/i.) 

Illuminant A 

nil 

X 

iminant H 

Illuminant C 

X 

Y 

Z 

Y 

z 

X 

Y 

z 

380 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

O-OOI 

390 

0-000 

0-000 

0*001 

0*001 

0-000 

0-004 

0-001 

0-000 

0-003 

400 

0-001 

0-000 

0-006 

0-004 

0-000 

o-oi8 

0-005 

0-000 

0-027 

410 

0-005 

0-000 

0-026 

0-016 

0-000 

0-075 

0*024 

0-001 

0-II3 

420 

0-021 

0-001 

0*099 

0*063 

0*002 

0-301 

0-095 

0-003 


430 

0-066 

0-002 

0-319 

0-202 

0-007 

0*980 

0-318 

0*010 

I *488 

440 

0-146 

0-006 

0-705 

0*441 

0*020 

2-158 

0-664 

0*029 

3*249 

450 

0-245 

0015 

1*222 

0-716 

0*044 

3-568 

1-063 

0-064 

5-298 

460 

0-348 

0-031 

1-790 

0978 

0084 

5-005 

1-430 

0*120 

7-308 

470 

0-440 

0-059 

2-350 

1*190 

0*148 

6*298 

1-716 

0*207 

9*050 

480 

0-500 

0-118 

2-788 

1*319 

0-250 


1-884 

0-340 

10*268 

490 

0-529 

0-189 

3-083 

1*375 

0-407 

7-808 

1*954 

0*537 

10-992 

500 

0-537 

0-329 

3-272 

1*390 

0-647 

8-138 

1*973 

0*823 

11*390 

510 

0-540 

0569 

3*396 

1-394 

i-i8i 

8-327 

1-979 

1*233 

1 1 -606 

520 

0-561 

0-960 

3-469 

1*422 

1-529 

8*426 

2*008 

1-798 

11*713 

530 

0-641 

1-516 

3*510 

1*519 

2-214 

8-477 

2-110 

2-518 

1 1*767 

540 

0-815 

2-214 

3*533 

1*725 

3*037 

8-504 

2*324 

3*375 

11*795 

550 

1115 

3 024 

3*545 

2-067 

3-963 

8-518 

2-676 

4-328 

11-809 

560 

1-575 

3-916 

3*550 

2-567 

4-936 

8-534 

3-184 

5-316 

11-815 

570 

2-228 

4-853 

3*553 

3*234 

5-895 

8-526 

3-846 

6-269 

11*818 

580 

3093 

5 790 

3 -SSS 

4052 

6-785 

8-528 

4*635 

7-128 

11-820 

590 

4*162 

6*681 

3 -SS 6 

4*984 

7-563 

8-529 

5*509 

7-859 

1 1*821 

600 

5-382 

7-487 

3 -SS 7 

5*973 

8-317 

8-530 

6*410 

8-345 

11-822 

610 

6-659 

8*183 

3-558 

6-956 

8-749 

8-531 

7-278 

8-929 

1 1*822 

620 

7-869 

8-755 

3-558 

7*381 

9-167 

8-531 

8*052 

9-295 

11-822 

630 

8-891 

9193 

3-558 

8-650 

9-475 

8-531 

8-672 

9-562 

11-822 

640 

9-667 

9*505 

3-558 

9*077 

9-687 

8-531 

9-120 

9-742 

11-822 

650 

10-209 

9*714 

3-558 

9*434 

9-825 

8-531 

9*421 

9-857 

11*822 

660 

10-554 

9*843 

3-558 

9656 

9-907 

8-531 

9-608 

9-926 

11-822 


10-754 

9*916 

3-558 

9780 

9-953 

8-531 

9*705 

9-963 

11-822 

680 

10-864 

9*957 

3-558 

9*845 

9-977 

8-531 

9*758 

9-982 

1 1*822 

690 

10-923 

9*978 

3-558 

9-878 

9-988 

8-531 

9-784 

9-992 

11*822 

700 

10-953 

9*989 

3-558 

9*894 

9*995 

8-531 

9*796 

9-996 

11*822 

710 

10-969 

9*995 

3-558 

9-902 

9*997 

8-531 

9*802 

9-998 

11*822 

720 

10-977 

9*997 

3-558 

9*905 

9*999 

8-531 

9*805 

9-999 

11-822 

730 

10*981 

9*998 

3-558 

9*908 

9*999 

8-531 

9*806 

10-000 

11*822 

740 

10*983 

9*999 

3-558 

9*909 

10-000 

8 - 53 * 

9*807 

10-000 

11*822 

750 

10*984 

10*000 

3-558 

9*909 

10-000 

8-531 

9*807 

10-000 

11*822 

760 

10*984 

10-000 

3 ‘ 55 f 

9*909 

10*000 

8-531 

9*807 

10-000 

11-822 

770 

10*985 

10-000 

3-558 

9*909 

10*000 

8-531 

9-807 

10-000 

1 1*822 

780 

10-985 

10-000 

3-558 

9*909 

10-000 

8-531 

9-807 

10-000 

11*822 
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Table 4 (cont.). Abscissae for standard illuminants 


Wave- 

length 

(niM.) 


2360^* K. 



1900® K. 


A' 

V 

Z 

X 

Y 

z 

380 

0-000 

0-000 

0-000 

0-000 

0-000 

0-000 

390 

0-000 

0-000 

O-OOI 

0-000 

0-000 

0-000 

400 

o-ooi 

0-000 

0*005 

0-000 

0-000 

0*002 

410 

0-005 

0-000 

0-022 

0-002 

0-000 

0*008 

420 

0-018 

0-000 

0-085 

0-007 

0-000 

0-032 

430 

0-053 

0-002 

0-259 

0*022 

0*001 

0-105 

440 

0-107 

0-006 

0-528 

0-046 

0-002 

0*226 

450 

0-170 

0-013 

0*860 

0-076 

0*006 

0*386 

460 

0-236 

0-026 

1*236 

o-i 10 

0-013 

0-582 

470 

0-288 

0-050 

1*580 

0-139 

0-026 

0-773 

480 

0-318 

0-094 

1-837 

0*157 

0-052 

0-926 

490 

0-330 

0- 17 I 

2-008 

0*165 

0- lOI 

-1*034 

500 

0-332 

0-309 

2*124 

o- 166 

0-193 

I-I 12 

Sio 

0-336 

0-556 

2-202 

0-169 

0-369 

1*167 

520 

0-372 

0*953 

2-246 

0*196 

0-668 

1*200 

530 

0-477 

1-500 

2-272 

0-279 

I -102 

I -22 I 

540 

0-685 

2-182 

2*287 

0-452 

3 *671 

1*234 

550 

I 03 2 

2-979 

2-294 

0*757 

3*370 

1-240 

560 

1-562 

3-865 

2-297 

1*245 

3*186 

1-243 

570 

2-314 

4-806 

2-299 

1-969 

4092 

^*^45 

580 

3*310 

5-752 

2-301 

2-974 

5*045 

1-247 

590 

4*535 

6-655 

2-302 

4-262 

5*995 

1-248 

600 

5*919 

7-477 

2-303 

5*778 

6-896 

1-249 

610 

7*339 

8-189 

2-304 

7*399 

7*709 

1*350 

620 

8-648 

8-773 

2-304 

8*953 

8-402 

1-250 

630 

9-710 

9-21 I 

2-304 

10-262 

8*942 

1*350 

640 

10-506 

9*522 

2-304 

1 1*280 

9*340 

1*350 

650 

11-045 

9*726 

2-304 

11*995 

9*610 

1-350 

660 

11-380 

9*850 

2-304 

12-454 

9*779 

1*350 

670 

11*569 

9-919 

2-304 

12*721 

9-877 

i-i5o 

680 

n-676 

9*958 

2*304 

12-878 

9*934 

1*350 

690 

11-732 

9-978 

2-304 

12-962 

9*964 

1*350 

700 

11-761 

9-988 

2-304 

13-007 

9-981 

1*350 

710 

11-776 

9*994 

2-304 

13032 

9*990 

1*350 

720 

11-784 

9*997 

2-304 

13046 

9*995 

1*350 

730 

11-789 

9*998 

2-304 

13*053 

9*997 

1*350 

740 

11-791 

9*999 

2*304 

13*057 

9*999 

1*350 

750 

11-792 

10-000 

2-304 

13-058 

9*999 

1*350 

760 

11-792 

10-000 

2-304 

13-059 

10-000 

1*350 

770 

11-792 

10-000 

2-304 

13*060 

10-000 

1*350 

780 

11-792 

10-000 

2-304 

13*060 

10-000 

1-250 




4^3 


S3S-337:S46-i7 

NOTE ON ADDITIONAL EXPERIMENTS ON THE 
EFFECTIVE ROTATION TEMPERATURE OF THE 
NEGATIVE GLOW IN NITROGEN 

By N. THOMPSON, Ph.D. 

Received November 14, 1934. Read in title March i, 1935. 

ABSTRACT, A summary is given of the results of further determinations of the effective 
rotation temperature produced when a discharge tube is maintained at a high temperature 
by external heating, and the form of the relation between the two temperatures is dis- 
cussed in the light of the revised results. 

I N a previous publication under the above title certain anomalous results were 
reported when the nitrogen discharge was produced in a tube surrounded by 
a furnace at a high temperature (700° C.). In these circumstances it was found 
that the effective rotation temperature could be less than the furnace temperature. 

In the discussion which followed the paper it was suggested that this might be a 
spurious result due to the use of a thermocouple (copper-constantan) unsuited to 
the temperatures measured. To decide this point, some of the experiments have 
since been repeated with new couples ; the results indicate that the criticism was well 
founded and the anomaly not real. It seems worth while presenting the amended 
results in detail however, particularly in view of the recent appearance of another 
paper on the same subject in which very different conclusions are reached. 

The apparatus was identical with the second type described in the previous 
paper. The gas pressure and the voltage across the tube were of the same order as 
formerly, being respectively 1*2 mm. ±0-4 per cent, and 384 V. ±0*3 per cent, 
while the current was higher at 30 mA. The temperatures inside the tube were 
measured with either a tungsten-constantan or a nickel-nichrome thermocouple. 

The former was calibrated both before and after use (the two calibrations agreeing 
very well) and the latter after use only. The two instruments gave quite consistent 
results. It should perhaps be mentioned that the thermocouple reading was taken 
in every case while the discharge was running. This reading was higher than 
that which obtaine’d in the absence of discharge, by an amount which decreased 
with increasing temperature and was about 30° C. at room temperature. The 
effective rotation temperatures were evaluated as before. 

Several independent series of results were obtained, and they are summarized 
in the appended figure which shows (t-T,) plotted against T/, where t is the r 

effective rotation temperature and Tf is the furnace temperature. In agreement Tf 

with the previous results, this quantity falls with increasing temperature, but the 
earlier conclusion that it eventually becomes negative is not confirmed. The shape 
of the smoothed curve is essentially the same as that showing the temperature 
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of the cathode in figure 5 of the earlier paper. The cathode temperature was not 
measured in these later experiments, but the earlier results may be taken as in- 
dicating roughly the general run of the curves, since both and Tf depended 
ultimately on the same faulty thermocouple calibration. On this basis the probable 
shape of the curve showing against Tf is indicated in the figure by the 

dotted line, which is taken from figure 5 of the original paper. Although the two 
sets of results are not quantitatively comparable, there is no doubt whatever that 
the effective rotation temperature is higher than the temperature of the cathode 
at low temperatures (compare figures 3 and 5 of original paper) and it is also very 
probable that it always remains the higher of the two, as shown in the accompanying 
figure. 



Curves showing («) (t — T/) and {b) {Tg—Tf) plotted against Tf. 

If we continue, in default of any better estimate, to take Tc as an indication of 
the true gas temperature, these results show that the effective rotation temperature 
is higher than the gas temperature, as was found by Duffendack. On the other 
hand, that author’s conclusion that the former temperature is independent of the 
latter is certainly not borne out. In the same paper he suggests that the difference 
(r— Tc) wiay be due to an increase in the mean rotational kinetic energy of the 
molecule brought about directly during the exciting collision process. This hypo- 
thesis, however, does not seem able to account for the marked variation of this 
quantity with temperature, which is shown by the above graph. 

It is a pleasure to express my thanks to Prof. Milner of Sheffield University 
for providing the facilities which enabled me to carry out these later experiments. 
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THE BAND SPECTRUM OF BERYLLIUM MONOXIDE 
By a. HARVEY, Ph.D., F.Inst.P., and H. BELL, M.A. 

Physics Department, the Victoria University of Manchester 
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ABSTRACT, It is shown that certain band-heads previously unaccounted for in the 
ultra-violet spectrum of BeO can be fitted by means of the equation 

*'* = 29753-0+ 1083*1 («;' + J) — ii-i (i;' + J)2- 1148-7 (t;" + J)+ 11-6 (t^''+ 

It is suggested that the final level of these bands is the same as the initial level of the 
near infra-red bands (i.e. a ^II level) and it is also suggested that both the ultra-violet 
BeO systems are of ^11 ->^11 type. 


§1. INTRODUCTION 

E xcitation of the BeO molecule gives rise to a number of band systems. 
Two of these have been analysed in detail and have been shown to be 
and respectively, lying in the blue-green in the first instance^*’ 

and in the near infra-red in the second Band emission has also been observed 
in the near ultra-violet. Jevons^"^^ was the first to observe this but made no analysis; 
Bengtsson {loc. ciY.), however, succeeded in making a vibrational analysis which 
accounted for some of the bands, although quite a number were not included. 
The purpose of this note is to indicate how these remaining bands may be accounted 
for. 


§2. EXPERIMENTAL DETAILS 

For the analysis of the bands the spectrum had been excited by the 

burning of a beryllium salt in the carbon arc. In the present work a number of 
spectrograms were obtained in this way but the long exposures, coupled with the 
fact that such an arc requires constant attention, led us to make use of the metallic 
beryllium now obtainable and to run an uncondensed spark between two electrodes 
of the metal. Such a spark will run unattended for many hours. (The arc between 
electrodes of metallic beryllium was used by L. Herzberg^^^ and was found to 
require constant attention.) The spectrograms were obtained in the first and second 
orders of the 21 -ft. grating now mounted in this department. Comparison spectra 
from an iron arc were put on the plates by means of a set of shutters controlled from 
outside the grating room itself. 
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§3. THE ULTRA-VIOLET BAND SYSTEMS 
Bengtsson succeeded in describing a number of the bands by means of the 

equation: 1/^^ = 31899+ ioo6n' — ii26«'' 4- low''* (i). 

Rewriting this in terms of the new quantum theory and the accepted notation 
p. 26), we get 

I'A = 3 1959 + loi 6 (v' + i) - 10 {v* + - 1 136 (v" + i) + 10 («;" + J)* (2). 

At the time when this analysis was made only the blue-green ^2 ->^2 bands had 
been analysed and it was clear that this new ultra-violet system was unrelated to 
the ^2 ->^2 system. The analysis of the near infra-red system by L, Herzberg, 
however, showed that these were of ^11 ->^2 type, where the lower level was also 
the lower level of the visible ^2 ->^2 bands, and that their vibrational structure 
could be represented by the equation 
Vo= 10542*91 + 1127-771 (z)' + i)- 8*4007 (tJ' + 4)^ + 0*03913 (®' + 4)® 

~ 1486*87 + 4) + 1 1 .70 + 4)2 (3). 

Herzberg concluded that the ultra-violet and infra-red systems had the ^Tl level 
(a>g= 1128 cmT^) in common and that the higher value of the vibrational frequency 
given by the ultra-violet bands = 1136 cmT^) was due to the fact that equation (2) 
applied to heads, whilst equation (3) applied to origins. The deviation shown by 
the value obtained from the heads is to be expected, since the moment of inertia 
of the molecule in the two states is not very different (as is shown by the values of the 
vibrational frequencies of the two states) and the bands degrade to the red. 

Equation (2) does not account for a number of heads commencing at A 3364 
and running to the red. These bands formed the strongest feature of the ultra- 
violet spectrum as we observed it, but no analysis was possible until the side 
sequences had been obtained. These are extremely faint, even on our heaviest 
plates, the (+1) sequence overlaps the (—1) sequence of Bengtsson’s system, and 
the heads are very poorly defined. It was found possible, however, to fit these 
heads by the formula 

= 29753*0 + 1083* I («;' + 4 ) - 1 1 * I (t;' + 4)2 - 1 148*7 {v'* + 4 ) 

+ ii*6(z;'' + 4 )^ (4). 

The fit given by this equation is shown in the table. 

Table. Vibrational analysis of the d system. (Wave numbers in 

brackets calculated from equation (4)) 


0 

1 

2 


297208 28595-7 

(29720-3) (28594-9) 

30783-6 29655*3 

(30781-1) (29655*7) 

30689-6 

(30694-5) 


28551-6 

(285533) 

29593*7 

(29592-1) 

30610-0 

(30608-5) 


28512-8 

(28513-1) 

29530*2 

(29529*5) 


3 
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It seems likely that the lower level here is the ^11 level already discussed. The 
vibrational frequency (1148*7 cm:^) is higher again than the one obtained from the 
other ultra-violet system, but in the present case the moments of inertia in the two 
states are much more nearly equal (as is shown by the closer approach to equality 
of CD* and cd") and therefore the heads will be formed at very considerable distances 
from their origins, and this distance (v* — v^) will differ markedly from sequence to 
sequence. 

The electronic levels and transitions now known in the BeO spectrum are shown 
in the figure. In view of the unknown character of the two highest states, and in 
order to simplify future reference to the various systems, we have used the notation 
employed by Jevons (^^\ pp. 76, 284) to describe the BeO levels but have used 
the labels d and e tentatively put forward by him in a rather different way. 

50-^000 cm".‘ 



§4. ROTATIONAL STRUCTURE 

The nature of the two states d and e cannot be decided until a rotational 
analysis has been carried out in each case for bands involving these levels. We were 
hopeful that it would prove possible to do this for the new d -> b ^11 system since 
a considerable amount of structure was visible on our plates. Unfortunately, owing 
to the weakness of the side sequences, it was only found possible to study the 
main (Ai; = o) sequence. But even here unmistakable branches were only dis- 
cernible in the (o, o) band. This was due to the fact that, at the high temperature 
of either the arc or the spark, the maximum intensity of the various branches 
occurs at high values of /, so thgt the higher members of the Av — o sequence were 
overlaid by branches from other bands to such an extent that analysis was impossible. 
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However, even with only the (o, o) member of this sequence available, a definite 
conclusion as to the constants of the upper level involved in this system would have 
been possible had combination differences for the lower (b^II) level been obtainable 
from the analysis made by L. Herzberg of the B^Il ->aiS system. Unfortunately, 
however, the analysis of this B ^11 system gave only the B-values of the B 

level from v — z to v == 7, although by extrapolation of the equation for these 5 - 
values J 5 o should be 1-342. Similarly by extrapolation Z>o= —7*7 x io~®. Knowing 
these values we can calculate the term differences for the b^FI (t? = o) state. 

These same differences should, of course, have been obtainable from the 
(o, o) band of the d ->B^n system. We observed two branches in this (o, o) band 
but could get no definite agreement between the differences obtained from these 
branches and the calculated differences. We did, however, succeed in getting an 
arrangement of the branches which, on treatment of the differences in the usual 
manner, gave practically a constant value for Bq, whilst the "Values were too 
high (in comparison with the 1-342 obtained above) by some 2 per cent for low 
/-values although they approached the extrapolated value at higher /-values, and 
settled down within 0-5 per cent of the expected value. The constancy of the J 5 o'- 
values is inexplicable if our arrangement of the lines in the branches is faulty, 
whilst the behaviour of the 5 o^"Values is equally difficult to explain if our analysis 
is correct. It could, of course, be accounted for by assuming a perturbation of the 
B^n(^? = o) level, but this would not be a justifiable assumption in view of the 
paucity of our data. 

We are, however, convinced that the two branches observed in the (o, o) band 
are genuine, and that the second differences of the lines in the branches enable us 
to estimate the difference Bq' — jBo'" as —0-06. If our vibrational analysis is correct, 
then — 1*28, i.e. this is the 5 -value for the level d (?; = o). 

As regards the nature of the two levels d and e it seems probable that both are 
of type, since in both the D->B^ri and E->B^n systems only single heads have 
so far been observed. If the transitions were of such a type that AA ^ o, then double 
heads would, presumably, be a marked feature of the spectrum. Actually the only 
head of any intensity unaccounted for, in the region of the spectrum that we are 
considering, is one at 29,683 cm:^ It is not certain that this is a head. It may be an 
atomic line, but we have been unable to account for it as such. Its appearance is 
that of a moderately strong line diffuse to the red. It is possible that this is a l^ead 
associated with our (o, o) head, which is presumably of R type, at 29,720 cm:^ 
According to our conclusion that the transition is probably of 'll ->^11 type, and 
that the 5 o-values are as suggested earlier, a weak Q head might be observable in 
this vicinity. 

Finally, it is of interest to note that some very heavily exposed plates of the 
->A^S system have been obtained and that no evidence for the existence of an 
isotope Be* is obtainable from them. 
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ABSTRACT. A determination has been made of an upper limit to the effective target 
area of the nitrogen molecule for excitation to the triplet levels by electron impact. 
Observations were made on the visible groups of the first positive system by the use of 
an electron tube previously described. By calibrating the plate with a lamp, the absolute 
emission of which was found in comparison with a black-body radiator, the rate of 
emission of quanta in each group was calculated, and with the aid of the radiometric 
analyses available was extended to the whole of the first positive system. The cross- 
sectional area, for excitation by electrons with energy of about 14 volts, is, in terms 
of the area of the first Bohr orbit, found to be 5 x io~ 2 , with an estimated probable error 
of 35 per cent. 

I N many problems connected with the electric discharge in nitrogen, the existence 
of metastable molecules in the a state plays an important role. It is therefore 
of interest to form some estimate of the rate of supply of these excited molecules 
by electron-collision under controlled conditions, i.e. to estimate the effective target 
area which a nitrogen molecule presents to an electron for the purpose of being 
excited to the metastable level. 

The A®S level may be excited either directly or by cascade from the other 
triplet levels. The probability of direct excitation cannot be estimated spectro- 
scopically because of the low intensity of the A®S->x^S intercombination system 
and also of the small chance of a metastable molecule making this transition before 
its energy is otherwise dissipated. On the other hand, cascade excitation is accom- 
panied by emission of the first positive band system, and an estimate of the number 
of quanta emitted in this system gives at once the number of molecules in the 
A®S state produced in this way under the given experimental conditions. 

This note gives an account of an absolute determination of the effective target 
area of the nitrogen molecule for production of the first positive system by collision 
with electrons of such energy that the emission of radiation in this band system is 
approximately a maximum ; i.e. an upper limit is given to the effective cross-section 
for production of molecules in the a*S state by cascade. At the same time this 
result is 'also a rough estimate of the maximum efficiency of production of meta- 
stable molecules by both processes, because, although direct excitation might 
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conceivably be much more important when electrons of smaller energy are present, 
since the a*S excitation function has in all probability a maximum within a few 
volts of its excitation potential, the possibility of excitation by cascade is under these 
conditions correspondingly reduced. The relative orders of magnitude of the cross- 
sectional areas for excitation of molecular and atomic levels are also of interest. 

The apparatus previously used to investigate the excitation function of the 
second positive bands has been described elsewhere It consists of an indirectly 
heated cathode, slit system, and field-free observation chamber, through which 
nitrogen was allowed to pass in a continuous stream at a pressure of about 0*002 mm. 
The maximum electron energy was about 15-75 volts, and 90 per cent of the 
electron current was comprised in a range of about 4 volts below this value. An 
image of the electron beam was focused on the slit of a Hilger constant deviation 
spectrograph. 

The radiation-intensity was small and, with the Ilford hypersensitive panchro- 
matic plates used, exposures of about an hour were necessary. These plates are, of 
course, sensitive only to the visible of the several groups of bands in the first 
positive system. But Pfund^^^ and Poetker^^^ have published radiometric analyses 
of the complete system, and it was therefore found more convenient to deduce 
from them the proportion of the total energy of the system contained in each group 
than to use special infra-red plates and photograph the whole system. The plates 
were calibrated by means of continuous spectra of equal exposure-times and varying 
slit-widths, obtained from a lamp run at a known colour temperature and placed 
at a convenient distance from the spectrograph with no intervening optical system. 

As the slit of the spectrograph was sufficiently wide to ensure complete mergence 
of the rotational structure, the images could be treated as a continuous spectrum. 
Owing to the effect of spreading discussed in another paper the emission of 
light was not confined to the dimensions of the electron beam, so that the image 
received on the plate was a blurred patch with no sharply defined boundaries. 
This was photometered in a direction normal to the dispersion at intervals of 
I mm. measured parallel to the dispersion, the centre of one vibration band, just 
resolved, being taken as datum point. With the aid of the plate-calibration curves 
for each of these cross-sections (necessary owing to the rapid change in plate- 
sensitivity in this region) intensity contours could be built up, and the total intensity 
of the group could be found by integration. This was then expressed in equivalent 
intensity units per square millimetre; i.e., as if the whole of the intensity in the 
group were integrated and averaged over one square millimetre centred on the 
given wave-length, the value found being regarded as equivalent to that of the 
continuous spectrum with a slit of appropriate width. 

For lack of absolute calibration of the tungsten lamp, a comparison was made, 
by means of a Hilger-Nutting photometer, with the cavity radiation from an alumina 
cylinder at a temperature of about 1000° C. Assuming that the lamp radiates in 
the manner of a black body, the absolute temperature of which is equal to the 
colour temperature of the lamp, it is possible to calculate for the latter an effective 
area of the emitting surface which, of course, varies with the wave-length owing to 
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the changing spectral emission of tungsten. The appropriate value of this quantity 
is then used in Planck’s radiation formula to calculate the rate of emission of 
quanta of a given wave-length, the spectral range dX in the formula being deter- 
mined by the dispersion of the spectrograph at this point, since the length of 
spectrum considered on the plate is i mm.* The number of quanta falling on a 
square millimetre of plate then depends on the distance of the lamp from the slit 
and on the dimensions of the latter, i.e. its width per division and its length effective 
in producing a spectrum i mm. in depth, as given by the reciprocal of the magnifi- 
cation of the camera. Let this number be n. Then if the equivalent intensity of the 
band, in divisions of slit- width, is m, and the ratio of exposure times of band and 
continuous spectrum is Ry the rate N at which quanta are photographed in the 
band is equal to nmlR^y where p is the Schwarzchild factor for the plate, and is the 
weighted mean of all observations of intensity in the band, owing to its variation 
with plate-blackening. From the geometry of the optical system used in photo- 
graphing the beam the total number of quanta emitted in the band can be deter- 
mined, and an analysis of the radiometer curves enables a calculation of a similar 
quantity for the whole system. 

The measured gas pressure and estimated temperature give the number of 
molecules per cubic centimetre, and the electron current is known. From a know- 
ledge of the slit-width and relative positions of the slit, focusing lens and beam, 
the length of the latter under observation can be found. The calculation of the 
effective cross-section is then quite simple. 

The table shows the principal data used in four calculations of the effective 
cross-section. They are taken from each of the two visible groups of first positive 
bands, obtained in photographs with exposures of i and 2 hours respectively. The 
effective area is given in terms of the area of the first Bohr orbit, , having 
the value 0*528 A. 


Group 

Equivalent 

intensity 

(slit- 

div./mm?) 

Per- 
centage 
of total 
quanta in 
system 

Exposure 

(min.) 

Pressure 

(mm. 

Hg. X 10 - 3 ) 

Current 

(mA.) 

•nr^Jira^ 

6500 A. 

29*3 

19 

120 

1-55 

0*98 

. 5-26 X 10-3 


165 

19 

60 

1-7 

I'O 

5*14 X 10-3 

5900 A. 

i6*7 

4*5 

120 

1-55 

0-98 

5*17 X 10-3 


8*3 

45 

60 

1-7 i 

1*0 

4*85 X 10-3 


Mean of ttr^l-nOi^y 5*1 x io~®. 


The accuracy of this result is difficult to assess, owing to the large number of 
independent factors which enter into the problem. Whilst the consistency of the 
four determinations is very satisfactory, the extreme deviation being only 5 per cent, 

• Since comparisons with the black body were made at the wave-lengths required in the cal- 
culation a knowledge of the colour temperature of the lamp is rendered unnecessary, as the exponential 
factor involving this quantity cancels out. 
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it is thought that the probable error should be placed at the higher figure of 35 per 
cent. Of this, 8 per cent is accounted for in the determination of the absolute 
emission from the lamp, 10 per cent in the equivalent intensities, and 10 per cent 
in the relative numbers of quanta in each group of the system. 

I am indebted to Dr C. H. Johnson, of the Chemical Department, for assistance 
in the use of a Hilger- Nutting spectrophotometer, and to the Director of the 
Ilford Research Laboratories for a determination of the Schwarzchild factor of the 
photographic plates. In particular, I desire to express thanks to Dr E. T. S. 
Appleyard for much helpful advice, discussion of the problem, and assistance in 
checking the calculations. 
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ABSTRACT. Variations in intensity of the more important lines in the mercury arc 
spectrum are investigated as the temperature of the air surrounding the burner is increased. 
The intensity and arc watts reach maxima but not quite together. Empirical relations are 
found connecting intensity and electrical input. Absolute intensities of some thirty lines 
between 7000 and 2300 A. emitted by commercial quartz mercury- vapour burners are 
tabulated and some theoretical aspects of the results are discussed. 


§1. INTRODUCTION 

M ERCURY-VAPOUR burners are usually operated in some form of housing, 
and as the intensity of radiation emitted is susceptible to changes of 
temperature it is of interest to know how it varies as the temperature of 
the surrounding air increases. In different housings a given burner will attain 
equilibrium at different electrical ratings depending on the ventilation. 

In the investigation to be described, the temperature of the air around several 
quartz mercury-vapour burners was varied and the intensity of some of the most 
prominent lines in the spectrum was determined, the supply voltage and ballast 
resistance being maintained constant. Results have been quoted bearing upon the 
variation in intensity when the supply volts are varied and Harrison and Forbes 
have described a special type of lamp wherein all the variables were separable and 
the effect of varying either the voltage across or the current through the tube was 
determined. Variations of intensity with change of voltage-gradient, for constant 
current, have been given by Taylor ^3). Qur object was to investigate the changes 
that might occur in the practical operation of commercial mercury-vapour burners, 
i.e. the intensity-variations resulting solely from temperature-changes such as are 
due to operation of the burners in housings differing in ventilation. 

A complete investigation was also made of the absolute intensities of some 
30 lines between 7000 A. and 2300 A. in the spectrum from quartz mercury arcs, 
wherein the intensity due to the whole of the burner at a distance of i metre was 
determined. From such results therapeutic, bactericidal and other effects can be 
deduced if desired. Some theoretical aspects of the results are discussed. 
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§2. PROCEDURE 

The burner was placed 117 cm. from the entrance slit of a spectrometer so that 
radiation from the whole arc-length entered the instrument; a thermopile, after 
the exit slit, connected to a Paschen galvanometer (the combination having been 
calibrated by means of a carbon filament lamp standardized by the National 
Physical Laboratory) gave the intensity after transmission through the spectro- 
meter*; losses in this latter were determined experimentally by means of an 
auxiliary monochromator and thus the actual intensity at the entrance slit could 
be determined for any wave-length. 

The temperature of the air surrounding the burner was decreased by means of 
a fan or increased by means of an electric heater immediately below the burner. 
It was not practicable nor was it considered necessary to determine the actual 
temperature of the burner at any point; as will be seen later, the conditions of 
operation can be inferred from the electrical characteristics. 

The exit slit was set wider than the collimator slit in order that the intensity 
of lines close together might be integrated by the thermopile and the intensity 
for the group obtained, rather than that for each individual line comprising the 
group. The wave-lengths studied were 5790, 5770 A. together; 5461 A.; the 
4358-A. group; the 3650-A. group; the 3126-A. group; 3022 A.; the 2652-A. 
group; and 2535, 2537 A. together. Their intensities were determined for various 
equilibrium conditions of the burner brought about by cooling or heating as 
described, and the electrical conditions also were noted. 

§3. RESULTS AND DISCUSSION 

Variation of intensity. As is generally known, the intensity of all the spectral 
lines increases as the ambient air-temperature increases^ and at the same time the 
arc watts increase, eventually passing through a maximum and then decreasing; 
the intensity, however, continues to increase after this maximum of power has 
been reached until, on further heating of the surrounding air, this also soon reaches 
a maximum and then begins to decrease. Typical curves showing the variation of 
intensity with arc watts due to changes in air-temperature for a 2*5- A. burner -j* 
(operated on 240- V. mains with a series resistance of 36 12.) are given in figure i, 
and the maxima for watts and intensity are clearly shown. The primary variable is, 
of course, the temperature of the air in the immediate vicinity of the burner, and 
related variables are the temperature of and pressure within the burner itself. 

The arc voltage and current are good indications of the conditions under which 

* A null .Tiethod was used as being more practicable in overcoming disturbances and drift. A 
series and shunt resistance circuit injected an opposing current into the galvanometer circuit, 
switching taking place automatically as the light-shutter was raised; the balancing potential across 
the main potentiometer, as read on a sub-standard voltmeter, gave the required experimental 
observations proportional to the intensity. 

t Normal operating conditions for, this burner, with the specified mains voltage and ballast 
resistance, is 2*5 A. which is the current-value for ventilation given in a normal housing with free air 
circulation. 
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the burner is operating, for as the temperature of the air is raised from the coolest 
to the hottest degree practicable, the arc volts increase whilst the current decreases. 
Since the supply volts, and ballast resistance, /?, are maintained constant, 
the arc volts E and current i are related linearly, the characteristic having a negative 
slope numerically equal to the series resistance R. For 

E^E^~Ri (i). 



Figure i. Arc watts and intensity due to temperature- variation of air around burner no. 844. 
Mains voltage, 240 V. ; ballast resistance, 36 Cl. 


Now the arc watts P = Er = Egi — Rt^\ differentiation shows that P is a maximum 
when i—EgjzR giving 


PmB.x. = EJ^j^R * ,( 2 ). 

Pmax. found by experiment was 400 W. and is also 400 by substitution in 
equation (2) of ^, = 240 V. and ^ = 36^. 

The maximum intensity occurs at a temperature such that the arc watts are a 
little less than their maximum; thus maxima for AA 5780, 5461, 4358 occur at 
about 385 W. whilst maxima for AA 3126, 3022, 2652, 2536 occur at about 396 W. 
and a maximum for A 3650 occurs at about 380 W. In the ultra-violet region of 
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wave-lengths from A 3126 downwards, the maxima of intensity all occur very near 
the maximum wattage, the peak being sharper than for long wave-lengths. For 
maximum intensity, therefore, this burner should be operated with such ventilation 
that the arc watts lie between 385 and 400 at the higher voltage, i.e. between 120 
and 140 V. with corresponding currents of 3*3 and 275 A.; the normal operation 
is at 2‘5 A., which occurs at 150 V. (375 W.), and though the intensities are not 
quite at their maxima they are nearly so and operation at any voltage between 
120 and 150 will be satisfactory and ensure that only small changes of intensity 
shall occur with any temperature-fluctuations. Under these conditions the intensity 
is only subject to small variations for quite large temperature-changes, and this 
range is the most suitable for operation. 'Fhat all lines exhibit decreased intensities 
when such a burner is operated under extra hot conditions is shown by comparison 
of columns 2 and 3 in table 2. 

Exactly similar results were obtained with a 3 *5- A. burner and 28-Q. series 
resistance, the maxima of arc wattage again not producing maxima of intensity. 

Maximum power was 515 W. by experiment and 514 by substitution in equation (2). 

The maximum intensity for AA 5461, 4358 and 3126 occurred at about 505 W., that 
for AA 3650, 3022, and 2536 at 510 W. ; thus, in this case also, for maximum intensity 
the burner should be operated at such a temperature that the voltage lies between 
120 and 140 with corresponding current-values of 4*28 and 3*56 A., normal 
operation being at 3-5 A., 141 V. and 494 W. These two types of burner have the 
same arc-length, about 12 cm., and it is to be noted that maximum intensity occurs 
for both types within the same voltage-range, i.e. with the same value (10 to 11-7) 
of volts per centimetre, the greater arc current being responsible for the greater 
actual intensity. 

Between arc voltages of 80 and 140 the foregoing experimental results can be 
expressed by the relation 

I^CiE- . ( 3 ). 

where 1 is the intensity of radiation of some particular wave-length and C and n are /, C, n 
constants corresponding to that wave-length but differing for each spectral line. 

I’his is a relation between /, i and E when the supply volts and series resistance 
are constant and the only variable is the temperature of the air around the burner, 
i and E being further related by equation (i). Plotting of log,o {Iji) against log^ E 
results in the type of curve shown in figure 2, where the values for some of the 
wave-lengths of the 2*5 -A. burner are given, these being typical of all the results. 

The linear relation is quite well defined between 80 and 140 V. but below this the 
curve departs considerably from linearity. Above 140 V. there is a marked change 
in slope, but the exact form is difficult to determine since it was not found possible 
to extend the observations much above the points given. Further rise of temperature 
increased the pressure in the arc space so much that the arc was extinguished. 

Values for n and C as determined from the linear portion of the curves are 
given in table i, I being in /xW./pm? at 117 cm. distance and i and E in amperes 
and volts respectively. 
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Table i. Values of n and C for equation (3) 


A 

2-5-A. burner 

3 *5 -A. burner 

n 

C 

n 

C 

5780 

1*93 

00017 

— 


5461 

1-74 

0*0049 

1*66 

o*oo8 

4358 

1*75 

0*0040 


0*0115 

3650 

1*99 

0*0021 

1*86 

0*0046 

3126 

1-77 

00045 

1*42 

0*026 

3022 

1*92 

0*00089 

2*11 

o*ooo4e 

2652 

224 

0*00014 

1*76 

0*00165 

2536 

1-88 

0*001 15 

1*48 1 

0*0092 




Figure 2. Relation between intensity/current and arc volts as temperature of air around burner is 
increased. Burner, mains voltage and resistance as in figure i . 

Figure 3. Relation between n and C. x Burner no. 160, 3*5-A. type; @ burner no. 844, 2*5-A. 

type. 
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It will be seen that n is different for each wave-length, and this shows that 
the relative distribution of intensity throughout the spectrum will vary with the 
operating conditions ; thus, for example, as A 3650 has a large slope or large n 
the excess of its intensity over that of other wave-lengths will be greater at high 
temperatures than at low; a similar observation holds for AA 5780, 3022 and 2652. 
C and n appear to be related, for on plotting log^oC against logioW, figure 3, we find 
that the points are distributed more or less evenly about a straight line which 
apparently fits the data from both the 2'5-A. and the 3'5-A. burners owing, no 
doubt, to the equal arc-lengths. From figure 3 we have 

C=i. 8 n-o .«)82 (4). 

Differentiation of equation (3) gives /max. as occurring at about 150 V. which, as 
we have seen, is beyond the region for which the relation holds, and hence this 
operation is inapplicable. 

A somewhat similar expression is obtained by Asada^-*^ for the variation of 
intensity with change of terminal voltage, though full details of his results are not 
given. He obtains I~Ki{E-E^^ subject to the condition that the potential 
difference be not very small, and states that the radiations of longer wave-lengths 
increase more rapidly than those of shorter. E,, is the arc voltage on first striking. 

Absolute intensities. The results presented in the preceding section were 
obtained as part of a more complete investigation wherein were obtained the 
absolute intensities of all the main wave-lengths between 7000 and 2300 A. emitted 
by several mercury vapour burners and measurable by the radiometric method 
already described. Most of the intensities were determined for a S-cm. length of 
arc at 45 cm. from the collimator slit, and by means of an open thermopile and 
three filters (passing A 5461, A 4358 and all wave-lengths less than i*4/x) a mean 
ratio was determined for obtaining the intensity due to the whole arc length at 
100 cm. distance. Data thus obtained are summarized in table 2. Columns 3, 4, 5 
relate to burners operated under such ventilation conditions as to permit operation 
with their normal current. Column 2 for no. 793 gives the intensity for this burner 
operated under much hotter conditions, such as obtain in a closed lamp-house 
with little air-circulation, and the decrease that results is at once evident. No. 844 
was a new burner whilst no. 793 had been in operation before and the loss of 
intensity for the shorter wave-lengths was becoming apparent. 

Since A 2537 spreads out on the long-wave side to about A 2587 and the slit 
was insufficiently '(vide to accommodate this range, a factor was’ obtained from 
microphotometer records of this region whereby the total intensity of all of AA 2537 
and 253s could be obtained from measurements made with the spectrometer set 
at A 2536. From such records, also, the amount to be deducted from the reading 
at A 2576 due to A 2537 was deduced, the intensity- values in the table being those 
of A 2576 alone. 

These intensity-measurements cover a wide range of wave-lengths and it is 
interesting to note the decay of intensity in the sharp 1. and diffuse 

(2®Po^i^2^^*I^i, 2,3) series. In figure 4 are plotted the logarithm of the intensity 
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against wave-number for the lines belonging to these series; these are for burner 
no. 844 and are typical of all the results. Smooth curves can be drawn through 
practically all the points in a given series and this indicates that experimental 
errors were small. These results are in agreement with those of McAlister and 
the curves, like his, appear to approach asymptotic lines of approximately the same 
slope for the two sets of series; this slope is greater for the diffuse series, a fact 
which indicates a lower temperature of the excited atoms for the 2®D than for 
the 2®S levels as was pointed out by Hulburt^*’^ Hulburt argues that if there is a 
sort of temperature-equilibrium in the mercury arc, then the intensity / of radiation 
of wave-number v is 

/=a exp {-hcvjkT) (5), 

where a represents the various probabilities of state and of transition and the usual 
meanings attach to the other symbols. If a is constant for the lines of a series, the 
logarithm of the experimental intensity plotted against wave number should be a 
straight line for the scries. Our work and that of McAlister shows that a is not 
constant but varies with v, decreasing as v increases. The change of a with v is 
greater in the diffuse scries and small in the sharp series, the lines of the latter in 
some cases being linear, although we have insufficient points to be able to argue 
this rigorously. From the high-frequency ends of the curves, where they have 
become practically linear, we deduce approximate temperatures of 6700 ' K. for 
the sharp and 2500 K. for the diffuse series, these estimates being based on the 
four sets of intensity-measurements given in table 2. 

In the plot of log I against v, the intensities of A 4358 and A 4339; A 4078 and 
A 4047; A 2537 and A 2535 were separated as these pairs are not of the same series. 
This was done either by means of the microphotometer records or by taking 
intensity-readings at the separate wave-lengths and calculating the amount to be 
deducted in respect of the overlap of the neighbouring line. A 2576 does not fit 
the general curve in any of the four sets of results, though the linearity of the 
series to which this belongs is borne out by the fit of A’ 2447. 
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Table 2. Radiant energy flux (/LtW./cm?) at i metre from the centre of 
quartz mercury vapour burners 


r 

2 -5- A. type. 240- V. 

mains. 

3-S-A. type. 
240-V. mains. 

1 

j 

36-12. series resistance 

28-Q. 

! A 

No. 

793 

No. 844 

No. 1 60 


Extra hot 

Normal 

Normal 

Normal 

i 

162 0 V. 

147-3 V. 

146 4 V. 

141-5 V. 


2 03 A. 

2-49 A. 

2-49 A. 

3-49 A. 

s;} , 

— 

— 

5*7 

9*7 

6234 j i 





6149 1 

61241 

— 

— 

2-2 

5*3 

6 o 73 i 





S790I 

5770/ 

68-7 

88-4 

950 

176-0 

546 J 

73-4 

91-0 

989 

i6i-o 

4916 

2*2 

2-0 

2*2 

3*5 

4358I 

4339/ 

679 

836 

83-7 

1350 

40781 



46-0 


4047 

3984 i 

3906 

33*1 

413 

72-0 

— 

0-9 

1-3 

4*7 

3704'! 





3663 1 

3655 1 

903 

ii6-o 

134-0 

219*5 

3650) 


8-6 

10-8 


3342 

5-9 

17-7 

3 i 32 \ 

3126/ 

567 

674 

9I-I 

140-3 

30^2 

i8-2 

25*1 

39*2 

69-0 

2967 

11-5 

13*6 

21-1 


2926 


1-2 

3-6 

6-8 

2894 

3*6 

4*9 

8-3 

1 1-4 

2804 

5-2 

6*5 

I 4 -I 

21-2 

2753 

— 

1*4 

4-6 

7*2 

2699 

iii \. 

2652 j 

2*5 

3-6 

61 

13*5 

12-0 

i6-8 

30-6 

53*3 

2640J 





2603 

— 

— 

4*4 

7*5 

2576 

2-5 

2*6 

7*2 

14-0 

2537 \ 

2535/ 

i8*i 

24*0 

50*9 

76-4 

2482 

4*1 

6*0 

12*9 

20-3 

2464 

— 

— 

3-1 

. — 

2447 

— 

— 

3*1 

— 

2399 

2-0 

2*9 

T 1 

II-8 

2378 

1-9 

3-0 

TS 

8*4 

2353 

— 

— 

5*2 

6-4 

2323 

— 

— 

3-2 

— 

2302 

— 

— 

6-1 

— 

Total 

480 

61 1 

809 

1295 

Total for A 3132 and 

i 138 

179 

330 

500 

1 shorter wave-lengths , 

i 
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THE BAND SPECTRUM OF VANADIUM OXIDE 

By P. C. MAHANTI, M.Sc. 

Communicated by Prof, P. N. Ghoshy January 12, 1935. Read in title March 15, 1935. 

ABSTRACT. The spectrum of VO has been photographed under high dispersion. 
Experimental evidence confirming that the emitting molecule is VO has been secured. 
The vibrational analysis of the band system has been extended to v' = 8, and approximate 
values of the vibrational constants have been calculated from the new band-head data. 
The rotational structure-analysis of the bands (o, i), (o, o) and (i, o) shows the presence 
of two R and two P branches with a short Q branch. The rotational constants of the 
molecule have been evaluated. It is suggested that the band system is due to a-A ->^A 
transition. 


§ I. INTRODUCTION 

T he spectrum of vanadium oxide, VO, consists of well-marked red-degrading 
bands which extend from violet to far red. As early as 1895 Demar^ay^*^ 
first observed them in the spark through a solution of vanadium fluoride. 
But the wave-length data of only a few of their heads were recorded by the early 
investigators Using low dispersion, Ferguson^^^ has recently measured a large 
number of these bands. 

The vibrational quantum-analysis of these bands was first undertaken by 
Mecke^‘^\ who had identified only four heads, viz. (i, b), (0,0), (o, i) and (o, 2) 
from the old data. Ferguson has included as many as thirty-one bands in the 
system. This enabled him to calculate approximate values of the vibrational con- 
stants of the molecule. He has published, however, no photograph of his spectrum. 

The main object of the present investigation is to make a rotational structure- 
analysis of the bands. Of the band spectra known so far to be associated with the 
oxides of the elements of the transition groups, a structure-analysis has been made 
only in the case of the blue-green bands of titanium oxide and it might be interesting 
to make such a study for those of vanadium oxide. For this purpose, first- and 
second-order spectrograms taken with a 21 -ft. concave grating have been utilized. 
In addition to this, photographs taken with a Hilger E. i prism spectrograph, of 
the Littrow type, with interchangeable quartz and glass optical systems, revealed 
the presence of a number of bands which have not been recorded previously. The 
new data of wave-lengths obtained for the band heads have been used to calculate 
the values of the vibrational constants, which do not diifer appreciably from those 
of Ferguson. 
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§2. THE IDENTIFICATION OF THE EMITTER 

The fact that the same band spectrum is emitted, whether vanadium or its 
various salts are used in the core of the carbon arc in air, leads one to attribute it 
to the oxide of the metal but does not exclude the possibility of its being due to 
the hydride VH or the metal molecule Vg itself. The rotational structure-analysis 
of the bands definitely rules out the hydride as the probable emitter, but some doubt 
is left as to whether Vo might not be the molecule concerned. It was, therefore, 
considered desirable to obtain further experimental evidence regarding the identity 
of the emitter of the spectrum. Accordingly a water-cooled enclosed arc was used. 
The electrodes were of carbon, the lower one being cored to receive the metal or 
its salt. The arc could be satisfactorily maintained in different gases under varying 
pressures. It was found that the spectrum was emitted only in an atmosphere of 
either oxygen or air, while it was completely quenched when hydrogen or nitrogen 
was introduced into the arc chamber. This shows that the presence of oxygen is 
necessary to produce the bands and it may therefore be concluded that vanadium 
oxide, VO, is the emitter of the band spectrum in question. 


§ 3. EXPERIMENTAL 

The flame surrounding a carbon arc whose lower electrode contained metallic 
vanadium or vanadium salts was used as the source of radiation. Various salts such 
as vanadium chloride, vanadium phosphate, ammonium vanadate and vanadic acid 
have been used. The arc was operated at a current-density of 4 to 5 A. from 
220- V. d.-c. mains. 

For a preliminary survey spectrograms were obtained with the help of a 
Hilger E. i prism spectrograph. Ilford special rapid panchromatic plates were 
used. With an exposure of about 20 to 30 minutes, the bands were very well 
developed on the plates in the region extending from A 4400 to about A 7100. For 
photographing the bands beyond A7100 dicyanine and kryptocyanine plates were 
used. The time of exposure was about 2 hours. The bands were then found to 
extend as far as A 8650. In the long wave-length region they were also photographed 
in the first order of a 15 -ft. concave grating having 15,000 lines per inch. 

For measuring structure lines of the bands, photographs were taken in the 
first and second orders of a 21 -ft. concave grating set up in Paschen mounting and 
having 30,000 lines per inch with a 6-inch ruled surface. In the first order, an 
exposure of about 3 hours was sufficient to get the lines well developed for measure- 
ments. But in the second order the time of exposure was as long as 8 hours. Even 
then the lines, although just intense enough for measurement, were not sufficiently 
strong for reproduction. 

Measurements of band heads and structure lines were made on several of the 
plates taken with the prism and grating spectrographs, figure i. The dispersions 
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given by these instruments were as follows: 

Prism spectrograph, E. i 

with quartz optical system, 16 A./nim. at A 4400 to 55 A./mm. at A7100, 
with glass optical system, 6 A./mm. at A4400 to 36 A./mm. at A7600; 

15-ft. grating spectrograph, 3*55 A./mm. in the first order; 

2 1 -ft. grating spectrograph, 0-62 A./mm. in the second order. 

For standards of comparison, iron arc, neon and hydrogen lines were used for 
different regions of the spectrum. Measurements were made in the usual way with 
a Gaertner comparator. 

Particulars of the observed bands are included in table i , which indicates wave- 
lengths in air, wave-numbers in vacuo and relative intensities of the band heads. 
The data for the structure lines of (o, i), (o, o) and (1,0) bands are given respectively 
in tables 2, 3 and 4. 


§4. VIBRATIONAL ANALYSIS 

As has already been stated, it was Mecke who initiated the vibrational quantum- 
analysis of the bands. From the data of Eder and Valcnta, he assigned the heads 
at AA5470, 5737, 6087 and 6478 respectively to (i, o), (o, o), (o, i) and (o, 2) bands 
of the system. In addition to these, Ferguson included as many as twenty-seven 
bands, which are fairly intense. He evaluated the following vibrational constants 
in cm“} 

17498-8, aj/ = 864-8, a^/x/ = 5-70, a>/'= 1012-3, and oj/'a:/ = 5-27. 

In the present investigation, a large number of new heads have been incor- 
porated in the system. For comparison, Ferguson’s wave-number data have been 
included in table i together with the assignment of v\ v" values to each band head. 

Assuming that the heads are very close to the band origins, the equation derived 
for the R heads is 

1/= 17501-3 4- [863-5 + 4) “ 5*4 + 4)T - [1012-7 4- 4) -4*9 K' 4- 

The distribution of relative intensities of the bands in the system follows a typical 
wide Condon parabola. 

It may here be noted that in addition to the bands included in the present 
system, Ferguson measured forty-five heads which he thinks may alsg be due to VO. 
They lie in the far red region of the spectrum and probably extend still towards 
the higher wave-length side. These bands could neither be fitted into an independent 
system nor incorporated into the existing one. Fourteen of them were, however, 
formed into four sequences and their first differences indicate that they might be 
related to the band system under consideration. In the present investigation these 
bands have not been obtained owing probably to the want of sensitiveness of the 
plates used. 
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A in air 
and intensity 

V in vacuo | 

v\ v" 

A in air 
and intensity 

V in vacuo | 

Author 

Ferguson 

Author 

Ferguson 

6, 0 

4466 4 (0) 

22383-1 

— 

2, 2 

5837-3 (4) 

17126-5 

17125 

7 , I 

45101 (i) 

22166-3 

— 

4 , 4 

5942-5 (0 

16823-3 

— 

8, 2 

4554-1 (i) 

21952-1 

— 

5 , 5 

5997-6 (l) 

16668-7 

— 

5» 0 

4632 7 (2) 

21579-7 

— 

0, I 

6086-4 (8) 

16425-4 

16428 

6, I 

4676-8 (2) 

21376-2 

— 

I, 2 

6139-1 (3) 

16284-5 

— 

7. 2 

4721-2 (2) 

21175-1 

— 

2, 3 

6191-6 (2) 

16146-5 

— 

8,3 

4767-5 (i) 

20969- 1 

— 

3,4 

6247-2 0) 

16002-7 - 

— 

4, 0 

4813 s (3) 

20769- 1 

20773 

4 , 5 

6303-3 (l) 

15860-3 

— 

5 , I 

4858-5 ( 4 ) 

20576-7 

20578 

5, 6 

6360-4 (3) 

15717-9 

— 

6, 2 

4904-2 (4) 

20385-0 

20383 

6, 7 

6418-5 (1) 

15575 7 

— 

7 , 3 

4951-2 (2) 

20191-5 

20191 

0, 2 

6477-8 (6) 

15433-1 

15433 

8,4 

4999-1 (2) 

19998-0 

— 

I, 3 

6532-8 (6) 

15303-2 

15306 

3, 0 

5010-5 (4) 

19952-5 

19950 

2, 4 

6588-9 (3) 

15172-9 

15174 

4 , I 

5057 3 (4) 

19767-9 

19768 

3 , 5 

6646*4 (2) 

15041-6 

— 

5 , 2 

5 104- 1 (3) 

19586-7 

19586 

4,6 

6706-0 (1) 

14907-9 

— 

6, 3 

5152-5 (3) 

19402-7 

1 — 

5 , 7 

6766*2 (1) 

14775-3 

1 — 

7 , 4 

, 5201-4 (2) 

19220-3 

— 

6, 8 

68276 (1) 

j 14642-4 

i — 

2, 0 

5228-2 (6) 

19121-7 

19121 

0, 3 

6919-0 (4) 

1 14449-0 

14454 

3 , I 

5275-8 (6) 

! 18949-2 

18951 

I, 4 

I 6976-2 (4) 

1 14330-5 

14334 

4, 2 

; 5324-5 ( 6 ) 

; 18775-9 

18779 

2, 5 

7035-2 (3) 

J42IO-3 

14212 

5 , 3 

5373 3 (2) 

I 18605-4 

— 

3, 6 

7095-6 (3) 

14089*4 

14098 

6,4 

1 5425-1 (i) 

18427-7 

— 

4 , 7 

— 

— 

13984 

I, 0 

1 5469-3 (9) 

18278-8 

18279 

0,4 

7418-2 (3) 

13476-6 

13479 

2, T 

' 5517-3 (5) 

18119-8 

18123 

1, 5 

7477-0 (2) 

13370-7 

13376 

3, 2 

1 5567-7 (4) 

17955-8 

— 

2, 6 

7538-2 (l) 

13262* I 

13270 

4 , 3 

; 5618-0 (3) 

177950 

— 

3 , 7 

— 

— 

13166 

5 , 4 

5669-9 (2) 

17632-1 

— 

0, 5 

7986-0 (2) 

12518*5 

12522 

6, 5 

5723-8 (i) 

17466-1 

— 

I, 6 

— 

— 

12426 

0, 0 

5736-7 (lo) 

17426-9 

17425 

0, 6 

8643-4 (2) 

11566*3 

t ”571 

1, I 

1 5786-4 (1) 

17277-1 

— 

I, 7 

— 

1 

1 11489 


§ 5. ROTATIONAL ANALYSIS 

The strongest bands in the system, namely (i, o), (o, o) and (o, i), were chosen 
for a study of rotational structure. Under high dispersion they show two heads 
very close to one another, although the resolution is incomplete in their neigh- 
bourhood. As one proceeds a little farther from the second head, two series of lines 
can be clearly followed. Each member of these series in its turn breaks up into 
two components giving rise to an extended set of four series of lines. A priori this 
leads one to think that the four series are probably due to , /?2 » and branches, 
although the individual series could not be assigned to any definite branch. As a 
first step towards the identification of the different series it was thought necessary 
to form all possible combinations between the members of any two series for each 
of the bands under consideration. Different sets of frequency-differences were 
thus obtained. With a view to selecting from them the proper combination differences 
between the lines of an R and a P branch, we next proceeded to ascertain probable 
values of AgT. We had thus to assume first a value of which involves a knowledge 
of Tq for the vanadium-oxide molecule. From Morse’s relation, a>gro®=Fa constant. 
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one can calculate the value of Yq for a molecule whose coq is known, provided the 
magnitude of the constant can be properly chosen. The value of this constant was 
secured from the data of Christy for the blue-green bands of titanium oxide. 
Yq being known, was calculated and finally the expected values of \T were 
obtained. With these values in mind, the frequency differences obtained from any 
two series of the (o, o) band were compared with those from any two series of 
the (o, i) band. When two sets of approximately equal values of AgT, one from each 
band, were obtained, then the pair of series of the (o, o) band were shifted by 
two units with respect to each other and were compared with an arbitrary pair of 
series of the (1,0) band. It was found, however, that no combination relations 
could be satisfied except for a few members of the series. The above procedure 
was repeated for several other values of J 5 (, and thus of Agl’ in the neighbourhood 
of the one already tried. But each of these trials proved futile. This failure indicated 
that the values of Bq tried were not the true values, and consequently the true 
values of AgT for the band lines could not be obtained. This supposition seems to 
be justified from the fact that, as Christy has remarked, the value of for the 
titanium-oxide molecule is decidedly small and is much less than the minimum 
value predicted by Birge. One may therefore expect that the value of coqYq^ is 
probably higher than that on which the above approximate values of B^^ are based. 
Hence the next procedure consisted in finding out whether for any sets of frequency- 
differences, irrespective of the magnitude of the combination relation could be 
satisfied between the three bands for any two of the four series of lines. After 
repeated trials pairs of such series were found for each of the bands, and in each 
pair the identification of R and P series was consequently ascertained and so also 
their / numbering. 'Fhis helped us in identifying the two components of R and 
P branches. But it was difficult to decide which of them is to be associated with 
R ^ , R^ and Pj , Pg series. It was then found that of the two scries of lines which 
emanate a little distance away from the second head, one is a component of the 
R branch while the other is formed from the superposition of the second component 
of the R branch and of one component of the P branch. When each of these series 
is extrapolated towards the head, only one of them is found to form the first head 
while the other coalesces into it before reaching the second head. This shows 
evidently that the second head is not due to an R branch, and its head-like appearance 
may be attributed to the condensation of lines oi 2i Q branch. It may further be 
noted that in band systems due to non-hydride molecules, Pj and Pg heads are 
separated only in cases where either the heads are formed by P-branch lines having 
high values of K or where the spin doubling is large. None of these criteria is 
fulfilled by the present analysis. On the other hand a further close inspection of the 
plates did not reveal the existence of a definite series which may be assigned to 
a Q branch. It is, therefore, probable that the Q branch is very short although it 
begins with appreciable intensity. It should be noted, however, that the super- 
position of the lines of the returning P branch also adds to the apparent intensity 
of the second head. From the values of B^* and evaluated from the analysis 
of the bands, the wave-numbers of the first few lines of a Q branch were calculated 
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and they were found to lie very close to one another. It is quite probable that they 
would present a head-like appearance under the dispersion used. Besides this, the 
intervals between the first and second heads of (o, i), (o, o) and (1,0) bands also 
satisfy the criterion for the identification of Q heads as they arc respectively equal 
to 2*83, 2*64 and 2*41 cm:^ 

In tables 2, 3 and 4, wave-number data of the structure lines with their K 
numbering are given. They also include the mean values of the rotational term- 
differences for the upper and lower states, defined as follows. 

In the upper state, 

A,r/(y)=/i,(7)-p,(7). iorj^K+i, 
and A,r 7 (./) = /?,(/)-P,a), fotJ=K-{, 

so that, • \T'(K) = I {A^T,'U)+ AJV (./)}• 

While in the lower state, 

= for J = K-^ I 

and \rfU) =- - I) + I), for J^K- 

so that, = + 

The combination differences, can be expressed thus; . 

.\) + 8D,(A:+ h) {K'^ + K+ i), 

where and depend upon v. 


§ 6. ROTATIONAL CONSTANTS 


To calculate B^, and D,, corresponding to a given vibrational state the mean values 
of the combination differences AgT (AT) have been taken in cases where more than 
one datum were available for a particular pair of rotational levels. Then by the 
method of successive approximation the following constants were evaluated : 

B/ = 0*33485 cm:^ B/' — 0*38760 cm:^ 

Bo' = 0-33350 50" = 0-38640 


Bi' = 0-33080 


— 0*38400 


a =0*0027 

Dg' ==D/ = 2‘Oi X io“’ 
r/ = 2*029 X iO“** cm. 

Ig = 82*67 X 10 gm.cm? 


a =0*0024 

Z)^" = 7)y" = 2*27 X 10-’ 

r/= 1*886 X io~® cm. 

1 / = 71 *42 X 10-^® gm.cm? 


With the values of the molecular constants now available one can check the 
correctness of the rotational analysis of the bands as follows. On substitution of 
the values of Bg and in the theoretical relation 

it is found that oig = 864*4 cniT^ and = 1012*9 These values are in sufficient 
close agreement with those obtained from the vibrational analysis of the bands. 
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1 

! 


18278*81 i 

, 5 i 


6 . 

— ! 

7 


8 , 

— 

9 

— 

10 

— 

11 

— 

: 12 ; 

— 

13 ' 

— 

i 14 

j 

15 

1 

16 

1 18270*70 
! 70-23 

17 

i 69-49 

1 68*92 

1 18 

j 68*19 

67*56 

i 

66*82 

66*05 


Table 2 . (i, o) band, AA 5469-30 (R), 5470-02 (0) 

~ R P 


\r(K) 

v'=t 


v''=^o 


18270*70 

69*49 

68*19 

66*82 

65*32 

6368 

61*98 

60*18 

58-25 

56*18 

53-98 

51*65 


65-32 

64*45 

63*68 

62*78 

61*98 

6102 

60*18 

59*15 

58-15 

57-IS 

56*18 

55-01 

53*98 

52-74 

51*65 

50*38 

49*22 

47*92 

46*72 

45*38 

44*12 

42*72 

41*42 

39*90 

38*56 

37*00 

35*63 

34*00 

32-54 

30*84 


40*79 

40*62 

37*90 

37*63 

34*87 

34*54 

31*77 

31*34 

28*59 

28*08 

25*29 

24-70 

21*87 

21*17 

i8*35 

17*56 

14*74 

13*94 

10*99 

10*18 

07*14 

06*31 

03*16 

02*30 

18199*12 

98*19 

94*98 

93*95 

90-77 

89*61 

86*40 

85*11 


18229*35 

27*59 

26*06 

24*23 

22*67 

20*78 

19*18 

17*22 

15*57 

13*54 

11-85 

09-73 

08*03 

05*81 

04*09 

01*80 

00*05 

18197*69 

95*90 

93*49 

91*73 

89*18 

87*56 

84*75 

82*33 

80*22 

79*09 

75*59 

74*67 

70*87 

70*21 

66*05 


I 44*62 


18181*87 

80*52 

77*28 

75*82 

72*85 

71*03 

68*13 

66*15 

63*24 

61*20 

5819 

56*12 

52-95 

50-97 

47*61 

45*44 

42*08 

39*87 

36*85 

34*38 

31*58 

28*76 

25*70 

22*94 

19*98 

17*13 

14*17 

11*12 

08*30 

05*02 

02*13 

18098*82 

95*87 

92*60 

89*75 
I 86*25 

83*41 

80*07 

77*06 

73*47 

70*72 

67*07 

64*29 

60*57 

57-93 

53*88 

51*44 
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Table 3. (0, o) band, AA 5735-66 (/?), 5737-53 ( Q ) 


K'^ 

R 

p 

A,r(K) 

v'= I 

A*r'(/C) 
v'' = o 

K'' 

R 

P 

hl\ 

< 

^ 2 T"(K) 
v^ — o ! 

T 

1742692 

17417-85 

16*69 

— 

— 

42 

17355-35 ' 
54-32 

17299*25 

97*81 

56-30 

65*21 



15*39 

13*99 



43 

51-46 

50-44 

94*10 

92*75 

57-52 

66*68 

9 

10 


12-48 

10*87 




44 

47-52 

46*46 

88*84 

87-46 

58-84 

68*20 

11 

12 



09-11 

05-38 




45 

43*48 

42*37 

83-48 

82*02 

60-17 

69*76 

13 

14 

z 

03-32 

01*14 





46 

39*30 

38*19 

78*02 

76*44 

61-51 

71*32 

IS 

— 

17398-87 

— 

— 

47 

35*03 

72*41 

62-84 

72*94 ! 

16 

17418-45 

96-48 

21-97 

— 

48 

33*86 

70*80 

17 

17-33 

94-00 

23*33 

27*08 

30*73 

66*53 

64-27 

74*64 

18 

1606 

91-37 

24*69 

2869 


29*41 

65*07 

19 

14-69 

88-64 

26*05 

30*14 

49 

26*29 

60*30 1 

65-79 

76*23 

20 

13-21 

85-92 

27*29 

31*81 


24*88 

1 59*25 i 

21 

12-48 

1 1 -60 

83-47 

82-99 

28*81 

33*35 

50 

20*23 

; 54*16 : 

1 53*33 ; 

66*90 

77*88 

22 

10*87 

09*90 

80-54 

79-97 

30 * 1 3 

34*85 

51 

15*52 

; 48*12 , 

47*29 1 

68*23 

79*07 

23 

09* 1 1 
08*17 

71-49 

76-89 

. 31*45 

36*37 

52 

10*69 

i 41*99 J 

41*16 

69-53 

80*63 

24 

07*32 

06*29 

74-32 

73-71 

32*79 

37*98 

53 

05*74 

35*75 

34-89 

70-85 

82*16 

25 

03- 38 

04- 32 

70-97 

70-36 

34 * 1 8 

39*55 

54 

00*71 

, 29-48 1 

1 28-53 ' 

72-18 

83*68 

26 

03*32 

02*20 

67-62 

66*89 

35*50 

41*14 

55 

17295*53 

: 23-13 , 

i 22 06 , 

73 A 7 

85*20 

27 

1 01*14 

1739999 

64-09 

63-33 

36*85 

42*68 

56 

90*27 

i6*66 ' 

15-51 ! 

74-76 

86*69 1 

! 

28 

98 87 
97*69 

60-47 
! 59-69 

38*20 

44*18 

57 

84*92 

10*20 j 
08*84 

76*08 

88*24 ! 

29 

96-48 

95*30 

56-79 

55-98 

39*51 

45*68 

58 

79*48 

03*77 

0203 

77*45 

89*81 

1 

30 

94*00 

9279 

52-97 

52-24 

40*79 

47*14 

59 

73*90 

17197*38 

95*11 

78*79 

91*41 

31 

91*37 

90-19 

4908 

48*42 

42*03 

48*61 

60 

68*20 

91*32 

88*07 

80*13 

92*98 i 

32 

88*64 

87*46 

45*11 

44*45 

43*27 

50*10 

61 

62*42 

84*48 

80*92 

82*83 

95*95 1 

33 

85-80 

84-62 

4105 

4032 

44*52 

51*59 

62 

56*55 

/ 7*73 

73*72 

84*12 

; 97*48 j 

34 

82*83 

8 1 -66 

36*84 

36*08 

45*79 

53*11 

63 

50*59 

71*45 

66*47 

85*45 

i 

i 

35 

79*66 

78-58 

32*48 

31*72* 

47*02 

54*63 

64 

44*52 

1 65*23 

1 59*07 

— 

1 

36 

76-52 

75*41 

28*00 

27*22 

48*35 

56*12 

65 

66 

38*27 

32*01 


— 

! 

' j 

37 

73*23 

72 - 14 

23*44 

22*57 

49*68 

57*67 

67 

68 

25*62 

19*13 




38 

69*85 

18*79 

51*02 

59*20 

69 

12*56 

— 

— 

— 


68*79 

17*80 

70 

06*26 

— 

— 

— ; 

39 

66-38 

65*32 

14*05 

12*91 

52*37 

60*76 

71 

72 

17199*78 

93*45 



— 

— 1 

40 

62*82 

61*80 

09*22 

07*90 

53*75 

62*32 

73 

74 

86*89 

80*33 





z 

41 

59*15 

58-12 

04*28 

02*78 

55*10 

•63*78 
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Table 4. (o, i) band, AA 6086*44 (R), 6087*49 (0 


/C" 

R 

P 

A,T'(K) 
v' — o 

A.T'(K) 

v'=i 

K'' 

R 

P 

a,T(K) 

v' = o 

ti =i 

3 

4 

— 

16417-90 

16-79 

— 

— 

42 

16359-82 

58*08 

16302-90 

01*45 

56-77 

65*12 

5 

— 

15*56 

— 

— 

43 

56-25 

16298-02 

5813 

66-68 

6 

16425-43 : 

14*21 

— 

— 


54*54 

9650 

7 

8 

1 

12-78 

11*30 

— 


44 

52-56 

50-85 

93*05 

91-48 

59*44 

68-23 

9 

1 10 

— 

09-76 

08*12 

— 

— 

45 j 

48-82 

47*03 

8796 

8636 

60-76 

69-74 

' 1 1 

i 

— 

0637 

04-54 

— 

— 

46 

44*97 

43-10 

82-78 

81-14 

62-07 

71-27 

1 13 
: 14 

— 

02*63 

00-56 

— 


47 

40-99 

39*09 

77-48 
75 83 

6338 

7279 

15 


16398-38 1 

— 

— 

48 

36*93 

72-05 

6473 

74*31 

' 16 

16418-52 j 

96-12 

93-78 

91-31 

88-48 

85-76 

22-09 

23*33 

24*56 

26-03 

27*32 



35*01 

70*43 

^7 

; 18 

19 

1 20 

1 

17-90 1 
17-42 1 
16-79 ! 

i6-i8 

15-56 

14-80 

14-21 

13*37 

12-78 

26*90 

28-63 

30- 11 

31- 56 

49 

50 

51 

52 

53 

32*79 

30-82 

28-55 

26-05 

24-21 

22-07 

19*76 

17*57 

15*20 

66 52 

64*93 

60-88 

59*32 

55*14 

53*61 

49-86 

47*80 

44*00 

66- 08 

67- ^2 

68- 76 

69- 83 

71-1 1 

75*87 

77*43 

78-69 

80- 17 

81- 68 

21 

; 22 

23 

11-89 

11-30 

10-36 

0976 1 

08-79 

08-12 

82-95 

82-47 

80-08 

79-52 

77-IS 

76-51 

28-88 

30- 26 

31- 62 

33*27 

34*76 

36*29 

54 

55 

56 

12-97 

10*55 

08-26 

05*81 

03*44 

00-97 

41-94 

38-04 

35*93 

32-00 

29-84 

25*86 

72*42 

73*70 

75-00 

83*16 

84*65 

86-12 

24 

07-12 

74*10 

32-97 

37-85 


16298-55 

23*65 

1 25 

06-37 

05 37 , 

73*43 

70-96 

57 

96-03 

93*58 

19-62 

17*38 

76-30 

87*62 

04*54 

70-24 

34*35 

39*39 

58 

90-98 

13*28 

77*59 

89-10 

i 26 

03-46 

67-72 

35*69 

40*94 


88*49 

11-00 

1 

02-63 

1 66-99 

59 

85-86 

06-87 

78-88 


1 27 

1 

01-47 

64-39 

37*00 

42*47 


83*3 1 

04*53 


00-56 

63-64 

60 

8o-6i 



! 28 

16399*37 

60-98 

38-30 

43*99 


7804 




1 

98-38 

6016 

61 

75*30 




1 29 

97*20 

96-12 

57*46 

5658 

39*64 

45*50 

62 

72*63 

69-88 




30 

94-91 

53*84 

40-97 

47-00 


67-20 




93*78 

52-91 

63 

64*37 




i 31 

9252 
; 91*31 

50 * 1 3 

49 - 19 

42-25 

48*53 

64 

61-49 

5874 




32 

1 90-07 

88-78 

46-31 

45*32 

43*61 

50*04 

65 

55*83 

53*03 




33 

87-49 

86-17 

42-38 

41-36 

44*96 

51*59 

66 

50-23 

47*25 




34 

84*78 

83-46 

38*37 

37*30 

46-28 

5309 

67 

44*40 

41*36 




35 

82-01 

80-64 

34*31 

33*17 

47*58 

54*58 

68 

38-46 

35*40 


- 


36 

79-12 

77-69 

30 - 1 5 
28-93 

48-86 

56*09 

69 

32-45 

29*37 




37 

76-14 

74*63 

25*86 

24*61 

5015 

57*59 

70 

26-36 




38 

73*05 

71*47 

21-46 

20*16 

51*45 

59*09 

71 

20-18 




1 39 

6986 

68-23 

16-96 

16-53 

52*75 

60*56 

72 

13*92 




1 40 

66-62 

64-90 

12*40 

1 1 *00 

54*06 

62*05 


07-60 




41 

63-27 

61*50 

07-69 

06-29 

55*39 

63*58 
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A further check is afforded by Dirge’s rule : 

2XeBJaL=i-^±o-2. 

For these bands substitution of the proper values shows that 
2A:/De7a' = i*S5 and 25 c/B//a" = 1-56. 

It should be noted that the nuclear separation of VO thus obtained is in fair 
conformity with the value predicted by Mecke^^7 who plotted the nuclear separation 
of all known hydrides of various elements against the respective atomic number of 
the element. He found that of the hydrides of the elements between He and 
Ne, Ne and A, A and Kr lie respectively on three widely spaced lines. The nuclear 
separation of vanadium hydride, according to this graph, should be about 
1*87 X io“® cm. The value of for vanadium oxide as estimated by comparing the 
values of the nuclear separation of the hydrides with those of the oxides is estimated 
to lie between 1*85 and 2*35 x io“® cm. 

§7. ELECTRONIC TRANSITION 

The analysis reveals that each band consists of two R and two P branches and 
is, therefore, due to a transition between two similar doublet states. Even at high 
rotational quantum numbers none of these branches shows any splitting that could 
be attributed to A-type doubling. Thus the possibility of a ^II >T 1 transition is 
excluded. Although we cannot ascertain with certainty the number of missing 
lines in the P and R series owing to the superposition of the branches and want of 
resolution in the neighbourhood of the origins of the bands, still the presence of 
a short and strong Q branch rules out leaving -A as the only probable 

transition concerned. 

Further, such a transition is to be expected from the consideration of the 
molecular electronic states. Assuming that the lower electronic state of VO is 
derived from a normal V atom and a normal O atom respectively in 3d^4s^(^F) 
and 2s‘^2p^(3P) states, the possible molecular states are only those with A= i, 3, 4 
and J, li, 2J. Hence the probability of a or ‘-*11 as the ground state of the 
molecule is excluded. This leads one to suggest that ‘^A ->‘-*A is the transition con- 
cerned in the emission of the band system, although the criteria of missing lines and 
intensity relation between the branches for low rotational quantum numbers would 
have settled this question more definitely. 

8. POTENTIAL-ENERGY CURVES AND PRODUCTS OF DISSOCIATION 

The actual dissociation energies corresponding to the upper and low^er electronic 
states of the molecule are calculated from the relation 

D is , 

and it is found that D' = 4*20 volts and D'’ = 6*38 volts. Now by means of the 
relation given below we can ascertain the electronic states of one of the products 

28-2 
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of dissociation by calculating £atom from the observed ^moi. and the values of 
D' and D". Assuming as is usually done that the oxygen atom remains in its normal 
state (®P) in both the excited and unexcited states of the molecule, the electronic 
state of vanadium atom when dissociated in the excited state can be derived. We 
know that 

Emol. + + JS'atom > 

i .e. Aatom “ -^mol. + (D'-D"). 

In the band system under consideration, £'moi. corresponding to the origin of 
the (o, o) band is 2*15 V., so that £’atoin= -0*03 V. Considering the limits of 
extrapolation error in the values of D' and D", we may take -fi'atom as o. It is therefore 
clear that both the states of VO dissociate into the same products, namely, the 
unexcited atoms of vanadium and oxygen, V (*F) -f O (®P). 

Similar conclusions have been drawn by Mulliken^*^ in the case of negative 
system involving a ^2 ->25] transition and few other isoelectronic diatomic mole- 
cules. For Mulliken also predicts the existence of a band system, probably 
lying in the far red, from an analogy with these molecules. In the case of VO one 
is led to suspect that the bands recorded by Ferguson in the far-red region of the 
spectrum might be a part of another system for the molecule. 

It is interesting to note that for the oxides of the elements of the first transition 
group, £'atom calculated from the data of the blue bands (system I) of ScO, of the 
blue-green bands of TiO, and of the band systems known for CrO and MnO, is 
found to be negligibly small in each case. These values are shown in table 5. 


Table 5 



F’mol. 

D' 

D" 

E&iom 

ScO 

2*5 

4*6 

7*5 

~o-4 

TiO 

2'4 

4-8 

6-9 

+ 0*3 

VO 

2-2 

4*2 

6-4 

0*0 

CrO 

2*0 

1*9 

3*8 

+ 0-1 

MnO 

2*2 

1*7 

4*4 

-“0*5 


With the data now available for and it is possible to construct, after 

Morse, the U (r) curves for the excited and unexcited states of the vanadium oxide 
molecule. These curves are given in figure 2. They meet one another for values of 
r much greater than and represent the case of a pair of molecular states which 
dissociate into the same atomic states. 
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Figure 2. Curves relating U with r. 
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ABSTRACT. Apparatus is described for obtaining the curves relating area with time 
in photographic between-Iens shutters. A set of separated and illuminated apertures 
fitted with neutral glass filters passing certain standard fractions of the light is imaged by 
a lens on film wrapped round a revolving drum, the shutter acting as a diaphragm for 
the lens. The film is thus exposed in bands along its length. An exposure is made, with 
the shutter set fully open, for one revolution of the dnim. The above apertures are then 
replaced by a second set without neutral filters, each of these apertures fitting exactly 
between the spaces previously occupied by two apertures of the previous set. An in- 
stantaneous exposure of the shutter is then made during another revolution of the drum. 
During the whole of this exposure a time scale is impressed on the film by subsidiary 
apparatus. After development the points at which adjacent bands have the same density 
are found. These give the times at w^hich the area of opening of the shutter was equal to 
the standard fractions of its full aperture. Various features of the apparatus are discussed, 
and particulars are given of the method of calibrating the neutral filters and of tests carried 
out on shutters for which curves relating area with time could be calculated. 


A, T 


a, t 


§ I. INTRODUCTION 

T he ideal photographic shutter opens to its full aperture infinitely quickly, 
stays fully open for a predetermined period, and then closes infinitely 
quickly. If A is the area of the full aperture and T the time of opening, the 
total amount of light admitted by the shutter is proportional to AT. In actual 
fact a shutter takes some time to open and some time to close, and the total amount 

. rr ^ ^ 

of light admitted is proportional to adt^ where a is the area open at a time ty 

Jo 

measured from the commencement of opening, and T the total time from beginning 

to end of the exposure. If the shutter has a full aperture Ay the quantity adt 

A1 Jo 

is termed the efficiency. 

The first measurements of efficiency appear to have been made by Abney in 
1892^'^ A more accurate method following the same principles was published in 
1909^*^ from the National Physical Laboratory. This gives a record of the length 
of a line, across the aperture of the shutter, which is visible at any instant during 

• Communication H 544 from the Kodak Research Laboratories. 



New method of measuring the time and efficiency of photographic shutters 447 

the exposure. By independent experiments is obtained the relation between the 
area of opening of the shutter and the length of line visible, which enables the 
relation between area of opening and time to be plotted for the shutter. One of 
these operations was eliminated in apparatus devised in the Kodak Research 
Laboratories ^3^ which gave a high-speed kinematographic record of the position 
of the shutter blades at short, equally-spaced intervals of time. For accurate 
estimation of the efficiency these methods require the measurement, with a plani- 
meter or otherwise, of the area uncovered by the shutter blades at recorded 
instants. 

The apparatus now to be described gives a photographic record of the time at 
which the area of the shutter uncovered by the blades amounts to certain fractions 
of the aperture when fully open; that is, it provides directly a certain number of 
points on the area-and-time curve of the shutter. It was built specifically for 
between-lens shutters with a full aperture of diameter not greater than 25 mm. 
and exposure times of from i -o to 0-004 ^ec. 

§2. DESCRIPTION OF APPARATUS 

An image of the incandescent ball P of a 500-candle-power pointolite lamp is 
formed by the condenser lens at the plane S of the shutter blades, figure i. 
Just in front of the condenser lens is a diaphragm which may be rotated into either 



Fixed diaphragm over Li 

Figure I. Diagram of apparatus. 


of two positions. In one of these positions it forms a column of equal apertures at 
equal intervals, coming within the fixed rectangular aperture over the condenser 
lens indicated by the broken lines, figure i A. In the other position a second column 
of similar apertures fits exactly between the spaces previously occupied by the 
first set of apertures, figure i B. All but one of the apertures of the first set have 
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neutral glass filters fitted so that the transmissions of the apertures are i*o, 0*9, 
o*7> o*5> 0’3 and o*i approximately. An image of the apertures is formed by the 
lens Lg, placed close to the plane S, on the surface of a strip of kinematograph 
film wrapped round a drum which can be steadily rotated. 

An exposure is made to the first set of apertures for one revolution of the drum 
with the shutter under test open at full aperture. The film is thus, owing to its 
motion, exposed in bands corresponding to the image of the apertures at intensities 
1*0, 0-9, 0*7, 0*5, 0*3 and o*i of the intensity transmitted by the shutter at full 
aperture; see figure 2a. Then the diaphragm in front of the condenser is rotated 
into the other position, and an exposure is made with the shutter set at the in- 
stantaneous exposure being measured. This results in another exposure in bands, 
corresponding to the image of the second set of apertures, figure 26, but in this 
case the exposures in all the bands are the same but increase and then diminish in 



Figure 2. Examples of records. 

intensity along the length of the film according to the area-and-time curve of the 
shutter. This second set of bands is, of course, interposed exactly between the 
first bands, figure 2c. When the film is developed it is easy to pick out the points 
at which the density of the second set of bands is equal to that of the first set : that 
is to say, the points on the time scale (along the length of the film) at which the 
area of opening of the shutter amounted to i-o, 0*9, 0*7, 0-5, 0*3 and o*i of the full 
aperture. When these points are being located it is convenient to rest the film on 
an illuminated opal glass, with a mask which screens off all but the immediate 
neighbourhood of the point at which the densities match. During the instantaneous 
exposure a time scale is impressed on the film in the following way. Light from 
the pointolite ball is reflected by the mirror A/i, figure i, along a line at a small 
angle to the axis of the apparatus and crossing the axis at the plane S, The light is 
made to strike the film at the proper place on the drum by the mirrors and Afg. 
This double reflection is necessary to avoid interference by the lenses and mirrors 
with the light travelling along the axis of the apparatus. The lens L3 forms an 
image of the pointolite ball on L4, and forms a reduced image of the aperture 
over L3 at the central point in the plane 5 , and this small image is again reproduced 
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on a still smaller scale on the film by the lens Lg. In this way sufficient light to 
give a record on the film is transmitted with exceedingly small openings of the 
shutter. The principle of sending a very small but intense beam of light through 
the centre of the shutter aperture is that used in the National Physical Laboratory 
apparatus Immediately in front of the lens L3 is mounted a disc with evenly- 
spaced holes cut near the periphery, and made to revolve at high speed by a small 
motor synchronized with controlled-frequency alternating current by apparatus 
of the phonic-wheel type, such as is commonly used in television receivers. The 
light is interrupted in this way 1995 times a second, which is as near as could be 
obtained to the desired 2000 times a second, with the a.-c. frequency and apparatus 
available. For the total duration of opening of the shutter, therefore, flashes of 
light are being sent through the shutter, and are recorded on the developed film as 
short, slightly inclined black lines, spaced at intervals along the film corresponding 
nearly enough to 0*0005 second. 

§3. UNIFORMITY OF ILLUMINATION OF SHUTTER 

It is obvious that for accurate results the intensity of illumination should be 
uniform over the area of the full aperture of the shutter. Experiment has shown 
that the pointolite ball is, in itself, satisfactory in this respect. 6ut the condenser 
lens is not corrected and this causes some difficulty. Chromatic aberration and 
coma do not cause any serious trouble since the brightness of the image is the same 
as if there were no such aberration, except for a rim round the edge of the image 
of the same order of dimensions as the size of the diffuse patch which is formed, 
in consequence of these aberrations, as the image of a point source. But the spherical 
aberration is of more consequence : as a result of it, the images given by the different 
apertures do not overlap exactly. Sufficient overlap exists, however, to give an 
area 25 mm. in diameter illuminated uniformly by the light from any small element 
of the condenser. The fact that the brightness of the 4 mage produced by each 
small element of the condenser is not the same as that produced by another element 
is immaterial, as will be shown later. 

§4. METHOD OF INTENSITY-COMPARISON 

The valuable features of the method using juxtaposed bands of varying density 
in the photographic comparison of intensities have been pointed out in considerable 
detail by L. A. Jones If these features are to be retained properly it is very 
necessary that the strips be in as exact contact as possible. Therefore the diaphragm 
and apertures were made very carefully, so that one set of apertures fits precisely 
in between the other set. Since the areas on the film at which the comparison is 
made are small and very close together it is not necessary to make special efforts 
to secure uniform development. For the same reason accurate results are not 
dependent on the use of sensitive material with more than ordinary uniformity. 
Again, since the comparison of densities is, in effect, made along the line of contact 
of two bands, variation in the illumination from different points on the condenser 
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lens is without effect provided that there is no sudden variation close to the dividing 
line between two bands or apertures. 

The average illumination on the film depends upon the size of the full aperture 
of the shutter being measured, and in order to keep the density of the record at a 
convenient level a variable resistance is inserted into the supply feeding the pointolite 
lamp, so that for large-aperture shutters the intensity of the pointolite ball may be 
reduced. In this way the same average density may be obtained with a shutter 
having an aperture 25 mm. in diameter as with one having an aperture 7 mm. in 
diameter. 

At first sight an attempt to obtain bands differing in exposure by reducing the 
width of the apertures to 0-9, 0*7, 0-5, 0*3 and 0*1 of the maximum is attractive. 
But it is difficult to do so when, as will be seen later, the maximum width is for good 
reason only 2 mm. Moreover, apart from this difficulty, the method is theoretically 
unsound owing to the influence of reciprocity failure.* Reduction of the widths 
to the above values was in fact found not to give the required reduction in exposure. 
Even if the aperture-widths were reduced empirically to simulate reduction in 
intensity to 0*9, 0-7, 0-5, 0-3 and o*i of the maximum, there still remained the 
possibility of the introduction of errors unless the intensity of illumination on the 
film and the speed of the drum were always the same. The use of neutral filters 
permits the exposures to be kept of constant duration and thus avoids any diffi- 
culties due to reciprocity failure. 

Cine positive film is used for the record because it is easy to handle, an orange 
light being safe enough with it, while its speed is adequate. The contrast is high so 
that differences in intensity of illumination are reproduced strongly, and deter- 
mination of the position of equal densities is made easier. Since this material is 
not colour-sensitized and since much of the ultraviolet radiation from the lamp is 
lost by absorption in the lenses of the apparatus, the effective sensitivity is restricted 
to a relatively narrow region of the spectrum, and perfect neutrality of the filters 
is therefore unnecessary. For the same reason a change in the colour temperature 
of the pointolite lamp is practically without effect on the effective transmission of 
the filters. In order to keep the intensity as steady as possible the lamp is run off 
accumulators: the variation in intensity from one exposure to the next is negligible. 

The gramophone motor which drives the drum is driven by controlled alter- 
nating current and is found to keep within ± i per cent of its average speed. Strobo- 
scopic examination shows that the drum is not subject to sudden fluctuations in 
speed, such as would average out over a long period and not be detected when the 
exposure is timed with a stop watch. The position of the drum at any instant during 
its rotation is shown by an index on the lid of the box enclosing the drum. This 
index is loosely coupled to the drum (so that the lid may be lifted up for wrapping 
film round the drum) and rotates in synchronism with it. With the aid of the index 

* “Reciprocity failure “ is the term used to describe the fact that the density produced under 
given conditions of development is not a function of the product of intensity of illumination and 
time of exposure alone, or that, in other words, an x times decrease of intensity is not necessarily 
compensated for by an x times increase in exposure-time. 
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it is possible to start and to end the exposure to the apertures fitted with filters at 
the point on the drum where the film is joined, and also to time the instantaneous 
exposure of the shutter so that it falls midway between the ends of the film. After 
practice it is, in fact, quite possible to space out as many as four instantaneous 
exposures on one film. 

§5. EFFECT OF FINITE WIDTH OF APERTURES 
Suppose that a point x on the film, which is moving with a velocity v, passes v 

under the second edge of the image of the aperture at a time /. If the width of this t 

image is A, then the exposure commences A/^; before t and finishes at t. If the A 

intensity of the illumination passed by the shutter at the time t be represented 

by /(/), the total exposure at is f{t) dt. On a band where the illumination / 

J t a/v 

is constant and equal to /, the total exposure anywhere along the film is I.Ajv, I 
The points where the densities of the two bands are equal is given by the value of 
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Figure 3. Effect of finite aperture width. * 


where r lies between o and A/z; and is such as to make f{t—T) equal to the mean 
value oi f{t) over the range — to t. The effect of using apertures of finite 
width is therefore to displace the curve bodily along the time axis by an amount 
roughly equal to A/zz; where the curve has no sharp curvature over the interval A/t;, 
and to round off all sharp bends. The small dot of light which traces out the time 
scale is therefore made to fall on the vertical centre line of the image of the column 
of apertures. The amount of distortion of the curve caused by rounding off sharp 
bends increases relatively at the faster shutter-speeds. However, in the present 
case A is 07 mm. and ifv is equal to o»ooo6 sec./mm. on the average, so that even 
at a total time of opening of 0*004 sec. the distortion is not very serious. This is 
shown by figure 3, where hypothetical curves, as they would be recorded with an 
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indefinitely small value of A (or infinite value of v)^ are shown by the full lines, 
and the curves as they would be recorded under the conditions stated above are 
shown by the broken lines. 

§6. CALIBRATION AND TESTS 

The uniformity of illumination over the shutter was tested by exposing process 
film* placed at the plane S, only one of the apertures being used over the condenser 
lens. The density-distribution over the resulting image was measured after careful 
development and fixation, and it was found that over an area 25 mm. in diameter 
there was no variation in intensity greater than ± 5 per cent, whichever aperture 
was used. A variation of this amount is practically negligible for the present 
purpose. Indirect proof of the uniformity of illumination is also provided by the 
tests on shutters for which the curves relating time with area are known. 

As the filters had not the same transmission at all wave-lengths, it was necessary 
to reduce them to the correct thickness empirically. This was done with the 
apparatus in the following way, and it may be noted that if any variation of intensity 
were centrally symmetrical, as variations are of course most likely to be, the method 
of calibration would tend to reduce its effect on the final result when shutters are 
being tested. A set of circular apertures was made to fit into the shutter-holder, 
the largest being 20 mm. in diameter and the remainder having areas 0-9, 07, 0-5, 
0*3 and o*i times that of the largest. Exposures were made through them in 
succession to successive apertures of the set without filters, figure i B. The second 
set of apertures was then rotated into position and covered with a piece of the 
neutral glass in its original thickness, and an exposure was made to these apertures 
through the 20-mm. circular aperture. By measurement of the densities of the 
various bands, the glass was found to have an effective transmission of a little 
under 10 per cent. From this figure estimates were made of the thicknesses giving 
the required transmissions, and pieces of the glass, ground and polished to these 
thicknesses, were placed in the appropriate apertures. For the o-q-transmission 
aperture a piece of plate glass was used, as it was expected that the combined 
absorption and reflection losses due to this glass would reduce the transmission 
very nearly to the value in question. The previously described operations of 
exposure through the apertures in the shutter-holder were again carried out. When 
the densities of the bands on the developed film had been measured, the densities 
of the bands exposed through the set of shutter apertures were plotted against the 
’•elative areas of the shutter apertures. The transmissions of the filters were then 
read off this curve from the value of the densities of the bands exposed through the 
filters and the 20-mm. shutter aperture. This is allowable if the filters are in their 
final order on the diaphragm and if the exposures through the shutter apertures 
are made so that bands of the same nominal intensity (one through the filter and 
one through the corresponding shutter aperture) are adjacent. For then by 
measuring the densities over small areas (i mm. in diameter) close to the line 

• Process film was used since it will, by its high contrast, exaggerate any non-uniformity of 
illumination. 
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dividing the strips, the effect of different light transmission through different parts 
of the condenser is almost eliminated. A nearer approximation to the required 
thickness is thus obtained. It has also been found in this way that alteration of the 
intensity of the pointolite lamp (by lowering of its temperature) is without measur- 
able influence on the effective transmission of the filters. 



Figure 4. Experiments on shutters with known efficiency curves. 
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Figure 5. Three commercial shutters. 


The transmissions of the filters as finally used were measured in the above way 
and found to be 

0*11, 0-28, 0-485, 0-69, 0*89. 

It is regarded as very unlikely that any of these values is in error by more than 

±0*01. 
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Tests have been carried out on two shutters for which the curves relating area 
with time could be calculated. These consisted of sector apertures rotated at 
constant speed by a synchronous motor over either a sector-shaped or a circular 
fixed aperture. The shapes and sizes of the shutters are indicated in figure 4, 
together with the calculated curves relating area with time and the observed points. 
Two experiments were made on the first shutter and three on the second, and all 
observations are plotted. From these tests it appears to be unlikely that an experi- 
mental error greater than 0*02 in the transmission would be found anywhere on 
the curve. 

In figure z 2X Cy d and e are shown the records obtained from three different 
commercial shutters all set to a nominal sec., and in figure 5 the efficiency curves 
derived from the records in the ordinary way. 
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TIME AND AMPLITUDE RELATIONS 
.IN SEISMOLOGY 
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Received November 27, 1934. Read March i, 1935. 

ABSTRACT. The paper deals with certain anomalies in the amplitudes of the waves 
observed in near earthquakes, and their relation to the method of transmission across 
interfaces. It is suggested that amplitude-observations in seismic prospecting may help 
to solve these theoretical problems. A rediscussion of the time relations shows that these 
are so closely related to the structure immediately below the observing station that the 
form of the interfaces produces no other appreciable effect. 


S OME years ago I published a paper on compressional waves in two super- 
posed layers, which appears to have attracted an amount of attention in 
seismic prospecting that I should never have anticipated. The work described 
in it was done with the object of finding out whether the possibility of diffraction 
along an interface would explain the observed variation with distance of amplitude 
of vibration in near earthquakes. It failed in its purpose in two respects, and I am 
not yet able to ascertain from the literature whether it succeeds any better in its 
application to seismic prospecting. Without wishing to appear ungracious, I think 
that it is desirable to call attention to the outstanding difficulties. 

The elementary theory of elastic waves from a local source shows that the 
amplitude should vary inversely as the distance.* In near earthquakes — those 
well observed at distances less than a few hundred kilometres — the observed 
amplitudes diminish with distance, but definitely less rapidly than the inverse 
square of the distance; the actual variation is irregular, but roughly as the inverse 
distance.f This would be satisfactory if it were not for two complications. 
The motion of the ground depends not only on the incident .vaves, but also on the 
reflected ones, and for a P wave at grazing incidence the effects of these two just 
cancel. J To explain the existence of any ground-motion it seems necessary to 
take the depth of the focus into consideration; but when we do this and allow for the 
conditions of reflection we find that a factor depending on the angle of emergence 
enters, and the result is that the ground movement should vary as the inverse square 
of the distance. § This applies to direct waves. For waves that have travelled in a 
lower layer the angle of emergence is always finite, and this complication does not 
arise. But when the path in the lower layer is nearly horizontal the loss of energy 
by reflection in crossing the interfaces is very great. If we adopt the usual theory 
and suppose the energy to travel along the rays, correcting for this loss, we find 

* See reference (2), p. 282. • + See reference (3), p. 400. 

t See reference (4), p. 327. § See reference (4), p. 336. 
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that the variation of amplitude with distance disappears at short distances; the 
greater amplitude in the original wave is cancelled by the greater loss on reflection 
when the path in the lower layer is nearly flat.* I’his conclusion again disagrees 
with the facts, the observed amplitudes being again roughly as the inverse distance. 

My paper was intended to find out whether these results would be altered if we 
allow for diffraction at the interface and ignore the curvatures of the rays and the 
interface, the difference of which is what matters in the elementary theory. For its 
original purpose the work was a failure. The surface motion due to the direct wave 
was still as the inverse square of the distance. There was an indirect wave, which 
would not exist at all in these conditions on the ordinary theory, but it still disagreed 
with observation. If the direct wave begins with a finite velocity, the indirect one 
should begin with a finite acceleration; the shorter periods present in the direct wave 
should therefore be smoothed out in the indirect one. The acceleration also should 
vary as the inverse square of the distance. Actually the indirect wave, except for 
being smaller, is very like the direct one; and short periods are equally prominent. 

It seems to me that the amplitude relations are capable of only one interpreta- 
tion, namely that the angle of emergence of the direct waves is always finite and 
much the same at all distances, and that the same applies to the angle of emergence 
of the indirect wave at the interface. In this way the troublesome extra factors are 
avoided. But this cannot be achieved in accordance with the ordinary law of re- 
fraction. We seem to need scattering, such as occurs in the case of light at the surface 
of ground glass. In near earthquakes this may be due to minor irregularities in 
structure, and possibly in the form of the interface. How far this applies to the 
conditions of seismic prospecting I am not in a position to say, but I think that this 
field of study may give valuable information, since the form of the interface is there 
ascertainable. For comparison with the results of the study of near earthquakes I 
should like to know how the amplitudes do in fact vary with distance, whether there 
is any systematic difference between the direct and indirect waves in respect of the 
prominence of short periods and sharp onsets, and how these relations vary according 
as the interface is plane, anticlinal or, if possible, synclinal. In these respects seismic 
prospecting may make a valuable contribution to pure seismology. 

. The various theories all give the same results for the times of arrival of the 
pulses. A little more discussion of the effect that arises when the interface is not 
horizontal, however, seems to be desirable. In works dealing with seismic prospect- 
ing a formally exact formula, which is correct for a plane sloping interface, is usually 
giiven. But the time is obviously unaffected by the slope of the interface at any point 
other than those of entry into the lower medium and emergence from it, and if the 
interface is anticlinal the mean slope will in general differ from the actual slope at 
both these points. The exactness of the formula is therefore only apparent. There 
may be advantages in replacing it by an adaptation of the corresponding formula 
T used in the study of near earthquakes. The time T of transit is Idsjc^ taken along the 
rfi, r, V path, where ds is the element of length and c the local velocity. If v is the velocity 

e at the lowest point of the path, x the horizontal distance reached, and e the angle 

' • See reference (4), p. 340. 
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of emergence at any point (that is, the angle between the ray and the horizon), we 
can write this 


But if z is the depth, dz = Xzn edXy and 



Where the stratification is horizontal we have, 

cos e = clv 



dx 


(I). 


edz 

..(2). 

by the law of refraction, 

••(3). 



I j dz 

••(4), 


the root being taken positive on the downward path and negative on the upward 
pathos). The coefficient of dz in the integral has been called the “delay depth 
coefficient’* by A. W. Lee<^^ For a single upper layer of depth //, with a surface 
focus, we have 


r=^ + 2// 

V 




.(s). 


For a sloping interface equation (2) is still exact but (3) is altered, e being changed 
by a small quantity of the order of the slope of the interface. But it is easy to see 
that the effect on (4) is negligible. We are still at liberty to consider a ray whose 
inclination in the upper layers is determined at every point by (3). In the lower 
layer we must consider it as straight but inclined to the horizon at a small angle a. 
For this part of the path 


sec e 
c 


— - = - (sec a— 1) 


( 6 ), 


and is small, of order Hence to the first order in a the time of the ray is still 
given by (4), where the integral is taken through the upper layers with their actual 
thicknesses at the places of entry and emergence. 

Such a ray does not strictly satisfy the laws of refraction, because e is altered 
by quantities of the, order of the slope of the interface at the points of entry and 
emergence. But the time of transit is stationary for small variations of the path, 
and therefore (4) differs from the tcue minimum time by small quantities of the 
order of the squares of the slopes. Thus, finally, if we write 



where the integral is taken through the upper layers and the root is always taken 
positive, the error committed is .of the order of the squares of the slopes, and in 
practical conditions is negligible. When the result is stated in this form we see that the 

PHYS. 80 C.XLVJI ,3 29 


z 


H 


a 



4 s8 Harold Jeffreys 

delay in transmission due to the overburden depends on the velocities and on the 
depth of the overburden near the ends of the path, and only to an unimportant 
extent on anything else.* 

As an example, let us consider explosions at two points O and ^ at a distance 
and suppose that there is a third point of observation P on the line joining them 
and distant x from O. The depths at O, A and P are //j , i/g* ^3* Denote the delay- 
depth coefficient by r). Then 

Hence Pop "h Pap — Pqa ~ > 

so that which is what we wish to know, is directly determined. This of course 
assumes that the velocities are known already. But if we have a further observation 
yt point Q distant y from O, where the depth is H^y we obtain 

Pop — Pqq — + V (^3 ~ ^ 4 )> 

whence v is determined by addition. The velocity in the overburden needs to be 
determined independently. 

This argument naturally adds nothing to the present technique, but it shows 
that the usual methods are more directly related to the depth to be found than might 
be supposed from the form in which the subject is usually presented. 

* I gather from a referee’s remarks that a similar point has recently been made by Dr J. H. Jones, 
but I have not yet seen his paper ^ 7 ). 
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DISCUSSION 

Prof. A. O. Rankine. I am glad that the author has given the Society this re- 
discussion of the basis of the so-called refraction method in seismic prospecting. 
It is true that recently this method has largely given place to the reflection method, 
but it retains its importance as giving more information about the nature of under- 
ground strata. The author’s present contribution will tend to prevent waste of time 
in seeking formally exact solutions in structural problems which do not really 
justify the attempt. In particular it provides a means of mapping underground 
contours of small relief over large areas. As the author mentions. Dr J. H. Jones has 
at least partially recognized the closeness of the relation between local depth and 
time of propagation of the indirect disturbance, and has used it to map limestone 
contours in Persia. 

With regard to the author’s query as to whether the seismograms obtained in 
seismic prospecting may serve to elucidate the mechanism of the production of the 
indirect disturbance, I should say probably not, with the possible exception of those 
obtained with J. H. Jones’s seismometer. The majority of portable seismometers, 
having been designed primarily to detect the time of the first onset of the disturb- 
ance whether direct or indirect, are by no means free from resonance, and the form 
of the record is not a true representation of the earth’s movement. I suggest that 
the author should, if possible, examine some of the many seismograms Dr Jones has 
obtained from the point of view mentioned above. I hope that he will eventually 
be able to give us the true explanation of the phenomena, which are real enough. 


29-2 
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ADSORPTION OF GASES ON MERCURY 


By R. S. BURDON, University of Adelaide 

Communicated by Prof. Kerr Grants November 12, 1934. Read in title December 21, 1934. 

ABSTRACT. A mercur}^ surface was formed in the presence of a gas and the gas was 
pumped off after an interval. The mercury surface was then caused to collapse. This 
caused an evolution of gas which was measured with a McLeod gauge. For air, hydrogen 
and carbon dioxide the limiting amount evolved corresponded to a monomolecular layer. 
This layer appeared to be retained by the surface for a long period. If adsorption beyond 
a monomolecular layer occurred the subsequent layers were desorbed on evacuation. 


§ I. INTRODUCTION 

S OME years ago Prof. Kerr Grant suggested to the author the problem of in- 
vestigating the spreading of liquids, particularly water and aqueous solutions, 
on the surface of mercury. The discussion of the phenomena observed demands 
a knowledge of the surface tension of mercury both in air and against its own vapour^ 
as well as of the interfacial tension between mercury and the liquids used. Reference 
has been made elsewhere to the extreme confusion in the literature regarding both 
the value of the surface tension of mercury and the action of gases on its surface, and 
several papers from this laboratory have described work carried out on these 
subjects^* 

Briefly the position was that workers using the method of the sessile drop 
obtained values of about 440 dyne/cm. for the surface tension of mercury against 
its own vapour, but for surfaces formed in gases the initial values were about 500 
dyne/cm., falling rapidly at first and then more slowly to the value for vacuum or 
lower. I’hese results were accepted by authors of standard text books. Now the drop- 
weight method is almost the only other one than can be applied to determine surface 
tension both in gases and in a vacuum, and experiments made here^^^ as well as the 
very careful work of Harkins showed that this method yielded very nearly the 
same value for the surface tension in air as in a vacuum. There was thus the problem 
of the actual value of the surface tension of mercury and also of the behaviour of its 
surface with respect to gases. By means of an apparatus constructed of fused silica 
and the method of the sessile drop the surface tension was determined in a high 
vacuum and also in the presence of air, both dry and moist^*\ This yielded essen- 
tially the same value for the surface tension in gas and in a vacuum (as was indicated 
by drop-weight measurements), and showed that differences between these values 
observed by various workers could not be attributed merely to the presence or 
absence of the gas. 
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The question whether gases were really adsorbed by the mercury was attacked 
by Oliphant^^^ who found that drops of mercury formed in an atmosphere of 
either argon or hydrogen containing as much as 2 per cent of carbon dioxide 
became almost completely covered with a layer of molecules of carbon dioxide 
by the time the drops had fallen i ft. through the mixture (i.e. within \ sec. after 
formation). Bosworth^^^ confirmed this result and extended the measurements to 
sulphur dioxide and to water vapour. These apparently represent the first direct 
measurements of the amounts of gas adsorbed at a mercury surface, though Ire- 
dale had estimated the adsorption of vapours by applying the Gibbs adsorption 
equation to measurements of surface tension, and Sissingh and Haak^"^ and more 
recently Herschkowitch^**^ have estimated the condensation of gases on the surface 
from variations in the optical properties of the surface when exposed to the gas. The 
theory of this last method has been discussed by Tronstad and Feachem^‘^’*^\ 

Oliphant’s results for carbon dioxide in hydrogen leave three possibilities as to 
the behaviour of these gases and hydrogen : (i) that carbon dioxide but not hydrogen 
is adsorbed by the expanding mercury surface; (ii) that hydrogen is adsorbed but that 
its life on the surface is extremely short compared to that of carbon dioxide ; (iii) that 
hydrogen by itself may be adsorbed and persist on the surface but that the presence 
of the carbon dioxide actually causes the hydrogen to be desorbtd. 

Either the first or the second of these assumptions gives a simple picture of the 
process occurring at the surface but neither of them can be reconciled with the 
results of the present work or with sundry observations recorded in the literature 
regarding the reaction of hydrogen and mercury. Bosworth’s results indicate that 
when carbon dioxide and water vapour are each present, the relative amounts present 
in the adsorbed layer and in the gas are not the same, as would be the case if each 
kind of molecule were adsorbed on impact and had a considerable life on the mer- 
cury surface independently of the other active substance*. 

The aim of the present work was to determine whether gas adsorbed on the 
surface of mercury leaves the surface as the gas pressure above it is reduced to low 
values, and if it does not, to measure directly the amounts adsorbed by both static 
and expanding surfaces. Calculation shows that a monomolecular layer of gas over 
a surface of moderate area involves a quantity of gas sufficient to give a measurable 
pressure in an apparatus having a volume of a litre or more. Owing to the vapour 
pressure of the mercury itself it was impossible to use any of the special types of 
manometer such as ionization or Pirani gauges, and a McLeod gauge giving a 
reading of 2*3 cm. for a pressure of o*ooi mm. was used. 

The original idea was to form a surface some 400 cm? in area in a flat chamber in 
the presence of the gas, to exhaust to a low pressure, and then to measure the gas 
evolved when the surface was destroyed by allowing the mercury to flow out 
through a narrow tube at the bottom. It was necessary to be able to form the surface 

• Bosworth’s results are of course also explicable if we assume that only a fraction of the 
molecules striking the surface are absorbed and that this fraction is different for different gases, 
but the available evidence does not appear to contradict the view that practically all the molecules 

which strike a metal surface condense thereon. 
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and to run the mercury out with the apparatus exhausted without the use of any 
taps, lubricated or otherwise, since lubricants would contaminate the surface and 
unlubricated taps either seize or else slip out under the weight of a large head of 
mercury. 

The flat chamber was prepared by grinding a circular depression in a slab of 
J-in. plate glass and covering it with a similar slab, the two being sealed together 
by a special optical cement. After much trouble it was found that even such thick 
glass always yielded sufficiently under atmospheric pressure to crack the seals. 
Though leak could be prevented by an outer plastic coating round the seal there 
remained the probability of gas being entrapped in cracks in the seal and slowly 
escaping to vitiate the measurements, especially as the whole quantity of gas 
expected in the apparatus would be less than o-ooi c.c. at atmospheric pressure. 
Accordingly the flat chamber was replaced by a vessel made from a tube of pyrex 
glass of large size and the apparatus redesigned and constructed wholly of pyrex 
glass sealed into one piece. The new chamber only permitted a much smaller surface 
being formed (60 sq. cm.), but a monomolecular layer over this area would yield 
gas sufficient to give a pressure of about 0*0012 mm. in the apparatus and this could 
easily be measured with the required accuracy. Moreover the new apparatus could 
be strongly heated, thus making it much easier to remove water from the glass walls 
and so bring them to a steady state in regard to adsorjition and emission of gases. 

§2. APPARATUS AND METHOD 

The vessel By figure i, was made from pyrex tubing 7 cm. in bore. It was fixed 
almost horizontally as shown, so that mercury from A could be allowed to flow into 
it, forming a surface of area 60 cm? The mercury reservoir A was situated about 
3 ft. from B and connected thereto by glass tubes C and D about 2 mm. in bore. 
These were sufficiently flexible to permit A to be raised or lowered through a 
distance of 6 or 7 cm. The tube D allowed the gas in A to adjust itself to the same 
value as in the rest of the apparatus. The reservoir A was carried on the slide-rest 
of a lathe. This was firmly bolted to the bench in a vertical position, enabling A 
to be raised or lowered fairly quickly and without risk of exceeding the limit of 
flexibility of C and D or of imposing irregular strains on them. Thus the mercury 
could be caused to flow into or out of B without the use of taps or valves and in- 
dependently of the gas pressure in the apparatus. 

B was sealed directly to the Langmuir pump and McLeod gauge by wide tubing 
to allow rapid pumping and equalization of pressure in the apparatus. The pumps 
were not mounted on the same bench as the apparatus, so that their operation would 
entail a minimum of vibration of the mercury surface in B, 

The narrow tubes E and Fy open at the lower ends, dipped into vessels of mer- 
cury so that when the apparatus was exhausted the mercury stood just below the 
join as at K. Hence when the vessels G and H were raised, the chamber B and the 
gauge were isolated from the rest of the apparatus by mercury cut-offs, so that any 
gas evolved from the mercury could produce a maximum increase in pressure and 
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be measured more rapidly. Even if a leak were to occur at the gas-inlet M or the 
mercury sealX it would not aflfect the reading when G and H had been raised. To 
attain rapid pumping it was necessary to avoid having to evacuate A through the 
long narrow tube D and this was done by raising H a few seconds after starting the 
pump, when the pressure would have fallen to a fraction of a millimetre. 

During the construction of the apparatus the glass tubing was carefully cleaned, 
and the separate parts were again cleaned before being sealed together in situ. The 
whole was then steamed out and dried with an air current before being sealed to the 
pump. To remove occluded moisture from the walls the apparatus was heated for 
some time while subject to high vacuum. For this purpose B was surrounded by a 
woven electrical resistance and the narrow tubes were wound with thin wire and 
heated electrically. The wide tubes could be safely heated with a flame. The mercury 
was cleaned by distillation under reduced pressure in a slow air current and by 
washing, as described elsewhere 



Figure I. 


To place the mercury in the apparatus, A was lowered as far as possible, some 
mercury was poured in, and the seal L was closed. The apparatus was then ex- 
hausted and the tube was made hot by means of its winding of wire, after which A 
was slowly raised. This avoided the possibility of any gas being trapped in C or 
the mercury being actually boiled in each of these. The mercury could be removed 
for re-distilling by snipping off the tip of N, 

An experiment consisted essentially of the following operations: {a) gas was 
admitted up to the required pressure through inlet M; {h) A was raised and a 
mercury surface of area 60 cm? was thus formed in B\ {c) after an interval the gas 
was pumped out, E and F were closed as has been explained, and the pressure was 
measured; {d) A was lowered causing the surface to collapse, the mercury flowing 
out till it stood at the top of the tube N\ (e) the pressure of gas in the apparatus was 
measured. 
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§3. EFFECT OF ADSORPTION BY WALLS OF APPARATUS 

In most previous work on the direct measurement of adsorption, the gas has 
been admitted at a low pressure only and the reduction of this pressure was noted 
as adsorption proceeded. The walls were not subjected to large changes of pressure 
and the area of adsorbing surface (e.g. in charcoal) was large compared with the 
walls, though this area was not usually directly measurable. 

In the present experiment the mercury surface represents only a few per cent of 
the area of the inside of the apparatus. Moreover the walls are alternately subjected 
to atmospheric pressure of gases and then a pressure of io~^ mm. Hence it was 
necessary to consider the possibility that adsorption and desorption of the glass 
might complicate or perhaps obscure the effects due to the mercury. Tests were 
made, without mercury in B, of the rate at which gas was evolved from the walls 
after these had been exposed to gas at varying pressures and for varying periods. 
These tests showed that once the glass had been thoroughly dried by prolonged 
heating in a high vacuum it became consistent in behaviour. Since the experiments 
involved the use of only dry gas, and since the apparatus did not vary appreciably 
in temperature, the simple procedure outlined below enabled the gas evolved from 
the mercury to be measured with sufficient accuracy. Observations were also made 
of the effects of raising the temperature of the apparatus through 100° C., and it was 
found that though consistent results were obtained the amount of gas evolved was 
sufficiently large to make it difficult to disentangle the effects due to the mercury 
from those due to the walls. An interval of 5 min. was found sufficient for the pumps 
to give the necessary stage of exhaustion, and this period also allowed the mercury 
to flow either into or out from B and become stationary. 

In making an observation gas was admitted to the required pressure and A was 
then raised, causing the mercury to flow into B, where it was allowed to stand for 
periods varying from a few minutes (the time for the mercury to come to rest) up 
to several hours. The condensation pump being already hot, the backing pump was 
started and the cut-off at E was raised after a few seconds and that at F after 5 min. 
The pressure was then read on the gauge and the reading was repeated, usually at 
5 -min. intervals. During one of these intervals A was lowered, destroying the 
mercury surface in B. The graph of pressure against time shows by a sudden rise 
in this interval the effect of the gas liberated from the mercury, and this can be 
quite well separated from the slow evolution of gas from the walls, even though this 
factor varied considerably with the pressure of gas and the time it had been retained 
in the apparatus. By variation of the period between exhaustion and collapsing of 
the surface it was shown that the adsorbed gas was retained by th«J mercury for a 
considerable time. 

§4. ADSORPTION AND LIFE OF CARBON DIOXIDE ON THE 
SURFACE OF MERCURY 

The gas was admitted from a high-pressure cylinder through a series of drying 
tubes and filters of glass wool. A thin rubber diaphragm over a side tube acted as a 
safety valve to protect the apparatus against high pressures. 
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A pressure of lO"* mm. would correspond to a total of 29 x 10^^ molecules at 
laboratory temperature in the whole volume of B, the gauge, and the wide connect- 
ing tube. A monomolecular layer of gas over the 60 cm? of mercury would, on com- 
plete desorption, yield approximately 34 x 10^^ molecules and thus cause a rise in 
pressure of 12 x io~^ mm. 

In figure 2 a typical selection of curves is given showing the rise in pressure 
which occurred on collapse of the surface, the time in each case being measured 
from the instant when the cut-off F was raised. Other details of the experiments are 



Figure 2. x indicates point at which surface was collapsed. A \ CO2, />= 10 cm., exposure 2 h. 
B\ Ilg admitted first, then 12 cm. of COg. C: COj, /) = 8 cm., exposure 48 h. D: CO2, 
/> = 36cm., exposure 20 min. E: COj, ^ = 76 cm., exposure 2^ h. F: CO.^, /) = 76 cm., 
e.xposure less than 10 min. 

given below the figure. The curve B indicates the small amount of adsorption 
detected when the mercury surface was formed in a fairly high vacuum and the carbon 
dioxide subsequently admitted. A comparison of the curves shows how much less 
readily adsorption occurs under such conditions than in the case when the surface 
is formed in the presence of the gas. This fact is in keeping with comments by 
writers on the differences observed between a static mercury surface and one that 
is expanding or freshly formed.’ The observed rise in pressure due to liberation of 
carbon dioxide varied from about 4 x io~^ mm., when the surface had been formed 
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in carbon dioxide at a pressure of 8 cm., to almost 12 x lO"^ mm. when the surface 
had been formed in the same gas at atmospheric pressure. The latter amount 
corresponds to practically a complete monomolecular layer. The time of exposure, 
as was expected, had little effect on the amount of gas retained by the surface. It is 
just possible that very long exposure resulted in less gas being recovered (as in C) 
owing perhaps to something replacing the carbon dioxide on the surface. The 
observed variation of the amount adsorbed with the pressure of gas is hardly to be 
expected, however, if the adsorbed layer of gas is retained by the surface ; see § 6. 
On a number of occasions the mercury surface was formed in gases at pressures 
of about 0*001 mm., but in no case did measurable adsorption occur at this pressure 
under the experimental conditions pertaining. 

§5. MEASUREMENTS ON HYDROGEN AND DRY AIR 
Experiments were also carried out with hydrogen, which was passed through a tube 
containing heated platinized asbestos before reaching the drying train. Measurements 
showed the same general features as in the case of carbon dioxide, the gas being 
retained by the surface on evacuation as was indicated by the observations of Cook^*^^ 



Figure 3. G: H2,/i = 40 cm., exposure 35 min. //: Hg, /> = 40 cm., exposure 35 min. 

K : Air, /> = 45 cm., exposure 5 min. L : COg , P = 50 cm., exposure 10 min. 

though there was some suggestion that the mercury surface would lose some of the 
adsorbed hydrogen more easily than it lost carbon dioxide . Curves G and //, figure 3, 
are for readings made some months apart. The curve K is for air admitted through 
the drying tubes and indicates an adsorption of the same order as for hydrogen, 
though it is of course possible that the adsorbed gas did not have the same propor- 
tions of oxygen and nitrogen as the air. Curve L is for carbon dioxide when a period 
of nearly half an hour elapsed between the evacuation and collapse of the surface. 
The flatness of the curve both before and after collapse of the surface indicates 
that the adsorbed layer was not being lost at an appreciable rate in a vacuum of 
2 X 10-* mm., and also shows that very little gas was evolved from the glass, at any 
rate after the first 5 min. 
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Tests were made at times of the effect of bumping the apparatus before collaps- 
ing the surface and it was found that the surface could be caused to oscillate a good 
deal without any appreciable evolution of gas. 

§6. DISCUSSION OF RESULTS 

When a mercury surface is formed in any of the gases carbon dioxide, hydrogen, 
or air an adsorption occurs at the surface, the limit apparently being a mono- 
molecular layer, which in these experiments was only approached as the gas ap- 
proached atmospheric pressure. Little, if any, other work has been published with 
reference to direct measurements of adsorption of gases on mercury. Both Oliphant 
and Bosworth measured the amount of gas adsorbed selectively from mixtures at 
atmospheric pressure, and by using a shower of drops ensured that they were always 
dealing with a freshly formed surface. This is an important consideration since 
even under the very best experimental conditions the properties (e.g. the surface 
tension and the photo-electric effect of a mercury surface at rest are seldom 
found to agree with those of an expanding surface. 

Sissingh and Haak^"^ in 1919 observed the change in optical properties of 
mercury with time of exposure to air and estimated that the thickness of the 
adsorbed layer was about i-bjit/i. More recently E. Herschkowitch^**\ working on 
the same subject, has reported that neon and nitrogen produce no measurable effect 
but that hydrogen, oxygen, and carbon dioxide appear to be absorbed in layers 
varying in thickness from 5 to 1 5 molecular diameters. The present work makes it 
clear that if such thick layers do condense on the surface then all layers beyond the 
first must be so loosely bound as to be at once desorbed on evacuation, whereas 
the first layer appears to have an almost indefinite life on the surface. Herschko- 
witch^*^^ does in fact record a partial recovery of the mercury surface when the 
space above it is evacuated, which suggests that part pf the observed optical effect 
is due to an adsorption which is reversed on evacuation. 

Stoeckle^*"^^ records an evolution of gas from a mercury surface and Cook^*^^ 
records the following observations in his paper on the surface tension of mercury: 
“In one case the tension of mercury in contact with hydrogen at 0-00015 mm. 
remained constant at 421 dynes over a period of 8 min. On spilling a drop from the 
mercury (thus breaking the surface) the tension immediately rose to 463 dynes and 
remained at this v.alue for 14 min. Simultaneously the pressure of hydrogen rose to 
0-00048 mm.;** and later “the tension in hydrogen decreased from 475 dynes to 
484 dynes in 20 min. while the pressure fell from 0-0037 mm. to*o-oo20 mm.** The 
significance of the periods of time stated is not clear, but it does appear that under 
the conditions which must be attained for accurate surface tension measurements 
the mercury adsorbs hydrogen at quite low pressures. The figures given by Cook 
show that an evolution of gas sufficient to raise the pressure by 0-00033 mm. was 
accompanied by a rise of 52 dyne/cm. in surface tension, yet a fall of only 1 1 dyne/cm. 
was accompanied by a fall in pressure 0-00170 mm. If these figures could be taken 
as due to effects occurring at the mercury surface 6nly, it would mean that the 
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adsorption per fall of i dyne/cm. in surface tension was more than 25 times as great 
as the amount desorbed for an equal rise in surface tension. In the absence of any 
other information about the actual conditions obtaining, it seems most probable that 
all the gas evolved came from the mercury but that the glass walls were contributing 
to the observed adsorption, since it is unlikely that actual solution of the gas in the 
mercury could account for more than a fraction of the difference. 

The significance of the variations of the amount of gas evolved from the surface 
with the pressure of gas to which the surface was exposed is by no means clear. 
Since the adsorbed molecules have a long life on the surface, it is to be expected that 
a complete monomolecular layer would be adsorbed and retained from gas at a 
pressure of 8 cm. equally as well as from gas at atmospheric pressure. There is, 
however, a striking parallelism between these results and those obtained for the 
surface tension by some of the workers using the method of the sessile drop. Thus 
Popesco^*^^ found the initial value of surface tension highest for a surface formed in 
gas at atmospheric pressure, with lower values when the surface was formed in gas 
at lower pressures, the lowest value being for the surface formed in a vacuum; but 
that the subsequent admission of gas to the surface did not cause any rise in the 
surface tension. Consistently with this the author finds that very slight adsorption 
occurs when the surface is formed in a vacuum and the gas admitted later, and that 
for a surface formed in the gas the adsorption is larger for higher pressures. 

Explanations of the above-mentioned variations of surface tension have been 
advanced in terms of the orientation of the molecules to positions of minimum 
energy. These explanations are open to objection and it is in fact now found that 
the surface tension of mercury is not lower in a vacuum than in gases. In spite of 
the work of Hiss and others, N. K. Adam^*^^ concludes that there is no satisfactory 
evidence that the surface tension of any pure liquid changes with time. The low 
values of surface tension of mercury must be ascribed to some factor acting as a 
contamination, though it has never been possible to establish the nature of this 
contamination. In the present work, owing to the effect of the glass it was useless 
to proceed to the very high vacuum obtained by prolonged degassing, and it is 
probable that the same influences which caused the lower surface tensions at reduced 
pressures were present here, this contamination occupying some of the surface and 
preventing adsorption at very low pressures. Cook, was able, however, to detect 
the adsorption when working under the conditions necessary for surface-tension 
determinations. The present work shows that it is possible to measure adsorption 
on mercury by a direct method. The advantage of having a perfectly definite area of 
surface (as contrasted with the surface-area of charcoal, powders,* or crystalline 
aggregates) is largely offset by the uncertainty which still exists as to the actual 
cause of the variations to which reference has just been made. Evidence indicates, 
however, that adsorption approximately to the extent of a complete monomolecular 
layer occurs on mercury surfaces formed in gases at moderate pressures, the adsorp- 
tion probably being complete by the time the surface has come to rest. This layer 
persists on evacuation in spite of considerable oscillation of the surface, but is 
liberated when the surface is destroyed. 
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Freundlich accepts the view that the fall in surface tension in gases is due to 
adsorption, and says that no fall of value with time occurs in a vacuum, as is to 
be expected with an unassociated liquid. No suggestion is offered as to the cause 
of the higher initial values for gases which are quoted. Freundlich further states 
that the adsorption is very rapid, “the process requiring a finite time being a 
diffusion in a very thin layer. A critical survey of all the available data on the 
effect of gases on the surface tension on mercury shows that agreement between 
workers is far from satisfactory. There seems no doubt that a monomolecular layer 
is adsorbed practically before any appreciable fall in surface tension has occurred. 
If this single layer is the cause of the fall in surface tension observed by various 
workers over periods of hours or days, the adsorption and surface tension can 
scarcely be connected by an equation such as that of Gibbs. 

On the other hand if the subsequent fall in surface tension is due to the adsorp- 
tion of polymolecular layers (the existence of which is suggested by Herschkowitch 
and others) it is not to be expected that these layers should be desorbed so readily 
in comparison with the initial layer. It is of course possible for a large reduction 
of surface tension to be caused by a layer that is lost on evacuation. Some un- 
published observations by Prof. Kerr Grant show that the surface tension of water 
falls by over 20 per cent, in the presence of ether vapour, but recovers almost 
completely as soon as the ether vapour is allowed to escape. Moreover S. G. Cook 
does record a considerable recovery in the surface tension of mercury which has 
been exposed to air or oxygen if the pressure of the gas is lowered, though it never 
rises to the initial value for a vacuum. The mercury requires a long time to reach 
equilibrium with a given pressure of gas whether the pressure is being increased 
or decreased. These observations of Cook suggest a slow adsorption that is more 
or less reversible as a possible cause of the variation in surface tension, though 
any such slow desorption was not detected in the present work. 

§7. CONCLUSIONS 

The conclusions reached in this paper may be summarized as follows. Adsorbed 
carbon dioxide or hydrogen to the extent of a monomolecular layer is retained 
by the mercury surface on evacuation. The adsorption is readily observed when 
the mercury surface is formed in a gas but not when the gas is admitted to a 
surface which has been formed in a vacuum. It seems more probable that this is 
due to something^ acting as a contamination than to some inherent property of the 
mercury causing changes in the transition layer at the surface. If more than a 
single layer of gas molecules condenses on the surface the subsequent layers are 
lost on evacuation. 

Though the mercury surface, from its uniformity and definite area, should be 
ideal for quantitative work on gas-adsorption on a metal, the phenomena observed 
are at present too complex to be embraced in a single theory. For processes 
occurring during the actual formation of the surface it is probable that the theory 
of adsorption at liquid surfaces applies, but this sheds little light on processes 
occurring after the surface has come to rest. 
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ABSTRACT. A description is given of a negative-resistance device which is very similar 
in principle to the kallirotron amplifier described by L. B. Turner. It is shown that when 
this device is used to decrease the effective resistance of a tuned circuit no appreciable 
distortion of the resonance curve of the circuit is produced. A method is given whereby 
the effective resistance of the tuned circuit may quickly be adjusted to any predetermined 
value. 

§1. GENERAL PRINCIPLES 

N EGATIVE-RESISTANCE devices have found many interesting applications 
since the introduction of the dynatron by Hull in 1918. Shortly after this 
date Turner published an account* of a circuit, termed by him the “kalli- 
rotron amplifier”, in which a negative-resistance eflFect was obtained without the 
aid of secondary electron emission. About five years ago the present author, who at 
that time had not seen Turner’s paper, devised a very similar circuit which has 
since been used in the manner described below. In view of the facts that Turner’s 
paper is not very generally accessible and that the kallirotron differs in certain 
practical details from the author’s circuit, a brief description of the latter will first 
be given. 

Consider the circuit of figure i . The condensers Q And Cg are inserted merely 
for the purpose of preventing the flow of direct current and we suppose them to be 
so large that their reactances are negligible. The resistances Ri, R2 and R^ are so 
large that currents flowing through them may be neglected in comparison with 
the anode current of the valve Fg. Suppose an alternating e.m.f. of magnitude E to 
be applied between the terminals A and B. Then some fraction bE of the e.m.f. is 
applied between grid and filament of Fj , where 6 is a constant lying between o and 
I and depending oh the setting of the potentiometer Ri. Since R2 is large, the 
e.m.f. applied between the grid and filament of Fg will be nearly equal to —fjJbEy 
where /x is the amplification factor of V^. If the mutual conductance of Fg be k the 
alternating component of current flowing through this valve will be —fikbE. Since 
currents in other branches of the circuit are negligible in comparison with this, 
we have the result that the application of the e.m.f. E gives rise to a total current 
—fjLkbE. Thus, looked at from the terminals ABy the circuit is equivalent to a 
resistance —ijiikb so far as alte^rnating currents are concerned. Taking as typical 

• L. B. Turner, Radio Review, 1 , 317 (19x0). 
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values ^ = 25, k—i mA./V., and remembering that b can vary between o and i, we 
see that the value of the negative resistance can be made to lie anywhere between 
— 40 and — 00 Q. 

Comparing the present arrangement with a dynatron we see that both require 
the circuit in which they are connected to offer a passage to direct current. With 
regard to frequency^range the present device will operate successfully from about 
20 c./sec. to 100 kc./sec. At higher frequencies inter-electrode capacities become 
important; with care the upper limit might be extended, but experiments in this 
direction have not been carried out. Below 20 cycles per second the blocking con- 
densers have to be made inconveniently large, but it is possible to use battery 
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Figure 2 . 

coupling instead. On the whole, however, the dynatron is to be preferred if the 
range of frequencies to be covered is very wide. With regard to stability of charac- 
teristics, the present device has the great advantage that, unlike the dynatron, it 
does not depend upon the somewhat erratic phenomenon of secondary emission, 
and there is no reason why it should vary in performance any more than does a 
simple low-frequency amplifier. 

Another very important advantage over the dynatron lies in the range of values 
of negative resistance which can be obtained. With ordinary receiving valves 
it is difficult to obtain by the dynatron method resistances lower than some 
10000 D. in absolute value, whereas with the present device negative resistances 
as low as — 40 fi. are easily possible. Admittedly one can always obtain a low value 
of negative resistance by placing a positive resistance in series with a dynatron, but 
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the practice is not to be recommended. Thus in figure 2 if we place a positive 
resistance of 9000 £2. in series with a negative resistance of - 10000 due to a 
dynatron, the effective resistance between A and C is — 1000 H. However, if the 
maximum permissible voltage across the dynatron be F, the voltage between A 
and C must not exceed V/io and this limitation may be serious. Furthermore, if the 
resistance of the dynatron should change accidentally by i per cent, the resistance 
between A and C would change by 10 per cent. 

One final advantage of the present device is the ease with which the magnitude 
of the negative resistance can be changed merely by varying the setting of the 
potentiometer Ri . 


§2. APPLICATION TO HARMONIC ANALYSIS 

The simplest type of electrical harmonic analyser is that in which the various 
components of a complex current wave are selected one by one by means of a sharply 
tuned resonant circuit and measured with a thermoammeter or other suitable 
device. In practice the chief difficulty is to obtain circuits of sufficiently low re- 
sistance to enable the various components of current to be effectively separated. 
However, this difficulty can be overcome by the use of the negative-resistance 
device described above. 



Figure 3. 


To a first approximation, the resonant circuit of figure 3(a) may be replaced by 
the equivalent circuit of figure 3 (^), where R = LWjr and the approximation will be L, w, r 
sufficiently good for our present purpose provided that Lwjr be not less than 10. 

Coils for which thi^ is the case are not difficult to construct except at the lowest 
acoustic frequencies. If now we connect the points P and Q, figure 3(6), to the 
terminals A and B of the negative resistance circuit of figure i, we shall place a 
negative resistance, R' say, in parallel with R. The resulting equivalent shunt 
resistance of the tuned circuit will be RR'/{R+R')^ and theoretically this can be 
made as large as we please by suitable choice of R\ The practical limit is set by the 
tendency of the circuit to oscillate spontaneously. 

The above arrangement is, of course, simply one method of applying reaction 
to a tuned circuit. Its advantage over most other methgds lies in the ease and ac- 
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curacy with which the reaction can be controlled, the freedom from any distuning 
effect due to reaction, and in the fact that it can be used with circuits tuned to quite 
low frequencies. 


§3. PRACTICAL DETAILS 

If instability is to be avoided, the useful range of values of negative resistance 
will be from —Rxo — 00, and in most cases R will not be less than about 10000 
If the circuit of figure i be used as it stands, the whole useful range of variation of 
the negative resistance will be covered by a very small movement of the potentio- 
meter slide, and fine control will be impossible. The minimum obtainable value of 
negative resistance could be increased to 10000 12. by reducing the values of R^y 
or but such methods are objectionable because they amount to placing a 
positive resistance in parallel with the negative one. In such a case a small accidental 
variation of either the positive or the negative resistance would cause a much larger 
percentage variation of the combination of the two. A better method of increasing 
the minimum value of negative resistance is to place a suitable resistance in the anode 
circuit of and another between R^ and Cj . If the first be made several times as 
large as the slope resistance of it will greatly reduce the effect of any accidental 
variation of this quantity (due, for example, to fluctuation of battery voltages), 
while the second resistance in series with R^ can be chosen so that the requisite range 
of values of negative resistance is just covered by the full movement of the potentio- 
meter slide. 


§4. EXPERIMENTAL RESULTS 

Since a harmonic analyser should be capable of giving quantitative results, it 
is necessary to ascertain whether the addition of the negative- resistance device to a 
tuned circuit causes any distortion of the resonance curve apart, of course, from the 
change to be expected from a decrease in the effective resistance of the circuit. To 
test this point a series resonant circuit consisting of a coil having an inductance of 
I H. and a condenser of capacity 0*0397 /x.F. set up, A small e.m.f. of the 

correct frequency for resonance, about 800 c./sec., was induced in the coil and the 
p.d. across the condenser was measured with a valve voltmeter. The negative- 
resistance device, connected in parallel with the coil, was adjusted until the circuit 
was sharply tuned. A variable air condenser connected across the main condenser 
enabled the tuning of the circuit to be varied over a small range of values, and in 
this way data for a resonance curve were obtained. The results are shown in the 
table, where the figures in the first column refer to settings of the air condenser 
and those in the second to the readings of the valve voltmeter. The values in the 
last column are calculated from the formula for a series- tuned circuit. In applying 
this formula we need to know the effective resistance of the circuit and also the 
e.m.f. induced in the coil. These two quantities are calculated from the observed 
maximum and minimum readings of the valve-voltmeter, marked with an asterisk 
in the table. It will be seen that the remaining voltmeter readings are in good 
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agreement with the calculated values. In this particular example the effective 
resistance of the circuit is found to be about 6*7 Q., corresponding to a voltage- 
magnification at resonance of 750, which is many times as great as would have been 
obtained without the use of the negative resistance. 


e 

V (observed) 

V (calculated) 

69 

40-0* 

40-0 

68 

48-0 

487 

67 

6i*o 

591 

66 

76*0 

73:4 

65 

91*0 

88-3 

64 

1030 

101*5 

63 

IIO-O* 

I 10*0 

62 

io8*o 

io8*o 

61 

98*0 

101*0 i 

60 

85 0 

87*7 ; 

59 

72*0 

72*7 

58 

570 

58-5 

57 i 

48-0 

487 

56 1 

40*0 

39*8 


§5. DETERMINATION OF THE EFFECTIVE RESISTANCE 
OF THE CIRCUIT 

When a series-tuned circuit is used in conjunction with the negative- resistance 
device, the effective circuit resistance can always be found by the method described 
above, but this would be too tedious when the circuit was being used to separate the 
various components of a complex voltage wave, since the effective resistance would 
alter every time the circuit was tuned to a fresh component. The following more 
direct method was therefore tried. 

If the negative resistance be gradually decreased, a point will be reached where 
the circuit is on the verge of spontaneous oscillation. In practice this point is quite 
clearly defined and obviously corresponds to an effective circuit resistance of zero. 
If, having brought the circuit to this state, we now insert an extra resistance P in 
series with the inductance, then P should be the total effective circuit resistance 
and can be chosen to have any desired value. Preliminary tests of this method gave 
unsatisfactory results and the trouble was eventually traced to the fact that the 
resistance P is traversed by the direct current flowing in the negative resistance 
device and the addition of P therefore changes the value of the negative resistance. 
The difficulty was overcome by placing P in series with the condenser instead of 
with the inductance. 

As a quantitative test of this method the following experiment was carried out. 
The tuned circuit (inductance i H., capacity o-ijtiF.) was brought to the verge of 
oscillation by adjustment of the negative resistance and a resistance of i fl. was then 
connected in series with the condenser. An e.m.f. of the resonant frequency was 
next induced in the coil and at^usted in magnitude till the valve voltmeter showed 
a full-scale reading. The resistance in series with the condenser was then increased 

30-2 
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to 2 Q. and, as a result, the voltmeter reading dropped to 0-51 of its previous value. 
The experiment was then repeated, the resistance in series with the condenser being 
at first 2 Q. and subsequently increased to 4 O. This time the first voltmeter reading 
was exactly twice the second. Two further steps gave the same result and brought 
the nominal effective circuit resistance up to 16 The actual effective circuit 
resistance was then determined by the distuning method and found to be 15*6 f2. 
The difference between these two values is probably not greater than the experi- 
mental eri*or in the second determination. It thus appears that the method described 
above provides a satisfactory means of adjusting the effective circuit resistance to any 
desired value. 


DISCUSSION 

Dr L. Hartshorn asked whether the same circuit would serve for the whole 
range of audio frequencies. 

Dr A. B. Wood asked whether the negative resistor contained any reactive 
component ; if so, it might make a good oscillator. 

The Author replied that the apparatus worked satisfactorily over the range 
from 100 to 10,000 c./sec. The negative resistor contained only a negligible reactive 
component if the condensers , Cg were large enough, but could be converted into 
a good oscillator for the range from 50 to 10® c./sec. 



477 


621.383.5 

A NEW SELENIUM-SULPHUR RECTIFIER 
PHOTOELECTRIC CELL 

By G. P. BARNARD, B.Sc., A.Inst.P., Grad.I.E.E. 

The National Physical Laboratory 

ABSTRACT. The paper describes a method by which a new selenium-sulphur rectifier 
photoelectric cell may be constructed, and gives the results of the first part of a full in- 
vestigation of the physical behaviour of these new cells. The results are related to the 
details of construction of the cell, so as to show how far they support the theories of 
A. H. Wilson and of Frenkel and Joffe. A number of simple equations expressing the 
performance of the cell have been deduced. 

§ I. INTRODUCTION 

T he comparatively recent appearance of the rectifier or Sperrschicht photo- 
electric cell has recalled into prominence the contact photoelectric phenomena 
observed by Uljanin.^^^ Uljanin annealed a thin layer of selenium between 
two plates of glass; the glass surfaces in contact with the selenium were covered 
with semitransparent metal films which formed the electrodes of the cell. He found 
that when the selenium was illuminated through one of the semitransparent metal 
films the cell generated an electromotive force ; with sunlight the open-circuit e.m.f. 
generated amounted to o*i2 V. The illuminated electrode was the negative pole of 
the cell. 

This cell should not be confused with the well-known photoconducting selenium 
cell, which shows an increase of conductance on illumination. The photoconducting 
cell does not generate an e.m.f. on illumination and is always used with an external 
source of e.m.f. 

The modern Sperrschicht cell is said to consist of a metal plate coated with a 
thin layer of some semiconductor, the upper surface of which is covered with a very 
thin film of metal. The metal plate and the metal film form the electrodes of the 
cell and are directly connected to the terminals of a current-measuring instrument. 
Precise details of construction do not appear to have been published either in 
scientific journals or in patent specifications. Such information as is available is 
not sufficient for the construction of a cell with a sensitivity comparable with the 
known sensitivities of cells on the market. 

The work described in the present paper was originally undertaken in order to 
develop a simple and accurate instrument which could be used for measuring the 
distribution of illumination in small-scale model rooms. The original intention was 
to use one of the well-known forms of Sperrschicht cell ; but it was immediately 
apparent that these would be ‘unsatisfactory for the measurement of diffused light, 
owing to their marked decrease of sensitivity with increase of angle of incidence. 
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Accordingly it was decided to investigate the method of construction of such cells 
in order, if possible, to effect an improvement in this respect. A simple method 
was eventually devised which enabled compensation for this decrease in sensitivity 
to be made to within 3 per cent of the required sensitivity for angles of incidence 
from o to 85 degrees; the results of this work will be the subject of a separate 
publication. The present paper gives the results of the first part of a full investigation 
of these new cells. 

In a recent short note^"*^ the author has described briefly a method of constructing 
a new selenium-sulphur rectifier photoelectric cell. The description is now given 
for the first time in sufficient detail, and the construction of the cell is related to 
the results obtained, so as to show how far these results support the theories of 
A. H. Wilson, and of P>enkel and Joffe. A number of simple equations expressing 
the performance of the cell have been deduced. 


§2. MODERN THEORY 

A short qualitative discussion of the theoretical treatment given by certain 
writers of the rectifying properties of a semiconductor/metal contact will serve to 
indicate the general nature of the problem, and to prepare the way for the inter- 
pretation of the experimental results described in this paper. A list of original 
papers is given for reference^^\ 

2*1. The contact gap. It is always assumed at the outset that in the system 
metal/semiconductor/metal the two contacts are dissimilar; that at one contact the 
bounding surfaces of the metal and the semiconductor are separated by a small gap 
of definite width 8, while at the other contact the separation of the bounding 
surfaces is relatively so small that this contact can have none of the properties of 
the first. Thus with this assumption it is only necessary to consider the first of 
these contacts. 

It is not possible to say definitely what is the nature of the surface of the 
semiconductor that in contact with a metal will yield a high-resistance interface; 
experimentally, however, it is known that certain methods of treatment give high- 
resistance contacts, and that other methods do not. Schottky and Deutschmann’s 
measurement of the electrostatic capacity of the transition layer showed that 8, in 
the cells used by them, was of the order of the mean free path of electrons in 
ordinary electronic conductors. But little or nothing is known of the actual nature 
of this transition layer. That it is not a vacuum, or a layer of gas, is admitted 
generally, although in its properties it can be regarded as being mathematically 
equivalent to a vacuum. N. R. Campbell and A. H. Wilson adhere to the view 
that the bounding surfaces of the metal and the semiconductor are separated by 
an insulating film 4if the semiconductor freed from all conducting impurities. So 
long as the thickness 8 of this film is smaller than the mean free path of an electron 
in the material of the film, the film will be exactly equivalent to a layer of vacuum 
with a reduction, depending upon the dielectric constant of this insulating film. 
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of the height of the potential-energy mountain, which results from the image-force 
effect, between the surfaces of the semiconductor and the metal. 

2*2. Mathematical model of semiconductor. According to A. H. Wilson’s treatment, 
all electrons in the semiconductor at absolute zero of temperature are in what may 
be called bound states. At any other temperature a few electrons are thermally 
excited into energy states in which they can conduct. The mean value of the 
potential energy of these electrons, regarded as nearly free, is represented by the 
energy level fFg, figure i. Wilson then deals with the case of a lattice possessing 
atoms of an impurity, each atom having a single electron in a discrete state of 
energy W^, The level lies below the level fFg above the highest occupied 
energy level, of electrons possessed by atoms of the pure semiconductor, so W 
that electrons from the level can make the transition to the level W^, more easily 
than electrons from the level W. The conduction electrons are thus entirely derived 
from impurities. His equations hold so long as the number of impurities is less 
than 10^’ per unit volume but still sufficiently large to mask entirely the natural 
conductivity of the semiconductor. With these premises A. H. Wilson determines 
the distribution function for the impurity electrons. 



Figure I. Potential -energy states at boundary between metal and semiconductor (Wilson). 

Frenkel and Joffe on the other hand make use of the Maxwellian form of the 
Fermi-Dirac statistical expression for a small free-electron concentration in the 
semiconductor. They find, however, that for any reasonable value of the free- 
electron concentration, of the order of 10^’ per cm?, the free energy of an electron 
turns out to be negative and at 300'" K. is of the order of -0*15 electron-volt. 

The final equations deduced by Frenkel and Joffe and by Wilson to express the 
rectifying properties of a semiconductor/metal contact are not essentially different 
in so far as their application to any practical case is concerned. 

2‘3. The transmission coefficient of the contact gap. When the steady state has 
been reached for the flow of electrons in any given direction through and normal 
to the contact, the charge-distribution and the current may be obtained from a 
solution of the Schrodinger wave equation. The solution will in general show two 
terms, one representing an electron wave travelling in the positive direction — the 
incident wave — and the other representing a wave proceeding in the negative 
direction — the reflected wave. The ratio of the intensity of the reflected wave to 
that of the incident wave is the reflection coefficient R of the contact gap ; while the R 
ratio of the intensity of the transmitted wave to that of the incident wave is the 
transmission coefficient D. Obviously D + R^i, It is seen, therefore, that the D 
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contact resistance results from the reflection of electrons at the assumed transition 
layer between the bounding surfaces of the metal and the semiconductor; on the 
other hand the bulk resistance of a solid arises from the interaction of the electrons 
with the elastic vibrations of the lattices. The transmission coefficient, and hence 
the resistance of the contact gap, depends upon the applied electric field in the gap. 

2*4. Equations to express the rectifying properties of contact. In both cases the 
problem has been made one-dimensional, doubtless to simplify the mathematical 
treatment ; consequently in the formulation of the results for any actual cell some 
modification of the equations so derived will be necessary. Figure i gives a one- 
dimensional picture of the potential states at the boundary between a semiconductor 
and a metal. The continuous curve represents the potential energy of conduction 
electrons, the left- and right-hand horizontal portions corresponding to the potential 
energies in metal and semiconductor respectively. Sommerfeld and PeirFs model 
of a metal is used, the valency electrons being considered as nearly free. The mean 
value of the potential energy of a valency electron is represented by ; its position 
relative to defined in 2*2, is determined from the condition of equilibrium. 
The level E^ in the metal corresponds to the maximum critical energy of the 
Fermi distribution; E^ is approximately equal to the maximum kinetic energy of 
an electron at absolute zero of temperature, and for most metals is of the order of 
10 electron-volts. It is not necessary for the energy of an electron to be raised above 
the surface-potential jump in order to cross the surface into the transition layer, 
represented in figure i by a potential hump which, in the theoretical treatment, is 
assumed to be of rectangular form. Electrons can, according to the wave-mechanical 
treatment, pass through the hump if it is not too high or too broad. An analogous 
case is the passage of light-waves from glass into air and into another piece of glass, 
even at angles greater than that of total internal reflection, when the intervening 
air film is sufficiently thin. 

Electrons passing from the metal to the semiconductor must acquire kinetic 
energies of not less than ; electrons passing from the semiconductor to the metal 
must also be raised by thermal excitation to the level IFg, in order to become 
conduction electrons in the semiconductor. If there is no potential difference 
applied between the metal and the semiconductor they will assume a contact 
difference of potential in the equilibrium condition for zero field, when equal 
numbers of electrons flow in either direction. The equations of A. H. Wilson show 
that the current from the semiconductor to the metal is equal to the current from 
the metal to the semiconductor only when E,, lies approximately half-way between 

and W2* This is, then, the equilibrium condition for zero field,, the position of 
El with respect to being determined. 

If now the potential of the metal be raised by a small quantity eV less than 
{W2 — Aq), tlie effect of the applied field will be to change the transmission coefficient 
and to increase E^ and Eq by eV^ while leaving unaltered. It is no restriction to 
consider as invariable, since differences only in these quantities are of significance. 
The raising of E^ above the equilibrium position for zero field will be compensated 
by an increased flow of electrons from the metal to the semiconductor, while 
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leaving unchanged the current in the reverse direction. The difference between 
these two currents gives the net current from the metal to the semiconductor. 

If the subscripts a and h denote the semiconductor and the metal respectively, a, b 


this net current i,Ia is given by &/« 

64 = a {exp (-^F)} (exp {eVlkT)-i} (i), 


where a is a constant depending upon T and upon the magnitude of the contact a 
resistance at zero applied voltage, e the electronic charge, k Boltzmann’s constant, k 
T the absolute temperature, and j8 a constant determining the dependence of the T, j8 
transmission coefficient on V. 

If the potential of the metal is lowered by the same quantity F, the net current 
from the metal to the semiconductor is similarly determined and is found to be 
negative. The current equation now becomes 

„/, = « {exp n (I -exp(-eVlkT)} (2) 

for the reverse direction. 

Frenkel has deduced a value i 3 = 1*5. 

It can be seen from equations (r) and (2) that the effect of the applied field on 
the transmission coefficient of the gap always tends to nullify the rectifying effect ; 
this follows from the fact that a decrease in (W^-E^ makes “Vhe potential hump 
higher and decreases the transmission coefficient. 

2*5. These equations may now be applied to the case where light falls upon a 
rectifier cell in the absence of any applied voltage. The metal in contact with the 
semiconductor is now sufficiently thin to transmit visible radiation. A number of 
electrons per second, extracted by light of energy ¥ from the semiconductor, will F 
cross the transition layer and enter the metal, this number being directly pro- 
portional to F, This electron current, from semiconductor to metal, will increase 
the contact potential difference between a and b by an amount V\ which in its F' 
turn will produce a current in the reverse direction. If.there is no other connexion 
between a and 6, F' will reach a stationary value in the equilibrium condition 
when the electron-flows in the two directions are equal. If denotes the primary 


photoelectric current and the reverse current, equation (i) gives 

i,^ir = 0L {txp(^pr)} {exp (.F7*r)~ 1} ^ (3). 

Since ip is directly proportional to the light-flux F, equation (3) may be written 
F=A{exp(-i 8 F')}{exp(.F 7 *r)-i} (4), 


where A is a new constant. Equation (4) represents an important relation between A 
the light flux and the voltage developed on open-circuit in a rectifier photoelectric 
cell in the absence of any applied voltage. In § 5 will be found examples of its 
application to the results from a number of specific cells, from which it will be 
seen that the measured values of the constant j8 may be very different from the 
value 1*5 deduced by Frenkel in his one-dimensional treatment. Departures from 
equation (4) are discussed in § 5. 
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§3. DETAILS OF CONSTRUCTION OF SELENIUM-SULPHUR 
RECTIFIER PHOTOELECTRIC CELLS 

3*1. The cells referred to in § i were originally made from steel discs ground 
flat on one surface, 51 cm. in diameter, and o*8 mm. thick, by coating them with 
a selenium-sulphur mixture. After the annealing of the layer a thin film of silver 
was sputtered on to the surface of the mixture. Experiments were continued with 
these steel discs. Discs of zinc, brass, copper, tin and aluminium also were used, 
but no really successful cell was obtained ; the failure appears to be due to the 
difficulty of obtaining a small contact gap between the selenium-sulphur film and 
the surface of these metals. The sulphur was added to the selenium because of the 
extreme difficulty of coating an iron plate with a thin, uniform, and continuous 
film of selenium alone ; the transformation of the vitreous form of selenium into 
the grey, metallic variety is attended by a considerable diminution in volume, and 
this tends to cause rupture at a contact surface and to introduce microscopic cracks 
and air cavities throughout the material. Thin annealed films of selenium-sulphur 
are almost entirely free from such mechanical imperfections. 

Twenty cells were made with mixtures of selenium and sulphur in various 
proportions. Pure flowers of sulphur, varying by unit steps from i to lo per cent 
of the total weight, was added to molten selenium to give ten different mixtures 
of selenium and sulphur; two cells were made with each mixture. There were, 
however, no marked variations in sensitivity, but it was found that when the added 
quantity of sulphur was less than 5 per cent of the total weight the difficulty of 
obtaining a uniform and continuous film on the iron disc remained. Accordingly 
subsequent investigation was concentrated upon mixtures containing 10 per cent 
of sulphur by weight. This mixture melted at approximately 185° C. The melting 
point of pure selenium is 220° C. The solvent (selenium) separated on cooling, and 
appeared to be embedded in a matrix consisting of a eutectic mixture of sulphur 
and selenium. A comparison of the X-ray diffraction patterns given by the pure 
selenium and by the selenium-sulphur mixture showed that the sulphur atoms 
entered the selenium lattice; this resulted in a small change in the dimensions of 
the selenium lattice. The lines given by the selenium-sulphur mixture were sharper 
than those given by pure selenium; this indicates that the crystals were better 
developed in the selenium-sulphur mixture than in pure selenium. The selenium 
used has been described as pure, because consistent success in manufacture was 
ensured only when the purest selenium available was used. In § i Wilson’s theory 
of the rectifier cell was discussed ; his treatment depends upon the presence in the 
semiconductor of impurity sufficient in amount to mask entirely the natural 
conductivity of the substance. In this work, however, the selenium used was 
obtained from Germany and was stated to be 100 per cent pure according to chemical 
analysis; very small traces of metals could be found spectroscopically, but it is 
doubtful whether these traces of metal represent a sufficient amount of impurity 
to accord with Wilson’s theory. 
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3*2. The coating of the iron discs. Flat circular brass plates, 8 cm. in diameter, 
were recessed to take one steel disc; plates recessed to depths of 1-2 mm., 10 mm. 
and 0*85 mm. approximately were employed. A brass plate holding one steel disc 
with its ground surface uppermost was maintained at a temperature of approxi- 
mately 200° C., while the steel disc was coated uniformly with the molten mixture 
by means of a flat piece of steel maintained at the same temperature, the surface 
of the coating being made flush with the surface of the brass plate. With the 
coated disc in position the brass plate was then cooled rapidly, and while the 
selenium-sulphur mixture was still plastic its surface was rolled smooth by means 
of a polished silver-steel roller to give a film of approximately uniform density and 
thickness. During the rolling, the ends of the roller were in contact with the flat 
edge of the brass plate. Selenium-sulphur films having approximate thicknesses 
of 0*4, 0-2 and 0-05 mm. were thus obtained. A slit cut in the edge of the brass 
plate facilitated the removal of the coated iron disc after rolling. 

3*3. Annealing of selenium-sulphur films. In the annealing experiments an electric 
oven with thermostatic control was employed. The temperature was measured by 
means of a mercury-in-glass thermometer. Experiments on the annealing of the 
vitreous selenium-sulphur mixture were carried out over a range of temperature 
of from 140“ C. to 185'' C. for periods varying from 30 minutbs to 30 hours. The 
results indicate two distinct stages in the annealing. For example, when a coated 
disc is maintained at 160-165° over a period of 3 hours the transformation to the 
grey, metallic variety takes place; but the surface of the selenium-sulphur still 
preserves a smooth glazed appearance and has a violet-grey colour by reflected 
light. The conductivity is very low. If this period of time is extended, or if the 
annealing is begun at a higher temperature, say 170-175° C., a further change takes 
place. The surface becomes neutral grey in colour and has the appearance of having 
a porous structure ; its conductivity is relatively very much higher. The annealing 
required to produce the necessary allotropic change peeds careful attention; no 
success at all is obtained with an unannealed selenium-sulphur film. The annealing 
determines not only the conductivity of the semiconductor but also the state of 
the surface. It has been shown that two quite different types of surface can be 
produced, but there is no sudden change from one type to the other in the annealing. 
In fact between the two extremes, which have been named type A arid type B, 
many curious results may be obtained. For the pure selenium and pure sulphur 
used in these experiments, the conditions of annealing can be specified approximately 

as follows. Type A: 3 hours at 160-165° C. 

Type B: 6 hours at 170-175° C. 

% 

The conditions depend upon the purity of the elements used and must not, 
therefore, be rigidly applied to every new supply of selenium and sulphur. The 
determination of these types was assisted by resistance-measurements at a definite 
applied voltage. 

3*4. Sputtered metal films. •The specimens were sputtered one at a tim e in a 
'Ibell jar waxed to a brass plate by means of a wax of very low vapour press ure. 
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The source of supply was a 2000- V. o*5-A. direct-current generator. The voltage 
between the electrodes was measured by means of an electrostatic voltmeter, and 
a milliammeter was connected in series with the supply. All experiments were 
carried out with a current-density of io~^A./cm? at 1400 V. with a vacuum to give 
a dark space approximately 3 cm. in length. The specimens were placed at the edge 
of the negative glow, i.e. just outside the Crookes dark space. An aluminium ring 
with an inside diameter of 4*9 cm. was placed on the selenium-sulphur surface so 
as to leave an unsputtered rim of selenium about i mm. wide. 

Sputtering was tried with the following metals: cadmium, lead, tin, zinc, 
copper, nickel, silver, gold, platinum and brass. The last apparently sputters as 
brass. Iron and aluminium do not sputter appreciably. 

Successful cells were not obtained 'with cadmium, lead, tin or zinc, principally 
because of the oxidation of the cathode ; thin films of oxide appeared on the surface 
of the semiconductor, giving interference colours. The formation of selenides of 
these low-melting-point metals was also suspected. Attempts made with copper, 
nickel and brass were only partially successful ; oxidation of the cathode occurred, 
but to a much smaller extent. Accordingly, all subsequent experiments were 
restricted to sputtered films of gold, silver and platinum. 


§4. DETAILS OF APPARATUS AND METHODS OF MEASUREMENT 

4.1. In all the illumination measurements a lOoo-W. 100- V. gas-filled projection 
lamp operating at 50 V. and giving a candlepower of 216-5 candles in a known 
direction perpendicular to the plane of the filament was used on a 3-metre photo- 
meter bench. The colour temperature of the lamp at 50 V. was given as 2360° K. 

A holder for the selenium-sulphur photocell, containing eight fine-wire brush 
contacts arranged equidistantly round the edge of the sputtered metal film and 
pressing lightly on it, was made ; contact with the back of the iron base of the cell 
was made by a flat-nosed metal screw. By means of the holder each cell could be 
easily and accurately mounted on a photometer carriage. A vernier potentiometer 
was used to measure the p.d. across various standard resistances, i, 10, 100, 1000, 
10,000 Q. and in series with the cell. The maximum range of illumination 

was from o to 225 foot-candles. A holder for an adjustable iris diaphragm was also 
constructed ; in those experiments in which the iris diaphragm was employed, the 
diaphragm was mounted and centred in front of the cell in a plane parallel with 
the plane of the cell and at a distance of i cm. from its surface. 

In the determination of the spectro-photoelectrical sensitivity, each cell was 
connected in series with a galvanometer of resistance 15 Q. and of sensitivity 
2000 mm.//xA. at 3 metres. A constant-deviation spectrometer was employed with 
an Adam Milger linear thermopile made for the spectrometer. No slit- width 
correction was used. The wave-length band at 5900 A. was approximately 50 A. 
No precautions were taken to allow for stray light in the spectrometer. Apart from 
correction for these possible sources of error, the results give the spectro-photo- 
electrical sensitivity of these cells. 
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4*2. In the course of this work about three hundred cells were constructed ; 
considerable experience with regard to the general behaviour of these cells under 
illumination was thus gained. It will be appreciated that with the many possible 
variables in construction the reproduction of cells with precisely similar properties 
is a matter of considerable difficulty. This is not surprising in view of the fact that 
surface effects can still only be treated phenomenologically. For special purposes 
exactly similar cells may be produced if during the sputtering process the response 
of the cell is compared with that of a completed cell by illuminating the cell under 
construction to a known intensity through the bell jar. The sputtering may be 
discontinued when the two cells show the same response over a small but definite 
range of illumination. 

The precise measurement of the response of a cell presents, of course, no 
difficulty. Where comparisons are made between the results obtained from cells, 
among which there are known variations in the controllable variables in construction, 
the results given apply to cells whose response represents the average response 
obtained to an accuracy of about ± i per cent. 

It will be necessary to comment on certain specific cells in § 5 ; these cells have 
been numbered for reference purposes, and are specified in table i . 

Table i 



Approximate thick- 



i Time of 

Cell 

ness t of selenium- 

'Fyp® of 

Sputtered 

no. 

sulphur film 
(mm.) 

surface 

metal 

sputtering 

(min.) 

I ' I 

0-4 

B ! 

Gold 

23 

4 

0-2 

B 1 

Silver 

60 

5 

O O5 < ^ < 0 - 1 

A 1 

Platinum 

4 

6 

0*2 

A 

Platinum 

4 

7 

0*4 

1 B 

Platinum 

12 

9 

0*4 

1 B 

Platinum 

15 

10 

0-4 

B 

Gold 

30 

II 

0*05<t<0-I 

A i 

Platinum 

4 


§5. APPLICATION OF THEORY AND EXPERIMENTAL RESULTS 

5* 1 1 . A complete rectifier photoelectric cell may be represented by the equivalent 
circuit given in figure 2, in which Rf denotes the effective resistance of the sputtered Rf 

metal film, R^ the bulk resistance of the semiconductor, R^ the effective resistance i?,, R^ 

of the transition l&yer measured from the metal to the semiconductor, and R, the 
resistance of any external measuring instrument. When >00, ?V, the reverse 
current, becomes equal to /p, the primary photoelectric current; but when R, is 
finite, the reverse current is no longer equal to i^, since some fraction of ij, will be 
transmitted in its original direction, and a current depending upon the magnitude 4 
of R^ will flow in the external circuit. 

Thus h=h-ir' (S). 

where i, denotes the new vahie of the reverse current. On open circuit j,=o, «/ 

and 
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If in any actual cell is independent of R^, the voltege developed across the 
transition layer must obviously depend upon R,., which determines the value of 
if , and upon the value of R^. 



Figure 2. Circuit diagram of rectifier photoelectric cell. 


The reverse current ir is given by equation (3), and since i/ /-ir when is 
finite, the voltage developed across the transition layer is no longer equal to its 
open-circuit value V\ Let the voltage developed be Vq for any given small value 
of Re is small the variation of the transmission coefficient with variation 

of Fo may be neglected ; i.e. R^ may be regarded as constant over a limited range 
of Fy if Rg is small. Therefore from equation (i) 


ir = a {exp {eV^jkT) - i}, 

K.-V'-ogg..) 

But if Ohm’s law is assumed for the resistances Rf, Rg and Rey 

Vq = h {Rf + 

Hence from equations (6) and (7), 

(:?/_+^£±A) = log 4. 

In (8) put ~{R, + R, + R,) = A. Then 

ir = a (exp {AQ — 1} 

The value of ir obtained from (9) may be substituted in (5), whence 


( 6 ). 

.(7). 

( 8 ). 

(9). 


- a {exp {AQ - 1} 


= io-a 



(A^rjAi^r 


or 


ie(i-h(x,A) = ip 


A^Mg^ A^ocie^ 

~il 


. I (, A^oa/ A»m/ ) 


(10). 


From equations (5) and (10) it is seen that since ip is directly proportional to Fy 
ig can never be accurately proportional to F. If the deviation from true propor- 
tionality is small when Rg = o, and if Rf and Rg are small, and if B denotes a constant 
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in the proportionality of ip to F, equation (10) may be rewritten to give to a first 
approximation the relation between and F, namely 


.(II). 


i,^-^\BF--^^.F^--^.F>-.. 

i+ai4( [2 [j 

This equation holds for all the cells, both of type A and type B. 

5*12. From equation (7) it is seen that 

Since V\ this quotient cannot be determined experimentally owing to the 
impossibility of separating Rf and Rg for the purposes of measurement. 

5*13. When F'<5mV., expansion of the exponential terms in equation (3) 
shows that with sufficient accuracy 


or 


i F' 
F'= — 4 

cue ^ 


..(12), 

•(13)- 


When F' is very small Rc=Rc'y the value of the contact resistance when F' = o. 
Thus when F'->o, Rq-^Rc and in the limit 



(h)- 


From equation (13), F' = o when /?c = o, and therefore in the case of a very good 
contact, defined by Rc = Oy no voltage is developed on illumination. 

5*14. In view of the difficulty of determining without reference to the experi- 
mental work exactly what is given by the quotient of the measured open-circuit 
voltage and the measured short-circuit current for the same value of F, this 
quotient, often vaguely termed the ‘‘resistance of the celT^ will be considered in 
§S-4- 

Table 2 


■ 

sputtered 

metal 

Cell 

type 

Time of 
sputtering 
(min.) 

Open-circuit 
voltage developed 
at 224 foot-candles 

Gold 

B 

15 

o*oio8o 

Gold. 

B 

23 

0*00500 

Silver 

A 

8 

008440 

Silver 

A 

95 

006730 

Silver 

A 

10 

006080 

Silver 

A 

12 

0*04730 1 

Platinum 

A 

4 

0*18062 1 

Platinum 

A 

6 

0*11230 1 

Platinum 

B 

H 

005520 

Platinum 


IS 

0*03280 


5*2. Variation of open<ircuit voltage with intensity of illumination, 

5*21. Table 2 gives the voltage developed on open circuit at an illumination of 
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224*0 foot-candles by a number of cells sputtered for various times. For selenium- 
sulphur surfaces of the class A type, experiment has shown that the open-circuit 
voltage V' for any given illumination increases with the time of sputtering up to 
a maximum after from four to five minutes. With further increase of the time of 
sputtering, V' decreases for the same illumination ; if the sputtering be continued 
beyond sixty minutes, V' decreases rapidly to a very low value with increase of 
thickness of the deposited metal film, which eventually becomes opaque to light 
after several hours of sputtering. The initial decrease of the open-circuit voltage 
from its maximum with increase of the time of sputtering cannot be, however, 
attributed solely to increased absorption of light by the metal film. Equation (13) 
shows that V' decreases with decrease of R/ ; it is therefore probable that the time 
of sputtering determines not only the light-transmission of the film, but also the 
resistance of the contact formed with the semiconductor. 

It is a matter of common experience in the molecular deposition of metals by 
sputtering that different types of surface receive different amounts of metal at the 
same voltage, current-density and pressure of vacuum, and in the same time. 
The B type of surface proves to be more receptive than the A type; but more 
important is the fact that it has proved impossible experimentally to form a cell 
with a B type of surface which can for the same illumination give as high an open- 
circuit voltage as that given by a cell of the A type. Therefore R/ can never be as 
high for the B type as for the A type. In the latter case the transition layer may be 
of pure sulphur, which in the former may be partially or wholly removed by 
prolonged annealing at a higher temperature, which decreases the effective width 
of the gap 8 between the semiconductor and the metal film. 

5*22. The intensity of illumination Ey varied by changing the distance of the 
lamp from the cell along a photometer bench, is directly proportional to the light 
flux F incident on the cell so long as the illuminated area of its surface remains 
constant. When the whole surface of the cell is illuminated, equation (4) may be 
rewritten to give the relation between V' and Ey thus 

E=y {exp {exp {eV'lkT)-i} (4'), 

where y = A/7rr®*, r being the radius of the cell. 

The experiments show that the equation (4') holds for all cells of the A type 
when jS is positive and of the order of 15. 

For type A cell no. 5 at 300° K. the observed values of V' for a range of illu- 
mination of from 25 to 200 foot-candles, figure 3, are represented to an accuracy 
of about I per cent by the equation 

3-4*2 {exp (-15-4^} {exp ‘ (15)- 

The experimental value of p is therefore approximately ten times the value 1*5 
theoretically deduced by Frenkel and Joffe. Table 3 shows at various illuminations 
the experimental values of V' and the values calculated from equation (15) for 
this cell. 

It will now be shown that the value of p for any cell depends upon the ratio of 
the illuminated area to the area within the circular collecting electrode. 



A new selenium-sulphur rectifier photoelectric cell 489 

5*23. Cell no. II, of type A, was mounted with the adjustable iris diaphragm 
on the photometer bench as described in § 4. The smallest aperture available was 
first used, the incident illumination being varied by moving the lamp along the 
bench. With each opening two curves were plotted showing (i) open-circuit voltage 
against light-flux, (2) short-circuit current against light-flux. The diaphragm was 
opened to give a range of known areas of aperture, the diameter of each opening 
being measured. 



Figure 3. Illumination against (I) voltage, (II) current and (III) resistance. 


Table 3 

Open-circuit voltage, j Open-circuit voltage, 
Illumination, V\ experimental i V\ values calculated 


E (foot-candles) | 


25 

50 

75 

100 

•125 

150 


values 

( 7 ^= 300 ° K.) I 

00885 j 

01165 1 

01340 

0-1460 

0-1560 

0-1630 

0-1680 

01730 


from equation (15) 

(T=300°K.) 

0-0875 
o-i 160 
0-1330 
0-1460 
0-1560 
0-1630 
0-1680 

01735 


The value of p for each curve of open-circuit voltage against light-flux was then 
determined; these values are plotted against radius of aperture in figure 4. The 
short-circuit current sensitivity, expressed in fiA, per lumen, was, for a given flux, 
found to be constant to within e per cent for any value of the aperture-radius ; but 
the open-circuit voltage for the same flux increased with decrease of the radius, 
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figure 5, and it was found that the value of jS depended upon the size of the aperture. 
Extrapolation to zero radius in figure 4 shows that for an extremely small radius 

I5r 


Aperture-radius r (cm.) 

Figure 4. Curve relating j 3 (equation i) and radius of aperture of iris diaphragm. 
40h 



Flux (Lumens) 


Figure 5. Curves showing open-circuit voltage against incident light-flux for the following values 
of aperture-radius (cm.): (<*) 0 575, (b) 0-825, (c) 1*075, (^) 1*325, (e) 1-45. 

(corresponding to Frenkel and Joff^’s one-dimensional treatment) the experimental 
value of p would be equal to 1*4, which is quite close to Frenkel and Joff^^s deduced 
value 1*5. This interesting result can be readily interpreted in terms of the effect 
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of space-charge limitation of current within the illuminated area of the metal film. 
The effect is, of course, absent in the one-dimensional treatment of Frenkel and 
Joffe. 

The maximum open-circuit voltage measured fpr any given flux is limited by 
the number of photoelectrons collected by the circular electrode round the periphery 
of the sputtered film. In the absence of mechanical imperfections in the film there 
will be a radial distribution of electron-flow, but the electrons travel against a 
retarding potential dependent upon their initial position in the film and due to the 
space charge of electrons arising between them and the electrode. Electrons with 
insufficient kinetic energies will therefore return through the gap to the semi- 
conductor. 



Illumination E ijt.-can.) 


Figure 6. Curves showing illumination against (I) voltage, (IT) current and 
(III) resistance for cell no. 6. 


Equation (15) for class- A cell no. 5, with the whole surface illuminated, may be 
rewritten to give the relation between the measured open-circuit voltage V' and 
the primary photocurrent that arises from, and is directly proportional to, the 
illumination E. Thus 

. ^V = 5{exp(-i5-4n}{exp(^F7^r)~i}, 
where 5 is a constant. 

But if Frenkel and Joff^’s theoretical equation for the one-dimensional case held 
for this cell, then for any value V' of the measured open-circuit voltage the true 
primary photocurrent f collected by the circular electrode in the absence of space- 
charge. limitation would be given by 

1/ = a {exp (-1.5 F')} (exp {eV'IkT) - 1}. 

It follows from these two equations that 

iV oc // exp (- 13-9^'). (16) 


B 


31*2 
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for any value V' of the measured open-circuit voltage. This relation between 
and i/ is similar in form to the corresponding relations in the theory of thermionic 
emission. The practical effect of this space-charge limitation is to make the trans- 
mission coefficient for electrpn-flow from semiconductor to metal appear to 
decrease more rapidly with V\ In other words, the contact resistance from metal 
to semiconductor decreases more rapidly with increase of V' than it would in the 
absence of a space-charge limitation of current, and the voltage shows a saturation 
effect. But as the illuminated area is reduced symmetrically about the centre of 
the cell the space-charge effect will be less important and the value of P calculated 
from the observations should fall, approaching the theoretical limit 1*5; this is in 
accordance with our observations. 

5-24. When V' is below 10 mV. the omission of powers of V' higher than the 
first (i.e. the assumption of a linear relation between V' and E) in the expansion 
of the exponential terms in equation (15) produces a calculated error of less than 
4 per cent. This is demonstrated experimentally in figure 7, where a curve relating 
voltage with illumination is given for cell no. 6 (type A) at very low illuminations, 
a I per cent neutral-tint filter being used in front of the cell. 

5*25* of type B. In contrast with cells of the A type, it is found that with 

the B type of surface it is possible by extending the time of sputtering to produce 
cells of a type represented by no. 4 which, while possessing current-sensibility of 
the same order as that of the A type, develop a voltage of only a few millivolts at 
100 foot-candles, figure 8. The curve of open-circuit voltage against illumination 
for cell no. 4 is expressed by the equation 

^= 399*4 {exp (- lo-yF')} {exp {eV'lkT)~i} (17). 

In equation (17) when V* is not greater than 10 mV., the illumination being 
169 ft. -can., the omission of powers of V' higher than the first in the expansion of 
the exponential terms produces a maximum error of no more than 10 per cent. 

It will be noted that y in general equation (4') is, for cell no. 4 of type B repre- 
sented by equation (i7)> more than 100 times the corresponding value for the 
class- A type represented by equation (15)* The long time of sputtering produces 
a reduction of the metal-film resistance with increase in the thickness of the film ; 
and if the light-transmission of the sputtered metal film in cell no. 4 were only 
approximately that of no. 5, y would be increased accordingly. In that case, 
however, the selective absorption of the thicker film in cell no. 4 would give rise 
to a large change in spectro-photoelectric sensitivity; it will be seen later that the 
spectro-photoelectrical sensitivity curve for cell no. 4 is not very markedly different 
from that for cell no. 5. The increase in y is therefore not solely due to increase in 
thickness of the metal film; from equation (14) it follows therefore that the increase 
in y corresponds to a reduction in the value of Rf for zero F'. 

The B type of contact evidently yields a transition layer of a much smaller 
gap-width S than the A type. 

5-3. Variation of short-circuit current with intensity of illumination, 

5 * 3 ^’ rneasuring the p.d. across a number of standard resistances closing the 
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cell circuit in turn, the short-circuit current, corresponding to zero external re- 
sistance, can be found by extrapolation. Equation (ii) shows that the relation 
between the short-circuit current and the intensity of illumination may be written 

U^aE-bE'^-cE^ (18), 

where a, by c are constants. 



Figure 7. Curve for low illuminations, cell no. 6. Percentage transmission of 
neutral-tint filter = 1*012. 



Figure 8. Curves showing illumination against (I) voltage and (II) current for cell no. 4 


For the A type of celU represented by no. 5, equation (18) applies over a range 
of values of E from 10 to 225 foot-candles to an accuracy of 4 per cent; when 
« = 2, 6 = I X 10 ^ and f = 2 X lo"®, 4 is given in microamperes. It is evident that 
the range of measurement is too large for the assumption of a constant transmission 
coefficient, on which the above equation was based, to be precisely true. Over a 
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smaller range of such as lo to loo ft.-can., equation (i8) can be taken as repre- 
senting accurately enough the relation between and E, 

Further, in § 5-11 the assumption was made that Ohm’s law holds for the 
resistances Rf, and Rg. The validity of this assumption is confirmed by comparing 
the curves of short-circuit current against illumination for cells nos. 5 and 6, 



Illummatton E {ft.-can.) 

Figure 9. Curves showing (I) voltage, (II) current and (III) resistance against illumination. 







(u) 
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(m) 
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Illumination E {ft.-can.) 

Figure 10. Curves showing illumination against current for various resistances in series 
with cell. (I) 1000 Q.; (II) 2772 D., calculated current; (III) 10,000* Q. 

figures 3 and 6. Cell no. 6 is of A type, and only differs from cell no. 5 in having 
a thicker film of semiconductor, so that it gives rise to a larger value of R ^ . For cell 
no. 5 when 7^^ = 2772 £2., figure 10, the current-against-illumination curve is not 
very different from the short-circuit current-against-illumination curve for cell 
no. 6, figure 6. Thus in comparison with cell no. 5, no. 6 behaves as if it contained 
internally (in Rg) an extra fixed resistance of 2772 Q, 
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For the B type of cell, represented by no. 4, figure 8, the coefficients b and c in 
equation (18) are so small that the deviation from true proportionality over the 
whole range 10 to 200 ft.-can. is negligible, i.e. 

^ocJE (18'). 

5*32. If the constructional details relating to the types of cell represented by 
nos. 4 and 5 are varied, it is possible to construct cells whose response to illu- 
mination is very complicated. These cells can be of little practical use ; figure 9, 
which gives the response curves for cell no. 7 (type B), is included to show the 
necessity for adhering to the constructional details specified in table i. 

5*4. The cell resistance. It is a common practice to term the quotient of the 
measured open-circuit voltage and the short-circuit current at a given illumination 
the “ resistance ** of the cell at that illumination. It must not be assumed, however, 
that at any given illumination the open-circuit voltage is equal to the short-circuit 
voltage across the transition layer. Let F' denote the open-circuit voltage, Vq the 
short-circuit voltage (when R^ — o), and the short-circuit current at any given 
illumination E, Then 

y={R,+R:)'L ( 19 ). 

since (/?/ + /?,)= Fq . If therefore F'/Fq is constant, F'/^V is also constant. 
Experimentally it is always found that F'/fc depends on E. From equation (19), 
therefore, the quotient F'/ Fq must depend on E, since Rf and R^ are to be considered 
as constant. 

Experimentally, it has been found that for the A type of cell, represented by 


no. 5, the equation y, 

— = 6150 exp ( — 14*0 F') (20) 

holds over a range of E from 25 to 200 ft.-can.; 

(/?/ + /?,) ^-=6150 exp (-14-0 F') 

and F„ = ^-j^-»F'exp(-i4on (21). 

For the B type, represented by cell no. 4, 

^ =58-1 exp (-9 -oF') (22) 

and Fo = ^+:^?F'exp(-9-oF') (23). 


The quotient F'/Zc has been determined as a function of F' in order to give the 
relation between F' and Fq ; F'/t*, is given in ohms and termed R in the figures. 

It is seen from equation (i8) that as E is decreased, i^ becomes more nearly 
proportional to E, When E is very small, if may with sufficient accuracy be taken 
equal to i^. The value of the quotient F'/f* then approaches Re, equation (14), the 
contact resistance at zero voltage. Therefore, from equation (20) for cell no. 5, 
/?e' = 6i50 Q. ; from equation (22) for cell no. 4, /?/*=58-i Q, 
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From equation (14) axi/i?/, and of course y is directly proportional to a, 
so thatyoci//?/. From equation (17) for cell no. 4,y = 399-4; and from equation (15) 
for cell no. 5, y = 3*412. The ratio of the ys for the two types is therefore 399-4/3-412 
or 1 1 7-1 ; on the other hand, the ratio of the reciprocal of the corresponding contact 
resistances is 6150/58*1 or 105*9. The constant y is also inversely proportional to 
the light-transmission of the metal film, and it follows therefore that the light- 
transmission of the metal film in cell no. 4 is approximately 90*5 per cent that of 
the metal film in cell no. 5. 

The quotient V'ji,, we interpret to represent the apparent variation of the 
contact resistance with V' arising from the space-charge limitation of the current 
collected on open circuit by the circular electrode round the periphery of the 
metal film. 

5 - 5 . Spectro-photoelectrical sensitivity. 

5*51. The spectro-photoelectrical sensitivity curves for unit incident energy for 
cells nos. i, 4 and 5 are given in figure ii. The spectro-photoelectrical sensitivity 
for light of any given wave-length is defined as the current at that wave-length, 
relative to the current at the wave-length of maximum sensitivity, for the same 
amount of incident energy. 

It is important to nofe how small are the differences between the three cells. 
This is at first sight surprising, since cell no. i was sputtered with gold for 23 minutes, 
no. 4 with silver for 60 minutes, and no. 5 with platinum for 4 minutes. A feasible 
explanation of the smallness of the differences is that the light-transmission of these 
metal films may be so high that they are not appreciably selective through the 
wave-length range 4000-8000 A. 

5-52. Methods of measuring the thickness of these metal films were investigated 
with the object of determining whether the tentative explanation given in 5*51 
could be supported experimentally. Unfortunately no direct measurements of 
their spectral absorption can be made. A metal film sputtered on glass would bear 
no relation, either with regard to the state of the deposit or the thickness of the 
film, to one deposited in the same time and under the same conditions on a semi- 
conductor surface. Thus it is necessary to seek an indirect method of determining 
the approximate thickness of these films. 

Any experimental method not utilizing the film as deposited on the selenium- 
sulphur surface is open to objection. The method actually adopted and described 
below gives a maximum estimate of the average thickness. Two cells, nos. 9 and 10, 
were selected. J. J. Thomson^'^^ gives a formula for the resistance of a circular 
lamina of thickness t so small that the currents are compelled to f^o^y parallel to the 
lamina, being led in and out of the lamina by circular electrodes, radii a and A, 
placed on its circumference. This formula is 


R = 



•(24), 


where r, assumed large compared with a or is the distance apart of the electrodes, 
and or the specific resistance of the lamina. 
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It was soon found that the surface conductivity of the selenium-sulphur could 
be neglected. Accordingly, the optically flat end-faces of two circular steel rods 
were pressed on to the circumference at the ends of a diameter of the circular metal 



Figure ii. 'Spectro-photoelectrical sensitivity curves for unit incident energy : 
gold, silver and platinum films. 


film. The current flowing when a voltage of 176*5 mV. was applied across the 
electrodes was measured. The resistances obtained were 400 LI. for cell no. 9 and 
290 Q. for cell no. 10. 

I 

Now ''■99> so that equation (24) becomes 



(25)- 
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For cell no. 9, / = 4*975 x io-^xct^; for cell no. 10, / = 6*86x lO'^xcr^, where 
and Og are the specific resistances in very thin films of platinum and gold respectively. 

An examination of published figures^^^ for the specific resistances of thin metal 
films of gold and platinum was made, and those adopted for or„ and Ug are the 
highest possible values, yiz. ct„=50x io“®, ap=i^ox lO”®. 

With these assumed values, the maximum average thicknesses of the metal films 
in cells nos. 9 and 10 are /=7 x io“’ cm. for cell no. 9, and ^=3 x lO"’ cm. for 
cell no. 10. 

1-0 

0-9 

0-8 

^ 0-7 

^ 0.6 
2 

I 0.3 

O 

I 

cS 0.3 
0*2 
0*1 
0 

4000 5000 6000 7000 8000 9000 10000 

Wave-length (A.) 

Figure 12. Spectro-photoelectrical sensitivity cur\es for unit incident energy: (a) for the primary 
photocurrent in sulphur; (h) in selenium; (c) for the contact photocurrent in rectifier cell. 

Cell no. I was sputtered with gold for 23 minutes and no. 10 for 30 minutes; 
cell no. 5 was sputtered with platinum for 4 minutes and cell no. 9 for 15 minutes. 
The probable average thicknesses of the metal films in cells nos. i and 5 may 
therefore be assumed to be approximately between i x io“’ cm. and 2 x io~’ cm. 
Films of thickness io“'^ cm. deposited on glass show a variation of only a few 
per cent in spectral transmission throughout the range 4200-8000 A., and the mean 
transmission is of the order of 90 per cent according to the International Critical 
Tables. The thickness of the film in cell no. 4, sputtered with silver for 60 minutes, 
is greater (see § 5-4) than that of the films in cells no. 5 and no. i ; but it must still 
be less than io~®cm. for the explanation given in 5-51 for the smallness of the 
differences between the spectro-photoelectrical sensitivity curves in figure 1 1 to hold. 

5-53. In figure 12, the spectro-photoelectrical sensitivity for the internal primary 
photocurrents in selenium and in sulphur (obtained from Gudden’s curves and 
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Imeyer’s curves respectively) is. plotted in addition to the spectro-photo- 
fcal sensitivity for cell no. 5. It is seen from the curves that the threshold 
Siergy for the contact photocurrent appears to be greater than for the internal 
primary photocurrent. Frenkel observed this to be true of the cuprous-oxide 
rectifier photoelectric cell also, but inferred from his theory that the contact effect 
actually began at the same frequency as the internal effect, and only became 
appreciable at a certain higher frequency which decreased as the width of the 
contact gap increased. The small but marked displacement towards the longer 
wave-lengths of the curve for cell no. 4 in figure 1 1 as compared with that for cell 
no. 5 cannot therefore be due, if Frenkel’s theory is correct, to the known differences 
in the widths of the contact gaps; it can, however, be reasonably ascribed to 
absorption by the silver film. 

5*54. In the selenium photoconducting cell the number of electrons which must 
be set free in order to account for the increased conductance of selenium under a 
given illumination far exceeds the number which could be set free by photoelectric 
action of the absorbed light according to the quantum equivalence principle. The 
theories of the light-sensitivity of the selenium photoconducting cell remained 
obscure and doubtful, until Gudden and Pohl^^^ succeeded in accounting for the 
observed changes in conductance by observations of the second^iy effects following 
primary ionization; they proved that secondary photocurrents arise which are 
essentially electrolytic in nature. 

In the rectifier cells dealt with in this paper the current produced can be 
associated directly with the primary photoelectrons, as in the case of the photo- 
emissive photoelectric cell.^®^ Qualitatively all that is necessary is to show that the 
maximum measured current for any given incident flux is appreciably smaller than 
the maximum theoretical photoelectric yield. Accordingly if each point on the 
spectral-energy distribution curve of the tungsten-filament source is weighted 
according to the spectro-photoelectrical sensitivity of c^ll no. 5, integration of the 
resultant curve will give the total effective energy- emission of the lamp. Thus from 
the known area of the cell the effective incident energy can be calculated for an 
illumination of 200 ft. -can. If this energy were concentrated in a narrow band 
of wave-lengths in the region of maximum sensitivity (§yoo*A.) and completely 
converted, the electrical yield according to the quantum equivalence principle 
would be of the order of 6500 x io~* A. For cell no. 5, the current obtained at 
200 ft. -can. is only 343 x io~® A. It is therefore reasonable to conclude that the 
observed photocurrent is directly associated with the primary photocurrent arising 
from the optical release of bound electrons. The assumption has already been stated 
in the discussion of theories in § 2. 

If the current density in Kg is very high, one must expect the cell to show all 
the known characteristics of selenium resistances, namely drifting, inertia and 
remaneiice effects, and such have been observed with high values of the incident 
illumination. For accurate work, therefore, it is important to restrict the use of the 
cells here described to illuminations giving a short-circuit current not exceeding 
100 /xA. 
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§6. SEALING OF CELLS 

Absorption of moisture is found to lead to disintegration of the sputtere 
and to complicated behaviour of the selenium resistance R^. Work is in progress 
on the use of moisture-proof colourless lacquers. The results given in this paper 
were obtained as soon as possible after construction of the cells, which were kept 
in a desiccator over phosphorus pentoxide. 
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DISCUSSION 

Dr Walsh. The type of cell which the author has studied is of great and con- 
tinually increasing importance to those who are interested in the measurement of 
illumination and in photometry generally. It is therefore of great value to have a 
description of the way in which these cells can be made, so that the mystery which 
has hitherto surrounded their construction no longer daunts anyone wishing to 
adapt them to a particular problem or type of measurement. 
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r\For illumination photometry the two matters of outstanding importance are 
Rhe spectral sensitivity curve, and (ii) the extent to which the sensitivity of the 
cell varies with the obliquity of the incident light. The ideal would be a cell which 
was unaffected by obliquity and for which the sensitivity curve was exactly the same 
as that for the eye. It is greatly to be hoped that the author will continue his re- 
searches and so bring this ideal nearer to realization than it is at present. 

Dr M. Benjamin. There are one or two points in the paper on which I am not 
quite clear. How exactly is the current carried through the selenium-sulphur film ? 
Is it electronic or electrolytic in nature? The theoretical treatment in the paper 
makes use of Wilson’s theory of semi-electronic conductors. This theory depends 
on the presence of an impurity in the pure substance, the impurity atoms supplying 
electrons to the empty energy-band of the pure substance, these electrons then 
becoming conduction electrons. If the theory is applicable to these rectifying cells, 
it would appear that the current should mainly be conducted electronically. 

The author states that spectroscopic evidence indicates that the amount of any 
impurity is probably insufficient to allow Wilson’s theory to apply. Actually the 
theory will apply even when the impurity-concentration is only of the order of one 
part in one million. Does the author believe that the conductivity is at all dependent 
on the presence of a suitable impurity, and if so, has he any views as to its nature? 
With regard to the marked dependence of the conductivity on the annealing tem- 
perature of the sulphur-selenium film, may it not be that the exact nature of the 
sulphur-selenium lattice is dependent on the annealing temperature? Alterations 
in the lattice will result in alterations in the energy levels, and therefore in the 
conductivity. 

The X-ray examinations showed that mixed crystals of selenium and sulphur 
were formed. Did the chemical composition agree exactly with the amount of 
sulphur added, or is the composition dependent on the annealing temperature? 
If the solid solution does vary in composition, this may explain the variations in 
conductivity. 

Author’s reply : I should like to thank Dr Walsh for his comments on my work. 
Dr Benjamin’s first question concerning the nature of the electrical conduction in 
the selenium-sulphur film is answered in paragraph 5*54. Owing to the extreme 
difficulty of determining both the nature and the amount of the impurities present 
in the elements used for these cells, any discussion as to how the conduction 
electrons are derived can have little scientific value. Undoubtedly; the formation 
of the selenium-sulphur lattice is greatly influenced by the annealing temperature. 
This has been studied in the case of selenium alone, and the results are considered 
in my book The Selenium Cell, The formation of the eutectic mixture of the 
selenium and sulphur depends, of course, upon the annealing temperature. 
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THE DEVELOPMENT OF THE PHOTO- 
GRAPHIC LENS 

By W. TAYLOR and H. W. LEE, Research Department, 
Taylor, Taylor and Hobson, Ltd., Leicester 

Address delivered on January i8, 1935. 


§1. INTRODUCTION 

T his address has been prepared with two main objects. The first is to give 
British physicists a better conceit of their national heritage, based on the 
knowledge that the principal fundamental inventions concerned in the de- 
velopment of photographic lenses have been British inventions. The second is to 
show that, with one exception, the development of photographic lens design has 
consisted at each successive step of only a small advance on traditional design. 

This process of development, which is usual with inventions in general, is well 
illustrated by the case of the shot gun in its descent from the bow and cross-bow. 
When gun-powder was invented the cross-bow was in use, and the barrel of the 
shot gun was fastened to the old stock of the cross-bow ; but because it was not seen 
how to use the trigger, this remained for a time out of use, like the buttons on the 
back of our tail coats. A touch-hole was put in the side of the barrel so that the 
charge could be exploded by a match applied to the mouth of the hole. Then, the 
better to ensure ignition, the mouth was enlarged into a pan which had to be separately 
primed, and presently a hinged cover was fitted to keep the priming dry. Gradually 
the trigger came into use again ; a spring-urged cock was fitted to carry a flint, and 
the trigger held this ready for action. When the trigger was released, the flint came 
down, lifted the cover from the pan, and struck a spark which ignited the priming. 

In the course of time the percussion cap was invented, the flint was discarded and 
the cock became a hammer to strike the separate percussion cap. Then the charge 
of gunpowder was put in a packet for better convenience and to save time in loading 
the gun, but the packet had to be broken to expose the powder. This was the begin- 
ning of the cartridge. Presently it was seen that it would be better to attach the 
percussion cap to the cartridge, and in order to reach the cap each cartridge was 
provided with a pin projecting from its side ready to be struck by the hammer in 
the gun; but the gun had to be altered to receive this cartridge and became a 
breech loader. The cartridges were dangerous things to carry, and had to be placed 
in the gun in a particular way with the pin toward the hammer, and in time the pin 
was put in the axis of the cartridge. Afterwards it was seen that it was superfluous 
and dangerous to provide each cartridge with a pin, so the pin was housed once for 
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all in the gun and the percussion cap set flush in the head of the cartridge as we now 
know it ; but for a long time the hammer of the gun operated transversely to the 
axis of the gun, and finally it was changed to operate along the axis in line with the 
pin. 

The development of the photographic lens has followed a similar course and 
with few exceptions has clung closely to tradition. 

§2. FORM OF SURFACE 

The ordinary photographic lens has hitherto employed spherical surfaces, 
mainly for the reason that no other form of surface has been commercially attainable 
with the requisite accuracy. The order of accuracy commonly desirable and com- 
monly attained is within one or two wave-lengths of light, measured as departure 
from sphericity by means of an accurate counterpart of the surface placed in contact 
with it so as to exhibit any disconformity by means of Newton’s rings. Lens- 
surfaces of such accuracy are, and probably must always be, produced by grinding 
and polishing with abrasive charged laps ; and the only form of tool which can be 
moved upon the work in various directions to abrade it while maintaining continuous 
surface contact with it so as to govern its shape is the spherical* form. 

No appliances based upon mere line or point contact have hitherto been made, 
nor probably ever will be made, sufficiently rigid to operate commercially with this 
accuracy. 


§3. HISTORICAL 

The first step. The use of simple lenses with spherical surfaces for forming 
images of objects goes back to antiquity. It was Chester Moore-Hall an English 
amateur who in 1733 discovered, and Dollond an English optician who in 1757 
independently re-discovered and “reduced to practice’’, the fact that by suitably 
combining a double-convex collective lens of crown glass with a nearly plano- 
concave dispersive lens of flint glass, it was possible to correct the chromatic error of 
single lenses which causes different colours of the spectrum to focus at different 
distances. They also discovered that, by the same means, it was possible to correct 
the so-called spherical aberration of the single lens which causes rays of fight from 
one object point, incident at various zones of the lens surface, to focus at a corre- 
sponding variety of distances instead of at one common distance. The angular 
extent of the image well defined by Dollond’s objective was only about one or two 
degrees, but this invention furnished the common form of telescope objective used 
for over a century, and still used ; and this became the nucleus from which more and 
more perfect lens systems for photography were evolved. 

The second step in this evolution was made in 1830 by Lister, the father of Lord 
Lister, who constructed microscope objectives by combining two of Dollond’s 
telescope doublets (the two flints facing the object which he wished to magnify) to 
obtain increased aperture and illumination, and he so spaced them apart that they 
corrected each other’s coma. 
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The third step was collateral with Dollond’s invention. In 1802 Wollaston, an 
English physician and amateur optician, discovered how to correct astigmatism 
and produce lenses giving reasonably well-defined images of greater angular extent. 
He applied his invention first to the correction of the astigmatism of spectacle 
lenses, and in 1912 to the camera obscura and camera lucida. He perceived that in 
order to be free from astigmatism the lens must focus at the same distance lines 
radial in the field and lines at right angles thereto ; and this he secured, as shown in 
figure I , by giving the lens a meniscus form and placing a stop at a suitable distance 
from its concave side. The significance of the distance was that it determined the 
particular zone of the meniscus through which light passed at any given angle to the 
lens axis. Probably Wollaston arrived at his discovery experimentally, but it 
readily follows from consideration of the first-order aberrations. 

E, /, d If L is the coefficient of spherical aberration, / that of coma, and d the distance 

of the stop from the lens, the condition for removal of astigmatism in a simple lens 
with a stop is 

E.dr Vzld^-\=o (i). 

For a collective lens, E is positive and d^ necessarily so ; so that Id must be negative, 
i.e. the coma will be of different sign according to whether the stop is placed in 
front of or behind the lens. In the case of spectacles the stop or diaphragm is the 
centre of rotation of the eye, and is consequently on that side of the lens remote 
from the object. A century elapsed before the advantages of Wollaston’s meniscus 
spectacle lenses were generally appreciated, but the form is now in common use. 

In the camera obscura Wollaston placed the lens between the stop and the focal 
plane or, as we should say, placed the lens behind the stop, so that d is positive in 
equation (i) ; consequently I must be negative. It can easily be shown that equation 
(i) always yields two real solutions if the lens is a meniscus with its concave surface 
facing the stop. Of course, in practice the smaller value of the stop-distance d is used. 

If the lens is placed in front of the diaphragm, d is negative and I must be 
positive. It can be shown, by putting in the value of the aberrations in terms of the 
lens form, that there will be real roots only if the ratio of the power of the first 
surface to that of the lens is greater than the square of the refractive index. This 
relation seems to have been overlooked for a century, and from it a construction of 
meniscus lens has recently been patented 

The locus of all image points in the field of Wollaston’s lens (which he called 
periscopic) was not a plane but a surface concave to the lens — in current terms, his 
lens had an uncorrected field ; also it was not corrected for spherical or chromatic 
aberration or distortion. At small apertures, however, the definition was sufficiently 
good for early photographic cameras and this simple meniscus of Wollaston is still 
made by the million for cheap cameras. 

Of the fourth stepy the correction of distortion, the authorship is disputed, but 
h it is based on Wollaston’s invention and dates from about i860. Distortion h can 
be expressed in terms of the other aberrations by an equation which, for a simple 
lens, has the form : 

h-(2 + ^ln) d-^-'^I ,d^-{-E.d^ (2) 
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and this cannot be zero unless d==o. It follows from the equation that if two lenses 
are equally spaced on opposite sides of a stop, and have equal powers F and equal 
amounts of coma but of opposite signs, the distortion will be small if the coef- 
ficient of spherical aberration, is not large, since E is multiplied by the cube of a 
small quantity d. These conditions are nearly satisfied by employing two equal 
menisci on opposite sides of a diaphragm. Such a system is also approximately 
free from coma. It is still used in photography, generally under the name of “the 
periscopic system **. The aberrations still uncorrected are spherical and chromatic 
aberrations and field curvature, and these limit the aperture to about //ii. 

The next problem to arise was that of increasing the aperture of the lens in 
order to make portrait photography commercially feasible. This, the fifth stepy was 
first taken by Joseph Petzval, a Hungarian mathematician, in about 1840. His lens 
in shown in figure 3. Starting with the objective of Dollond, corrected for spherical 



and chromatic aberrations, he placed a stop behind to correct its astigmatism as 
Wollaston had done. He chose a form with rather a small value of coma, but this 
entails a large stop-distance, as equation (i) shows. Behind the stop he placed 
another pair of lenses and at such a distance that their astigmatism was corrected 
by the stop. These pairs of lenses were separately corrected for spherical and 
chromatic aberrations and the rear pair had coma equal but of opposite sign to that 
of the front pair (whence the difference in form), so that the comas cancelled out. 
His complete system was thus corrected for spherical and chromatic aberrations, 
coma and astigmatism, and he realized an aperture of /y 3 (i.e. the diameter was one- 
third of the focal length). 

PetzvaPs lens had the disadvantage that curvature of field ^as uncorrected and 
further that, owing to the great distance of its members from the stop and from one 
another, its field was very small (with a total angle of about 15''). Nevertheless, in 
the hands of the j)ortrait photographer (a great conservative) this lens largely 
survives. 

In the ’sixties Dallmeyer in England and Steinheil in Germany, concurrently, 
took the sixth step by introducing the rapid rectilinear lens which gave the photo- 
grapher a lens with a moderately extended field. The rapid rectilinear (or rapid 
symmetrical or rapid aplanat, as it was variously called) is shown in figure 3. It also 
started from the inventions of Dollond and Wollaston, and employed two cemented 
achromatic doublet objectives, e^ch with a large amount of coma and consequently 
requiring only a small stop-distance to correct the astigmatism, equation (i). The 
two faced one another so that one was the mirror of the other with respect to the 

PHYS. SOC. XLVll, 3 


3a 



5 o 6 W. Taylor and H. W. Lee 

stop, and thereby coma and distortion were corrected, see equation (a) — whence the 
name “rectilinear The large amount of coma was obtained through suitable choice 
of glass. If cemented achromatic doublets free from spherical aberrations are 
calculated for a number of different pairs of glass (crown and flint), it will be found 
that those made from pairs having small differences in refractive index and in dis* 
persion have larger amounts of coma than those made from pairs having greater 
difference in these optical properties.* 

I'he inventors of the rectilinear lens employed light flint glass for the crown lens, 
together with the usual dense flint. The smallness of the difference in refraction and 
dispersion between these two glasses produced a doublet having a large amount of 
coma, and of meniscus shape with very deep curves. The small stop-distance deter- 
mined by the coma made the system short, and the lens had the comparatively large 
field of 40° to 50°, but the depth of the curves limited the aperture to //8, and it 
could not have freedom from astigmatism and a flat field at the same time. 

In 1827 G. B. Airy, Astronomer-Royal, indicated the requirements of the next, 
the seventh step, the flattening of the field. He pointed out that the locus of the focus 
of points off the axis was different when the rays are in the plane containing the 
object point and lens-axis (primary plane) from the locus when the rays are in a 
plane perpendicular thereto (secondary plane). The two loci he found for a single 
lens (considering up to the second power of the angle of field) to be circles both 
concave to the lens and having the respective radii of curvature w//(3n-f i) and 
n//(« + 1), where / is the focal length and n the refractive index. If astigmatism is 
corrected the two loci coincide with a radius of field curvature of n/. Airy’s work was 
unknown on the continent and thirteen years after his publication (in 1840) the 
condition for flatness of field was independently discovered by J. Petzval. 

Instead of considering the radii of curvature as Airy did, it is usual to consider 
the curvature of the field, viz. ijnf for Fjn, where F is the power of the lens. Then 
for a system of thin lenses the total curvature of the field is the sum of the values 
Fi , F2 Fjn. In particular for a pair of glasses, as in an achromatic doublet, if Fi and F^ are 

Vi , V2 the respective powers and the glass materials are defined as and Vi and and 

respectively, the condition for flat field is : 

and the condition for achromatism is : 

IWi-FJV2=o, 

Hz Fis defined as («- i)/(«i~ Wg), where % and are the refractive indices for the two 

n rays to be achromatized, and n their mean value. 

If these two equations are to be consistent, a large refractive index must be 
^ associated with a large value of F or a small dispersion, and glass of low index 

should have large dispersion, whereas in the crown and flint glasses alone available 
in the time of Airy and Petzval high index was associated with high dispersion. 

In 1888, Abbe and Schott produced glasses with the necessary properties, and 

* This has been discussed for example in Constructional Data of Small Telescope Directives, by 
t T. Smith and R. W. Cheshire. 
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soon afterwards Schroeder (of Ross) patented the first anastigmat, that is, a lens 
having a substantially fiat field substantially free from astigmatism. The lens, which 
is shown in figure 4, consisted of two achromatic doublets each using the new 
barium crown glass of high refractive index for the outer glasses, and the new light 
flint glass of low refractive index for the inner glasses to correct the field ; astigma- 
tism and coma were corrected as in Wollaston’s invention by suitably spacing the 
stop in relation to the lens members. Correction of spherical aberration was im- 
possible with this form of lens, as it would require the refractive index of the flint 
to be higher than that of the crown. The aperture was accordingly limited to //16. 

Thus it seemed that the new glasses had removed one aberration, field-curvature, 
at the expense of another, spherical aberration. Rudolph (of Zeiss) then conceived 
the idea, shown in figure 5, of combining an achromatic doublet in front made of 
old glasses, which would correct the spherical aberration, with one in the rear made 
of the new glasses, to flatten the field. This in 1890^^^ was the first anastigmat cor- 
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Figure 4. Ross (Schroeder) con- 
centric, British patent specifica- 
tion no. 5194/88. 
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F i^re 5 . Zeiss ( Rudolph) protar, 
British patent specification 
no. 6028/90. 



Figure 6. Zeiss (Rudolph) double 
protar, British patent specification 
no. 19.509/94- 



Figure 7. Goerz (v. Hoegh) dagor, British Figure 8. Zeiss (Rudolph), British 

patent specification no. 23.378/92. patent specification no. 4692/93. 

rected for spherical aberration. The old achromat was in front and the new achromat 
behind the diaphragm. The aperture was //7*5, and slightly better than that of the 
rectilinear lens. Four years later he combined his old and new achromats in one, 
making a quadruplet which he duplicated. This is shown in figure 6. 

The order of refractive indices in each member was : low-index flint, high-index 
crown (forming the new achromat), low-index crown, high-index flint (forming the 
old achromat). Two of these quadruplets were used, one before and one after the 
diaphragm, to correct coma and distortion. The new achromats were the inside 
pairs and the old the outside pairs of the complete system of eight glasses. 

Von Hoegh (of Goerz) in 1892^^^ accomplished the same resqlt with only six 
elements, figure 7. He placed the pairs of new glasses outside instead of inside the 
pairs of old glasses so that the order of refractive indices was such that in each 
half of the system he could give two interior elements the same index, and these 
became one single double-concave dispersive element, which was set between two 
collective elements. Zeiss afterwards adopted the same simplification with a similar 
sequence of refractive index, figure 8. His components consisted each of a double- 
convex element between a doqble-concave element next the stop, and a meniscus 
dispersive element outside. But this form was abandoned by Zeiss in favour of the 
earlier eight-element type. 
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§4. THE BREAK FROM TRADITION 
We have seen that up to this time the practical development of the photographic 
lens had proceeded step-by-step along lines which had become traditional and which 
tended to more and more elaborate constructions. In the earlier stages Englishmen 
had taken a predominant part, not only in invention but in the mathematical treat- 
ment of the subject. Airy’s work was extended in 1829 and 1830 by the Cambridge 
mathematician Coddington, whose work was in turn the basis of Dennis Taylor’s 
and was developed by him in his Applied Optics published in 1906; but latterly the 
Germans had taken the lead, and this was due partly to the theoretical work of 
Von Seidel who had, in 1856, reduced the mathematical expressions for optical 
aberrations to forms more convenient for the use of lens-computers than any 
previously published in the German language, and partly to the stimulus given by 
the glass production of Abbe and Schott. 

In 1893 another Englishman, with the penetrating vision of genius and the true 
spirit of inventiveness, stepped aside from tradition and solved this complex 
problem by using only three lens elements. This was H. Dennis Taylor who was 



Figure 9. Taylor-Hobson (H. D. Taylor) Cooke lens Figure lo. Dallmeyer (Aldis) stigmatic, British 
(final form), British patent specification no. 15,107/95. patent speciheation no. 16,640/95. 

honoured for his work by receiving the Duddell Medal of this Society last year. 
He satisfied the Airy-Petzval condition in a new way ; see figure 9. He began by con- 
sidering a collective and a dispersive lens of equal or approximately equal power, 
and spaced apart so that they had a combined collective power to form a real image. 
If two lenses of powers and are separated, and the weaker (if they are not 
equal) is dispersive, then the system is collective and the greater the separation the 
greater the power ; but the Airy-Petzval sum, indicating the degree of curvature of 
the field, remains the same whatever the separation. Consequently, by employing 
a negative and a positive lens separated from one another, it is possible to correct 
the curvature of field with almost unlimited choice of refractive indices. 

In order to correct distortion he divided the postulated collective component 
into two, placing one part on one side of the dispersive component arid the other on 
the other side. Hitherto it had been considered necessary to achromatize each 
separate component of a lens system in order to achromatize for points off the axis. 
Dennis Taylor, although in his first design he followed this tradition^ subsequently 
discovered that he could achromatize the system as a whole without achromatizing 
the individual components. He corrected spherical aberration and coma by suitable 
choice of curves, and astigmatism by making the separation from the stop of the 
collective components greater than that of the dispersive component, i.e. he placed 
the collective elements outside the dispersive element, and the stop near to the last. 

No fundamentally new principle of photographic lens design has been originated 
since Dennis Taylor invented this lens forty years ago. 
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H. L. Aldis (then with Dallmeyer), in his “ stigmatic lens, figure changed 
the order of Dennis Taylor’s elements by placing the dispersive outside the collec- 
tive components. This necessitated, in all components, a meniscus form for the 
correction of spherical aberration and the compounding of some or all of them for 
chromatic correction. 


§5. INFLUENCE OF THE CINEMA 

During the latter half of this period the predominant influence in the develop- 
ment of photographic lenses has been that of the cinema and film production ; and 
this has demanded lenses substantially fyee from all aberrations and of increasingly 
large apertures. 

At first when lenses with apertures so large as //2 were offered to the photo- 
graphers in Hollywood they were rejected because experience had taught that 
apertures must be limited in order to get sufficient depth of focus ; but this objection 
has been removed by the realization that for a given size of final image the shorter 
the focal length of the lens used for the original photograph the greater is its effec- 
tive depth of field, and owing to the small area of the cine film picture (the “frame ”) 
relatively short-focus lenses with larger apertures have come into use. Thus the 
glare and heat of excessive illumination are reduced, greatly to the comfort of the 
actors. 

The recent development of fine^grain photographic emulsion for cinema film 
has stimulated a general demand for smaller cameras and lenses of proportionately 
short focal length, greater consequent depth of field, greater rapidity, and generally 
more critical definition. 

In these and other developments, since the date of Dennis Taylor’s invention, 
three principal types or families of lens have been the subjects of work by various 
opticians. First the continental type of lens based on the designs of Rudolph (of 
Zeiss), figure 6, and Von Hoegh (of Goerz), figure 7, which are capable of yielding 
relatively large field but with restricted aperture. Second, the Petzval type, figure 2, 
characterized by extreme aperture but small field; and third, lenses based on the 
principles of Dennis Taylor’s invention and characterized as being capable of 
yielding both extreme aperture and moderately large field. 

§6. THE CONTINENTAL TYPE OF LENS 

Lenses of the continental type had one advantage in the eyes of photographers, 
namely their convertibility. Since they were made of two similar components of 
different focal length, separately achromatized, either component could be used by 
itself as a partially corrected lens and with these the photographer had two, or 
sometimes three, different lenses at his disposal. Continental design was directed 
either to improving the performance of the separate half-lenses or to increasing the 
aperture, both aims generally leading to greater complexity of design. Messrs 
Watson increased the aperture^of the Zeiss six-lens //6*8 convertible lens to //4*8, 
while Messrs Ross (Mr Hasselkus) increased the aperture //6*8 of the Zeiss eight- 
lens formula to //5*5 in their “combinable” lens^^^; while Taylor, Taylor and 



5^0 W, Taylor and H. W, Lee 

Hobson (Mr Lee)^®^ further extended the aperture to //4*5. Ross (Hasselkus and 
Richmond) increased the aperture, //6*8, of the Goerz lens to //4 by separating one 
element in each component,’ figure 1 1 This lens, on account of its large field 
(70°) and aperture, has proved valuable for photographic aerial survey work. Other 
modifications were made by Steinheil and Voigtlander, figure 12. 

The greater complexity resulting from efforts directed to increasing the con- 
vertibility of this type of lens is shown in lenses made by Goerz, figure 
Turner and Reich and Taylor-Hobson (H. W. Lee), figure 14^**^ 



Fig^e II. Ross (Hasselkus and 
Ri^mond) wide angle, //4, 
British patent specification no. 

295,519- 





Figure 12. R. Steinheil oitho- 

stigmat, British patent speci- Figure 13. Goerz (v. Hoegh), Figure 14. Taylor-Hobson 
hcation no. 1 2,949/95* B* British patent specihca- (H. W. Lee) convertible, 

von VoigtlMnder collinear, tion no. 13,904/97. British patent specifica- 

British patent specification tion no. 376,044. 

no. 18,723/96. 


§7. THE PETZVAL TYPE OF LENS 

To supply the demand for more rapid lenses the Petzval type of lens has been 
developed, and Mr Warmisham (of Taylor, Taylor and Hobson) has invented many 
modifications and improvements of this lens, taking the aperture to// 1*5. The form 
illustrated in figure 15 has proved particularly suitable for use in the photographic 
recording of sound, on account of its field correction. Figure 16 shows a modified 
Petzval lens by Kodak. Zeiss, by adding another element, figure 17, have recently 
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Figure 15. Taylor-Hobson (A. Warmisham), British patent specification no. 34^.889. *^* 1 j.S.*patent^Scification^o!"^^^ 

extended the aperture to to make possible the cinematography of X-ray 

skiagrams, work specially associated with the names of Drs Russell Reynolds in 
England and Robert Janker of Bonn. These high-speed lenses retain the character- 
istic qualities of the original Petzval lens, namely narrow angle of field and field 
curvature, faults which become aggravated as the aperture is increased. 
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§8. DESCENDANTS OF THE H. D. TAYLOR TYPE OF LENS 

With the continental type of lens restricted in its aperture, and the Petzval type 
in its field, the invention of Dennis Taylor has become more and more dominant 
and the subject of development by various opticians. 

Dennis Taylor’s lens of three simple elements can, by the use of glasses made 
available since the date of his invention, be made capable of performance over a field 
of 40° at an aperture of //3 or, in the case of short-focus lenses, an aperture of //2*5. 

He had shown that while only two lenses, collective and dispersive, were neces- 
sary for field-flattening, it was necessary to divide the collective lens into two for 
the sake of other aberrations. He also suggested that the dispersive lens could be 
divided into two, and these elements could be placed one on each side of the stop 
and between the two collective lenses as showfi in figure 28. These two forms of 
Dennis Taylor’s invention, which may be called the “triplet” and the “quadru- 
plet”, have been the parents of later developments which have generally consisted 
in (a) replacing one or more of the simple elements by more or less complicated 
cemented components ; (b) replacing one or more single elements by a pair or pairs 
of elements of like kind (for example as the quadruplet arose from the triplet), and 
(r) combinations of (a) and (b). 

Many of these modifications have resulted in improved performance of the 
type, and some of them have resulted in avoiding patent claims ! Before illustrating 
examples of these elaborations of the original Dennis Taylor lens, we' illustrate, in 
figure 1 8, a modification due to H. L. Aldis in the cementing together of the front 
pair of elements. We have selected for illustration a number of characteristic 
developments of the Dennis Taylor triplet. 

In the class (a) may be mentioned the Zeiss tessar (Rudolph and Wander- 
sleb), figure 19, in which the back component is double though not achromatized, 
and the Voigtlander heliar, figure 20, in which both, front and back are made 
double. L. B. Booth also compounded the front and back to produce the Dall- 
meyer //2*9 lens, figure 21. 

Recent developments, figure 22, of the triplet are due to Berek (of Leitz)^*^^ who, 
by making all the components complex, realized an aperture of fjz ; and, fi^re 
apertures //2*8 to //2, to Zeiss. 

In the second class (6) comes the Taylor-Hobson flz-$ lens, figure 24, with 
double-back component, and the Ernemann (now Zeiss-ikon) series of lenses having 
apertures up to //2, figure 25, in which the front lens was first divided into two separate 
simple elements but is now compounded, though not achromatized, and falls into 
class (c), figure 26. Figure 27 shows an example of divided dispersive component, 
the Meyer plasmat //i-5. The most useful form of this class (6) is that in which both 
dispersives are double-concave, in accordance with the original suggestion of 
Dennis Taylor. This quadruplet was developed by Goerz in their celor and dogmar 
lenses, and further, figure 28,^ by Warmisham (Taylor, Taylor and Hobson) for 
photography from aircraft during the war^*^\ for which purpose he improved its 
corrections for oblique spherical aberration and coma and for zonal astigmatism, so 
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Figure 17. Zeiss F/C)8s, U,S. patent specification no. 1,967,836. 


Figure iS. H. L.. Aldis, Kritish 
patent specification no. 5170/01. 



Figure 19. Zeiss (Rudolph and Wan- 
dersleb) tessar, British patent 
specification no. 13,061/02. 



Figure 20. Voigtlander (Harting) 
fnlia, British patent specification 
no. 13,441/02. 





Fi^re 24. Taylor-Hobson (H. W. Lee), 
British patent specification no. 224,425. 
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that a very small aberration patch for points off the axis resulted. This type of lens 
has been developed by Dr Ross in the United States of America and by H. W. Lee, 
in another direction, for the photography of stars for measuring their positions. In 
a lens made for the Cape Observatory of 35 inches focal length and including an 
angle of 40°, the mounting is interesting because it provides for free circulation of 
air so as to reduce the effects of differences of temperature on the system. The 
requirements of such lenses are that the star-images should be perfect circles, that is 
to say that the images of all points in the field must be quite free from coma and 



Figureas. Ememann, British patcntspccification no. 237,212. Figure 26. Ememann, British patent specification 

no. 237.S19. 



Figure 27. Meyer (Rudolph) plasmat, British Figure 29. Busch omnar (K. Martin), British 

patent specification no. 401,630. patent specification no. 19,504/01. 


astigmatism, for the position of a star-image can be accurately measured only if 
the image is circular. 

The quadruplet can be put into another form by making all the separate com- 
ponents simple meniscus elements. This was done in 1900 by H. Meyer^*^^ and in 
1901 by K. Martin (of Emil Busch)^*^^ with an aperture //6-8, figure 29. Lenses of 
this general form have since been extensively made by other manufacturers. When 
modified, it is particularly adapted to provide wide-angle lenses limited to small 
apertures. 

Rudolph (of Zeiss) employing thicker dispersive components, figure 30, was 
able while satisfying the Airjf-Petzval condition, to use shallower curves, and thereby 
the aperture was increased to //3*5. This was the planar which comes into 
class (c). In 1920 H. W. Lee^*’^ increased the aperture to //2, figure 31. Recently 
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Zeiss have increased the aperture to //i*4, and Taylor, Taylor and Hobson 
(H.' W. Lee) to //i*5, while more recent constnictions of Taylor, Taylor and 
Hobson, shown now for the first time, are due respectively to A. Warmisham, 
figure 32 (aperture //i*3)^”^ and H. W. Lee^®^\ figure 33 (aperture //i). 



Fig\ire 30. Zeiss (Rudolph) planur, British 
patent specification no. 271635/96. 




Figure 32. Taylor-Hobson (A. Warmisham), British patent 
specification no. 408,787. 



Figure 33. Taylor-Hobson (H. W. Lee), British patent specification no. 419,552. 


§9. LENS OF VARIABLE FOCUS 

Another problem arising from the demands of the cinema is the provision of a 
lens of continuously variable focal length. The cinematographer likes to vary the 
scale of his picture. This can be done discontinuously by applying to the camera a 
turret of lenses of different focal lengths, or continuously by placing the camera on 
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wheels and moving it about. But the advent of the sound film has rendered move- 
ment of the camera during action objectionable. The best solution of the problem 
is the provision of lenses of continuously variable focal length. In addition to 
others, references to which are lacking, Warmisham^*"^^ has designed the lens 
illustrated in figure 34. The difficulties of design are both optical and mechanical. 
The optical system comprises three relatively movable parts of which the outside 
two, A and J 5 , are dispersive and compound, and the inside part C is a large-aperture 
photographic lens. The lens system is drawn in continuous lines to indicate the 
position corresponding to its long focal length, and the members A and B are drawn 
also in dotted lines to show the positions which give the short focal length. When the 
lens is giving a short focal length there is a large angular field to be corrected, while 
in the long-focus position the aperture will be small unless the diameters of the 
lenses are made large, and such diameters would be enormous for the short-focus 
wide-angle position. Some compromise of aperture with long focus is therefore 
unavoidable. Mr Warmisham’s lens has an aperture of //3*5 at a focal length of 
40 mm. and //8 at a focal length of 120 mm. ; a 3 : i ratio of scale is thus possible. 



Figure 34. Taylor-Hobson (A. Warmisham) varo, British patent specification no. 398,307- 


The mechanical difficulties are concerned with the cutting of precision cams to 
control the movements of the several components of the lens so as to maintain both 
the correction of aberrations and the focus on the film, as the focal length changes, 
and also to alter the iris diaphragm so that the / values remain correct. 

§10. THE TELEPHOTO LENS 

The telephotographic lens consists of a collective lens with a dispersive lens at 
such a distance behind it that the nodal planes are thrown right in front of the 
system, and the space between the lens and the focal plane is much reduced. Hence 
while the focal length may be large the camera is compact. The principle was first 
applied to telescopes in 1834 by Barlow and to photography in 1891, almost simul- 
taneously in England (by Dallmeyer), France and Germany. In distinction from the 
normal type of lens of the time, with its field concave to the lens, the telephoto field 
was at first convex, its Airy-Petzval sum being over-corrected owing to the great 
separation between collective and dispersive components. The performance of these 
lenses was consequently poor. It was not until 1914 that the first anastigmat 
telephoto lens, figure 35 (aperture //6), was made by Taylor, Taylor and Hobson 
under the British patent of L. B. Booth and lenses of this construction were 
largely used in the War by the Royal Air Force. 
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Lee and Booth improved this lens by reducing the number of air-glass surfaces 
and increasing the aperture to //4*5, the later Lee^*^\ by separating the collective 
component into two, figure 36, increased the aperture to //3*3; and by separating 
the rear elements he corrected the distortion, a result which has not been achieved 
in any other telephoto lens. Figure 37 shows the Zeiss telephoto tessar lens^*^\ and 
figure 38 shows the Ross (Hasselkus and Richmond) telephoto lens^^®\ 



Figure 35. Taylor-Hobson (L. B. Booth) 
telephoto, British patent specification 
no. 3096/14. 



Figure 36. Taylor-Hobson (II. W. I.^e), 
British patent specification no. 222,709. 


Figure 37. Zeiss tele-tessar, British 
patent specification no. 179,529. 


Figure 38. Ross (Hasselkus and Rich- 
mond) teleros, British patent specifi- 
cation no. 188,621. 


§11. INVERTED TELEPHOTO LENS 
By inverting the telephoto lens construction we get a system in which the nodal 
plane lies between the lens and the focal plane, i.e. the back clearance is greater 
than the focal length. This is sometimes an advantage when lenses of very short 



Figure 39. Taylor-Hobson (H. W. Lee), British patent specification no. 355,452. 


focal length are needed ; it is a necessity when space has to be provided behind such 
a lens, for example for the prisms us--d in some systems of cinematography in 
colour. This calls for a lens having not only abnormal back focus but also large 
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aperture and considerable field covered at the usual high standard demanded by 
cinematography. Various forms of inverted telephoto lens have been devised for 
both projection and photography: for projection by N. Bowen (translux) and 
W. B. Rayton (of Bausch and Lomb)^^®\ the aperture being //z-S; and for photo- 
graphy, by H. W. Lee (Taylor, Taylor and Hobson)^^*\ in a lens having an aperture 



Figure 40. R. at»d J. Beck (R. Hill), British patent 
specification no. 225,398. 


up to //z, figure 39. The inverted telephoto type of lens has also been adopted by 
R. Hill and made by Beck^^^\ figure 40, in a lens for photographing the whole sky 
for meteorological purposes. The field is 180°, covered of course at an extremely 
small aperture. 


§12. THE NEGATIVE FIELD-CORRECTOR 

In 1866 Prof. C. Piazzi Smyth, the astronomer, suggested placing a dispersive 
(i.e. negative) lens close to the focal plane to correct the curvatufre of field of the 
Petzval portrait lens with which he was taking astronomical photographs. In this 
position the negative lens exerts its full corrective power on the Airy-Petzval sum 
while it has practically no effect on the focal length or on spherical aberration. So 
impressed was Piazzi Smyth with the possibility that he constructed a miniature 
camera, taking pictures i in. square, to photograph hieroglyphics inside the 
Egyptian tombs. This was the first high-speed miniature camera ever made, and 
was thus some sixty years before its time and suffered the usual fate of being too 
far ahead of the age. Piazzi Smyth^s idea of field-correction was revived by Dennis 
Taylor in an //z lens^^^\ figure 41, made by T. Cooke and Sons and used at Mount 
Wilson Observatory for stellar photography. The Piazzi Smyth corrector is also 
now being applied by Dr Ross to the great new astronomical reflecting telescopes 
to adapt them for photography over a wider field than is otherwise attainable. 
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§13. FUTURE DEVELOPMENTS 
This Story has now reached the stage when to pursue it entails vision of the 
future. 

No lens is perfect. When we say that aberrations are corrected we mean not 
that they are reduced to zero but that they are confined within some postulated 
circle of confusion, and that itself is imperfectly defined. 

It seems unlikely that great advance on the present position can be made by 
adding further complexity to lenses of the types we have described as having become 
traditional. It may be that another genius (and we may hope again an English 
genius) may see a new and simplified solution of a problem which again has been 
pursued near to the limits set by complexity. 

It may be that a solution will be discovered in the use of surfaces other than 
spherical, but that would not become practicable generally until we discovered 
means of producing and testing them during production and correlating the two 
surfaces of each element and the various elements with the requisite accuracy. 
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Apparatus for Measuring the Viscosity of Liquids at High Pressures. 
Demonstration given on December 7, 1934 by C. C. Mason, O.B.E., M.A., F.Inst.P., 
by the courtesy of the Burmah Oil Company, Ltd. 

The formula used in calculating the viscosity from the velocity of the sinker is 
that due to Lawaczeck. It contains terms showing that the velocity is proportional 
to the cube of the clearance between sinker and tube, and directly proportional 
to the difference in density between sinker and liquid. It is thus possible with 
several sinkers to cover a large range of viscosities. Four are provided having radial 
clearances of o*6, o*8, i*o and 1*25 mm. The sinkers are of brass and are hollow, but 
are made to receive a maximum of four tungsten weights. It is therefore possible to 
change the effective density, with the result that with the four sinkers viscosities 
between 10 and 500 centipoises can be determined. 



Figure i. Sectional view of the apparatus. 

The inner brass tube is surrounded by another tube inside the steel tube. This 
intermediate tube carries a resistance mat, and is designed to encourage convec- 
tional circulation when current passes through the mat. Connexions to this and to 
the coils are brought in through the cover by means of an arrangement similar to 
a sparking plug. A vapour-pressure thermometer shows the temperature and, being 
provided with an adjustable contact, permits control of the temperature through 
the medium of a relay. 

In the demonstration the image of the galvanometer string was projected on to 
a screen, and when the instrument was inverted the four deflections were observed 
as the sinker passed through the four coils. 
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The instrument is primarily for the purpose of determining the pressure coeffi- 
cient of viscosity of liquids, and particularly of the mud mixtures used in the boring 
of oil wells. Heating-arrangements are included in the design in order that tem- 
perature effects also may be investigated. 

The fundamental principle is not new and consists in measuring the velocity of 
fall of a cylindrical sinker with spherical ends, under gravity, in a tube. This inner 
tube is of brass and is quite incapable of supporting the pressure of 4000 lb. /in? 
which will be used. It is therefore enclosed in an outer steel tube. This is filled 



Figure z. Typical records (reduced to half size). 


with oil and has a connexion to a pressure pump, and the pressures are com- 
municated to the contents of the inner tube through a rubber diaphragm at one end. 
The outer tube has trunnions so that it can be inverted for the fall of the sinker. 
The movements of the sinker cannot be followed visually, and this difficulty is 
surmounted by the method that is used to measure the velocity of a projectile 
from a gun, although in the present case the velocities and dimensions are small. 
A small piece of cobalt magnet is inserted in the sinker, and on the outside of the 
tube are four coils equally spaced 7-5 cm. apart. These are connected in a series- 
parallel arrangement to a small permanent-magnet string galvanometer, and as the 
sinker passes through each coil the galvanometer string is deflected. The deflections 
are recorded photographically by means of a falling-plate camera, time lines being 
put on the record by momentarily interrupting the light through the galvanometer 
every tenth of a second with spokes on the rotor of a small synchronous motor 
driven from a.-c. mains. 
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REVIEWS OF BOOKS 

Introduction to Atomic Spectra^ by H. E. White, Ph.D. Pp. xii + 457. (New York 
and London : McGraw-Hill Publishing Co., Ltd.) 30^. net. 

Practically every account of atomic spectra which has appeared in the last ten or twelve 
years is either too brief or too highly mathematical and theoretical for those about to take up 
the subject for special study. Dr White, a member of the team of very distinguished 
spectroscopists in the University of California at Berkeley, therefore set out to produce for 
such students an account to which neither of these objections could apply, and he has 
succeeded most admirably. This excellent book is highly recommended both to beginners 
and also to those who are already familiar with parts of the subject ; and it is the only book 
of which the reviewer is able to say this so unreservedly and so cordially. 

Each section of the subject is opened as nearly as possible at the very beginning, 
logically developed, and unsparingly illustrated with excellent diagrams and spectrograms. 
One of the most satisfying features of the work is that the spectra themselves are never 
lost sight of for longer than is necessary. Short tables of selected observational data are 
given in the text wherever examples are required for further clarity of the discussion. Any 
attempt to include exhaustive numerical data, even for one atom or one group of atoms, 
would obviously be out of place in this new volume of the International Series^ which 
already includes Bacher and Goudsmit’s recent book of data on Atomic Energy States, 
These two volumes might well be regarded as two parts of a single treatise, almost in- 
dispensable to the present-day spectroscopist. 

In the well-founded belief that the student can best understand the newer quantum 
mechanics through a thorough acquaintance with the spectra themselves and the Bohr- 
Sommerfeld orbits and the vector model, Dr White devotes the opening chapter to the 
early empirical analysis of line spectra, then develops the older and newer quantum theories 
of atoms having one valency electron (chapters ii-x), and afterwards deals with the more 
complex spectra of atoms having two or more valency electrons (chapters xi-xv). In the 
later chapters (xvi-xxi) accounts are given of X-ray spectra, iso-electronic emitters and 
their spectra, hyperfine structure, perturbations, the Stark effect, and the breadths of lines. 
The book is well indexed. 

The printing too is excellent ; in only one respect, so far as the reviewer has yet noticed, 
could a slightly better setting be suggested : an exponent might be printed after, rather than 
directly above a subscript ; e.g., '"n^ ” and “Zq*” rather than “ n\ ” and “Z^ Perhaps two 
other matters in which some readers may not quite agree with the author might be men- 
tioned. First, such an expression as “ 1 1 wave numbers (p. 36) is not a good alternative to ^ 
“ii wave-number units** or “ii cmT^** — in the analogous case nobody would say “ii 
wave-lengths** instead of “ii A.u.**. Secondly, as to the discovery and naming of the 
fundamental series (pp. 6 and 9) the late Prof. Hicks pointed out in his Treatise ^ and several 
times in conversation, that fundamental (which he first used in the sense hydrogen-like or 
Balmer-Uke) is just a name for which there is neither more nor less to be said than for the 
other names principal^ sharp and diffuse ; to call them Bergmann series seemed to do scant 
justice to Saunders’s earlier recognition of the Cs doublets or to Runge’s and Ritz’s 
discoveries of the connection with the D term. Two or three minor slips also might be 
mentioned. The last line of p. 25 should read “ 2 for ionized helium **. Of the three sections 
of Rowland’s map mentioned on p. 2, only two appear in figure 1.2; the section including 
the sodium d lines is omitted; and the section which purports to show the E lines (of 
iron and calcium) is cut ofiF just too. short to include these, but has as its most prominent 
feature the b triplet of magnesium, which, moreover, is incorrectly lettered as £ in figure 
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1. 1 ; again “// lines” in the top line of p. 3 should be “i/ and K lines”. A second edition 
will, no doubt, afford Dr White an early opportunity of setting these matters right, for his 
book will surely be a standard work for many years to come. w. J, 

The Structure of Spectral TermSy by W. M. Hicks, Sc.D., F.R.S. Pp. xi + 209. 
(London: Methuen and Co., Ltd.) 10s, fid, net. 

The late Prof. Hicks’s studies in spectroscopy were directed to the discovery of 
numerical relations between the wave-numbers of atomic spectrum lines and terms with 
little or no reference to matters concerning current theory of atomic structure. These 
studies extended over the last twenty-five or more years of his long and active life. When, 
in the early summer of last year, he was seized with illness which proved fatal (he died on 
August 17, within five weeks of his 84th birthday), the proof sheets of this his last work had 
only just been received and the proof-reading had hardly begun. In this formidable task 
he was to be assisted by Mr J. R. Clarke, one of his old students and now Lecturer in 
Physics at the University of Sheffield, from which Dr Hicks retired in 1917* Prof. S. R. 
Milner therefore joined Mr Clarke in the remaining stages of the work. 

In this book Dr Hicks has considerably extended the results set out in his earlier and 
larger Treatise on the Analysis of Spectra, which appeared about the same time as Prof. 
Fowler’s Report on Series in Line Spectra and Paschen and Gotze’s Seriengesetze der 
Linienspektren in 1922 and is now out of print. The opening chapter deals with the repre- 
sentation of line series by formulae, and includes, as a very useful and instructive example, 
the evaluation of the four constants of the more general of Dr Hicks’s two modifications 
of the Rydberg formula ; these two formulae, it may be noted, are still widely regarded as 
the most useful and accurate of the many which have been proposed for this purpose. In 
the following chapters a large amount of new observational evidence is presented con- 
cerning special features of Dr Hicks’s empirical analyses such as satelloids, high-order 
emission lines, on relations between multiple terms, collaterals, linkages, and summation 
lines. In the ninth and last chapter atomic structure is discussed in relation to the results 
of the foregoing analyses. As is to be expected from the very nature of the work and the 
large amount of numerical material handled, the book is not an easy one to read. It is 
excellently printed and, in conjunction with his former Treatise, forms a fitting record of 
Dr Hicks’s long, painstaking and enthusiastic research in this branch of spectroscopy. 

w. j. 

Resonance Radiation and Excited Atoms, by A. C. G. Mitchell and M. W. Zeman- 
SKY. Pp. viii + 338. (Cambridge University Press, The Cambridge Series of 
Physical Chemistry.) i8^. net. 

This book, by two workers in the field, fills an obvious gap in the literature of experi- 
mental optics. It begins with an introductory chapter on line spectra and the elementary 
processes involved in resonance radiation, followed by a very useful account of typical 
light-sources appropriate to their experimental investigation. The second chapter deals 
with stepwise radiation and with physical and chemical effects of collisions with excited 
atoms. In chapter iii absorption lines are discussed in detail, and afi account is given of 
the measurenient of the durations of excited states. Chapter iv, on “Collision processes 
involving excited atoms”, deals rather fully with the broadening of absorption lines and 
with quenching. The final chapter, on the polarization of resonance radiation, gives a 
comprehensive account of the effects of magnetic fields, and a brief account of those of 
electric fields, on the radiation. 

book will be an indispensable work of reference to all who are seriously interested 
in the subject, and the bibliographies are remarkably up to date. The theory is in places 
a little too severely compressed, and the theoretical sections are rather dispersed among 
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the experimental descriptions, so that the book will make difEcult reading for the unaided 
beginner, but taken as a whole it is one upon which the authors are to be warmly congratu- 
lated and thanked. h. r. r. 

The Diffraction of Lights X-rays and Material Particles^ by C. F. Meyer. Pp. 473. 
(University of Chicago Press.) zzs. 6 d, 

This is a book of a rather unusual type; it consists of a detailed exposition of the 
phenomena of diffraction treated with as little mathematical apparatus as possible. It may 
be said at once that it is extremely well done ; the explanations are clear, the style easy and 
sympathetic. In addition, the author has given historical information which is much fuller 
than that usually given in text-books and which adds considerably to the interest. He deals 
fully with a number of points usually omitted, such as the apparent source of light dif- 
fracted from an edge, and his treatment of, for example, the distinction between the 
Fresnel and Fraunhofer classes of effects, and of Babinet’s principle, is unusually thorough 
and careful. The methods of mounting the plane and concave gratings and the errors of 
gratings are dealt with at considerable length. 

It is probable that an English student who is advanced enough to want such a detailed 
account of one aspect only of wave theory would be able to grasp a more mathematical 
treatment and would save time by doing so. On the other hand, many capable students 
find difficulty in grasping the rather difficult physical principles underlying the mathe- 
matics, and for these the book will be very valuable. In addition it should be said that many 
of the more mathematical questions are dealt with in appendices. 

The second part of the book, dealing with X-rays and de Broglie waves, is considerably 
more detailed, at least on the experimental side, than would be required by most honours 
students. As the preface explains, it is intended largely for workers in other sciences whose 
field requires knowledge of these matters, and to this purpose it is well suited. In addition 
to describing the main experiments on electron-diffraction, the author gives a clear account 
of the very interesting work of Stern and others on the diffraction of atoms and molecules. 

G. P. T. 

Newton and the Origin of Colours, by Michael Roberts and E. R. Thomas. Pp. 
viii+133. (London: G. Bell and Sons.) 35. 6 d. net. , 

It is a pleasure to be able to give an unqualified recommendation to this well-written 
little book. It makes no pretence of giving an exhaustive account of Newton and his work 
on colour, but aims rather at a brief sketch of some of the formative influences surrounding 
his early life, and of the simpler methods of his optical researches.* We are given some 
glimpses of his contemporaries and their comments on his work ; and the whole account is 
used to illustrate the various principles of scientific method and their evolution. 

It can be heartily commended as a corrective to any over-dose of technical study, and 
the present reviewer intends to bring it to the notice of his own students. It is just long 
enough and sufficiently detailed to create interest, and not so omniscient as to crush discus- 
sion. (How often authors fail to hold such a balance!) There are one or two technical 
queries, as for example “ he added to the waters little sugar of lead to raise its mean refractive 
index sufficiently to make it equal to that of glass” (the italics are the present writer’s), 
and the possible misinterpretation of the term “spherical aberration” on p. 38. If indeed 
it is the case that the aberration now known as “distortion” was originally termed “spher- 
ical aberration”, some reference in support of this would be of interest. It would be idle, 
however, to suggest that such insignificant defects as these detract in any way from the 
success of the book. 

If there is any critical feeling left after its perusal, it may be that this “closer” view of 
Newton’s work hardly gives a sense of the real magnitude of his achievements. In a book 
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bearing the above title, some fuller mention might well have been made of his work on 
colour- mixture, and of the remarkable colour diagram which has formed the foundation 
of modern methods of colour measurement, and played no small part in the development 
of the most fruitful theory of colour-vision. 

It is doubtful too whether his brilliant achievement in grinding a relatively large- 
aperture paraboloid has ever received the praise it merits. The fi^re must indeed have 
been excellent to allow of the results actually obtained in his reflecting telescope, and little 
seems to be known of his methods of working mirrors. 

However, where so much of interest has been collected in so small a compass, it would 
be ungenerous to ask for the full discussion of the work of this remarkable man, many of 
whose sayings bear a freshness and relevance to problems of our own day which is nothing 
short of amazing. L. c. M. 

Luminescence des Corps Solides, by Maurice Curie. Pp. 146. (Recueil des Con- 
ferences-Rapports de Documentation sur la Physique, vol. xxiv.) (Paris: Les 
Presses Universitaires de France.) 5ofr. 

This recent addition to a deservedly famous series of monographs on various branches 
of modern physics deals with a vast and fascinating subject to the development of which 
both physicists and chemists have contributed papers almost innumerable. Comprehen- 
sive accounts of it, with extensive bibliographies, have appeared from time to time, e.g. in 
Kayser’s Handbuch der Spektroscopie^ volume 4 (1908), the National Research Council’s 
Bulletin Luminescence (1923), Pringsheim’s Fluorescenz und Phosphorescenz (1928) and 
Lenard, Schmidt and Tomaschek’s volumes 1 and 2 of the Wien-Harms Handbuch der 
Experimentalphysik (1928). The last-named contains a particularly complete account of the 
extensive and important work of Lenard and his school. The present report by a notable 
contributor to knowledge of these phenomena will, without doubt, be very welcome to 
those who require a concise account of the present state of affairs. It is confined, it is true, 
to one branch of the subject, namely the luminescence of inorganic solid solutions. These 
consist, in general, of a crystalline substance, the diluent, of low electrical conductivity 
(such as the sulphides of Zn, Ca, Sr, Ba), containing, as an impurity, a certain, often very 
small, proportion of the centre, i.e. a metal of relatively high atomic number (such as Bi, 
Cu, Mn, Ni, Pb). Besides this class, of which CaS(Bi) is an example, we also have sulphide 
mixtures such as ZnS.CdS(Cu), oxides such as CaO(Sm), halides such as KCl(TlCl) and 
many other compounds. Fluorescence and phosphorescence excited by visible or ultra- 
violet radiation have been investigated far more extensively than those excited by cathode 
rays. X-rays, a, p and y rays, and other means. Accordingly photoluminescence (chapter i) 
occupies about two-thirds of the book, and is followed by much shorter accounts of 
cathodic luminescence (chapter 2), radioluminescence and radio-photoluminescence 
(chapter 3), triboluminescence and scintillations (chapter 4) and luminescence of solids in 
flames (chapter 5). A further volume is promised which will treat of the luminescence of 
gases and vapours, organic substances, and certain inorganic crystalline substances which, 
unlike those dealt with in the present volume, are in a state of purity. 

Electrons (-f and — ), Protons, Photons, Neutrons, and Cosmic Rays, by R. A. 
Millikan. Pp. x-l-492. (London,: Cambridge University Press.) 15J. net. 

Most undergraduate students of physical science have diligently thumbed Prof. 
Millikan’s admirable survey entitled The Electron. This volume appeared in 1917, and in 
revised form in 1924. The present work may be regarded as a third edition of The Electron, 
and, without departing from the historical mode of presentation which gave unity to the 
older volume the author has been able to make his present volume a thoroughly up-to-date 
survey of the subject by adding six chapters which deal respectively with waves and 
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particles, the discovery of the cosmic rays, the spinning electron, the positron, the neutron 
and transmutations of the elements, and the nature of the cosmic rays. The new volume, 
which gives a view of the position of a most rapidly changing science as it appears at the 
end of 1934, will be as valuable to the new generation of students as its predecessors were 
to an older generation. 

The name of the author attests sufficiently the manner of presentation. 


Actualitis Scientifiques et Industrielles. (Hermann and Co., 6 Rue de la Sorbonne, 6, 
Paris.) 

Under the above general heading we have received the monographs listed below. Each 
is written by an authority on his subject and the treatment is, in general, concise and clear. 

1 15. H. Mineur. Histoire de VAstronomie Stellaire. 15 fr. 

1 16. H. Mineur. ^Uments de Statistique Mathhnatique . 12 fr. 

141. H. Mineur. Photographie Stellaire. 18 fr. 

147. Pierre Humbert. Le Calcul Symholique. 10 fr. 

159. L. Brillouin. Les Champs Self-Cortsistents** de Hartree et de Fock. 10 fr. 

160. L. Brillouin. UAtome de Thomas-F'ermi. 12 fr. 

162. P. Swings. Travaux rdcents sur les moUcules dans le Soleil^ les Planktes et les 
Ptoiles. 14 fr. 

177. J. Genard. Fluorescence des Vapeurs dans le Champ MagniUque. 12 fr. 

1 81. Louis de Broglie. Une Nouvelle Conception de la Lumiere. 12 fr. 

182. Ir^ne Curie et F. Joliot. U Electron Positif. 10 fr. 

185. M. Hai’ssinsky. Les Radiocollaides . 9 fr. 


Chemical Kinetics and Chain Reactions^ by N. Semenoff. (International Series of 
Monographs on Physics, edited by R. H. Fowler and P. Kapitza.) Pp. xii 4-480. 
(Oxford: The Clarendon Press, Mr Humphrey Milford.) 1935. 35^. net. 

The foundations of chemical kinetics, or the theory of the velocities of chemical 
changes, were laid by the researches of Harcourt and Esson about 1850-66, but the subject 
was first systematically formulated by van’t HoflF in his Rtudes de Dynamique Chimique in 
1884, who obtained equations for uni-, bi- and multi-molecular changes and gave a simple 
kinetic interpretation to them. The effect of temperature was expressed in the form 
k = Be^i^'^y where k is the velocity constant, B and E are constants, R is the gas constant 
and T the absolute temperature. Arrhenius in 1889 showed that E may be interpreted as 
an energy of activation, such that only molecules with an energy exceeding E are capable 
of undergoing change. Succeeding investigation has, until recently, been mainly con- 
cerned with the application and elaboration of these fundamental laws. 

As more and more systems were investigated, it became clear that the number of 
reactions which proceed normally is surprisingly small, and this number is constantly 
decreasing so that, whereas bimolecular reactions were formerly regarded as the pre- 
dominant type, a recent monograph on the subject could record only two unequivocal 
cases of bimolecular reactions. 

The idea of a reaction chain appeared about 1913. In one formulation it assumes that 
the chemical energy set free in a single molecular process (* elementary act *) is not directly 
transformed into heat, but may be consumed at least partly in the formation of inter- 
mediate products with high energies, which, by interaction with the original substance, are 
constantly renewed at the expense of the released energy. A simple case of such a chain 
reaction is afforded by the photochemical union of hydrogen and chlorine. The absorption 
of one quantum by a chlorine molecule produces, according to Einstein’s law, an elemen- 
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tary act leading to the formation of two atoms of chlorine. Each chlorine atom then takes 
part in a cycle of changes represented by the equations 

1. Cl2 + /n/ = Cl4-Cl; 

2. Cl + H2=HCl-fH; 

3. IT + Cl2=HCl + Cl; 

and the chain of reaction thus proceeds until it is terminated by collision of a chlorine or 
hydrogen atom with an oxygen molecule, for example, or with the wall of the vessel. 

The theoretical and experimental investigation of chain reactions has been the object 
of intensive study in recent years, and more than half the material in the book has been 
gathered in the last four years, a substantial part of it being done in the author’s laboratory 
in Leningrad. The first part of the book deals with the general principles of the chain theory, 
together with the straightforward mathematics involved. The other three parts contain a 
detailed and critical analysis of the experimental data for nearly fifty reactions on the 
basis of the theory, and finally a summary of the main conclusions reached. 

Such a survey l3y a leading authority is of very considerable value, particularly as the 
subject is one on which much work in various fields is now in progress. It is obviously 
impossible to specify the various reactions considered, but it may be mentioned that they 
include the classical hydrogen-chlorine reaction, the glow of phosphorus and the oxidation 
of hydrogen, carbon monoxide and hydrocarbons — all reactions which have been studied 
over a long period of years and still present obscure features. Prof. Semenoff’s work is 
one which brings together in a very critical and instructive way a large mass of scattered 
information, and its appearance is an event which will be welcomed both by the specialists 
in this field and by the larger body of scientists who are desirous of finding out what 
progress has been made in recent years in the study of these very fundamental problems. 

J. R. P. 


Some Problems of Modern Meteorology. Pp. v-l-170. (London: Royal Meteoro- 
logical Society, 49 Cromwell Road, S.W. 7.) 35. bd. 

This book consists of sixteen articles by fourteen authors, on some of the main pro- 
blems of meteorology. These articles are reprinted, with some additional notes, from the 
Quarterly Journal of the Royal Meteorological Society^ where they originally appeared 
during the period July 1930 to October 1934, under the editorship of Prof. D. Brunt, who 
contributes an introduction to the present volume. The subjects discussed are the origin 
of cyclonic depressions, radiation and absorption in the atmosphere, energy-transforma- 
tions in the atmosphere (Brunt), weather-forecasting, rainfall (Douglas), origin of anti- 
cyclones, post-glacial climates and the forests of Europe (Brooks), the atmospheric circula- 
tion (Barlow), thunderstorms (Watson Watt), atmospheric turbulence (Davies and Sutton), 
seasonal forecasting (Normand), antarctic meteorology (Kidson), terrestrial magnetic 
variations (Goldie), meteorological acoustics (Tucker), condensation in the atmosphere 
(Bennett), and atmospheric ozone (Dobson and Meetham). The articles summarize the 
present position of these problems, and give numerous recent references to work upon 
them. 

I’he collected re-issue of these articles should appeal not only to meteorologists, who 
should in general have read them in the Quarterly Journal of the Royal Meteorological 
Society, but also to a much wider circle of physicists who do not see that journal. The 
latter will, it is hoped, be impressed by the great body of meteorological knowledge which 
underlies these articles, and no less impressed and interested by the fundamental character 
of many of the chief unsolved problems of the subject. 

The extremely moderate price of the book should be noted. 


S. C. 
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Thermostats and Temperature-Regulating Instruments^ by Roosevelt Griffiths, 
M.Sc. (London: Cnas. Griffin and Co., Ltd., 1934.) los. net. 

It is perfectly true that an instrument is a means to an end, and that the end should not 
be lost sight of in contemplating the means. Nevertheless among the devotees of experi- 
mental science one may find here and there a few favoured souls who take an artist's 
delight in an instrument for its own sake, who realize fully that the first duty of the instru- 
ment is to do its job, but whose interest slackens a little when they are asked to transfer 
their attention from the instrument to the job which it is doing. Whatever may be the bent 
of the author of this book there is no doubt that he is a lover of instruments. His descrip- 
tions of the various thermostatic devices are full, lucid and written con amore. 

He has covered a wide range, and has described thermostats based on the temperature 
expansion of solids, of liquids and of gases, on the boiling-points of liquids, and on change 
of resistance with temperature. He has provided chapters dealing with the bimetallic and 
contact types of regulator, and with potentiometric and induction regulators. The last 
chapter of the book deals with low-temperature control. The volume is well produced and 
illustrated, and is compact in size and reasonable in price. It should prove a useful addition 
to the shelves of the experimenter. A. F. 


Principles of Mathematical Physics, by W. V. Houston. Pp. xi + 265. (London: 
McGraw-Hill Publishing Co., Ltd., 1934.) 2.1s, net. 

This book is so condensed that it could be of little use except as a class-book where the 
lecturer proposes to cover practically the same course as that outlined in it. A feature is 
the large collection of problems, many of which we are more accustomed to seeing as 
theorems. Thus the student is given the problem of the brachistochrone as exercise 2 of 
chapter 5, and elsewhere is asked to find the field inside a spherical cavity and also inside 
long and short cylindrical cavities hollowed out in a block of magnetic material placed in 
a magnetic field. From the equation E — mc^ he is asked to compute the mass of a moving 
electron, remembering that owing to the Lorentz transformation it becomes an ellipsoid 
of revolution. These examples suggest that the author is contemplating readers who will 
not be troubled by purely mathematical difficulties ; yet apparently he envisages readers 
who need instruction in quite elementary differential equation^, to which chapters i and 3 
are devoted. Indeed, quite a considerable part of the book deals not with mathematical 
physics but with physical mathematics. In addition to the chapters just mentioned, there 
are others on the calculus of variations and on vector analysis, which really belong to the 
realm of mathematics. There is good reason for the inclusion of the ^one on variational 
methods, because there are few elementary treatments of this subject available. The 
chapter on vectors, again, is valuable for its last few sections, on the linear vector operator 
and on Gibbs's dyads ; the relation to tensor calculus is shown, and use is made of these 
ideas elsewhere in the book, particularly in treating rigid dynamics by means of Euler's 
angles. 

The part of the book devoted to true mathematical physics restricts itself to non- 
quantum physics ; it is none the worse for this, since the main mathematical points which 
the student will need later in quantum theory have been rather ingeniously introduced in 
the treatment of the classical theory. The subjects dealt with are mechanics up to the 
Hamiltonian equations (but not elasticity or hydrodynamics), the first two laws of thermo- 
dynamics, statistical mechanics (14 valuable pages), electricity, and the restricted theory 
of relativity. A particularly good cdiapter is that on the theory of vibrating systems in 
general, where a digression is made to discuss the expansion of functions in series of 
orthogonal functions. On the other hand, it is a pity to see the author apologizing to the 
student for dealing with the mechanics of rigid bodies, and admitting that they do not 
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exist in nature. Actually even a liquid is a rigid body, as far as the equatfens of mechanics 
are concerned, if its volume and shape are not changing. 

The book is well printed and singularly free from misprints, except on p. 166 where the 
last few lines have no connection with the matter immediately preceding or following them. 

J. H. A. 

Relativity Physics^ by W. H. McCrea, M.A,, B.Sc., Ph.D., F.R.S.E. Pp. vii + Sy. 
(London; Methuen and Co., Ltd., 1935-) 2s. 6d, net. 

This short monograph gives an admirable account of those results of the special theory 
of relativity which find most frequent application in physics. There is no other book, as 
far as the knowledge of the reviewer goes, which contains in such an accessible and concise 
form the wealth of information which is provided here by Dr McCrea. After a brief 
account of the origin of the Lorentz transformation the author applies the special theoiy 
of relativity to numerous problems of kinematics, mechanics, optics, electromagnetic 
theory, atomic physics, thermodynamics, statistical mechanics and hydrodynamics. This 
is an amazing array of topics and every student of the theory of relativity will be glad of 
such a concise and simple summary of the principal results which have been obtained in 
these widely different fields by relativistic methods. 

The only notable omission is the lack of any reference to the use which was made by 
L. H. Thomas of the Lorentz transformation in calculating the precession of a spinning 
electron moving through an electric field. This investigation has a considerable historic 
interest both in relation to the quantum theory of the anomalous Zeeman factor and in 
relation to relativistic rigid dynamics. 

The mention of rigid dynamics suggests another small criticism which can be urged 
against this monograph. It deals exclusively with the successes of relativistic theory and 
makes no reference to its failures. Thus it does not refer to the many unsuccessful attempts 
to construct a relativistic dynamics of rigid or quasi-rigid bodies, and it does not refer to 
the, as yet, unresolved problem of the relativistic dynamics of a system of particles. The 
only reference to this topic is on p. 79, lines 4 and 5, where it is asserted that Hamiltonian 
equations of motion hold good in relativistic mechanics. There is a reference to the 
equations deduced on p. 28. However, these equations refer to a single particle only and 
all attempts to construct a Hamiltonian function for a system of several particles have so 
far met with complete failure. The difficulty is probably due to the inapplicability of the 
special theory of relativity to any systems except isolated particles. Thus Eddington has 
recently asserted the need for reintroducing the concept of absolute simultaneity when 
discussing the properties of a complex system. 

However, these detailed criticisms are entirely of a minor character and do not detract 
in any way from the great value of this little book as a most valuable summary of standard 
results. Q y 

Solid Geometry y by L. Lines. Pp. xx + 292. (London: Macmillan and Co., 1935.) 

65. 

The disadvantage in allowing one who is not a practising teacher of mathematics to 
review this book is that the reviewer is not sure where to apportion his praise. The book is 
intended primarily for the use of pupils preparing for one of the Higher School Certificate 
' examinations, and thus gives a course in solid geometry which would frequently be taken 
by those not destined to become mathematical specialists. From this point of view, the 
advance on the methods of twenty years ago is enormous and somebody should be highly 
congratulated. If Mr Lines is leading the way, let him accept the felicitations; if he merely 
follows others, then we must regret that the pioneers have not been more widely acclaimed. 

The solid geometry dealt with is the Euclidean geometry of the point, line and plane, 
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extended so as to make use, where advisable, of algebraic and trigonometric methods. It is 
not * experimentar geometry, and on the other hand it does not overlook the value of 
suitably drawn diagrams. The striking differences from the older books lie in the subject 
matter, and the use made of modern ideas in notation. To take the latter first, we can 
illustrate it with part of the rider “ If three planes intersect, two by two, show that their 
lines of intersection are either concurrent or parallel”. 

Let the three planes be a, y. The straight lines ya and <xP lie in the same plane a; .'. they 
either intersect or are parallel. 

If they intersect t their common point lies on all three planes; i.e. it is a/5y; 

.*. it lies on /?y 

PVt are concurrent.” 

The way the notation assists the argument is well brought out even to a young pupil. 

As regards the subject matter, after the more usual geometry and mensuration we come 
to a detailed treatment of polyhedra, including the star polyhedra, and it is pointed out 
that Euler’s theorem breaks down for certain of the latter. These chapters are followed by 
extremely good treatments of subjects suggested by physics — space lattices and their 
classification, and sphere-packs — and the book is brought to a close with a chapter on 
patterns and crystals. Perhaps the only thing to regret is the absence of some elementary 
introduction to geometry on the surface of a sphere. 

A question arises whether the average young student will find the nomenclature too 
much strain on the memory. The first page of the excellent index includes anorthic, 
bisphenoid, BravaiSyClino^aphic.reguU, snub (cube), cuboctahedron, dyakis, stellated (dodeca- 
hedron) and enantiomorphous, all of them words which would be new to most pupils. 

j. H. A. 

Cambridge Tracts in Mathematics and Mathematical Physics, No. 32. Generalized 
Hypergeometric Series, by W. N. Bailey. Pp. 108. (London: The Cambridge 
University Press.) 6^. (>d. net. 

The latest of the Cambridge Tracts in Mathematics and Mathematical Physics is devoted 
to generalized hypergeometric series. This is a subject in which most of the developments 
of the last few years have been made by the author, Dr W. N. Bailey. He has skilfully 
arranged his material so as to display the variety in the methods which are available for 
obtaining the numerous formulae which have been discovered. 

A hypergeometric series is a generalization of the binomial expansion. Binomial 
coefficients can be found in succession by multiplying by fractions, the numerators and 
denominators of the fractions being increased successively by uni^^y. .Multiply each term 
by two such fractions and the hypergeometric series is obtained. Multiply by three or more 
such fractions and the resulting expansion is a generalized hypergeometric series. It is 
well known that certain hypergeometric series are related to each other in simple ways. In 
some cases .the series jcan be summed, just as a binomial expansion can be summed. The 
more general theory is concerned with the discovery of relations between generalized 
hypergeometric series and with their summation, which is usually in terms of gamma 
functions. 

It has been found possible to classify the generalized series ; the most interesting type 
is the “well-poised” series in which each of the fractions used for multiplication at any 
stage of the generation of the series has the same value for the sum of numerator and 
denominator. Bailey has actually found formulae relating to well-poised series of the 
ninth order, i.e. series in which thg-e are no fewer than nine fractions to multiply by at 
each stage. 

The subject has many points of contact with the theory of the functions used in 
mathematical physics and, although the more elaborate formulae in the tract have not yet 
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found any application, it may prove useful to physicists to have such formulae readily 
available. There is one application which has not yet been made explicitly, though the cell 
for it was announced in 1858 when Cayley published a short article in the Philosophical 
Magazine and enunciated a proposition which he had not been able to prove but which he 
said he had discovered in discussing certain relations in planetary theory. A proof of 
Cayley’s theorem was published by Orr in 1899 and it is now known how the theorem fits 
into the theory of generalized hypergeometric series, but it is not known whether there is 
an important application in planetary theory. It is to be hoped that some expert in that 
subject will look into the question. ft. w. w. 


Numerical Studies in Differential Equations, Vol. 1, by H. Levy and E. A. Baggott. 

Pp. viii + 238. (London: C. A. Watts and Co.) 12s. 6 d, 

All who were present at the fascinating lecture given by Prof. Levy to the London 
Mathematical Society on May 19, 1932, have been looking forward ever since to the appear- 
ance of his promised book on the numerical treatment of differential equations. The present 
instalment, volume 1, tends rather to whet the appetite for what is to come than to slake 
the thirst. Here we have an expanded treatment of the purely graphical methods and of the 
usual numerical processes of the type devised by Runge. Picard’s method for obtaining 
a series solution (not necessarily in integral powers of the independent variable) is also 
included, and is made to appear much more attractive than most writers have made it. 

The familiar methods of integrating ordinary differential equations numerically prac- 
tically restrict themselves to the case when the boundary conditions consist in the assign- 
ment of definite values to the dependent variable and all but the highest of its differential 
coefficients, at a point which may be taken as origin. This book does not shirk the more 
difficult problems which arise when boundary conditions are assigned at two or more 
points in the range of integration, and it is in this respect that it will be most valuable. 

The treatment is very clear throughout. As befits the subject, processes and methods 
are frequently expounded not by giving general investigations but by applying them to 
specific numerical problems. In addition, an adequate selection of examples for practice 
is included. 

The last chapter contains a variety of miscellaneous theorems which do not strictly 
belong to the subject of numerical treatment, though their applicability to that subject is 
illustrated— in striking fashion on occasion. Here we are reminded by meeting the 
characteristic values of a parameter, that the second volume is to deal systematically with 
partial differential equations, "rhis will be a difficult task, but the manner in which volume 1 
has been carried out suggests that the right authors have been found for the work. 


J. H. A. 


Mathematical Tables. Vol. 3 .* {Minimum Decompositions into Fifth Powers.) 

By L. E. Dickson. (London: Office of the British Association, 1933.) 105. 

The theorem that any integer can be expressed as the sum of not more than four 
squares has long been known, but there is no corresponding theorem for powers higher 
than the square. In the case of the fifth powers, for example, it is evident that 31, being 
less than 2^, cannot be decomposed into fewer than 31 such terms, whilst 223 (which is less 
than 3®) requires 37, viz. (6 x 2^ + 31 x i^). 

The present table shows the actual minimum decompositions of all numbers up to 
1 50,000 and the minimum number of fifth powers to be added together to make any number 
up to 300,000. Thus the entry 


87701 1051601^ 


print'd publication. /Voc. phys. Soc. 46 . .33 (,,34), « volume 8 >’ was 
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means that 87701 = 2® + o x 3® + 5 x 4® + 1 x 5® + 6 x 6® + o x 7® + i x 8®. Since it is evident 
that when the minimum decomposition of iV is known, a decomposition of (iV 4 - 1) can 
be obtained merely by adding i®, space can be saved by omitting the entries for those 
numbers for which this decomposition is the minimum one. This has been done here, 
with the result that the numbers up to 10,000 occupy only about 1050 entries, and are 

means 

that 12 fifth powers will suffice for this number. The actual decomposition is quite 
easy to find: subtracting ii® or 161051 from 179379 gives 18328, which (from the earlier 
part of the table) has more than ii decompositions. Hence the first term is not n®. Next 
taking 10® as a trial value, we find from the table that 79379 has too many decompositions. 
The next trial, with 2 x 9®, leaves a remainder 61281 = 3® + 4 x 4® + 3 x 6® + 2 x 7®, making 
the correct total of 12 fifth powers for the original number. 

The number of fifth powers to be added together to make a given integer seems on the 
whole to decrease with the size of the number. No number in the table requires more than 
37 terms, and this occurs only for AT =223. After this, no number requires more than 31 
fifth powers ; after 30,000 no number up to 300,000 requires more than 19 ; and between 
191,263 and 4,037,824 it has been proved that 15 terms will always suffice. It is also 
interesting to note that the results given here have been used by Dickson to prove that 37 
gives an upper limit for numbers right up to 10^®®. 

The book is well printed (it is reproduced by the replica process from typescript, to 
reduce the risk of error), hut it might have been convenient if a table of fifth powers had 
been printed as an appendix. 


set out in four and a half pages. After 150,000 such an entry as 


1 7 93 79 


J. H. A. 
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ABSTRACT. Measurements of wave-lengths have been made by interferometer and 
hot-wire methods, and of absorption by hot-wire methods alone, for supersonic radiation 
at frequencies between 40 and 2000 kc./sec. in carbon dioxide, nitrous oxide and sulphur 
dioxide at various pressures up to two atmospheres. For the hot-wire method, a circuit 
which gives a linear relation between amplitude or particle velocity and response at con- 
stant frequency is described. The velocity-measurements in the former two gases may be 
reduced to a common curve by plotting them against the parameter {frequency /pressure} ; 
although the observed rise in velocity in the region where this parameter lies between 100 
and 1000 is in accordance with the relaxation-time theory, the decrease in velocity at lower 
and higher values is not. In sulphur dioxide the rise of velocity is in the neighbourhood of 
fooo. The absorption in all three gases rises sharply at pressures below 400 mm. of 
nercury. 


§1. INTRODUCTION 

I T was formerly supposed that owing to the interdependence of pressure and 
density the velocity of sound in a gas was immune from variations due to a 
change of pressure in the gas. Pierce and others having shown that the velocity 
*ises above the normal in certain gases at frequencies in the supersonic region, it 
becomes of interest to observe what influence, if any, pressure has on this phe- 
lomenon. As regards absorption, the well-known Kirchhoff formula gives for the 
ibsorption coefficient , , 

I \3 ^ y */ 1 


2V»p\3‘ 


aA>= 


Y4 


•(i). 


y-}. 

Y 

Y-ix\ 

'2Vp\3''^ y 

vhere V is the velocity, n the frequency and A the wave-length of the sound, p the 
iensity, 17 the viscosity, k the conductivity, s the specific heat, and y the ratio of 
ipecific heats of the gas. The energy-absorption coefficient would be double these 
values. This formula would indicate that as the pressure is reduced the absorption 
hould increase if the frequency remains constant, but again, coefficients many times 
greater than the Kirchhoff values have been measured in certain gases. Although 
explanations of these anomalies have been put forward and will be considered later> 
t seems desirable thalt the effects of both pressure and temperature on these phe- 
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nomena should be investigated, if the experiments on dispersion of this kind are to 
be put on a theoretical basis. The object of the present paper is to report experi- 
mental work on the former of these effects, viz., that of pressure. Previous work in 
this direction has not been extensive. The earlier measurements of Koch^*^ on air 
compressed from i to 200 atmospheres and the more recent ones of Spakowski* 
on carbon dioxide from i to 85 atmospheres relate to a single frequency within the 
audible region, and show a steady decrease of velocity with increasing pressure at 
constant temperature. During the progress of our work Richards and Reid^"^^ 
published a few results of supersonic velocities at the two frequencies 94 and 
450 kc./sec. and various pressures. 

Apparently the dependence of absorption on pressure has never before been 
investigated. 

§2. APPARATUS 

The majority of the velocity-measurements were made by the Pierce method in 
which the reaction upon the driving circuit of a piezoelectric quartz oscillator due 
to the slow displacement of a reflecting surface in a direction perpendicular to the 
crystal face was used to measure the wave-length, the frequency being measured at 
the same time on a wave-meter. Other measurements, both of wave-length and 
absorption, were made by the method already used by one of us (E.G.R.) at 
atmospheric pressure viz. a method in which the reflector and source are kept 
still, while a hot-wire anemometer is traversed across the space between them. 

One of the difficulties which we have experienced in the use of the Pierce 
method is that the varying reaction which the quartz oscillator experiences as the 
reflector is moved back tends to make the oscillator uncertain in action, so that it is 
difficult to find the peaks of current unless the maintaining circuit is either very 
powerful or very stable. The use of high-power valves, however, brings other dif- 
ficulties in its train, the chief of which is the production of unwanted overtones in 
the crystal with consequent subsidiary peaks. The maintenance circuit finally 
adopted is shown on the right of figure i. When the switch is closed and the 
oscillator circuit LC is tuned, the oscillations of the crystal Q are maintained by the 
high-impedance valve {LS 5) in the fashion of the usual Pierce circuit, and the 
peaks shown by the slight movement of the milliammeter needle MA as the re- 
flector is moved. But when the switch is closed, the oscillatory part of the plate 
current in the first valve is coupled through the h.-f. nickel-cored transformer with 
reaction, T, to the second valve LP 2 in such a way that the galvanometer G shows 
quite large peaks. The sensitivity of the galvanometer may be varied by the shunt 

and the peaks and troughs in the readings made to lie evenly about the zero of 
the scale by adjustment of the resistance connected in series with the backing 
battery B. This circuit has proved to be most satisfactory in use, and we confidently 
recommend it to those who require sufficient power with stability to operate the 
Pierce method. The choke and transformer should be surrounded by earthed 
screens. 

^ Sec reference (3). This author omits to record the frequency 1 From the description of the 
apparatus we infer that it was in the audible region. 
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To the left of figure i is shown the hot-wire amplifier circuit. The hot wire 
experiences a cooling which is proportional, at a fixed frequency, to the mean 
velocity in the alternating air current engendered by the supersonic waves; un- 
fortunately the relation between velocity and change of resistance is not a linear 
one. King ^ ^ has given two formulae for the loss of heat, /f, experienced by a wire H 

of diameter d in a fluid of specific heat j, thermal conductivity k and density p, viz. d, i, ac, p 


/f=27r/c^log-^(26/d), when Vdjv <10 (2), 

H-{K-{2TTKSpVd)^)Q, when Vdjv >10 (3), 

in which 6 is the excess temperature, v the kinematic viscosity of the fluid, e, v 

b = Ke^~y{spV)-\ Ij 

and y is the ratio of specific heats. 


M.A. 



In the present measurements we are dealing with the first region, and since the 
resistance-change is given in the form 

= while H=i^Rf 

the relation between the resistance and the velocity is, ceteris parihuSy of the type 
R log V== constant 

^=exp(i//?)+ constant. 

In order to amplify the small change in resistance of the hot wire when it is exposed 
to supersonic radiation, and at the same time to get a linear relation between the 
decrease of resistance and increase of velocity, we have adopted a device which 
Luneau^’^ has employed on the ordinary hot-wire anemometer for aeronautical 
research. This consists in putting the wire with its heating-battery in the grid- 
filament connection of a valve, while a galvanometer is placed in the plate-filament 
connection, figure i. Luneau^’^ was concerned with high air velocities and there- 
fore used a valve whose characteristic in the working region was such as to turn a 
relation of the type 

• 8/?oc8(Fl) 

into one as nearly as possible like 

SIccSV, 

34-a 
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where / is the current in the galvanometer. In this instance we use a variable-mu 
valve {VS 24) so that the amplification is proportional to the logarithm of the grid 
resistance. We have calibrated the hot wire, connected in this way, with small 
steady air-velocities and found that a linear relation exists between I and V over 
the range required. Further, the grid-bias battery may be adjusted to such a value 
( — 2 V. in this case, with an anode and screen potential of 75 V.) that no anode 
current flows when the hot wire is in a still gas. Both the resistance of the wire in 
still air and its sensitivity to velocity varied with the pressure. The natural con- 
vection current is a function of the density and in fact increases with the pressure 
of the gas, so that the resistance in still gas decreases as the pressure goes up. The 
coefficient of variation with pressure is not constant for all gases; Petavel^*^ for 
example, found that whereas in air the natural convection current varied approxi- 
mately as the square root of the pressure, in carbon dioxide the proportionality was 
nearly linear. Certainly in this gas and in nitrous oxide we found, by comparison 
with the manometer, that we could use the resistance when the gas was still as a 
measure of the pressure. In sulphur dioxide the proportionality was less certain. 
As regards change of sensitivity with pressure, it will be observed that in the formula 
for the loss of heat, although the conductivity and specific heat change little with 
pressure, the density occurs along with V in the logarithmic term, so that in a given 
gas the hot wire measures the variations in the product pV, In conformity with this 
deduction it was observed that the hot wire was more sensitive to a given change of 
V, i.e., of displacement-amplitude, as the pressure increased; indeed at pressures 
below about 10 cm. of mercury it was impossible to make readings, partly owing to 
this lack of sensitivity and partly because with the removal of the gaseous load the 
crystal refused to oscillate with sufficient amplitude. 

The vessels used were of steel or glass, 10 cm. in diameter. A steel cylinder was 
used for the Pierce measurements, each end being closed with a plate of thick brass. 
Part of the thickness of the brass was turned down to make a friction fit over the 
steel tube, leaving a projecting lip on to which molten solder was poured to ensure 
gas-tightness. The reflector used was an ebonite disc set accurately perpendicular 
to a steel screw of pitch 0-635 diameter 6 mm. At the point of insertion of 

the screw in the end cap a gland holding a mixture of vacuum grease and paraffin 
wax was added. Sparking-plugs were found to be the most suitable leads to the 
electrodes which were of staybrite steel. 

The glass cylinder was used for the hot-wire measurements. In this case the 
apparatus was similar to that already used at atmospheric pressure except that 
greater care was taken in sealing. The apparatus could be exhausted to 3 mm. of 
mercury and was filled by repeated flushing and evacuation. 

The gases used were obtained directly from cylinders after being passed over 
calcium chloride. Pressures up to two atmospheres were used, the pressure being 
read on a mercury manometer connected to a tap on the cylinder. As has been ex- 
plained above, the pressure could also be checked by reading the resistance of the 
wire when this was heated by the standard current of 0-2 A, The temperature was 
also taken at each set of readings. The frequency was measured on a calibrated 
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wave-meter with the quartz crystals in situ during the experiments, since a small 
variation of frequency with the air gap in the holder has been observed. 

§3. RESULTS 

The mode of operation of the apparatus was as follows. The driving circuit being 
turned on, the variable condenser was set for the optimum maintenance conditions 
of the piezoelectric oscillator and the change-over switches operated to set the 
galvanometer into operation at suitable sensitivity and at the zero mark on the scale. 
When the hot wire was used, the current through it and the backing battery of its 
galvanometer were adjusted before the quartz was started into oscillation. The 
reflector was then moved back step by step through some dozen half-wave-lengths, 
while readings of one or both of the galvanometers were made. The reflector was 
then brought back while a similar series of readings were obtained. Readings of the 
pressure, temperature and frequency were then made, and the pressure was changed. 



Distance from reflector (mm.) 

Figure 2. Hot-wire measurements in carbon dioxide at 165 kc./sec. 

A change of pressure generally involved re-adjustments of both circuits, and below 
10 cm. of mercury the gas load on the crystal was so small that it was difficult to 
get the latter to oscillate. The region adjacent to the crystal face.was avoided in the 
measurements. 

Figure 2 shows a typical stationary wave as deduced from the hot-wire measure- 
ments in a dispersive gas, carbon dioxide at 750 mm. and a frequency of 165 kc./sec. 

The supersonic amplitude f at any point x on the curve is given by jc 

1 f |*= 2 i 4 *[cosh {2a {x- /)}-cos { 2 p (:v -/)}], 

where a is the absorption coefficient, j8 = 27 r/wave-length, I is the distance of the A ^ 
reflector from the source, and i 4 is a constant. The amplitude varies between 

2i4 cosh{a(3p-/)} 
and ^ 2 A sinh {a {x - /)}, 

80 that these expressions define the loci of the peaks and troughs (broken lines) and 
allow a to be cdculated^*^ 
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In the tables which follow the results of the wave-length measurements in the 
three gases at two frequencies are given as examples. The pressure in mm. of 
mercury appears in the first column; it ranged over nearly two atmospheres in 
carbon dioxide and nitrous oxide, but we had no ready means of compressing the 
sulphur dioxide, and therefore results up to atmospheric pressure only are given 
for this gas. The second column gives the temperature in degrees centigrade, the 
third the measured wave-length in millimetres and the fourth the velocity in metres 
per sec. reduced to 0° C. 

Table I 


Carbon dioxide 

Nitrous oxide 

Sulphur dioxide 

P 

0 

A 

Fo 

P 


A 

Fo 

P 

0 

A 

Fo 





Frequency 98 kc./sec. 





99 

21*0 

2-859 

270*0 

164 

21*0 

2*824 

266*7 

106 

20*0 

2*208 

208*9 

152 

20*5 

2*820 

265-3 

217 

21*5 

2*809 

265*0 

153 

20*0 

2*206 

208*7 

207 

21-0 

2*810 

265*2 

253 

21*5 

2*812 

365-3 

217 

20*5 

2*207 

2o8*6 

305 

21*0 

2*810 

265*2 

307 

21*0 

2*809 

265*2 

274 

21*0 

2*202 

208*0 

353 

21*0 

2-798 

264*2 

368 

21*0 

3-798 

264*2 

338 

21*0 

2*208 

308-5 

457 

21*5 

2*790 

263*1 

479 

20*5 

2*782 

262*9 

346 

21*0 

2*205 

208*3 

545 

21*0 

2*775 

262*0 

572 

21*0 

2*775 

262*0 

392 

20*5 

2*209 

208*6 

608 

21*0 

2-765 

261*1 

634 

21*0 

3-769 

261*5 

451 

20*5 

2*205 

208*4 

716 

21*5 

2*757 

260*1 

732 

21*0 

2*721 

357-0 

507 

20*0 

2*202 

208*3 

754 

21*5 

2*739 

258-4 

754 

21*0 

2*712 

356-3 

563 

20*0 

2*202 

208*3 

802 

21*5 

2*742 

258-7 

819 

20*5 

2*703 

355-6 

629 

20*5 

2*201 

208*1 

924 

21-0 

2*733 

258*1 

875 

20*5 

2*701 

255*4 

670 

20*5 

2*205 

208*4 

1016 

20*5 

2*723 

257*2 

921 

20*5 

2*694 

254-8 

717 

21*0 

2*205 

208*3 

1113 

21*0 

2*723 

257*2 

1063 

21*0 

2*699 

254-8 

758 

21*0 

2*206 

208*4 

1200 

21*0 

2*723 

257*2 

1114 

21*0 

2*693 

254*3 

— 

— 

— 

— 

1268 

21*0 

2*721 

257*0 

1238 

20*5 

2*684 

253-8 

— 

— 

— 

— 

1303 

21*5 

2*717 

256-4 

1291 

20*5 

2*683 

353-6 

— 

— 

— 

— 

1352 

21*5 

2*713 

256*0 

1354 

21*0 

2*682 

253*4 

— 

— 

— 

— 

1456 

21*0 

2*708 

255-8 

1416 

21*0 

2*680 

253*2 

— 

— 

— 

— 

1552 

21*0 

2*703 

255-3 

1537 

20*5 

2*665 

252*1 

— 

— 

— 

— 





Frequency 

1000 kc./sec. 





252 

19-5 

0*279 

269-5 

264 

20*5 

0*278 

368-5 

209 1 

20*0 

0*219 ! 

211*0 

307 

19*5 

0*279 

269-5 

317 

20*5 

0*279 

269*0 

253 I 

20*5 

0*218 

210*0 

354 

19-0 

0*279 

269-5 

351 

21*0 

0-379 

269*0 

301 

21*0 

0*217 

209*0 

402 

19-0 

0*279 

269-5 

392 

21*0 

0-379 

269*0 

356 

21*0 

0*217 

209*0 

458 

19*0 

0*280 

271*0 

476 

20*5 

0*280 

2700 

433 

21*0 

0*217 

2090 

522 

19*5 

0*281 

271*5 

558 

20*5 

0*281 

271*0 

479 

20*5 

0*217 

209*5 

573 

19*5 

0*281 

271*5 

597 

20*5 

0*281 

271*0 

564 

20*5 

0*217 

209*5 


19*0 

0*280 

271*0 


20*0 

0*281 

271*5 

598 

20*5 

0*2 1 6 

2o8*s 

681 

19*0 

0*280 

271*0 

682 

20*0 

0*281 

271-5 

633 

21*0 

0*2 1 6 

208*5 

785 

19-5 

0*280 

270*5 

746 

20*0 

0*281 

271*5 

697 

21*0 

0*216 

2o8*5 

837 

19-5 

0*280 

270*5 

831 

19*5 

0*279 

270*0 

740 

21*0 

0*216 

2o8*s 

886 

20*0 

0*280 

2700 

874 

20*0 

0-379 

369-5 

— 

— 

— 

— 

949 

20-0 

0*279 

269*5 

930 

20*0 

0-379 

369-5 

— 

— 

— 

— 

1018 

20*0 

0*280 

270*0 

983 

20*5 

0*279 

269*0 

— 

— 

— 

— 

1063 

20*0 

0*280 

270*0 

1068 

21*0 

0*279 

269*0 

— 

— 

— 



1127 

20-5 

0*279 

269*0 

1127 

21*0 

0*280 

369-5 

— 

— 

— 

— 

1232 

20*0 

0*280 

270*0 

1193 

21*0 

0*279 

269*0 

1 



— 

— 

1294 

20*0 

0*279 

269-5 

1261 

20*5 

0*279 

269*0 

— 

— 

— 

— 

1358 

20’0 

0*279 

269-5 

1349 

20*5 

0-379 

269*0 

— 

— 

— 

— 


On figures 3 and 4 (not drawn to the same scale) the results are grouped in the 
form of reduced velocity against pressure for all the frequencies used, in carbon 
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dioxide and sulphur dioxide respectively. The results in nitrous oxide were so 
similar to those in carbon dioxide as scarcely to warrant recording on a separate 
graph, but in figure 5 we have certain of the velocity results in these two gases 



Figure 3. Reduced velocities in carbon dioxide. The figures on the curves gii;e the frequency in kc./sec. 



Figure 4. Reduced velocities in sulphur dioxide. The figures on the curves give the frequency in 

kc./sec. 


recorded together against the parameter log {njp\ n being in c./sec. and p in mm. 
of mercury. The dispersion is apparent as a rise of velocity in the neighbourhood 
of n//>= 100, with a more gradual fall on each side^’\ In sulphur dioxide, figure 6, 
this effect is only beginning to occur at the maximum values of nip attained. The 
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arrows on these two figures indicate the value of Vq at low frequencies. Finally on 
figure 7 we have the absorption coefficient k plotted against pressure at four 
frequencies. In each case the absorption rises as the frequency is increased or the 
pressure reduced, but plotting against njp does not reduce the results to a single curve 
so successfully as it did in the case of the velocities. It must be remembered how- 
ever that a cannot be determined with the same accuracy as A by a hot-wire 
method, or indeed any other method. In table 2 are shown the values of kX^ from 
equation i, which are independent of pressure. 


Table 2 


Pressure (mm. mercury) 

200 

360 

560 

760 

1000 

X 10® (carbon dioxide) 

7*5 

40 

2*7 

2*0 

1-5 

X 10® (sulphur dioxide) 

5*5 

3*7 

2-4 

1*5 

i*i 


§4. DISCUSSION OF RESULTS 

Two theories have been advanced to account for the anomalous dispersion and 
absorption of supersonics in gases such as carbon dioxide. Either we may suppose 
that there is a lag in the transformation of one type of molecular energy into another, 
e.g. of energy of translation into energy of vibration, or we may suppose that a 
modified form of resonant absorption is taking place.* Kneser^*®^ has shown that 
on the first hypothesis there should be a steady value of the velocity below that 
frequency at which the period of vibration is equal to the time of relaxation or of 
lag in the energy transfer, and that there should be a sharp rise of velocity to 
another maintained value at higher frequencies. I'he absorption also, when ocA is 
plotted against log w, should give a symmetrical curve. With resonant absorption, on 
the other hand, assuming that the resonance is not sharp but broad like that due to a 
number of resonance frequencies spread over a band, we should as the frequency 
rises get a moderate fall of velocity on either side of a steeper rise and again a 
symmetrical absorption curve. We must remember that in either case this absorp- 
tion may be clouded by viscous dissipation, about the mechanism of which at such 
high frequencies little is known. 

As we have shown, figures 5 and 6, the dispersion is a function of the quotient 
{frequency/pressure}. This is explicable on a resonance theory since one would 
expect any molecular dimension or spacing which was responsible for the dispersion 
to be diminished in proportion as the pressure increases, so that if resonance occurs 
at a frequency under a pressure px it will occur at under a pressure p^ where 
^ilPi — ^lp2- On the other hand Richards and Reid who are the first to point out 
the efficacy of plotting the velocity against this parameter, though on the evidence 
of a more restricted range of experiment, suggest an explanation on the relaxation- 
time theory. Since the latter involves the probability of the transition from trans- 
lational to vibrational energy, they assume this probability to be proportional to the 
pressure as a basis for an explanation of the results. 


* Cf. reference (5) and the bibliography given therein. 
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On the absorption results it is less easy to compare the effect of pressure with 
theory since the issue is confused by the viscous absorption, which as equation (i) 
shows increases as the pressure diminishes. Apart from this there is a corre- 
spondence between absorption curves plotted against {frequency/pressure}, although 
the agreement is not so good as that obtained from the velocity curves plotted in this 
fashion. In agreement with Groszmann we find absorption coefficients of rather 
higher order than those postulated by Kneser. The crux of the dispersion occurs at 
a value of njp equal to loo in carbon dioxide and nitrous oxide, figure 5, and beyond 
nip = 6000 in sulphur dioxide, in which gas the rise of velocity is slow but is be- 
coming rather more rapid at the limit of our nJp range, figure 6. 

All that we would venture to state at present is that the relaxation theory in the 
form in which it is propounded by its advocates is insufficient to explain our ob- 
servations. Before theorizing further it is desirable to make a comparison with the 
dispersion shown by a medium having resonators of macroscopic dimensions, such 
as a suspension having a known density and a known range of particle-size. Experi- 
mental work on such systems is now being initiated in this laboratory. 
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By H. L. penman, M.Sc., AJnst.P., Armstrong College, 
Newcastle-upon-T yne 

4 
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ABSTRACT, Measurements of wave-lengths of supersonic radiation at frequencies 
between 40 and 140 kilocycles per sec. have been made in carbon dioxide, nitrous oxide 
and sulphur dioxide at various temperatures from room-temperature up to 200® C. The 
velocities at constant density, i.e. reduced to 0° C., have been calculated. When these are 
plotted against temperature, supersonic dispersion is shown by a sharp fall of velocity 
in carbon dioxide at a temperature which increases with the frequency of the source. The 
significance of these results in the light of the theories of supersonic dispersion which have 
been propounded is then discussed. 


§ I. INTRODUCTION 

T he interpretation of supersonic dispersion in gases on the basis of a relaxation 
time as outlined by Kneser^*^ has been extended in a recent series of papers 
by Richards and Reid^*^ to cover the effects of pressure and temperature. 
The theoretical treatment and practical results for the pressure effect are discussed 
by Railston and Richardson The present paper is a report on measurements made 
in a number of gases at various temperatures. 

There is as yet no established theoretical basis for. the observed temperature 
effects. Kneser postulated a temperature effect of zero order, that is to say, one 
independent of the change in velocity which results from a density-change. The 
early results obtained by Richards and Reid indicated that at high frequencies 
there was a variation of velocity with temperature and they suggested that it might 
be accounted for by introducing the idea of an activation energy of collision into 
theoretical considerations. This suggestion implies that only molecules having 
higher kinetic energies can cause excitation and de-excitation to and from higher 
vibrational levels. It leads to the conclusion that in the dispersive region the 
velocity of sound in a gas, being greater than the velocity in the audio-frequency 
range at room-temperature, will gradually approach the audio-frequency value as 
the temperature is increased. 

The experimental data available are few. Apart from Richards and Reid's 
results already mentioned, further results were obtained by the same authors for 
sulphur dioxide and carbon disulphide, and in neither case did they fit the 
theoretical curves. Sheratt and Griffiths have published results of measurements 
in carbon monoxide made at frequencies of 7*9 and 27*4 kc./sec. in the temperature 
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range 1000° to 1800® C. The difference between the velocities at these two fre- 
quencies increases as the temperature rises, the change thus occurring in the 
direction opposite to that predicted by the activation theory. 

The present paper gives an account of measurements made on carbon dioxide 
at a number of frequencies in the dispersive region and also includes preliminary 
results for sulphur dioxide and nitrous oxide. 


§2. APPARATUS 

Quartz crystals piezoelectrically driven have been used as sources of radiation. 
The electrical driving-circuit was essentially that due to Pierce^^\ A PX 25 valve 
was used with an anode voltage of 200, the crystal being connected between plate 
and grid. A small choke between the plate and the crystal-electrode was found to 
be effective in eliminating high-frequency harmonics and also in reducing the 
effects of hand-capacity. Measurements of wave-length were made in the standard 
way with an acoustic interferometer, a sensitive, suitably backed microammeter 
being included in the plate-filament circuit. Frequencies were determined at room- 
temperature with a wave-meter. 

Tinplate on which furnace is wound 




^Gaa inlet 

Figure i. Diagram of apparatus. 



i 
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Interferometer design. Two tubular containers for the gases have been used. The 
larger one was designed to accommodate the largest crystal employed. Its size 
prevented adequate temperature-control and occasionally there were doubts about 
its gas-tightness. The smaller tube substituted to overcome these objections is 
shown diagrammatically in figure i. 

The inner tube is of iron, 5 J in. long and in. in diameter. One end is per- 
manently closed and carries a thermometer, a gas tap and a long brass screw on 
which the reflector is mounted. The other end is detachable and on it is mounted 
the crystal-holder, while through it pass a gas tap and two insulated terminak by 
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means of which connexion is made to the crystal electrodes. This end is bolted on 
to the tube, a rubber gasket ensuring a gas-tight fit. 

The crystal-holder is as simple as possible. The lower electrode, which is of 
thick brass with a plane clean surface, is merely a platform normal to the plane 
detachable end of the tube. The upper electrode is of thin aluminium resting lightly 
on the top of the crystal, connexion to the terminal being made through a very 
fine piece of fuse wire so that no constraint is imposed upon it. Two cork guides 
orient the crystal so that it vibrates in the direction of the axis of the tube, and to 
prevent the crystal from sliding forward the whole apparatus is tilted slightly, the 
tendency to slide being thus opposed by gravity. 

A glass plate is used as a reflecting surface and is mounted upon a brass frame 
with levelling-screws and springs. This brass frame is carried on the end of a 
screw of pitch i mm., the other end of which carries a circular scale by means of 
which the traverse of the reflector is measured. With this arrangement it is possible 
to ensure that the reflecting surface shall be perpendicular to the screw and thus 
remain parallel to the vibrating surface of the crystal as the screw is turned. 

Furnace, The experimental tube telescopes into a second iron tube of greater 
length round which several turns of ^-in. copper tubing are wound. Over this is 
wrapped an enveloping sheet of tinplate, providing a core upon which the wire of 
an electric furnace is wound. The copper tubing is connected at one end to the gas 
supply and at the other to the tap at the fixed end of the experimental tube. While 
observations were in progress a slow flow of gas was maintained through the coil, 
the gas becoming heated in the process and being then passed through the inter- 
ferometer tube. The temperature of the gas in the latter was read at the same time. 
This arrangement maintained a small pressure-gradient from the experimental tube 
outwards, so preventing a possible leakage of air inwards. 

Gas-supply, This was obtained from cylinders as supplied commercially; 
carbon dioxide was also obtained from a Kipp’s apparatus. The only impurity 
deliberately removed was water vapour, which was disposed of by passing the 
gases through sulphuric acid and over calcium chloride. Before readings were 
taken the gas was allowed to flow fairly quickly for about half an hour through the 
apparatus, to drive out air, and then the flow was cut down uhtil a bubble passed 
every second or so through the sulphuric acid. 

Measurements of wave-length were made in carbon dioxide at frequencies of 
41-5, 94, 98, III and 145 kc./sec. Richards and Reid’s results for 92 kc./sec., 
published while this work was in progress, are included in the diagram for the sake 
of comparison. The curve drawn in figure 2 through their points is not that which 
they regard as the best. Results for nitrous oxide and sulphur dioxide have been 
confined to two frequencies, viz., 94 and iii kc./sec. All velocities have been 
reduced to 0° C. by the usual reduction formula assuming Charles’s law. This 
reduction enables changes in velocity other than that due to change of density of 
the gas with temperature to be*8tudied. 

There are three factors depending on the form of the apparatus which may 
affect the measured wave-lengths and should be considered. There is first the 
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finite width of the tube, the effect of which is only appreciable however when the 
tube is narrow and the frequency low. In the present case the Kirchhoff correction 
from this cause amounts to only one part in 10,000. It has therefore been neglected. 

We may take the effects of temperature on the pitch of the screw and on the 
frequency of the quartz together. The wave-lengths are measured in terms of the 
pitch of the brass screw at the bush in the fixed end of the experimental tube. As 


260-1 


W'-4i-5 kc./sec. 




20 40 60 80 1(W 120 140 160 180 

Temperature (°C.) 

Figure 2. Reduced velocities in carbon dioxide at various frequencies («). 

the temperature rises the pitch of the screw increases, making the distance between 
successive nodes in the stationary wave system appear too small. The temperature 
coefficient of frequency of the quartz is negative and therefore tends to oppose the 
other change. The coefficient of reduction of frequency with rise of temperature as 
measured by Gibbs and Thatte^^\ being of the same order as that of the expansion 
of brass, the two effects have been held to be self-compensating. 

The results for carbon dioxide are given in table i and figure 2 ; and those for 
nitrous oxide and sulphur dioxide in table 2. 



Table x. Velocity in carbon dioxide. 



• Results due to Richards and Reid^*\ 


Table 2. Velocity in sulphur dioxide and nitrous oxide. 

Vo (m./sec.) 


2110 

212*0 

212*0 

213*0 

213*0 

214*0 

214*5 

214*0 

214*0 

212*5 


213*0 

215*0 

215*0 

216*5 

2135 

212*5 

212*5 

215*5 

2i6*5 

263*5 

263*5 

263*5 

263*0 

263*5 

263*0 

262*5 

262*0 

261*5 



lO 0 
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§3. DISCUSSION OF RESULTS 

It is proposed to confine discussion to the results for carbon dioxide, since the 
other two gases do not show so marked a dispersion within the small range of 
frequency covered. The chief interest in the curves centres round the relatively 
sharp falls of velocity at certain temperatures for the sources having frequencies 
near 10^ c./sec. It is interesting to note that a similarly-shaped curve can be 
obtained from Smith and Hitchcock’s results for the variation of the dielectric 
constant c of ice with temperature. By plotting c*"!, which is a quantity corresponding 
to a velocity, against temperature for a frequency of 300 c./sec. a curve is obtained 
not unlike those for supersonic frequencies of 94 and 98 kc./sec. Possibly the 
theoretical interpretation of the two results will be found eventually to move along 
parallel lines. 

The temperature at which the sharp fall in velocity takes place obviously 
increases with the frequency nearly in linear fashion, although the number of 
curves available hardly warrants an attempt to connect these two variables by 
means of an empirical formula. By trying parameters of the type w — Wo/(^~^o)> 
where 6 is the temperature and n the frequency, ^0 ^ being constants, it is 

possible to bring the maxima of dispersion into coincidence, but the effect on the 
remaining portions of the curves is not so fruitful as the corresponding process in 
the pressure results The curv^e for 145 kc./sec. shows a gradual fall to a value 
close to that for 41*5, i.e. towards that for audio-frequencies. This form of curve 
satisfies the theoretical deductions of Richards and Reid and it may be that their 
conclusions are only valid for the higher frequencies in the supersonic gamut. 
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ABSTRACT, The direct impact of two cylindrical jets of liquid causes the liquid to 
emerge radially in a plane at right angles to the common axis of the jets. The maximum 
diameter of the disc of moving liquid so formed is shown to depend on the surface tension 
of the liquid. 

A method of measuring surface tension is developed and is applied to measure the 
surface tension of water, giving 

73’83±0'i3 dyne/cm. at 15° C. 

The liquid surface is renewed about 80 times per second, contamination being thus 
prevented. The only other method in which such rapid renewal of the surface takes place 
is the Rayleigh oscillating-jet method. The angle of contact is not involved in Rayleigh’s 
method, nor in the present method. 

§1. INTRODUCTION 

T he method of measuring surface tension that is described in this paper has 
two advantages. In the first place, the experiment does not depend on the 
angle of contact. Secondly, the liquid surface on which the experiment is 
performed is completely renewed about 80 times a second, and is consequently 
prevented from becoming contaminated. Of the methods that have previously 
been proposed, the only one in which rapid renewal of the surface takes place is 
the vibrating-jet method that was originally used by the third Baron Rayleigh^*^ 
and later by Pedersen^*^ and by Bohr^^\ That method also is independent of the 
angle of contact. 

Before considering the details of the present method, it will be well to describe 
its essential features. Let us suppose that liquid can be squirted from a nozzle of 
suitable shape, so that instead of emerging as a cylindrical jet it emerges radially 
in all directions in a plane. In this way a flat disc of liquid will be obtained, as 
indicated in figure i. If the rate of supply of liquid at the centre is kept constant, 
we expect from continuity that the liquid disc will get thinner and thinner as we 
recede from the centre. However, if the disc is thin near to the centre, it may be 
regarded as almost parallel-sided at points that are not near to the centre. If the 
liquid were all at rest (and if its weight could be neglected) it would require forces 
acting outwards at its periphery to maintain it in equilibrium. Such forces are not 
applied externally, but are caused by the loss of outward momentum of the moving 
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Qi P liquid. If the volume of liquid supplied in unit time be Qy if its density be p and its 

V initial velocity v, then the momentum of the liquid entering the wedge of inde- 

a finitely small angle a, figure i, in unit time is {ol/ztt) QpVy measured radially out- 
wards. If the liquid came to rest at the outer edge of the disc, it would exert an 

outward force of (a/27r) Qpv, The outward force required to keep the sheet in 
Ri S equilibrium is zotRSy where R is the radius of the outer edge and S is the surface 
tension of the liquid surface. Hence the maximum radial distance to which the 



Figure 2. 


moving sheet can extend (if no other forces are applied at its outer edge) is given 
by 2 (x/?*S'={a/ 27 r) Qpv\ that is to say, R=Qpv/^ 7 rS, Hence, if th^re were no cor- 
rection factors to apply, the surface tension would be given by 

^~i7rR 

where R is the maximum radius of the moving liquid sheet. 

In the experiments that I have performed, two equal cylindrical nozzles were 
arranged facing one another with their common axis vertical, as shown in figure 2. 
Water was passed through the nozzles, forming a pair of nearly cylindrical jets. 
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These two jets meet at some point on the common axis, the water then diverging 
radially in a plane at right angles to the axis of the system. In order that the weight 
of the disc of liquid shall be small in comparison with the momentum of the liquid 
delivered by either nozzle in unit time, we must have 

r^<Slgp (2), 

where r is the internal radius of the cylindrical nozzle and g is the gravitational 
acceleration. In the case of water, therefore, the effect of gravity will be small 
when r=o*o5 cm., but will be large when r=o-5 cm. 

Experiments were carried out with nozzles of radius as small as 0-04 cm., and a 
sensibly plane disc of water was obtained. The peculiar shape of the edge of the 
disc is indicated in figure 3. The liquid accumulates in a roll aa at the edge of the 
disc, but irregular cusps c rather frequently occur. A spray of drops is shot off 



tangentially from the two edges of each cusp; and sometimes drops b of liquid 
form on the roll and move slowly along it or drop off below. The cusps may be due 
to slightly more liquid emerging in some directions in the plane than in others. 
If a pin or the tip of a knife be inserted into the water sheet a similar cusp is formed. 

Measurements of the diameter of the disc showed that, for a particular pair of 
nozzles, R is proportional to Q'^. The values of Q^/R for different pairs of nozzles 
were found to be proportional to r\ These two results can be deduced from 
equation (i). Thus, if the velocity in the disc be assumed equal to the mean velocity 
in the nozzle, we have Q = 2 and hence 

S=: SjS M 

{2R)7r^2ry 

The external radius of the disc was found to be given approximately by equation (3). 
It was not possible to test the equation very exactly, because the cusps in the outer 
edge of the disc prevented precise measurement of R, 

With nozzles of rather larger radius (r=o»o6 to 0-15 cm.), the effect of gravity 
is still small, but not negligible. With the common axis of the nozzles vertical, the 
horizontal disc curls down under the action of gravity, in the way indicated in 
figure 2.* The maximum diameter of the bubble-shaped sheet of moving water 

* This diagram is drawn for r*=o‘2 (Slgp). In the case of water, that implies a nozzle whose 
internal radius rsso'iz cm. 
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was susceptible of much more precise measurement than was the maximum 
diameter of the flat disc, with cusped edges. Calculations and measurements were 
therefore carried out for such cases. The object of the investigation being to develop 
a method for the measurement of surface tension, it was not necessary to calculate 
exactly the effect of gravity on the water sheet, provided that this effect was kept 
fairly small. 

§2. THEORY OF THE METHOD 

Let us consider a part of the sheet, figure i, of indefinitely small angle a. At 
XyV a point at a distance x from the axis let the velocity be v, in a direction making an 

B angle of B with the horizontal, figure 2. From continuity we find that the thickness 

of the sheet is QIzttxv. Considering a portion of the wedge lying between x and 
x+dx, and equating the rate of gain of downward momentum to the nett effect of 
the surface tension forces acting at the inner and outer boundaries of the element, 


together with the weight of the liquid in the element, we obtain 

^ Qp,d{v sin B) = 2oiS,d{x sin B)+ ^ (4). 

A similar equation is obtained by considering the horizontal momentum : 

^Qp.d{v cos 6) =2ctS.d {x cos 6 ) - zaS (5). 


Provided that is small compared with Sjgp^ the last term of equation (4) is small. 
We may therefore approximate by assuming v to be independent of the value of x 
in this small term. Substituting the value of dx/cos B from equation (5) in equation (4) 
and integrating we obtain 

Qp [v sin B] = ^7 tS [jc sin 0 ] + |[a: cos B] - [v cos ^]| . 

j/j Let the velocity near the central horizontal part of the sheet {not in the jet) be 

j/g and let the velocity at x — Ry where 0=90°, be 1^2* f^he rate of gain of downward 

momentum for the whole of the upper part of the sheet is then equal to either side 
of the equation 

w. 

The effective value of v in the correction term for the weight of the sheet must be 
between and «2 Ir value. The buoyancy due to the air is quite negligible; and we 
shall assume that the frictional and inertia effects due to the air are also so small 
as to be of no importance. In that case can be deduced in terms of Ui and the 
h - difference in level of the top and outer edge of the sheet, which we will denote A, 
figure 2. Thus y/{ux^-^2gh). 

u The velocity will be slightly greater than the velocity m, in the jet, because 

the pressure in the jet is greater than atmospheric on account of the surface tension 
of the cylindrical surface. This excess pressure is equal to Sjr. Hence, by Bernoulli’s 
theorem we have Collecting these results we obtain 

«2 = VC"® + 2gh + 2Slpr). 
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Before substitution of this result in equation (6), there is one further correction 
to apply to that equation. It has so far been assumed that no vertical force is applied 
to the sheet where the water enters it from the two jets, but this is not quite true. 
If the centre of the liquid disc is stationary at some point on the common axis of 
the jets, the pressure just below the central point of zero liquid velocity must be 
equal to the pressure just above that point. By Bernoulli’s theorem we find that 
this is equivalent to saying that, if the jets had not been on the same axis, the 
velocities in the two jets would have been equal and opposite at points at the same 
level. The velocity at the lower nozzle will therefore be slightly greater than at the 
upper, by an amount corresponding to the difference in level. Consequently the 
mass of liquid emerging from the lower jet per second will be slightly greater than 
that emerging from the upper jet. When the two jets impinge, they meet with equal 
and opposite velocities, but there is a nett rate of supply of upward momentum. 

If the difference in level of the tips of the two nozzles be small in comparison 
with the head of liquid that is effective in giving kinetic energy to the liquid in the 
jets, the nett rate of supply of upward momentum to the centre of the disc of 
liquid may be written 7 rr^pg\ where A is the difference in level between the two 
nozzles, figure 2. Equation (6) may now be modified and becomes 

V' <’>■ 

In view of the fact that Q = 2 equation (7) may be simplified, most second- 

order corrections being neglected. We obtain 

o _ Q^P ’'^SP (S' h\ .g. 

( 2 R-r)ir^irY 2 ~\S zR R) 

Here S' represents the approximate value of S that is given by equation (3) in which 
there are no correction terms. 

It will be useful to recall the origin of the various correction factors that have 
now been applied to the original equation (3). The term r^gpS'l2S is due to the 
weight of the liquid disc. The term (2R — r) owes the r to the pressure in the jets 
being more than atmospheric because of surface tension. The term in A is due to 
the nett upward momentum supplied by the jets. Finally, the term in h may be 
ascribed to the downward acceleration of the liquid as it passes round the 
curved edge of the disc of liquid. In the present experiments, the only correction 
that exceeded 2 per cent was that due to the weight of the film. As this correction 
amounted to more than 5 per cent in some of the experiments, it was carried to the 
second order in equation (8). If an accuracy of J per cent had not been sought, 
equation (8) could have been simplified by writing S' = S. By an investigation of 
the solution of equations (4) and (5) it was found that h/R is approximately equal 
to r^gpjS, When this estimate did not quite agree with the experimental deter- 
minations of hy the mean of the two methods of estimation was used in evaluating 
the correction factor h/R of .equation (8). 

Before the experimental work is described, two other possible sources of error 
will be considered. In the first place, there might be an appreciable conversion of 
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kinetic energy into heat as the liquid flows from the jets into the sheet. It would be 
very difficult to calculate the exact amount of this error, but it can be shown that 
the fractional error produced in the estimate of S is of the order fijvrp, where is 
the viscosity of the liquid. In the present experiments we have approximately 

/x = o*oi gm.cm:^ sec:^ 
v = 200 cm. sec:^ 
r=*o-o8 cm. 
p = I gm. cm:^ 

Hence the error produced in the estimates of S is probably of the order of o*o6 per 
cent and can be neglected. 

The possible source of error that still remains to be considered is that due to 
the velocity in either jet not being quite the same at points near the surface and 
near the centre of the jet. This error will be discussed in the following section of the 
paper. 


§3. APPARATUS AND EXPERIMENTS 

The general arrangement of the apparatus is shown in figure 4. The two nozzles 
were placed with their axes vertical, and held in position by four clamps. If the 
disc of water is horizontal, as at a, figure 4, the tangent plane at its centre being at 
right angles to the two jets, and if it remains at right angles when the disc moves 
up or down to a new position, then the two nozzles are accurately aligned. This 
method of testing the alignment is quite satisfactory, though the adjustments that 
have to be made to achieve accurate alignment are rather troublesome. It would 
be of considerable advantage to have the clamps fitted with fine adjustments giving 
movements in two horizontal directions. 

Concentric with the lower nozzle, and fastened to it, was a conical sheet of 
metal w, figures 2 and 4. The function of this is to make the water sheet stable. The 
metal cone gives a rigid boundary to which the lower part of the water sheet can 
cling by surface tension. The water in the lower half of the sheet no longer meets in 
a rather jumbled way near the supply pipe to the lower nozzle. Moreover, the 
lower part of the conical metal sheet is pierced by several large holes, to ensure that 
the pressure inside the water sheet shall be atmospheric. Care must be taken that 
these holes shall not become covered by films of moving water. It might be possible 
to prevent the formation of such films by having the tops of the holes fitted with 
baffles. 

Round the whole of the nozzle system was a metal can, to collect the water and 
deliver it to a glass vessel so that it might be weighed. The can was open at the top 
and had a slot down one side for the lower clamps and supply pipe to pass through. 
After removal of the support from below the can, the latter could be lowered clear 
of the nozzle system, to enable adjustments to be made. 

A mirror scale n, engraved in millimetres, was placed horizontally on the top 
of the can, figure 4. The scale being viewed from above, the maximum diameter of 
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the water sheet could be measured in several directions two or three times during 
the course of any experiment. 

Tap water was used in the present experiments. The water passed through two 
constant-level tanks arranged in series, before it came to the apparatus. Con- 
sequently the water was supplied at a constant rate, and few air bubbles reached the 
nozzles. This method of supplying the water was satisfactory, but devices such 
as that described by Pedersen might be better. 



From the second constant- level tank the water passed to a T piece. On the 
rubber tubes that connected the T piece to the two nozzles were screw clips t, 
figure 4. By a slight adjustment of these clips the discharge through the two nozzles 
could be controlled so that the water sheet floated freely about half way between the 
two nozzles. If this condition were not fulfilled, the nett upward momentum 
supplied to the sheet by the pair of jets would not be known, and equation (8) would 
not be applicable. 

It is essential that each nozzle shall deliver a jet which is nearly cylindrical, the 
velocity of the liquid being nearly the same throughout the jet. It is known that 
these conditions can most nearly be realized by having a short nozzle consisting of 
a well-rounded entrance ending in an extremely short cylinder. The method 
finally adopted for making the nozzles was as follows. A piece of thick-walled 
capillary glass tubing was selected, the bore of which was nearly circular and of the 
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desired diameter. One end of the tube was closed in a blow-pipe flame and blown 
out into a small bulb. Then the end of the bulb was blown out, and sealed onto 
the end of a wider glass tube. Finally the capillary was cut off at a point very near 
to where it began expanding to form the bulb, so that the required nozzle was left 
at the end of the wide tube. The cut end may require a little grinding. 

A nozzle of rather poorer design was arranged to deliver a jet of water hori- 
zontally. The velocity of the water as it left the nozzle was calculated from the 
curved form assumed by the jet under the action of gravity and also by dividing the 
rate of discharge by the area of cross-section of the nozzle. The two sets of results 
did not differ by more than J per cent; thus the velocity of the water as it left the 
nozzle was nearly uniform over the transverse section of the jet. 

The internal diameters of the tips of the four nozzles that were used in the 
final experiments were measured by means of a Hilger travelling microscope. Each 
nozzle was then arranged to deliver a jet of water horizontally, and the diameter of 
the jet was measured with the microscope at points distant lo to 15 jet-diameters 
from the nozzle. These diameters and those of the corresponding nozzles did not 
differ by more than about o*i per cent, which is about equal to the probable error 
of the measurements. Tests made at about 50 jet-diameters from the nozzle (but 
arranged to be at the same level as the nozzle) showed agreement with the other 
measurements; the probable errors were rather greater than 0*1 per cent, owing to 
slight sideways movements of the jet during the course of measurement. 

Close to the nozzle the jet has a larger diameter, owing to the action of surface 
tension, the main stream of water being surrounded by a ring-shaped eddy system. 
In the present experiments we require to find the total rate of supply of momentum 
from the jet to the liquid disc. This will be the same at all transverse sections of the 
jet apart from gravitational action and a very small surface tension effect. The rate 
of supply of momentum may be written iQpu or but r must be measured 

where the jet has become sensibly of constant diameter, for it is only there that the 
velocity is sensibly the same all over the transverse section. 

During the preliminary experiments certain tests were made to confirm the 
correction terms in equation (8). The term {zR — r) was estimated experimentally 
as {zR — (i-Oy ± o-ig) r}. An approximate test of the A term was obtained by finding 
the rate of discharge of the two nozzles separately. The experimental values of 
hjR were sometimes greater than and sometimes less than the value predicted from 
an investigation of equations (4) and (5), namely r^gpjS, The mean result from 
twenty-five experiments was A/^ = (i»o8 ± o-o6) r^gpjS, 

I will now give a short description of how the final experiments were performed. 
The water was set running through the constant-level tanks, and the nozzles were 
aligned till the water disc remained horizontal not only when midway between the 
nozzles but even when it moved up or down to positions nearer one nozzle. The tips 
of the nozzles were separated by a distance of from 3^ to 5^ jet-diameters, in order 
that the A correction should not be too great, and yet a free floating motion of the 
water disc should be permitted over a small distance midway between the nozzles. 
The water-supply to the nozzles was controlled separately till the disc floated freely 
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in this way, the adjustment being slightly altered during the course of the test, if 
that became necessary. The metal can was raised till it surrounded the whole 
nozzle system, and was fixed in position. The mirror scale was placed on the top 
of the can, and a vessel was placed to collect the water as it flowed from the can. 
The time during which water was collected was measured with a stop watch such 
that 10 seconds corresponded to one revolution of the hand. A single test lasted 
for about 8 minutes. During the test, the diameter of the water sheet was measured 
in 4 or 5 directions, a total of about 12 determinations being made. Directly the 
water had been collected, its temperature was measured. Before the water was 
weighed the values of h and A were found with a mirror scale. The weight of water 
was corrected for buoyancy. 


§4. EXPERIMENTAL RESULTS 

Two pairs of nozzles were used, and nine experiments in all were carried out. 
The results are given in the table. The density of water at the various temperatures 
was assumed. The estimates of the surface tension were reduced to 15° C. by 
assuming a temperature coefficient of —0*157 dyne cm:^ (°C.)“^ between 14° 
and 20° C. Tap water was used in all the experiments. 

Table 
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1 

1 ^ O'OOOIg 1 

5468 

422-8 
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h r^gp 
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2 
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The second half of the table gives the values of the correction terms of equation 
(8). Each of the nine experiments has a probable error of about ± J per cent, due 
almost entirely to uncertainty in the value of R. The probable errors given in the 
last column do not include the uncertainty due to the measurement of 2r. When 
amended to take this into account, and also to take account of the small discrepancy 
between the two methods of estimating hjRj the values become 

For nozzles i a and 73*73 ±0*17^ 

For nozzles 2 a and h, 73*96 ± 0*20/ 

giving a final estimate of 

5(15° C.) = 73*83±o-i 3 dyne/cm. 

This value may be compared with the values collected from many sources by 
Pedersen, by Bohr and by Warren. In particular we have Pedersen’s own deter- 
mination 

74-30 

that of Bohr (reduced to 1 5° C.) 

7278 

and the value that Warren takes as the best mean of thirteen determinations by 
various workers 

73-65- 

The present estimate compares quite satisfactorily with these values. I will only 
make two comments. Firstly, it is unlikely that the surface tension of tap water, 
such as was used in the present experiments, differs appreciably from that of 
distilled water, for no difference was detected by Pedersen or by Bohr. Secondly, 
I consider the present method worthy of comparison with the Rayleigh oscillating- 
jet method, even if the present work happens to contain some defects, so far un- 
discovered, in the details of the theory or experiments. 
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ABSTRACT. Measurements on the paramagnetic susceptibility of cerium chloride 
CeClg.bHgO in aqueous solutions have been made over a wide range of concentrations 
(8 to 37*5 per cent of the anhydrous salt) and for the temperature-interval 7° to 70° C. 
by means of a slightly modified Quincke ascension method. The variation of the molecular 
susceptibility with temperature is found to follow, for the interval considered, a Curie- 
Weiss law 

Xe (T+A) = C, with C equal to 0-762. 

The value of C appears to be unaffected by the variation of the concentration of the 
solution. On the other hand, A varies with the number of ions present in the unit of 
volume and increases from 45 to 63 for the range of concentration considered. 

The effective magneton number /x* or 14*07 ViXc T) of ion Ce+++ at room tem- 
perature is calculated and is found to vary, for this same interval of concentrations, from 
11-41 to 1 1 -1 6. If, on the other hand, the magneton number is deduced from the modified 
form of the above formula, /i.^= 14*07 Vlxc (T-f A)}, a value is obtained which is in- 
dependent of the concentration and of the temperature and is equal to 12-36. 

These results are compared with the values obtained experimentally by other workers 
and with the theoretical numbers deduced by Hund and Van Vleck from the study of the 
spectroscopic ground states of the rare-earths group. 

Some measurements on the densities of the solutions under investigation are included. 


§1. INTRODUCTION 

S INCE the recent developnment of the theory of paramagnetism, the study of the 
magnetic behaviour of the ions of the rare-earths group appears to be of 
special interest. This is due to the fact that in all these ions the incomplete 
group of electrons responsible for the paramagnetism, instead of being in an outer 
shell as is the case for the ions of the first transition series, lies deeper in the ion 
(44 electrons), which implies that the magnetic carriers are less liable to be affected 
by the field from neighbouring ions and molecules. The rare-earths ions are thus 
the best substitute available for the ideal monatomic gas for which the theoretical 
formulae have been established. Consequently, one might expect the theory to 
apply to them and a good agreement to be found in their case between experimental 
data and theoretical calculations. 

• Part of a thesis submitted for the degree of Ph.D. to the Birmingham University on October i , 

1934. 
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The new quantum mechanics leads for the susceptibility x of an ideal mon- 
atomic gas, to the well-known formula 

X=py+'^^« 

where N is the number of molecules per cm?, /x the permanent magnetic moment 
of the molecule, T the absolute temperature, k the Boltzmann constant and iVa the 
joint contribution to the expression for x the high-frequency elements of the 
paramagnetic moment and of the diamagnetic effect. 

This general formula takes different forms according to the value of the width 
of the multiplet intervals as compared to k'L When the multiplet intervals are large 
in comparison with kT^ as is assumed to be the case for the ions of the rare earths, 
formula (i) for the susceptibility becomes 



where J is the resultant of the orbital and of the spin moments, j 8 the Bohr magneton 
and g the Lande splitting factor. For most of the ions of the rare earths, moreover, 
the second term Nol is small and negligible when compared with the temperature- 
dependent term Ng^p^J (7 + i)/3^T. 

Hund^*’^^, assuming the electron-distribution proposed by Stoner, predicted 
the values of the respective quantum numbers J, 5 , L, and the value of g for all the 
ions of the rare-earths group; he computed the corresponding Weiss magneton 
numbers from the formula = 4-97/^ V{( 7 + 0 / 7 } compared the theoretical 
values thus obtained with the experimental values deduced from the measurements 
of magnetic susceptibilities then available. The agreement appears at first sight to 
be very satisfactory with two or three exceptions. Hund’s values for samarium and 
europium are much too low. Van Vleck*s estimations, however, calculated with the 
assumption that the multiplet intervals for these two ions are not very large com- 
pared with kTy are in better agreement with experiment. 

However, the experimental values of the magneton numbers recorded by Hund 
were all calculated on the assumption that the susceptibilities of all rare-earths ions 
varied with the temperature according to a Curie law, as gadolinium was then 
known to do; they correspond to the effective Weiss magneton numbers as defined 
by the formula 

/^«= 4*97 VidXckTjLp^) 

where jS is the Bohr magneton, Xc the susceptibility per graqi-ion, and L the 
Avogadro number. In numerical terms 

14-07 

The measurements of susceptibilities have been made only at room temperature, 
in most cases in the crystal state. 

In reality, accurate measurements of the susceptibilities at different tempera- 
tures are absolutely necessary if a really convincing comparison is to be made 
between experimental data and the theoretical values deduced from formula. Some 
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such measurements have been made recently by Cabrera and Duperier^^^ for some 
of these ions, most of them on oxides and on the anhydrous sulphates in the solid 
state. Most of the ions under investigation are found to follow the Weiss generaliza- 
tion of the Curie law 

X(T+A) = C. 

Recently, too, measurements have been made for samarium in Sm2(S04)3.8H20 by 
S. Freed^^^ and for neodymium by P. W. Selwood^^\ 

In Hund’s tables, cerium (Ce+++) appears as one of the ions for which there is 
a definite discrepancy between the theoretical and the experimental values of the 
magneton number, and an investigation of the influence of temperature on the 
paramagnetism of this ion seemed to us to be of interest. It will be remembered 
that Ce+++ is the simplest amongst the paramagnetic ions of the group and has only 
one electron in the incomplete group, the structure of its different shells of electrons 
being assumed to be the following: 

06+++ electronic shell 2i Zj 3i 3a 33 4i 4* 43 4 * 5 i 52 

Number of electrons 22626 10 26 10 126 

This configuration is the one which serves as basis to Hund*s deduction of the 
moment. 

In the present paper, and as a preliminary to a more extensive investigation on 
cerium salts, a study is made of the paramagnetic susceptibility of one salt of 
cerium, CeCla.bHgO, in aqueous solution, for different concentrations and for 
different temperatures so as to ascertain whether the variation of the susceptibility 
of the trivalent ion Ce+ follows a Curie law xT = C, or whether there is a mole- 
cular field, which would lead to the Weiss formula x (T+A) = C. 

§2. PREVIOUS MEASUREMENTS ON THE SUSCEPTIBILITY 
OF CERIUM SALTS 

Some estimates of the magnetic susceptibility in a few compounds of trivalent 
and quadrivalent cerium are already available. The older measurements are those 
of St. Meyer, Du Bois and Du Bois and Liebknecht. St. Meyer^^^ investigated, 
amongst other salts of cerium, cerium chloride in aqueous solution, for a concentra- 
tion of n = 4*4 moles per litre and found for the gram susceptibility of the solution 
the value 5*20. io~®. In a more recent paper^®^ the magneton number of Ce++++ is 
given as equal to o*8 but there is no mention of any experiment on Ce+++; the value 
given for the magneton number of Ce+++ is in reality that for Pr+' ++, assuming the 
Sommerfeld-Kossel rule that ions with equal numbers of electrons have the same 
susceptibilities. 

Du Bois^’^ found for the molecular susceptibility of cerium sulphate the value 
2330.10“®. Du Bois and Liebknecht^*®^ give for the molecular susceptibility Xm 
of CeClg and CeBrg respectively Xm=2430. io“® and Xm = 2400. io~®. In their ex- 
periments the values taken for the susceptibility of water is rather different from the 
one which is now assumed, and the sample of cerium investigated was not free from 
lanthanum. 
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More recently Decker^"^ measured the susceptibility of cerium nitrate and 
found that it was the same for the solid state as for the salt in solution, the suscepti- 
bility per gram-ion being 1890. io“®, which yields a value 10*46 for the magneton 
number /x,. Decker’s measurements were made only for small values of the con- 
centration and the correction applied to the molecular susceptibility in order to 
obtain the susceptibility of the ion Ce+++ does not include the underlying dia- 
magnetism of the ion itself; the magnetic number calculated from these measure- 
ments is much too low. 

So far no attempt had been made at measuring the susceptibilities at different 
temperatures. 

I. Zemike and C. James^*^^ investigated, amongst other sulphates, 
Ce2 (804)3.51120 in the solid state, and as they had not the adequate equipment 
they tried to obtain a qualitative insight into the temperature coefficient by varying 
the temperature of the room in which the experiments were made. This was only 
a rough attempt which did not lead to any definite conclusions. These authors 
give Xm = 2377. io“* for the susceptibility per gram-atom at 20® C. 

E. H. Williams found a remarkably low value for cerium probably because 
he had, in the sample investigated, a mixture of Ce203 and Ce02, where Ce is 
tetravalent and diamagnetic. As a whole the main difficulty in these measurements 
is to find a very pure chemical. 

In his first investigation on the rare earths, Cabrera^*"^^ found the value 11*89 
for the magneton number of Ce+++ from measurements on the solid hydrated 
sulphate Cca (804)3.81120, the experiments being made only at room-temperature. 
As there was good agreement between the results obtained for the solid and for the 
dissolved states, that is to say for very different degrees of magnetic dilution, most 
of the authors cited above concluded that even in the crystal the ions are mag- 
netically free and that the 44 electrons are not influenced by any molecular field. 
In an addition to their earlier work Cabrera and Duperier^"^^ have recently measured 
different oxides and anhydrous sulphates of the rare-earths ions for a range of tem- 
perature; no value, however, is given for cerium. 

The different values given for the magneton number of Ce+++ in Weiss mag- 
netons are summarized in table i. 


Table i. Weiss magneton number of Ce+++ 


No. of 44 
electrons 

Basic 

level 

Js 

Theoretical 
value of 

Experimental value 
of Ma 

Hund 

Van 

Vleck 

Cabrera 

St. 

Meyer 

Zerflike and 
James 

Decker 

I 


5 6 1 

vr*"" 1 

12*5 

12*7 

II-8 

13-8 

11*7 

10*4 


On the whole, the values given for the magnetic susceptibility of cerium do not 
agree and no measurement has been made of its temperature coefficient. Also, in 
works cited above, the corrections which have been applied for the diamagnetism 
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of the acid radical are not stated and no correction is mentioned for the underlying 
diamagnetism of the ion Ce+++ itself. 

§3. METHOD OF EXPERIMENT 

The Quincke ascension method, as improved and described by Piccard^'^^, has 
been adopted, the temperature of the solution under investigation being controlled 
by circulating water from a thermostat. A minor improvement, however, has been 
introduced in the present apparatus with regard to the water jacket surrounding the 
capillary tube at the level of the meniscus. 

As is well known, a U-tube containing the liquid investigated is employed in 
the Quincke method, one limb being of wide and the other of narrow bore. The 
narrow tube passes between the poles of an electromagnet, the meniscus of the 
liquid being placed in a region where the field is uniform. When the current is 
applied, a displacement h of the meniscus is observed. If H is the value of the field A, H 
and if the magnetic susceptibility of the air is neglected, the gram susceptibility of 
the liquid is given by the relation: 

Actually, the displacement of the liquid is not observed but the meniscus is brought 
back to its original position by raising the reservoir jR, figure i, by means of a 
suitable micrometric device. The various readings are thus all made strictly for the 
same value of the field. The value of H is not measured directly, the apparatus being 
calibrated instead by measurements on distilled water, the value *"0*72. iO“® being 
taken as its specific susceptibility Xw with respect to air at 20° C. and 76 cm. If, for Xw 

the same value of the field /f, hy, is the displacement observed for water, x is given hy, 

by the formula: 



The U-tube employed is similar to the one used by Piccard but has a better jacket 
arrangement, see figure i. In Piccard^s apparatus the space available between the 
pole pieces being small (5 mm.), the water jacket is interrupted at the level of the 
meniscus so as to avoid having too capillary a tube; as a result the region of the 
liquid which is under investigation is the one which is unprotected. In the present 
experiments we used an interspace of 8 mm. which made possible the use of a con- 
tinuous water jacket J round the meniscus portion of the tube, the bore of the inside 
tube being still sufficiently wide. The meniscus is observed through the layer of 
circulating water, and this can easily be done as long as the circulating water is free 
of air bubbles. 

The temperature of the water is recorded in (a) before being admitted into the 
thermostatic jacket and in (b) immediately after leaving it by means of two precise 
thermometers which are graduated in tenths of a degree C. and are fitted in glass 
water jackets. As there is necessarily a certain length of rubber tube between {a) 
and (6), the water cools down slightly and there is a small difference between the 
readings of the two thermometers. For temperatures not exceeding 40° this cfif- 
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ference does not exceed 0*4®, but it may attain o*8® for higher temperatures. The 
average value between the two readings is taken as the value of the temperature T 
at the level of the meniscus and can be considered to be known to o*i® or at the 
worst 0*2®. 

The electromagnet employed is of the Weiss type and gives a field of 15500 G. 
when a current of 5 A. is applied. The meniscus of the liquid being always brought 
back to the same position, the uniformity of the field is not fundamental; however, 



an exploration of the field with a Gauss fluxmeter and a search coil proved it to be 
uniform over a considerable portion of the space between the pole pieces. In order 
to avoid the error which can be introduced by the hysteresis of the iron, a second 
reading is taken with the field reversed and the average of the two results is taken 
as the apparent value h' of the displacement of the liquid in the field. The setting 
of the micrometric screw which was used to adjust the level of R could be repeated 
to 0*02 mm. for all the measurements recorded below. 

In order to obtain the real value of h which figures in the above formula, some 
corrections are necessary. The outside diameter of the tube U being an appreciable 
fraction of the diameter of the reservoir R a correction must be applied for the part 
of the tube which is immersed when the level is adjusted. Moreover, the formula 
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applies only when the temperature of the liquid is uniform. In the present ap- 
paratus there is an appreciable difference between the temperature Tmm and that 
in R which is kept at room-temperature t\ consequently, the difference of density 
in m and R must be taken into account. In the present case, the respective diameters 
of the tube and of the reservoir being 6 mm. and 48 mm., the true rise of the liquid 
is given by the following expression: 

04 


In order to check the method of experiment and the working of the apparatus, 
a first set of measurements has been made on a solution of anhydrous manganese 
sulphate in water, for which the variation of susceptibility with temperature has 
already been accurately measured by Theodorides^*^^ This author, using the Gouy 
method, has found that anhydrous MnS04 follows a Curie-Weiss law C=x 
with a value of the Curie constant 0=4-267, which yields for the magneton number 
of manganese = 29-05. The chemical used in the present measurements has been 
analyzed so as to ascertain that it was free from water. The concentration of the 
solution investigated was 18-05 cent. The value of the correction for the dia- 
magnetism of the anion has been taken as equal to 37. lO"® since Xsoi'^' "■37- ic”®- 
The value found for the Curie constant C is 4* 136 and the corresponding magneton 
number is 14*07 ^4-136 or 29-02. These two numbers are in remarkably good 
agreement with the results of Theodorides cited above. 


T 

t 


Mtr 


§4. MATERIALS 

The cerous chloride, CeClg.bHgO, used in the present investigation was ob- 
tained from two sources. A first sample A was provided by The British Drugs 
Supply, a second B was obtained from Johnson Matthey & Co. Chemical analysis 
did not show any traces of lanthanum, praseodymium and neodymium which are 
likely to be present with cerium. The observation of the absorption spectrum has in 
both cases been made on a layer of the saturated solution of chloride i cm. thick. 

For sample A some lines belonging to praseodymium and neodymium showed very 
faintly; no absorption spectrum could be seen for B, 

Careful analysis of the crystals showed the presence of per molecule, 

as indicated by the formula for sample A, Sample B contained a small quantity of 
extra water which was evaluated to within i per cent. To prepare each solution of 
a given concentration, the necessary weight of salt is added to the corresponding 
weight of distilled water; the value of the concentration which can then be cal- 
culated is always checked by chemical analysis; the Cl is determined by precipitation 
of silver chloride and the Ce by precipitation of the oxalate. The concentration of 
each solution in anhydrous salt is given as r in grams per gram of solution. c 

§5. EXPERIMENTAL RESULTS 

When the gram susceptibility x of the solution is known, the gram susceptibility 
of the anhydrous salt is computed from the following Wiedemann formula, assuming 

PHYS.SOC.XLVll,4 36 
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that the susceptibility of the solution is the sum of the susceptibilities of its com- 
ponents: 

0*72.10-^ 

Xs- ^ 

The values obtained for the anhydrous salt are then converted to molecular 
susceptibilities by multiplying by the molecular weight 246*6. Corrections must 
then be applied for the diamagnetism of the acid radical and for the underlying 
diamagnetism of the paramagnetic ion itself. For the acid radical^ the value 
-20.10“* given by Pascal (as deduced from molecular susceptibility) was 
tjien. The value of the diamagnetism of the ion itself is more difficult to compute. 
Pauling gives for the molecular diamagnetism of Ce++++, Xat- Since 

the diamagnetic susceptibility is given by the Langevin formula 

Xat= S r^y 

n 

where is the time mean square of the radius of the resolved electronic orbit 
n perpendicular to the field and n the number of electrons, it can be assumed that 
the diamagnetism of Ce+++ is slightly larger, for this ion has an extra outer electron. 
We adopted as a reasonable estimate of the susceptibility the value — 35 . iO“* which 
is also in good agreement with the Thomas and Fermi numerical formula ^ 

Z in which Z is the atomic number. 

Thus, the total quantity which is to be added to the molecular susceptibility to 
obtain the susceptibility per gram ion is +95 . 10“*. 

X$ In the following tables, Xa is the specific or gram susceptibility of the anhydrous 

Xm » Xo salt, Xm the molecular susceptibility and Xc the susceptibility per gram-ion corrected 

for the diamagnetism of the crystal water and the diamagnetism of both anion and 
cation. The values of Xc are believed to be known within i per cent. 

In figure 2, the reciprocal i/xc of the ionic susceptibility is plotted against the 
absolute temperature, and in each case a straight line is obtained. The experimental 
points do not lie off the straight line by more than i per cent. Assuming that the 
Curie-Weiss law is followed, we have for each experimental point the relation 

I T A 

xrc+r 

The values of C and A corresponding to each solution have been calculated by 
application of the principle of least squares to the four sets of relations thus ob- 
tained. For each of the four solutions investigated, values of A are found which are 
not zero. Consequently it may be concluded that the variation of susceptibility of 
Ce+++ with temperature does not follow a Curie law as it has so far been assumed 
to do, but that there is a molecular field whose constant remains at about 45 even 
for the most dilute solution investigated (c= 0*0857). 

A notable variation of A with the concentration is observed, A increasing from 45 
for c = 0*0857 to 63 for c = 0*375, as is shown in figure 2. Consequently, the suscepti- 





















Magnetic susceptibility of cerium chloride in solution 569 

bility and the corresponding effective magneton number are a function of the con- 
centration. The fact that, for the high magnetic dilution corresponding to c = 0*0857, 
A has the value 45 shows that the molecules of the solvent itself exert an appreciable 
influence on the magnetic carriers. 

For the four solutions investigated, Chas been found to be constant within 1-5 
per cent, its average value being 0*762. 

It must be noted that a similar change in the Curie point without a corresponding 
change of the Curie constant has been observed also on neodymium compounds by 
Selwood^^^ who found that A, as in the present case, is a function of the con- 
centration. 

If we calculate the effective magneton number at room-temperature as defined 
by the relation /Xe= 14*07 \/(Xc^)» the following values are found: 


c 

Moles per litre 

at 19® C. 

0*124 

0*56 

11*41 

0*2247 

1*12 

11*27 

0*3750 

2*21 

ii*i6 


The value corresponding to c = 0*1 240 is in good agreement with the ionic magneton 
number, /Xe = ii*8, given by Cabrera from measurements at room-temperature on 
the solid sulphate. As a whole the numbers obtained are much smaller than the 
theoretical numbers given by Hund and by Van Vleck (respectively 12*5 and 12*7). 
It is noteworthy that if the magneton number is deduced from experiment by using 
the modified form of the above formula 

/*„= 14-07 y/{Xo (r-f A)}, 

a value is obtained for which is independent of the Concentration and the tem- 
perature and is equal to 14*07 Vo’772 or 12*36. This last result is in good agreement 
with Hund’s theoretical value 12*5; however, one fnust bear in mind that the 
theoretical value has been computed with the assumption that there is no molecular 
field, and consequently this is only a spurious agreement. 

As the range of temperature available for aqueous solutions is very limited, 
further experiments are being made on solutions of CeCla in other solvents. Some 
measurements are being made also to evaluate the molecular field constant in solid 
compounds of cerium. 
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ABSTRACT, The magnetic susceptibilities and electrical conductivities of cobalt, nickel 
and palladium and of their alloys with copper, silver and gold are discussed on the basis 
of the quantum theory of metals. It is shown that the number pf electrons in the outer- 
most s state must be about 0*6 per atom in the transition metals and one in the noble 
metals; certain magnetic properties of the alloys are explained on the basis of this fact. 
A quantum-mechanical explanation of the relatively high resistance of the transition 
metals is given and is shown to be supported by measurements of the resistance of alloys. 

§1. INTRODUCTION 

W iGNER AND Seitz^*^ have recently shown that the quantum theory is 
capable of accounting quantitatively for the cohesive forces in a typical 
metal (sodium); the purpose of this paper is to give a qualitative dis- 
cussion, based on the same theory, of some properties of the transition metals and 
in particular of the elements nickel and palladium, which come immediately before 
copper and silver in the periodic table. After an introductory discussion of the 
electronic structure of these metals and a comparison between the binding forces 
of nickel and copper, we shall consider (i) the saturation moments of the ferro- 
magnetic metals and alloys, and the reason why they are not equal to integral 
numbers of Bohr magnetons per atom (§§ 2 and 3) ; (ii) the paramagnetism of 
palladium and of its alloys with copper, silver and gold (§§ 4 and 5) ; and (iii) the 
electrical conductivity of the transition elements, and the leason for their low con- 
ductivity as compared with that of the noble metals. The resistance of alloys of the 
transition metals with copper, silver and gold is also discussed (§ 6). 

To obtain an approximate solution of the Schrodinger equation for the electrons 
in a metal we may start from one or other of two models; we may picture the 
electrons as bound to individual atoms (method of Heitler and London and of 
Heisenberg) or we may think of them as belonging to the crystal as a whole (method 
of Bloch). It is to be emphasized that these two models do not correspond to 
different physical states of the crystal; both lead to wave functions of the whole 
system which are approximations to the true wave function. Insulators, as well as 
conductors can be treated, to a certain degree of approximation, by the use of either 
model. In this paper we shall use that of Bloch not only for the outermost s 
electrons, which are responsible for the cohesion and for the conductivity, but also 
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for the d electrons in the incomplete shells, which are responsible for the ferro- 
magnetism of nickel and for the high paramagnetism of palladium. We do not, 
of course, consider that the Bloch approximation is the better of the two when the 
overlap between the wave functions of two atoms is as small as it is for, say, the 
states of nickel we use it because with this model one may include, in the 
zero order of approximation, the possibility that an atom may be ionized, or may 
contain a non-integral number of electrons.* To take these possibilities into 
account in the Heisenberg model would be much more complicated. 

^ In the Bloch approximation, each electron is described by a wave function ^ , 

which is a solution of the Schrodinger equation 

V where V is the potential of a periodic field extending throughout the crystal. The 

k subscript k denotes the state of the electron ; owing to the exclusion principle, not 

jEk more than two electrons may be in each state. The allowed energies JEk lie in zones 

or bands ; if the atoms are a long way apart, the zones are extremely narrow, but 
as the atoms are brought nearer together the zones broaden out and may overlap. 
Each zone corresponds to a stationary state of a single electron in the field of the 
isolated atom ; f the number of states in any zone is always equal to the statistical 
weight of the atomic state to which it corresponds, multiplied by the number of 
Nji atoms N a in the crystal. For the transition elements we are interested in the bands 

n which correspond to the ns and {n — i)d states of the free atom, n being the principal 

quantum number of the outermost ^ electron, i.e. 4 for nickel and 5 for palladium. 
The ns band contains one state per atom and the {n—i)d band five. Two electrons 
may be in each state. Since these elements have 10 electrons which must be shared 
between the two bands, and since the ferromagnetism shows that in nickel at any 
rate the 3d band is not full, it is clear that the two bands must overlap. 

In the elements nickel, palladium and platinum the states with the electron 
configurations J {(n — i) and {(w — i) d}® {nsY have energy differing by an amount 

considerably less than the binding energies of the crystals (approximately 4 electron- 
volts per atom). The energies are given in table i in electron volts. 

Table i 



Nickel 

Palladium 

Platinum 

Energy required to raise atom from the 
lowest state with the configuration 
{(n — i) d}® («s)^ to that with {(« — 1 ) d)‘® 

1*4 

— O'Si 

076 


• Cf., for example, the work of H. Jones on alloys which obey the Hume-Rothery electronic 
rule, reference (3). 

f The simplified model with which we are working does not include exchange forces, and there- 
fore from our point of view the singlet and triplet states of given quantum number in, for instance, 
a two-electron system must be regarded as the same state. 

% The {(71— i) d}® («j)* configuration, which is the lowest for a free nickel atom, is of small 
importance in the met^, as will appear below. 
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Thus the work required to take an electron from the s state to the d state is 
small and, in so far as it is legitimate to refer to the energy of a single electron, we 
may say that the energy of an electron in tht{n—i)d state is nearly the same as 
in the ns state. 

For our discussion of the transition metals the essential assumption is that the 
interaction energy between the d shells of neighbouring atoms is small. As has been 
pointed out by Slater this is probable, because the overlap between the wave 
functions is small. The d band will therefore be narrow (less than i e-V.) and its 


x3d 


Nickel 


N{E) 




_^4s 


.3d 


Copper 



Figure i. Density of electronic states N (E) a function of the encrg/jB for a transition metal 
(nickel) and noble metal (copper). The shaded areas represent occupied states. The total number 
of states, N (E) dE, is $Na. in a d band and in an s band, where N4 is the total number of 
atoms. 


mean energy will not be displaced very much from the position of the d state in 
the free atom. The s electrons will therefore be responsible for nearly all the cohesion. 
The number of electrons in the s band will not change with temperature, except 
by a small quantity of the order of magnitude ^T/(binding energy per atom). 

We denote by^^^ N (E) dE the number of states in a given band with energy 
between E and E + dE. Figure i shows the general form of N (E) plotted against E 
for two such metals as nickel and copper which, having nearly equal atomic volumes 
so that they are adjacent in the periodic table, probably have similar internal fields. 
There are five times as many states in the d band as in the s band. In copper the 


N,E 
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band is full* with lo electrons and the 4? band half full with one electron per atom. 
In nickel, with one electron fewer, there will be a certain number p of electrons per 
atom in the ^ band and an equal number of positive holes in the d band.f If one 
assumes that the energies of the bands in copper and nickel are the same, it is clear 
from the figure that/) is less than unity, i.e. that nickel will hdNQ fewer s electrons 
than copper. If copper is alloyed with nickel we should on the basis of this model 
expect that the number of s electrons will increase only very slightly with increasing 
copper content until the d band is full, when the ratio of the number of copper to 
that of nickel atoms will be /) : (i — />). In the next sections, we shall refer to the 
abundant experimental evidence showing that this is so, and that analogous results 
hold for palladium alloyed with noble metals. 



Figure 2. Energy E of the electrons in copper, as a function of the atomic radius r, calculated by the 
method of Wigner and Seitz. The unit of energy is the ionization potential of hydrogen; (I) the 
energy of the lowest s state; (II) the energy of the occupied state with maximum energy; 
(III) the mean energy of the electrons. 

The considerations of the next section show that for nickel the number p of 
electrons in the s band is about o*6 per atom. In order to gain a better under- 
standing of the energies involved, we have carried out a Wigner-Seitz calculation 
for the neighbouring element copper, using the atomic field calculated by Hartree. 
We have only made the calculation to the degree of approximation adopted in 
Wigner and Seitz's first paper, and have therefore made no allowance for the 
correlation between the positions of electrons either with parallel or with anti- 
parallel spin ; and we have made no allowance for the effect on the ^d electrons of 
the alteration in charge-density of the 45 electron. The Fermi energy was calculated 
by a method similar to that of Slater and found to be about 1*4 times greater 
than the value given by the Sommerfeld formula. 

The results of this calculation are shown in figure 2. The curve (I) gives the 
energy of the electron in the lowest state, (II) that of the electron in the highest 

• The considerations set forth in this paper show that if this were not the case copper would 
have the low conductivity and large magnetic susceptibility characteristic of a transition metal. 

t Further evidence of the existence of unoccupied d states with large values of N (F) is afforded 
by the work of Veldkamp^^) on the fine structure of L-edges in the X-ray absorption spectra of Ta 
and W. 
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state, and (III) the mean energy — i.e. the energy of the lattice. The abscissae r are 
defined by 

f 77 r* = the atomic volume. 

The calculation gives r = 3* 15 atomic units, as against an observed value r = 2*66, 
and a binding energy 0*14 Rydberg units, as against 0-25 observed. The agreement 
with experiment is not good, but the calculations illustrate our point that the 
electrons with maximum energy have greater energy than in the free atom, so if 
the 3^/ shell had in it any vacant places of energy about the same as in the free 
atom (shown by the horizontal line), the electrons would be in a state of lower energy 
if they occupied those places. 

If these ideas are correct, we should expect the binding energies of nickel, 
palladium and platinum to be greater than those of copper, silver and gold. The 
values in table 2 are given by Grimm and Wolff^^\ 

Table 2. Binding energies (kilocal./gm.-atom) 

Nickel 1 01 Copper 76 

Platinum 122 Gold 83 

The fact that the work function of all metals is less than the ionization potential 
of the free atom shows that the top electrons of the Fermi distribution are con- 
tributing a negative amount to the cohesion, and will go into the 3^/ shell if there is 
any room there. From the considerations given above, we should expect the 
difference between the work function and the ionization potential to be less for the 
transition metals than for the noble metals. The values observed are given in 
table 3. 

Table 3 



Work function 
(e-V.) 

Ionization 
potentials (e-V.) 

Nickel 

501 

7-2* 

Copper 

4-38 

7*68 

Palladium 

4-96 

7*5* 

Silver 

4-6 

7*5 * 

Platinum 

6-3 

8-9* 

Gold 

4-8 

9*2 


§2. SATURATION MOMENTS OF THE FERROMAGNETIC ELEMENTS 

It is a well known fact that the saturation moments of ferromagnetic elements 
do not correspond to integral numbers of Bohr magnetons ehjzmc per atom. 
The saturation moments for the three ferromagnetic elements are as shown in 
table 4. 

It is generally recognized that the ferromagnetism is due to 3</ electrons. From 
the point of view of the Bloch theory there will exist in the solid a band of statesf 

* The values given are the energies required to ionize an atom in the lowest state having the 
configuration {(« — i) d}* 
t Cf. figure I. 
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corresponding to the 3^ states of the atom, and another band corresponding to the 
45 ; in nickel the bands must certainly overlap, or the 3^/ shell would be full and the 
45 band empty, and the metal would be an insulator. There will thus be for each 
metal a certain number/) of electrons per atom in the s band, and 10—/), 9—/), 8 —p 
in the d band for nickel, cobalt and iron respectively. 

Bloch and more recently Wigner^*®^ have discussed ferromagnetism starting 
from the model used here; they have shown that under certain conditions the 
exchange forces may be such that the state of lowest energy is reached when 
some of the electrons have their spins uncompensated, i.e. when more spins are 
parallel to a given direction than are antiparallel. 


Table 4 



Saturation intensity 
per atom (units of 

Element 


efll2mc) 

Iron 

2*2 

Cobalt 

17 

Nickel 

0-6 


Table 5 



Number of electrons 
per atom in 4s band 

Nickel 

0-6 

Cobalt 

17- 1 =07 

Iron 

2-2 -2 = 0*2* 


We must now enquire why it is that the state of lowest energy is reached when 
(in nickel) o*6 electron per atom have their spins uncompensated. There are two 
possibilities ; either a balance is then reached between the exchange forces and the 
Fermi force, f so that the total energy of the 3^/ electrons is then a minimum with 
respect to the magnetic moment; or all states in the 3^/ shell with given spin- 
direction are then full. The former assumption has been made by Stoner ;J if, 
however, it is correct, the work required to reduce the intensity of a saturated 
magnet by an amount 8/ is proportional to ( 87 ) 2 , instead of to 87 , as in the Weiss 
theory; the first assumption therefore leads at low temperatures to a very rapid 
decrease of magnetization with increasing temperature, and is thus incompatible 
with the observations. We therefore assume the second alternative to be true. 
The work done in decreasing the magnetization by 87 is then proportional to 87 , 
as in the Weiss theory, except in so far as electrons may make transitions from the 
Ef 45 to the 3^ band; but since the mean kinetic (Fermi) energy of a 45 electron is 
of the order of magnitude of 6 e-V. and increases rapidly with the number of 4^ 

* For iron this conclusion can hardly be accepted, since 0*25 electron is too few to account for 
the binding energy. Probably the d band is split by the structure of the crystal, and one of the sub- 
bands is saturated. 

t I.e. the force which keeps the electron spins antiparallel in normal metals. 

X See reference (8), p. 431. 
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electrons (see below), the number which can make such a transition is of the order 
of magnitude kTjEf and is therefore negligible. 

We thus deduce that the saturation intensity is the maximum possible for the 
number of positive holes left in the 3^/ band. The number p of electrons in the 45 
band is therefore as shown in table 5 for the three elements. 

We shall see in § 4 that palladium like nickel and cobalt has also about o*6 
electron per atom in the outer s band ; the evidence for platinum is less definite. 

§3. ALLOYS OF NICKEL AND COBALT WITH OTHER METALS 

The theory given above accounts at once for the remarkable results of Alder 
who has found that in the copper-nickel alloys, which have a face-centred cubic 
structure over the whole range, the saturation moment at low temperatures is 
decreased by one Bohr magneton for each copper atom which replaces a nickel 
atom in the lattice. This rule has been verified up to 40 per cent of copper; by 
extrapolation the saturation intensity will reach zero for an alloy containing 60 per 
cent of copper, and 40 per cent of nickel. Sadron^**^ has found, moreover, that in 
the alloys of nickel with zinc, aluminium and tin, the replacement of a nickel atom 
by an atom of one of the three elements mentioned decreases the moment by approxi- 
mately two, three and four Bohr magnetons respectively. 

On the model given above, this is to be explained as follows. In all these alloys 
the maximum binding energy will be obtained when the number of electrons 
in the 45 band is about o-6 per atom, as for nickel. The extra electrons will therefore 
go into the 3^/ band, as long as there is room for them there. But in the 3^/ band, 
at low temperatures all the states with spin parallel to the direction of magnetization 
are already occupied (hypothesis of § 2). Therefore the electrons must go into states 
having the opposite spin. Thus if a nickel atom is replaced by an atom of copper, 
zinc, aluminium or tin, the saturation intensity of magnetization will be decreased 
by one, two, three or four Bohr magnetons as the case may be. 

This explanation does not necessarily imply that the shells of copper, 
zinc, etc., are to any extent ionized when alloyed with nickel. In zinc, for instance, 
the '^d levels are much lower than in nickel, and so the 3^/ band will split into two; 
wave functions corresponding to energies in the lower band will be sniall except 
in the neighbourhood of zinc atoms. If the number of zinc atoms is x and of 
nickel atoms iV^ (i-“^)> the number of states in the lower and upper bands will 
be loA/^jc, loNji (i-jc) respectively. The lower band will always be full, so that 
the mean magnetic moment in the neighbourhood of a zinc atom is zero. 

We have seen that cobalt and nickel have about the same number of 45 electrons. 
Experiment* shows that the saturation intensity of cobalt-nickel alloys plotted 
against atomic composition gives a fairly straight line. This shows that the number 
of 45 electrons remains between 0*6 and 0-7 throughout the range, while the 
magnetic moment of the 3^ shells remains as great as the number of positive holes 
allows. 


• Cf. reference (8), p. 532. 
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Sadron^^^ finds that the replacement of one nickel atom by an atom of man- 
ganese increases the magnetic moment by three Bohr magnetons, this finding being 
valid up to about 6 per cent of manganese. This is to be expected, because manganese 
has three less electrons than nickel, and, assuming always that the firmest binding 
(lowest energy) occurs with o*6 electron in the 45 band, the replacement of a nickel 
atom by one of manganese will decrease the number of electrons in the 3^ band 
by three. If as many electrons in the 2 ^ band as possible have their spins parallel 
to the field, Sadron’s result follows. 

On the other hand, it is not easy to see why the addition of manganese to cobalt 
decreases the moment. 

The addition of palladium to nickel leaves the saturation moment unchanged, 
up to about 50 per cent of palladium. This shows that in these alloys the number 
of electrons in the s band is also about o-6, as for nickel. Similarly, the addition of 
palladium or platinum to cobalt gives a curve for the saturation moment very like 
that of cobalt-nickel; the cobalt-palladium alloys have a saturation moment of 
0*5 Bohr magnetons per atom of both kinds even for only 15 per cent of cobalt^*^\ 

§4. PARAMAGNETISM OF PALLADIUM AND PLATINUM 

The transition metals palladium and platinum have paramagnetic susceptibilities 
which vary with temperature much less than a normal paramagnetic substance but 
are large compared with those of the other metals. This paramagnetism is certainly 
due to the uncompleted shells : definite evidence to this effect is given below. We 
consider it extremely improbable that orbital motion is responsible for any significant 
part of the susceptibility; the gyromagnetic effect shows that in the ferromagnetics, 
even above the Curie point^'^^ the magnetism is at any rate mainly due to spin, and 
thus that the interaction between the spins is sufficient to quench the orbital motion. 
Now Slater has pointed out that the overlap for the incomplete d shells is less for 
the ferromagnetic than for the similar non-ferromagnetic elements. We should there- 
fore expect, a fortiori, that the orbital motion would be quenched for the non- 
ferromagnetic elements. 

We shall therefore assume that the paramagnetism is a spin paramagnetism. 
Pauli^*^^ has given a theory of the paramagnetism of free electrons, which may be 
modified* to apply to the case when the electrons move in a periodic field. The 
V X formula for the susceptibility x is 

X=2ii^N{EmiiK.) fi=ehl2mc (i), 

-^V'(J^max.) where N {Em&x.) is the number of electronic states per unit energy range at the 
A surface of the Fermi distribution—i.e. in the occupied state of highest energy. 

Since N (E) is very large for a narrow band, one can always obtain agreement with 
experiment by assuming the breadth of the band to be sufficiently small.f 

We shall make an estimate of the breadth of the band for palladium, assuming 

• Cf. Sommerfeld and Bethe, reference (4), p. 473. 

^ t for instance, reference (16). 
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that the d shell is full except for 0*6 electron per atom. At the head of a band N (E) 
will have the form* 

N(E)=A(£o-E)i ( 2 ). 

Eq being the energy of the highest state in the band. 

Now the number n of positive holes per unit volume is 


J ^ 


•( 3 )- 


Hence, by equation (i) 


.'JSm... 3 

W _ 4 (^0 ~ ^ max.) 

x “ 2/^2 

With n equal to o*6 (atomic volume) this gives for the energy interval between the 
surface of the Fermi distribution and the top of the d band 

Eq — EmAx. — 0’0^ e-V. (4). 

Since we have at present no a priori knowledge of the breadth of the band, it is 
not impossible that it should be as narrow as this. On the other hand, the specific 
heat of the free electrons is given, according to the usual theory, byf 

so that, if in palladium and platinum the large paramagnetism were entirely due 
to a large N (/?), there would be a considerable contribution to the specific heat 
from the d electrons. The relation between the specific heat and the susceptibility 
would be o 




3 


k^Tx 


•(5). 


which gives for palladium (x = 64-10"®) and platinum (x = 28*io*"®) the values 
0*009 ^ 0-004 r, in calories per gram atom. Such large values are incompatible 

with the experimental observations, since they give, for palladium at room tem- 
peratures, a specific heat greater than R from the electrons. J 

We therefore conclude that, for palladium and platinum, the density of states 
N (E) for the d band, though considerably greater than for free electrons, is not 
sufficient to give the observed paramagnetism, but that the latter is due to an 
exchange force of the same type as is responsible for ferromagnetism. We shall 

therefore assume a 9^7/7? \ 

X = 2 A^^ N (ErtiB^^) (6), 

where A is in general greater than unity, and depends in some unknown way on the 

distance apart of the atoms. 


§5. PARAMAGNETIC SUSCEPTIBILITY OF ALLOYS OF PALLADIUM 
WITH COPPER, SILVER AND GOLD AND OF PALLADIUM 
SATURATED WITH HYDROGEN 

Experiments have been carried out by Svensson^^^^ on the magnetic susceptibility 
of the copper-palladium and silver-palladium alloys, by Vogt on gold-palladium, 

• Cf. Sommerfcld and Bethe, reference (4). p. 473. t Cf. reference (4), p. 430. 

t Note added in proof. Keesom and ClarkD^) have recently found for nickel below 4° K. a value 
for the specific heat of 0-0019 T, which suggests that E'o—^max. is about 0*2 e-V. for this element. 
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and by Aharoni and Simon^'’^ and by Svensson^*®^ on palladium saturated with 
hydrogen. If our interpretation of the paramagnetism is correct, the effect on the 
susceptibility of substituting an atom of a noble metal is twofold ; by altering the 
interatomic distance the exchange forces, and hence A in equation (6), may be 
changed ; and by filling up the d band N (i?max.) will be decreased. Since we are 
not in a position to calculate A, we shall discuss the change in N (Bmax.)- 

For any nearly full band of a pure metal, N (Emax.) is equal to the cube root* 
of the number of unoccupied * ‘ holes ” in the band considered (4^ for palladium). 
If we assume the same to be true for the alloy, this would give us, for an alloy 
consisting of Nx atoms of copper, silver or gold and N (i—x) of palladium, 

N (£mix.) = const. X (/) - jc)i (7), 

where p is the number of positive holes per atom in pure palladium. On the other 
hand, as explained in § 3, if the d levels have different energies in the two atoms 



Figure 3. The density of states at the surface of the Fermi distribution (I) from equation (7); 

(II) from equation (8). 

concerned, the d band will split into two, and only the upper band, corresponding 
to the /[d states of palladium, will have positive holes. In this case, the number of 
positive holes per palladium atom is 

p—x 

i^x^ 

and hence for N (jB^max.) we should write 

N (£m»x.) = const. X (i - *) (8), 

N (Em&x.) according to equations (7), (8) is illustrated in figure 3 with p equal to 
0 - 6 . 

This formula, moreover, is only accurate if the palladium atoms are arranged 
in a regular way in the crystal — i.e. if they form a superlattice, which is not in 
general the case. For a random distribution of the palladium atoms, we should 
* This is easily seen from equations (2) and (3). 
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exgect the upper limit of the band to be less sharp. In consequence, N {Em&x) 
will not disappear so suddenly with increasing x as equations (7) and (8) suggest.* 

In the case of hydrogen dissolved in palladium, it is probable that the hydrogen 
atoms give all their electrons to the 4J levels of palladium, since the proton does 
not replace a palladium ion in the lattice. Thus for Ny hydrogen atoms dissolved in y 
N atoms of palladium, we shall have ^ 

N (£max.) = const, (p -y)^ (9). 

Figure 4 shows the observed susceptibility of palladium-silver plotted against x x 
(where ioojc is the number of silver atoms per 100 atoms of both kinds), and of palla- 
dium-hydrogen against y (where 10037 is the number of hydrogen atoms per 100 
palladium atoms). As the equations (8) and (9) lead us to expect, the susceptibility 



Figure 4. The full lines shows the susceptibility of palladium-silver, and the crosses the sus- 
ceptibility of palladium + hydrogen, x denotes the ratio of silver to atoms of both kinds ; y denotes 
ratio of hydrogen to palladium atoms. 

for palladium-hydrogen falls to zero more sharply. Neither curve follows at all 
exactly the theoretical curve ; this may be ascribed to the variatidn of the exchange 
force, and to lack of sharpness of the edge of a band mentioned above. 

We deduce that in palladium the number of 55 electrons per atom is about 
o*5.f That the number (0-5) of s electrons in palladium is less than for nickel (0*6) 
is to be expected, because in atomic palladium the (4(f)^° state is the lowest, whereas 
in nickel the (3^)^® state is i *4 e- V. higher than the lowest state with the configuration 
(3</)® (45)^. Therefore in palladium more electrons will go into the d band. 

If the view given here of the absorption of hydrogen by palladium is correct, 

• Svensson (17) has found that for the copper-palladium alloys, where the susceptibility dis- 
appears at about 50 per cent of copper, the disappearance is sharper for annealed alloys in which the 
atomic arrangement is ordered than for quenched alloys, where the arrangement, as the electrical 
conductivity shows, is disordered. 

t The relation between the disappearance of paramagnetism of palladium for 50 per cent 
noble metal or hydrogen, and the disappearance of the ferromagnetism of nickel for about the 
same amount of copper, was first pointed out in an interesting paper by Dorfmann (21). 

PHYS. soc. XLvri, 4 
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the fact that palladium becomes saturated at the composition PdaH is not to^ be 
attributed to the formation of a compound, as suggested by Linde and Borelius^**^ 
and others. It must be interpreted as meaning that a hydrogen atom can only 
enter the lattice if its electron goes into the d shells of the surrounding palladium 
atoms, so that when these d shells are full, no more hydrogen can be absorbed. The 
saturation at a composition near PdaH follows from the fact that palladium has 
about 0-5 positive holes in the d shell. 

§ 6 . ELECTRICAL CONDUCTIVITY 

All the transition metals are comparatively poor conductors ; the conductivities 
of nickel, palladium and platinum are compared below with the conductivities of 
the elements that follow them in the periodic table, namely copper, silver and 
gold. 

Table 6. Conductivity u (cm:^ x lo”*) at o® C. 


Nickel 

i 6 -i 

Palladium 

10*3 

Platinum 

10*2 

Copper 

64-5 

Silver 

66-7 

Gold 

49-0 


According to modern theories, a perfect lattice has infinite conductivity ; but when 
the atoms are displaced from their mean positions owing to thermal motion, the 
electrons may be scattered and the metal has a finite resistance. 

In a recent paper^*^^ the author has compared the conductivities of the elements 
for equal mean displacement of the atoms from their positions of equilibrium; 

0 the results (a/M©^) are shown in table 7, 0 being the characteristic temperature. 


Table 7. (arbitrary units) 


Nickel 

0‘2 1 Palladium 

0-24 

Platinum 

0105 

Copper 

I *05 1 Silver 

1*32 

Gold 

00 

b 


In the paper quoted it was suggested that the scattering power of two ions, for 
given atomic displacement, would only differ by a few per cent for atoms near 
together in the periodic table, and having nearly equal atomic volume, such as for 
instance nickel and copper. It was therefore suggested that the difference between 
the conductivities of two neighbouring metals was due to the different effective* 
numbers of free electrons. Experimental results on the resistance of dilute solid 
solutions were quoted to show that this is the case for such metals as silver, cadmium, 
magnesium, etc., which have no incomplete shells. For nickel and palladium, 
however, we have found the actual number of electrons in the s band to be o*6 
and 0*5, and so the effective number of free electrons should not be less than half 
that for copper, silver and gold. The reason for the big difference in (t/M 0 * must 
therefore be sought elsewhere. 

The positive holes in the d band make a certain contribution to the conductivity 
— i.e. they are free to move through the lattice. But since the atomic d wave functions 
* Cf. Sommerfeld and Bethe, reference (4), p. 378; or 
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do not overlap much, the positive holes will take a much longer time to move from 
one atom to the next than would be taken by an 5 electron, and so the contribution 
to the effective number of free electrons is small. The positive holes, however, 
will increase the resistance in the following way. The resistance of a metal is pro- 
portional, among other things, to the number of times per second an electron is 
scattered — i.e. to the number of times per second that it makes a transition from a 
state specified by a wave vector k to any other state k'. Now the probability for k, k' 
such a transition is proportionalf to N (£'max.)i the density of states ; for if N (^max.) 
is big, there are more states into which the electron can jump. In the transition 
metals, N (E) is big in the d band; and therefore electrons mil jump more frequently 
from the s to the d hand than from one s state to another. The time of relaxation for 
such metals is therefore shorter, and the conductivity smaller than for the noble 
metals, in which only s — s transitions can take place. 

In order to convince ourselves of the truth of this hypothesis, we must show 
that the transition-probability from a given state in the s band to one in the d band 
is comparable with that between two states in the d band. The transition-probability 
between two states with wave functions is proportional to the square of a 

matrix element of the typej 

10 k'* Wgrad V^{r)dT, 

where V is the potential energy of an electron in the lattice. For 0k , the wave F, 0k» 
function of the final state of the electron, we may take, to a sufficient approximation, 
the wave function in an unperturbed atom in the {n — i)d state. The perturbing 
energy, grad F, is the change in the potential due to moving an atom through unit 
distance from its position of equilibrium; the perturbing energy in the neigh- 
bourhood of any one atom will therefore be of the form 

/ (r) cos 6. 

Therefore if 0^ were an 5 function (i.e. spherically symmetrical) the transition- 
probability would be zero. For a wave function at the surface of the Fermi dis- 
tribution, however, 0^ will be of the form^*^^ given by 

0k=.40,” + 50/ + C0d"+... ^ ( 10 ), 

where 0^,, 0^,, 0<i are supposed normalized and have the symmetry of /), d wave 
functions with principal quantum number n and A>B>C, The transition- 
probability between two states in the s band will be of the order of 

I ABl grad F 0p" dr |*, 

and between two states, one in the s band and the other in the d band, 

|5J0/-igrad F0p«dT|a. 

These two expressions contain the same power of the small coefficient 5, and may 
be taken to be of the same order of magnitude. 

Evidence of the truth of the hypothesis that the high resistance of the transition 
metals is due to the large density of states, N (E), in the d band can be derived from 

t Cf. reference (4), p. 5*2* 
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t Cf. reference (4), p. 519. 
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the electric resistance of the gold-palladium and silver-palladium series of alloys. 
Both have the face-centred cubic structure throughout the range of composition, 
and do not form a superlattice. 

The resistance of any disordered alloy is made up of two parts ; the resistance JRo 
due to disorder, and the resistance due to thermal motion of the atoms. The 
latter may be taken to be given by 


Ri 


dR 

dT' 


In figure 5 we have multiplied the right-hand side by a constant differing slightly 
from unity, to obtain the correct resistance of the pure metal. 



Figure 5. Resistance of palladium-gold and palladium-silver alloys. The crosses denote the experi- 
mental values of for palladium-gold; curve (I) is drawn through these points. Cuiwes (II) 
and (III) show the total resistance of palladium-silver at 20° C. and —273'' C. respectively. 

Since R^ may be as little as one-tenth of the total resistance, its accurate estima- 
tion is difficult. Figure 5 shows the values deduced from measurements of the 
resistance and temperature coefficient due to Giebel^*^\ for palladium-gold. The 
behaviour of palladium-silver is similar.* 

According to our hypothesis, if palladium is added to gold, the number p of 
s electrons will decrease to a limiting value of about 0*55 at 45 per cent of palladium. 
This should increase the resistance, but since the palladium ion has probably less 
scattering-power than that of the heavier gold, we may expect the thermal part Rt 
of the resistance to remain roughly constant up to this composition. For less than 
55 per cent of gold, however, the d band has vacant places in it, and we should 
expect Ri to increase, and the increase in the resistance to be proportional to 
N (^max.). As figure 5 shows, the variation of N(J?inax.) that one deduces from this 
curve is very similar to that given by the paramagnetic susceptibility of palladium- 

• Since the total resistance R^+R^ is greater for this alloy, the experimental values of Rj are 
probably less certain. 
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silver, figure 4. Again, the disappearance of N {Emtix) at about 50 per cent of 
silver is not so sharp as the theoretical equation (8) suggests. 

In figure 5 we show also the total resistance at room temperature of the silver- 
palladium alloys, and further the resistance at the absolute zero of temperature, 
obtained by subtracting the observed values of TdRjdT, The curves for gold- 
palladium and copper-palladium are similar, but the maximum occurs nearer to the 50 
per cent composition. For the copper-nickel alloys the dependence on temperature 
is complicated by the fact that the alloys are ferromagnetic, and the change in the 
temperature coefficient in the neighbourhood of the Curie point, which for about 50 
per cent of copper is in the neighbourhood of room temperature. At low tempera- 
tures, however, the measurements of de Haas and Krupkowski^*^^ show a curve very 
similar to that of figure 5 with the maximum at 45 per cent of copper. The sharp 
maximum of the resistance curves is in sharp contrast to the resistance of, say, 
silver-gold or palladium-platinum at low temperatures, which follow a curve of the 

Rccx{i—x) (ii), 

with a much flatter maximum ; cf. figure 6. 

We give in table 8 the increase A/? in the resistance of the noble metals due to 
admixture of i per cent of a transition metal and vice versa,^ 


Tables. AJR (/tQ./cm?) 


Gold in palladium 

i-o 

Palladium in gold 

0-407 I 

Silver in palladium 

1*28 

Palladium in silver 

0436 

Copper in palladium 

1-27 

Palladium in copper 

1 0‘82 1 

Copper in nickel 

i-i 

Nickel in copper 

! i 


As the author has pointed out in a previous paper ^*3)^ the scattering-power due 
to I per cent of a metal A in solid solution in B is the same as that due to i per cent 
of B in solid solution in A, and for pairs of metals of similar valency and structure 
(silver-gold or palladium-platinum), the increase of resistance ^R is the same. If 
however atoms of a foreign metal can cause transitions from a state in the s band 
to the d band, we should expect AjR to be much greater for, say, copper in nickel 
than for nickel in copper. This is not the case, and, even for the silver and gold 
alloys with palladium, the difference is only such as may well be accounted for by 
the fact that silver and gold have one s electron per atom in the ^ band and palladium 
only about 0*5. It is known from other evidence that the s electron of copper is 
rather less free than for silver and gold,f so that the effective number of free 
electrons per atom is rather less than unity. We deduce that the transition pro- 
babilities from s to d states in the metal are small, probably smaller than the 
s — s transition-probabilities. This is to be expected for the following reason : the 
possibility that in a transition metal an electron will make a transition from the s 

• The values are due to Svensson^*^^ and Linde except for copper-nickel, where they are 
taken from (29). 

t From the measurements of the optical constants and also from the fact that a/Af 0 ® is 
less for copper than for silver, in spite of the smaller ion of copper and the larger number of electrons 
per unit volume. 
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band to a rf state under the influence of an atom of copper, silver or gold in solid 
solution is proportional to 

(12), 

where 0^””^ and iffig are defined above and AF is the change in the potential in the 
lattice due to the addition of an atom of copper, silver or gold. But this integral 
will only have a finite magnitude if the wave function of final d state of the 
electron is finite in the region where AF is diflFerent from zero ; i.e. in the immediate 
neighbourhood of the foreign atom. This will only be so if the d shell of the 
foreign atom is actually ionized, and we have seen in § 3 that this is probably not 
the case. Thus, so far as the resistance due to impurities is concerned, nickel and 
palladium behave like ’copper or silver or gold. 

On the other hand, this argument cannot apply to alloys containing comparable 
amounts of the two metals, because here AF must be taken to be the difference 
between the potential in the real lattice and the periodic potential which approaches 
most nearly to it^^*\ and so will be finite in the nickel or palladium atoms as well as 
those of the noble metal. Hence scattering of the electrons from s to d states will 
occur, so that the resistance rises more steeply than it otherwise would for increasing 
concentration of the noble metal. 

This is the probable reason for the surprising sharpness of the maximum of 
the curve (III) of figure 5 as compared with that for silver-gold, palladium-platinum, 
etc. 

A quantitative theory may be given as follows. If F^ (r) is the potential energy 
of an electron in a palladium atom, and Vb (r) in an atom of copper, silver or gold, 
and if x is the concentration of the noble metal, then, according to Nordheim, the 
periodic potential which approaches most nearly to the true potential is 

F=(i~;c)F^ + ^F,,. 

The difference between this and the potential in a palladium atom is 
F~F^ = ^AF, AF=Fb-Fx, 

and since there are i—x of them, the probability of being scattered by a palladium 
atom is proportional to 

(i —x)x^ I AVip^dr 1 ^ 

Similarly, the probability of being scattered by a silver atom is proportional to 

If now the d shells are full> we have sipaply to add these two terms, whence we see 
that the resistance is 

p {(i -x) + (i -*)*} = j8jc (i -as) (13), 

where j 3 is a constant, which is Nordheim’s result. 

If, on the other hand, the palladium atoms have incomplete d shells, the pro- 
bability of scattering by a palladium atom is greater than by a silver atom. Assuming 
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in rough agreement with the experimental results shown in figures 4 and 5, that 
for the d band N (£'max.) is proportional to 

{p-xY x<p, 

and zero otherwise, we see that the resistance due to transitions of the electrons 

into the d shells is ^ {p—xY x^ (i -x) (14), 

where a is another, constant. 

In figure 6 we show the two terms which contribute to the resistance ; curve (II) 
is calculated from equation (14); curve (I) has the general form of equation (13), 
but we have shifted the maximum slightly to the right to take account of the fact 
that palladium has fewer electrons than silver. It is seen that with suitable choice 
of the ratio a : j8, the general form of the experimental curve of figure 5 can be 
reproduced, curve (HI). 



Figure 6. Theoretical curve for the resistance, at o° K. of silver-palladium alloys : (I) due to j — s 
transitions; (II) due to s — d transitions; (III) total; (I) plus an arbitrary multiple of (II). 

The constants a and cannot be calculated without a detailed knowledge of 
the wave functions. 

The experimental resistance curves show, however, that the effect of the d shells 
cannot increase the resistance by a factor of more than about two, as against a 
factor of five to ten for thermal agitation ; this may be explained by the fact that AF 
is spherically symmetrical in the neighbourhood of any atoip^ and so formula (12) 
may be written in the following form, which should be compared with equation (10): 


(15), 

whereas the transition probability from one s state to another is 

(16). 


Since C<^A we may assume the quantity (15) to be small compared with (16). 
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ABSTRACT, The present memorandum discusses methods of determining the electrical 
resistivity of the earth, particularly from the point of view of the correlation of a.-c. and 
d.-c. methods. Various experimental methods are discussed together with the theory of 
current flow in homogeneous and stratified media. The topics considered are illustrated 
from experiments made to confirm the Carson-Pollaczek formulae For alternating currents 
in the earth and from surveys made from time to time in connexion with the problem of 
telephone interference. Various alternative methods are recommended for use in different 
circumstances. 

§ I. INTRODUCTION 

A number of problems in electrical engineering, one of the most important 
being telephone interference require a knowledge of the distribution of 
an electric current, generally alternating, in the earth. This depends among 
other things on the electrical resistivity of the earth. The authors have accordingly 
been led to experimental investigation of various methods of determining this 
resistivity. Within certain limits it has been found possible to correlate values 
obtained respectively by a.-c. and by d.-c. methods, which had previously proved 
a difficulty. Although the accuracy is adequate for the practical problen^s involved, 
the more fundamental aspects can be treated with only a relatively low degree of 
accuracy. The methods employed are described in this paper, together with field 
experiments which help to establish the Carson-Pollaczek theory for the dis- 
tribution of an alternating current in a homogeneous earth. 

§2. HOMOGENEOUS CONDITIONS 

Alternating currents with parallel flow. When an alternating current flowing 
in a line returns through the earth, the distribution of the return current depends 
largely on its inductive effects, as does the skin effect in large metallic conductors. 

• Report MfT 31 of the British Electrical and Allied Industries Research Association entided 
** Experiments relating to the Distribution of Electric Currents in the Earth’*. 
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Maxwell^s electromagnetic equations are applicable to the problem in the following 
steady-state form : 

curl 1 

curl JE= —jmH] 

where a is the conductivity of the medium. From the solution of equations (i), 
a group of expressions is obtained which may be related to various eddy-current 
and skin-effect phenomena, as has previously been shown by one of the present 
authors In practice, when interference between electric power and com- 
munication circuits is concerned, the problem usually resolves itself into a deter- 
mination of the mean axial electric intensity along the communication line due to a 
given earth-return current flowing in the power line. Theoretical investigation of 
this problem is simplified by three assumptions, namely (i) that the earth is a 
semi-infinite homogeneous mass of uniform resistivity; (ii) that the current-flow 
in the earth is everywhere parallel to the disturbing line ; and (iii) that the current 
in this line is constant throughout the section under consideration. 

The second assumption neglects the crowding together of the lines of current- 
flow at the points where the earth connexions are made, and so limits the strict 
application of the resulting formulae to sections of a long straight line remote 
from its ends. The formulae are further restricted in their application by the fact , 
that displacement currents in the earth have been neglected, but recent work 
indicates that the effect of the latter only begins to be apparent at frequencies above 
60 kc./sec. In 1926, each starting with the above assumptions, F. Pollaczek^*^ and 
J. R. Carson independently derived formulae for the self and mutual impedance 
of parallel earthed wires. The two sets of formulae may be regarded as limiting 
cases of the solution of equations (i), in terms of cylindrical and rectangular co- 
ordinates respectively. Their equivalence corresponds to the expression of Bessel 
functions as Fourier integrals. For a given set of conditions, Pollaczek’s and 
Carson’s formulae give numerical results which are identical. 

The coupling between two parallel lines, being partly resistive and partly 
reactive, is best expressed in terms of a mutual impedance. This is the practice in 
America, but in Europe the coupling has always been given as a generalized co- 
efficient of mutual induction, thus 



where M is the generalized coefficient of mutual induction per cm. between the 
inducing and the induced line in c.g.s. units ; 
y==x^{^TTaw)\ 

CD is 27 r times the frequency / of the inducing current; 
a is the conductivity of the earth in c.g.s. units ; and 
X is the separation of the tw^o circuits in centimetres. 


• Tables of ker' and kei' functions are given with the British Association Report of 1915, pp. 36-38 ; 
also as table i of “Bessel Functions for A.-c. Problems”, by H. B. Dwight, Trans. Amer. Inst, 
elect. Engrs, pp. 812-20 (1929). 
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Although expressed as an inductance, M is a complex quantity, and is in reality 
the total mutual impedance per unit length divided by /co. 

Experiments were carried out on Shap Fells, Westmorland, with specially 
constructed lines and measuring apparatus contained in testing vans which had 
been loaned by the German Reichspost. The site was selected as being free from 
stray currents owing to its remoteness from other power systems, and also because 
there is a close and very long parallel in that neighbourhood between a Central 
Electricity Board 132-kV. transmission line and a main Post Office trunk route. The 
lay-out of the lines used for the tests is shown schematically in figure i. A light 
v.i.R. insulated and braided cable (3/0-029) was used for the primary line, which 
was 5 km. long. At first laid on the ground, this was later, owing to variations in 
its measured impedance, raised on lo-ft. poles, when consistent results were obtained. 

A cable containing one twisted pair of conductors within an earthed lead sheath 
was used to connect the line with the generators. Table i shows the results of 
impedance-measurements on the primary line after poling. The d.-c. resistance of 
this line with its earth plates was about 105 Q. Approximately 70 of this was in 
the line itself and the connexions to the testing point. 

The secondary lines were 3 km. long and consisted of light army field cable 
laid on the ground, at separations of 10, 100, 300, 1000 and 2600 metres from the 
inducing line. The secondary lines were terminated by lead earth plates, but a long 
length of buried copper strip was used at each end of the primary line. Owing to 
the rocky nature of the ground special precautions were necessary in order to 
reduce the resistance of all the earth connexions, and considerable quantities of 
salt were used for this purpose. 

In all the experiments the total mutual impedance Z between the lines was Z 

derived from a measurement of the induced voltage e on a secondary line for a e 

given current /q in the primary line. The majority of the measurements were made /q 
with the Franke machine for the higher frequencies (2000 to 300 c./sec.) and a 
Larsen potentiometer for the lower frequencies (300 to i6| c./sec.). A complete 
series was also made with the Campbell potentiometer for all frequencies. The 
results obtained in this way agreed very well with those obtained by the other 
methods. • . 

The Franke machine is essentially a generator having two armatures, the 
e.m.fs. generated in which can be varied in magnitude and phase with respect to 
one another. The pircuit is shown in figure 2. A current of about i A. was supplied 
to the primary line from the lower (phase) armature through an amplifier when 
necessary. For tests at the highest frequencies a series condenser, set to yield 
resonance with the inductance of the line at the test frequency, was used to increase 
the current in the primary line. The upper (amplitude) armature of the Franke 
machine was connected to a potentiometer, and the measurements were then 
made as follows. The resistance Ry in series with the ammeter in the primary line R 
being set at some suitable value, of the same order as Z, for each series of tests, the 
phase angle (^1 between the two armatures and the setting of the amplitude armature 
were varied until the potential-difference across some convenient fixed value 






Figure i . Map of test site and lines at Shap. 
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on the potentiometer was equal and opposite to that across R. The potential- 
difference across the resistance R was then replaced by the induced voltage in 
the secondary line, and the fraction tapped off the potentiometer resistance and 
the phase angle <^2 were varied until balance was obtained. Then 

Z={r,lr,)R (3), 

since the current in the primary line and that in the potentiometer were the same 
for the two measurements. The phase angle between the induced voltage and the 
inducing current is given directly by A telephone was used to determine 

the conditions of balance, the filter shown in figure 2 being adjusted to cut off all 
harmonics of the test frequency. 



Figure 2. Franke machine method used for measurements at high frequencies. 

The Larsen potentiometer circuit is shown in figure 3. A measured current Iq 
of about I A. was fed into the primary line from one of two small motor alternators 
having complementary frequency-ranges. As the secondary of the variometer was 
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Figure 3. Larsen potentiometer used for measurements at Io\^ frequencies. 


virtually on open circuit when balance was obtained, the voltage induced in it 
was 90° out of phase with respect to the current in the low-resistance slide wire. 
The induced voltage in the secondary line was balanced by varying the position of 
the slide-wire contact for the in-phase component, and by adjusting the variometer 
for the out-of-phase component. If r is then the slide-wire reading and m the 
mutual inductance between the two coils of the variometer 

Z=nV{r^+w^m^) (4), 

n being the known transformation ratio of the transformer in the primary line. 
(fj is given by arc tan com/r. A vibration galvanometer, tuned to the frequency of 
the inducing current, was used as a detector. 

The Campbell-Larsen potentiometer shown in figure 4 is a modification of the 
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simple Larsen potentiometer just described. By incorporating the loop shunt 
shown diagrammatically, the current in the primary of the mutual inductometer 
can be varied with respect to the reference current in the resistance portion in such 
a way as to enable the out-of-phase component of the measured potential-difference 
to be read off directly in volts. This potentiometer has been found suitable for 
tests at all frequencies. Current at the lower frequencies was supplied to the primary 
line from a small alternator through the primary of a transformer and appropriately 
fixed resistance R. A tuned galvanometer was used as detector. For the higher 
frequencies the Franke machine was used as a generator. One armature (with 
amplifier if necessary) supplied current to the primary line, the other providing the 
reference current for the potentiometer. A telephone was then used to indicate 
balance. In both cases the potential-difference across the resistance R was first 
measured, then the induced voltage in a secondary line. If and F,.,, F,„, 

are the potentiometer readings (i) for the voltage across /?, and (2) for the 
induced voltage, then 




R 


(5). 


Generator 



Figure 4. Campbell-Larsen potentiometer used for tests at all frequencies. 

and the phase angle between the induced voltage and inducing current is equal to 
(arc tan F„,/F,,-arctan 

Measurements were made for each of the five secondary lines at the following 
frequencies: 2000, 1600, 1200, 800, 600, 400, 300, 200, 140, 100, 65, 45, 30 and 
i6f c./sec. Repetition of the measurements at the lower frequencies gave results 
which agreed, but some difficulty was experienced in obtaining such agreement at 
frequencies between 600 and 2000 c./sec. It was shown later that the insulated 
cable used for the secondary lines had a large variable earth-capacity under changing 
weather conditions. This had a complex effect on the measurement owing to the 
joint effects of capacity leakage and capacity coupling. The mean values for a given 
frequency and separation were consistent, and are shown on figure 5. 

By virtue of equation (2) the conductivity of the earth, assumed to be uniform, 
may be deduced from the coefficient of mutual induction. Measurements made at 
frequencies below 100 c./sec. being neglected, the results obtained from the 
secondary lines at 300, 1000 and 2000 metres separation (Cr, Dd and Ee on figure i) 
are consistent with an earth conductivity of 4*5 x e.g.s. u., i.e. a resistivity 
of 222,000 i^.-cm. For the lines at 10 metres and 100 metres separation {Aa and 
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Bh) slightly higher values of the conductivity, equal respectively to 6*5 x 10“"^® and 
5*5x10“^® c.g.s. u. (corresponding to resistivities of 150,000-180,000 Q.-cm.), 
would have given better agreement with the observations. At close separations, 
however, variation in the earth-conductivity does not so greatly affect the coupling 
between two lines, and the value of the conductivity may be altered without causing 
much change in the theoretical value of the coefficient of mutual induction. 

Assuming a uniform conductivity equal to 4*5 x lo-^® c.g.s. u. for all the lines, 
the theoretical variation of the mutual inductance with frequency is shown on 
figure 5. For all the lines there is fairly close agreement between the measured 
values and the calculated curve from 2000 to 100 c./sec. At lower frequencies 
the observed values were greater than those given by the theory. This was due to 
the primary line being of finite length, and is discussed later. 



Figure 5. Variation of M (mutual inductance) with frequency. O Measured value; 

— O — experimental curve; ■■ calculated curve for or =^*5 x c.g.s. 

Referring to equation (2), it is observed that the mutual inductance is a function 
of the separation multiplied by the square root of the frequency for a given uniform 
earth-resistivity ; so that, if plotted against this parameter, all experimental results 
should fall on one curve. That this was largely the case at Shap (apart from the 
correction due to the finite length of the inducing line) is shown by figure 6. It 
may be taken as a criterion of current-flow according to the Carson-Pollaczek 
theory. 

A further verification of the theory was obtained at Eltham where the earth is of 
low resistivity. Measurements were made with the Campbell-Larsen potentiometer 
circuit, already described, and with the lay-out shown on figure 7. In this case, 
however, the current was led into the earth from an underground cable and it was 
necessary to correct for the part of the current that returned in the sheath of the 
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cable and by adjoining buried conductors. The fraction varied with frequency and 
was determined experimentally by supplying current to the outer secondary line 
and comparing the induction from this with that from the cable. It was found that 
when the screening effect of the cable sheath was allowed for, the results from both 


a » 




sets of experiments were consistent with one another and with theory, and with a 
conductivity of the earth equal to 1-5 x io“^® e.g.s. u. or a resistivity of 667 Q.-cm. 
The induction from the cable corrected for the effect of the sheath is shown by 
figure 8. 

So far, attention has been confined to the longitudinal e.m.f., that is, the e.m.f. 
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induced in a long straight conductor parallel to the inducing line. In addition to 
this, a search coil placed on the ground will have a transverse e.m.f. induced in it 
owing to the vertical component of the magnetic field. The transverse e.m.f. is 
proportional to dMjdx and if measured at different frequencies and separations 
will enable the resistivity to be deduced. Collard has developed this method and a 
publication describing it is anticipated. Collard obtained by this method a value of 
1500 fl.-cm. by displacements along the Shooter’s Hill By-Pass Road, figure 7, 
and a value of 1000 fi.-cm. at the north-west end of the test section by displacements 
normal to the cable. 



Figure 8. Mutual induction as a function of x\/f. 

Both the longitudinal and transverse methods canine and have been used to 
measure an unknown earth current of any suitable frequency by the variation of 
e.m.f. with separation from the source. 

Alternating currents with divergent flow. The lines of floyv of an alternating 
current between two point electrodes is roughly indicated in figure 9.’ Between 
the broken lines is the region of parallel flow already considered. Outside the 
broken lines the flow is divergent and usually complicated. The problem has been 
treated by a number of authors and a solution by Foster^"^^ in terms of F'ourier 
integrations may be consulted. In practice, however, lack of uniformity of the 
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conditions has usually rendered the application of general theory uncertain. Certain 
approximations may sometimes be made. 

Referring to the tests carried out at Shap with the frequency of the inducing 
current decreased below 100 c./sec., the experimentally-measured total mutual 
impedance was divided into its resistive and reactive components, as indicated by 
the measured value of its angle. The resistance components have been plotted on 
figure 10. In the same figure the theoretical values of this component have been 



Figure 10. Mutual resistance of lines at Shap — variation with frequency. 

plotted for each of the secondary lines, an infinite primary line and a constant value 
of the earth conductivity equal to 4*5 x lO"^® c.g.s.u. being assumed. 

At i6f c./sec., the measured values of the mutual resistance were in excess of 
the calculated values by the amounts shown in column 2 of table 2. Now a measure- 
ment of the coupling between the primary-line earth plates and those terminating 
each of the five secondary lines was made with direct current. The results are given 
in column 3 of table 2. The figures in the two columns are seen to correspond 
almost within the limits of experimental error. Thus in practice a limit to the error, 
introduced by divergent flow at the ends of the line, can be fixed experimentally. 
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Alternatively the mutual resistance R between the two sets of earth plates could 
have been calculated from the Wenner formula^*\ thus 

r=A\1+±-L^J] ( 6 ), 

L^ia ^ ^14 ^ J 

where current flows in the earth between points i and 2 and the potential difference 
is measured between 3 and 4. a^nn is the distance between two points m and n, 
and p the resistivity of the earth assumed to be isotropic and homogeneous. Actually 
it will be noted from table 2 that this last condition did not hold exactly for the test 
lines at Shap, where owing to some geological irregularity the earth-plate coupling 
between the primary line and 5300 was greater than that for either of the two nearer 
lines. Equation (6) applies strictly to direct current only, but can be used for 

Table i. Impedance-measurements made on the inducing line. 

Length of line, 5 km. 


Frequency 

Impi 

edance 

L 

(mH./km.) 

R 

total (r2.) 

2000 

239 

54” 35' 

3*11 

1386 

1600 

204 

50^25' 

3*12 

129*6 

1200 

165 

43° 50' 

3 03 

119 

800 

134 

33° 35' 

2*94 

111*4 

600 

122*5 

26° 40' 

2*91 

109*5 

400 

1132 

19° 00' 

2*93 

107 

300 

1 1 1*4 

14° IS' 

2*91 

108 

200 

109 

9° 45' 

2*94 

107*4 


Table 2. Mutual resistance of earth-plate system. 


Line 

Mutual resistance* (0.) 

Excess measured 
over calculated 
value at 
i6f c./sec. 

Measured 
d.-c. coupling 

i 

Sio 

0*22 

0*235 

Sioo 

0*24 

0*250 

S 300 

0*28 

0*310 

5*000 

0*215 

0-255 

5*000 

0*10 

0-135 


alternating current in the absence of skin effect. Where skin effect can be avoided, 
the freedom of alternating current from troubles due to polarization and spurious 
ground potentials has led to its frequent use. Generally the problem is to determine 
p from a measurement of the mutual resistance between two pairs of electrodes. 
For convenience the four electrodes are uniformly spaced in a straight line, i and 2 
being at the ends of the line. If a is the spacing between adjacent electrodes, 
equation (6) reduces to p = a/? (7). 

38-a 
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The general features of the method based on equation (7) will be considered 
later in connexion with d.-c. measurements, but the conditions for avoiding a.-c. 
difficulties are important. Skin effect is reduced by decrease of electrode spacing, 
decrease of frequency, and increase of resistivity, but it will introduce a large error 
at most practicable frequencies if R is less than o-i fl. Owing to high electrode- 
resistance it is necessary to use a null method or a high-impedance circuit to 
determine the potential between the points 3 and 4. A.-c. potentiometers are 
usually expensive and rarely suitable for the type of field work required. A simplified 
potentiometer circuit which has been employed is shown in figure ii. At low 
frequencies the detector used in the potentiometer circuit offers difficulties. If it 
is non-synchronous and non-linear (for instance of the metal rectifier type) it 
will be insensitive and subject to stray alternating currents. If the detector is 
tuned, as in the case of a vibration galvanometer, portability is difficult. Also the 
balance will be imperfect owing to phase-displacements. If linearity is obtained 
by the addition of an alternating e.m.f., as in bridge and valve methods, a phase- 
changing device is usually necessary. In various early investigations, made by the 



Figure ii. A.-c. earth tester — null method. 


Electrical Research Association, in which the stray a.-c. was serious, it was necessary 
to use a heavy alternating current and to measure the potentials with a valve 
voltmeter having an input impedance of 0*1 megohm. 

An apparatus of greater portability in which an amplifier valve voltmeter is 
used as a transfer standard has since been found satisfactory in eliminating the 
effect of stray alternating and continuous e.m.fs. The current electrodes are 
supplied with current at 30 c./sec., through a fixed series resistance having a 
variable potentiometer across it. The amplifier valve voltmeter is switched from the 
potential electrodes to this potentiometer, which is adjusted to obtain equality of 
reading. The mutual resistance in ohms may then be read from the potentiometer. 
The amplifier stages are coupled by low-pass filters so that e.m^fs. of frequencies 
of 50 c./sec. and upwards are eliminated. They can be several times as great as 
the test e.m.f. of 36 c./sec. without error. The instrument can be used for e.m.fs. 
greater than i mV. and is designed for current-ranges of i and 10 A., giving ample 
sensitivity. It is shown schematically on figure 12, but a fuller description will be 
published later. It is possible to rectify part of the main current and use the equip- 
ment as a null instrument, but certain difficulties as regards permanence and 
accuracy, which have not yet been finally investigated, arise under these conditions. 



Apparent resistivity (Cl.-cni.) 
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Stray d.-c. and polarization e.m.fs. are avoided by means of a condenser input to 
the valve voltmeter. 


A.C Generator 



Figure 12. Electrical Research Association earth tester (a.-c.) for use in tuned transfer method. 

The handy and portable megger earth tester is well known. This utilizes the 
ohm-meter principle and measures the mutual resistance directly. A more sensitive 
instrument, also employing commutation and rectification but utilizing a potentio- 
meter and galvanometer in the measuring circuit, is now on the market. 



Figure 13. Four-electrode tests at Shap. 

Direct currents. Skin effect is absent with direct current so that attention is 
confined to end effects. The same principles apply as with alternating current 
under conditions such that the skin-effect region is negligible. It is again convenient 
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to consider the earth as a four-terminal resistance with two current electrodes i 
and 2 and two potential electrodes 3 and 4, and equation (6) may be used to deter- 
mine the resistivity p from a mutual-resistance measurement. 

If the points i, 2, 3 and 4 are not on the same straight line, errors are greater 
and topographical peculiarities have a greater and more complex effect. In the 
Shap experiments already referred to, the special lines were used for determining 
the mutual resistances of various groups of earthing-points and the resistivity 
deduced therefrom. Table 3 shows some of the results, the designation of the current 

Table 3. D.-c. measurements on special electrodes at Shap 


Series 

Current 

supply 

Potential- 

measurement 

Mutual 

resistance 

(n.) 

Resistivity 

(n.-cm.) 

X 10® 

1 

S to N 

A to a 

0*235 

1*0 



B to h 

0*250 

1*15 



C to c 

0*310 

1*35 



D to d 

0255 

I -85 

2 

S to N 

E to e 

0*135 

2*05 



e to A 

-0*255 

1*6 



e to B 

-0*255 

1*65 



e to C 

- 0*245 

1*7 



e to D 

— 0*19 

1*75 

3 

S to A 

e to B 

3 46 

2*15 



e to C 

1*03 

2*65 



e to D 

0*15 

3*7 



e to E 

0*06 


4 

e to A 

E to D 

0*14 

1*65 



E to C 

1*20 

2*5 



EtoB 

3*61 

2*1 



d to c 

0*39 

0*85 



d to b 

1*57 

0*95 



d to a 

-3*10 

32 



d to B 

3 * 7 « 

2*05 



c to C 

1*205 

2*2 

5 

B to A 

D to C 

I 035 

2*25 


• 

D to B 

3*87 

2*25 



e to d 

0*09 

— 



e to c 

0*94 

— 



e to b 

0*105 

— 



e to a 

1 

0*165 

— 

6 

DtoA 

E to C 

1*00 

2*5 



E to B 

3*43 

2*05 


C to A 

E to D 

— 0*09 

1*6 



E to B 

1*90 

1*9 


B to A 

E to D 

-0*03 





E to C 

-0*52 

2*1 


supply and potential points being shown in figure i. On the same site a resistivity- 
survey was made with electrodes equally spaced in a straight line and with either 
a megger earth tester or d.-c. potentiometer. The results obtained have been 
plotted against electrode-separation on figure 13. Some of the values given in 
table 3 have also been inserted on figure 13, the effective spacing in this case being 
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taken as the geometric mean of the electrode-intervals. In view of the type of 
geological structure, there is a reasonable measure of correlation. The location of 
the straight-line survey measurements can be seen from the map of the site, figure i . 

The more important difficulties inherent in the measurements are as follows, 
(i) All four contacts of the four-electrode resistance formed by the earth are of 
high and sometimes variable resistance; (ii) a potential-distribution in the earth 
may arise from natural causes; (iii) stray and sometimes rapidly varying e.m.fs. 
may arise from neighbouring d.-c. supply or electric traction systems; (iv) polari- 
zation of the potential electrodes may cause spurious potential-readings. It is not 
easy in one method to overcome all these difficulties. The Kelvin double bridge 
overcomes (i), but must be of excessive resistance in the secondary circuits, and is 
precluded by the remaining difficulties and by the magnitude of supply voltages 


D 



. I mpre^futed 
cork. 


NaCI. solution 


I mprejnated 
wtth wax 


— Porous pot 


Figure 14. Simple form of non-polarizable electrode. 


used, SO that a potentiometer or high-resistance galvanometer has generally to be 
used as a voltmeter. The e.m.fs. under (ii) are usually steady and may be com- 
pensated with an added e.m.f., or an initial zero reading may be taken. Unless the 
potential-difference between the potential electrodes is made fairly large, non- 
polarizable electrodes must be used to overcome the difficulties under (iv). A 
form used by the authors, similar to that designed by Broughton-Edge, may be 
quickly constructed from easily obtainable components; it is shown in figure 14. 
The porous pot is of the type used in primary cells. The protruding stem is made 
long enough for the connexion, which may be a clip, socket or terminal, to be kept 
dry and clean as far as possible. Stray leakage e.m.fs. under (iii) can only be 
overcome by the use of sufficiently heavy main currents or by waiting for the 
occurrence of steady periods. In the latter connexion the damping of the gal- 
vanometer employed should be as nearly critical as possible subject to the period 
not exceeding the order of i or 2 sec. A double suspension or semi-suspended. type 
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is suitable. There are several types of potentiometer available, for both special 
and general purposes. A type used by the Electrical Research Association is shown 
in figure 15. It has the advantage of a wide range, the lowest range being 0-300 /xV., 



External 

voltmeter 


Fiji^ure 15. Electrical Research Association fixed-contact potentiometer for field and 
thermoelectric measurements. 


while the 3-volt voltmeter can be used directly for the highest range. The accuracy, 
although only that of the voltmeter, is sufficient for these purposes. The contacts 
are fixed, moving contacts causing difficulty in potentiometer circuits for field work. 



(i) Test site parallel to cable. (2) Test site 45” to cable. (3) Test site perpen- 
dicular to cable. ' - (4) Along Shooter’s Hill By-Pass Road. (5) Adjacent to sub- 

station parallel to cable. — — (6) Adjacent to substation perpendicular to cable. 

Figure 16. Four-electrode tests at Eltham. 

Figure 16 shows the result of a resistivity-survey at Eltham made with a d.-c. 
potentiometer. The site, shown on figure 7, was of unusual difficulty owing to the 
very low resistivity and the presence of an electric railway. Resistivity-values 
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deduced from a.-c. mutual-inductance and search-coil measurements have already 
been given and on the whole the agreement is satisfactory. 

Figure 17, prepared from the geological survey map, shows in vertical section 
the approximate geological structure along a route between Carlisle and Lancaster. 
Measurements of the resistivity were made at various points along this route by 
the megger earth tester and a.-c. search-coil methods. Values obtained from the 
two methods agreed with one another and with the geological formation. They also 
agreed fairly well with measurements of the induction from a power transmission 
line at various points along the route. 

The examples which have been given in this section of the paper illustrate 
(i) the order of agreement between different methods which may be obtained even 
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Figure 17. Estimated rock section: Lancaster-Carlisle test route. 


under unfavourable conditions ; (ii) the difficult condition protkiced by a structure 
which, though of high resistivity, is folded and broken with a very uneven contour. 
We observe that some d.-c. results in the north-to-south direction at Shap gave 
values suggesting ^ lower insulating layer which is not observed with a.-c., whereas 
the d.-c. results in the east-to-west direction are more consistent. This may be due 
to local faults and cleavage planes which have a low a.-c. impedance but high 
d.-c. resistance; (iii) the difficulties associated with a low resistivity and extraneous 
disturbing currents. 

It has been further confirmed by the authors that measurements on outcrops 
offer no clue to the resistivity of strata. Electrodes were inserted in pneumatic 
drill holes in granite and other stony outcrops, but the results could not be corre- 
lated with the main observations. Measurements of the electrode-resistance of 
cylindrical electrodes by the three-electrode method agreed with four-electrode 
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tests, but the accuracy with which the resistivity can be deduced therefrom is very 
much less. 


§3. NON-HOMOGENEOUS CONDITIONS 

Alternating currents with parallel flow. The German Reichspost co-operated 
with the Commission Mixte Internationale* to carry out two extensive series of 
field experiments in i928^^\ One of these was in the Oldenburg fen district, the 
other in a limestone district at Munsingen in Wurtemberg. In both places test 
lines, 5 km. long, were specially constructed at different distances apart up to 
3 km., and use was made of the specially equipped testing- vans which were later 
loaned for the Shap experiments. 

At any one given frequency of the testing-current the observed mutual in- 
ductances for all the lines were consistent with the same value of the earth-con- 
ductivity. On the other hand the observed values were found to decrease more 
slowly with frequency than was predicted by the Carson-Pollaczek theory, especially 
with large separations between the lines. According to the theory the measurements 
indicated that the conductivity of the earth, assumed homogeneous, decreased 
with increasing frequency. As this was found to occur in both sets of experiments, 
the Comite Consultatif International^ directed in 1929 that, in the absence of other 
information, in calculations in connexion with telephone interference the con- 
ductivity should be taken as that given by the empirical formula 


1*5 X IO“ 


c.g.s.u. 


.( 8 )> 


where / is the frequency of the inducing current. The coefficients in this formula 
were chosen to give agreement with the experimental results at Munsingen, figure 18. 

It will now be shown that a physical explanation can be found for this apparently 
anomalous variation. As the frequency of the earth current is increased its depth 
of penetration becomes progressively less owing to skin effect. Therefore if, 
although regarded as homogeneous, the conductivity of the earth in reality changes 
with depth below the surface, its mean conductivity will appear to vary with 
frequency. 

A recently published note from H. J. Josephs a colleague of one of the 
authors, extends the Carson-Pollaczek formula, equation (4), to the more general 
case of the mutual impedance between two wires on the surface of a stratified earth. 
It is assumed that the earth consists of an upper layer of depth b and uniform 
conductivity Below this layer the earth is supposed to have a uniform con- 
ductivity 02 . Neglecting end effects the mutual impedance per unit length between 
the two wires is given to a close approximation by 

Z=^{{P+P,)+j{Q + Q.)} (9). 

P and Q are one quarter the imaginary and real parts respectively of the right-hand 
side of equation (2) and are obtained on the assumption that the conductivity 

* Commission Mixte Internationale pour Ics Experiences relatives h la Protection des Lignes 
de Telecommunication et des Canalisations Souterraines. 

t Comite Consultatif International des Communications Teiephoniquea k Grande Distance. 
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extends uniformly downwards without interruption. The terms P, and Q, correct 
for the change in conductivity from cf^ to <73 at the depth A,* and are given by 

= co&gy dg 

<?.= -[ N', coagy dg 

.’0 

where N'g and are the real and imaginary parts respectively of 

fa 2C/ 1 
[ii+ayu-iy 
and = V (4'”’^i^) 

« = V{g^ +j), 4> = y/{g^ +iK) 

K — crjoi 

rj ,-26aV|8 

and the other symbols have the meaning assigned to them in equation (4) with the 
conductivity taken as that of the uppermost stratum. 

Similar expressions for the mutual impedance of earthed wires in the case of a 
horizontally stratified two-layer earth, which include the effects due to divergent 
flow at the terminations, have been published by J. Riordan and E. R. Sunde^*\f 
These cannot readily be evaluated in a closed form and, for numerical calculation 
of the mutual impedance with a stratified earth, methods based upon graphical 
integration become necessary, whether these expressions or those due to Josephs 
are used. In this way the curves shown in figures 18 and 19 have been calculated. 
The values of the three variables ag and b were chosen by trial to give agree- 
ment between the calculated curves and the values of the mutual inductance 
observed at Munsingen and Oldenburg respectively. Considerable assistance, 
however, was obtained from a scrutiny of the manner in which the conductivity, 
calculated on the assumption of a homogeneous earth, varied with frequency. The 
values chosen were as follows : 

For Munsingen, cri = 40x erg = 400 x c.g.s.u. 

b = 250 metres. 

For Oldenburg, ai = 8ox io“^®, <73 = 800 x io~^® c.g.s.u. 
b = 200 metres. 

In the case of Oldenburg, the agreement could be improved by assuming a 
rather greater depth b for the plane of stratification, with a corresponding increase 
in the conductivity of the lower layer, in order to annul the effect of this change on 
mutual inductances calculated for the lower frequencies. At the higher frequencies 

• When <Ti = aj, K—i^ and = = 

t M, Gray^®) has also given expressions when the earth-resistivity varies exponentially with 
depth. 
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the result would have been to give agreement with the values calculated for a 
homogeneous earth. The measured values gave approximate agreement with 
homogeneous conditions from 800 to 2000 c./sec. The mutual inductances cal- 
culated for a homogeneous earth have been inserted in figures 18 and 19, on the 
assumption that the conductivity is that of the uppermost layer. The effects of 
stratification are apparent. 

Direct currents and divergent flow, A number of solutions have been given from 
time to time for current-flow where the resistivity varies with depth, but in practice 
it is rarely possible to distinguish with certainty the constants of more than two 
layers. This, however, does not impose too severe a limitation since it corresponds 
to the common arrangement of glacial drift or other overburden superimposed 
upon older sedimentary or igneous rocks. For the two-layer case the well-known 
formula applies: 

Pal Pi = I + 4 S A" {[i + (2« hja)^]-^ - [4 + (2n (i i), 

1 

where pa is the apparent resistivity determined by a four-electrode measurement at 
an electrode interval a; 

h is the depth of interface ; 

Pi and P2 are the resistivities of the upper and lower layers respectively, and 

^ = (P 2 ~ Pl)/(P 2 + Pi)- 

Tagg^^^ has shown an ingenious graphical method of analysing results on the 
basis of this equation. A simpler but more qualitative method has been employed 
by the authors. If we plot log (palpz) against log (a/h) or log (pjpa) against log (/r/«), 
we obtain a series of curves, figure 20,’"' corresponding to different values of pjp^ . 
If now we superpose an experimental curve of log pa against log a on the curves of 
figure 20 (a) so as to obtain the closest fit, then the unity abscissa will pass 
through the value of pg in the scale of p^, the number of the curve chosen will give 
P1/P2, while the unity ordinate of ajh will cut the scale of a at h. Similarly, with 
figure 20 (A), we can determine pi , p^jpi and h. The mean of the two sets of values 
can be taken unless, for example, p^ is more variable than pg, in which case pg can 
be found and a mean value of p^ can be deduced from the ratio p^/pa and vice versa. 
This method is useful with complicated results where the assumption of two layers 
is to some extent arbitrary, although it approximates to the facts more closely 
than the assumption of homogeneity. 

The site at Shap has hitherto been assumed to be homogeneous, but actually 
the four-electrode survey gave very variable surface readings and was analysed by 
the above method, giving the results shown in table 4. 

The results for unequal separations being included, a general mean amounted 
to 250,000, while the mean for the unequal-spacing tests was 210,000 (low resistance 
tracks being neglected), and this was in reasonable agreement with the a.-c. measure- 
ments. 

• The method is described for the case vvhen P2>Pi- When Pi>pa, /C is negative. A similar 
method can still be employed but the fundamental curves calculated from equation (it) will be 
different. 
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Table 4 


Test No. 

Surface 

soil 

(Q.-cm.) 

Intermediate 

layer 

(O.-cm.) 

Lower 

layer 

(O.-cm.) 

Depth of lower 
transition 
surface 
(metres) 

1 and 2 


35»ooo 

250,000 

30 

3 

85,000 

85,000 

— 

— 

5 

100,000 

45,000 

400,000 

20 

7 

250,000 

150,000 

300,000 

45 

8 

1 10,000 

160,000 

250,000 

40 

9 

50,000 

50,000 

150,000 

40 




Figure 20. Variation of apparent resistivity with depth for two layers. 


Variation of resistivity in a horizontal direction is not so easily dealt with by the 
four-electrode method. A simple case is that of an earth of resistivity separated 
by a vertical surface of separation or fault from an earth of resistivity p2* 

Pi = Ap2, the line of electrodes is normal to the fault, pa is the apparent resistivity 
for an electrode-interval a, and is the distance of the fault from the first current 
electrode situated in the direction of the medium that has the resistivity p^y then 
the following results can be proved: 
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(i) All electrodes in medium i. 

+ . * I- i-l 

Pi A-hl(2JCH-I ZX+$ z{x-\-l) 2(^ + 2)j 

(ii) Boundary between first two electrodes. 

Pa^ -^ + 3 .A-i f i_ i__) 

Pi 2 (Ah- l) A-l- I (2 (2 — 5 — 2X) 

(iii) Boundary between two potential electrodes. 

A^H- i A-i f I _ I , 

Pi A (Ah- i)^Ah- I (A (2JC— i) 5 — 2 x] 

(iv) Boundary between last two electrodes. 

^ i-J 

Pi 2 A(Ah- i)^A (Ah- i) I2JC— I 2(x—i)\ 

(v) All electrodes in medium 2. 

* I ’ 

Pi A A (Ah- l) I2JC— I 2JC— 5 2(jc— l) 2(x— 2) 

X = IJa. 


(12.2). 

(*2.3). 

(12.4) . 

(12.5) . 


Figure 21 (a) shows the variation if A = 4 when the line of electrodes is moved 
across the boundary, the interval being kept fixed. In practice the boundary could 
not be determined to within a distance much less than the electrode-interval. 
Figure 21 (b) shows the effect of increasing the electrode-separation in the neigh- 



Distance of boundary from centre of electrodes Ija 


Figure 21 (a). 
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bourhood of such a discontinuity. We observe that its effect is very much less than 
the difference in the resistivities would suggest. For this reason the method of 
variable separation, although valuable for exploring horizontal stratification, is not 
satisfactory as regards vertical boundaries. If two fixed current electrodes are 
employed and if the equipotential lines are explored, then such a discontinuity 
can be located with relative ease and accuracy, as has been shown by Schlum- 
berger^'®\ 

The complexity of most geological formations has led to the use of empirical 
rules rather than analysis. The best known is that which states that a horizontal 
surface of discontinuity occurs at a depth corresponding to that separation for 
which the curve showing apparent resistivity against electrode-separation has a 
maximum curvature. In the simple case of two layers, which can be tested, this 
rule is not valid, but in more complicated cases it is useful in making rough estimates. 
In the authors* work, which was mainly concerned with the prediction of the linear 
flow of alternating currents from surveys made with d.-c. or divergent flow, the 
arbitrary assumption of two layers generally gave a sufficient approximation. 

§4. GEOLOGICAL STRUCTURE ^ 

Although the method of sampling from borings and testing outcrops yields 
little information of value, the resistivity of a given rock formation in situ has a 
fairly constant value irrespective of geographical situation and, to a large extent, 
of depth. Furthermore, a wide range of values is observed extending roughly 
from 100 to 10® 12. -cm. The determination of the shape and nature of geological 
formations by electrical methods requires methods of a higher accuracy than those 
described here. On the other hand prospecting, which is mainly concerned with 
the location rather than the recognition of bodies by absolute values, does not 
offer such great difficulties. 

The converse, the estimation of resistivity from geological structure, is usually 
easier. Problems in connexion with telephone interference, with which the authors 
have been concerned, require only a low accuracy, since the mutual impedance 
between two lines is only sensitive to the resistivity where it is small, owing to 
separation and low resistivity. In addition the effective a.-c. resistivity for linear 
flow is much less affected by local irregularities and surface peculiarities than for 
d.-c. or divergent, flow. Accordingly the Electrical Research Association with the 
assistance of Mr Broughton-Edge have prepared a map of Great Britain showing 
the resistivity corresponding to about 500 ft. in depth subdivided into ranges of 
(i) less than 1000 Q.-cm., (ii) 1000 to 3000 Q.-cm., (iii) 3000 to 30,000 f2.-cm., 
(iv) 30,000 to 300,000 fi.-cm., (v) greater than 300,000 i2.-cm. This map, now 
published in two sheets, is based mainly on geological structure and measurements 
made by Mr Broughton-Edge and the authors, and on the results obtained by other 
workers. 
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§ 5. CONCLUSIONS 

{a) Field experiments have shown that when the geological structure approxi- 
mately furnishes the conditions for uniform resistivity, the distribution of alternating 
currents in the earth is that given by theory in the region of parallel flow. This being 
so, the average value of the earth resistivity over a large tract may be determined 
from measurements of the induction. Either the longitudinal e.m.f. induced in a 
second parallel line or the transverse e.m.^. induced in a search coil may be used. 

(h) Divergent-flow methods, such as the four-electrode method, will give 
results agreeing with (a) subject to a rather wide margin on account of topographical 
variation leading to a dispersion of results. Skin effect must be avoided if a.-c. is 
employed, while polarization of the electrodes and ground causes corresponding 
limitations with d.-c. 

(c) Within limits the resistivity can be related to the geological formation, and 
where the latter is uniform the resistivity has been shown to be independent of 
frequency up to 3000 c./sec. at least. The anomalous variation of apparent resistivity 
with frequency observed in earlier continental tests has been shown to be due to 
horizontal stratification. 

(d) Stratification, at least as regards two horizontal layers, can be satisfactorily 
investigated by the methods of either [a) or (b). 
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ABSTRACT. The fundamental problems in the direct measurement of the Peltier 
coefficient are discussed with reference to the various methods available. A new apparatus 
is described which includes all-metal calorimeters, separate from the specimens, and a 
differential platinum resistance thermometer. With a sufficiently good thermostat this 
would just detect a steady heating of the order of cal./sec. The high sensitivity of 
this arrangement has permitted a strict test of the proportionality of the Peltier effect to 
current to be carried down to 0-012 A., with copper-constantan junctions. The error due 
to thermal losses along the leads has been especially studied, and estimates of the loss have 
been made. 

§1. INTRODUCTION 

I NTEREST in the thermoelectric effects has been revived by recent developments 
in the electronic theory of metals; but the technique of measurement of the 
Peltier effect, in particular, has been very little advanced for nearly two decades. 
Moreover, no adequate critical account of the problem appears to exist. It there- 
fore seemed advisable to include in this study of the problem a review of previous 
methods, not for historical interest so much as to help to direct attention to the variety 
of methods available, and more especially to the faults to which they are subject. 

The bulk of this paper, however, consists of the 'description of a new method 
of measurement developed by the author. 

§2. FUNDAMENTAL PROBLEMS, 

Before considering any methods in detail, it will be useful to glance at the 
difficulties which are of most general occurrence. 

Let Bs suppose that the apparatus used has each junction to be studied enclosed 
in some form of calorimeter. This will also contain a length of each of the specimens 
joined, and may also have a heating-coil and some thermometric device. 

A single measurement with such an arrangement will not discriminate between 
the contributions made by the Peltier effect and those due to any other thermal 
effects arising inside the calorimeter. The following are the characteristics of the 
various phenomena concerned. 

Ideally, the Peltier effect is localized, and is reversible with current. In practice, 
however, in making a junction, transition layers are created through which the 
effect is more or less diffused. 
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The Joule effect is irreversible and is diffused. 

The Thomson effect is diffused : but while it is reversible with current when 
the temperature-gradient remains the same, it also reverses with the latter. Hence 
it will make an irreversible contribution when the Peltier effect is the most impor- 
tant within the calorimeter. In this case it will be indistinguishable from Joule 
effect. 

Finally we must remember that there will be a greater loss of heat along a given 
lead when the effect concerned takes place in that lead than when it does not. 
In particular, the apparatus will not be equally sensitive to heat supplied by the 
heating-coil and to that developed at the junction. In this connexion also, the 
presence of transition layers causes some of the evolution or absorption of Peltier 
heat to occur nearer the ends of the calorimeter, so that a larger fraction will be 
conducted along the specimens. 

These points should be borne in mind when considering any particular design. 


§3. REVIEW OF METHODS 

There are various methods which are of historical importance but are cither 
only qualitative, or not capable of any high accuracy. We may quote Peltier’s cross, 
and the use of a differential air thermometer. 

Le Roux^*^ used mercury thermometers in water calorimeters. His results are 
still sometimes quoted, although much more accurate methods have been devised 
since. 

Jahn^"*^ used the Bunsen ice calorimeter, studying one junction at a time. ’Fhe 
Peltier effect was disentangled from the Joule heating by reversing the current, the 
latter effect being in fact much the larger. This is in itself a disadvantage and 
diminishes accuracy, while the limitation to one temperature is serious. 



Figure i. Pellat’s apparatus. 


Figure i illustrates apparatus described by Pellat in 1901 but apparently 
never used. It is indeed not very practicable as shown, but it introduced some new 
features which have reappeared in later work, and are worthy of discussion. Stout 
leads L, />' of the materials to be studied are joined to blocks of the same substances 
of large cross-section, the whole being in an evacuated enclosure to reduce heat- 
losses. Embedded in one block near the junction is a heating-coil C (leads at //, H ') ; 
while a set of thermojunctions is disposed in some such manner as that shown. 
The current in the heating-coil is to be adjusted so as just to compensate the 
Peltier cooling at the junction. 
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Since there will be a general Joule heating in each specimen, the thermo- 
junctions are connected to give the difference between two mean temperatures : the 
average at the centres of the blocks, and that in the immediate neighbourhood of 
the junction. Pellat was prepared in addition to have cross-sections proportional to 
resistivities in an effort to eliminate more completely the effects of Joule heating. 
Even this precaution would probably prove inadequate with the currents such 
apparatus would require before measurable temperature-gradients could be 
established. It would also take a long while to reach the steady state. 

There is yet another defect in this and similar methods. I'hermoelectric 
properties of a material are very susceptible to changes in the mode of preparation 
and treatment, and there will in general be an appreciable Peltier coefficient between 
a wire and a block of the same metal. Thus Pellat’s arrangement has virtually three 
junctions making unequal contributions to the recorded result. This leaves con- 
siderable doubt as to how far the value is representative of block metal, and how 
far of wire. 

Cermak^"^^ made use of a thermoelectric calorimeter, figure 2, due to Lecher 
in which a ring of thermoelements surrounded the junction (J) and served to 
indicate the temperature-difference between the liquid A and the reference-plane 
B. The heating-coil K was used to calibrate the arrangement.^ The leads //, L were 
of the one material and C of the other. A modification having liquid metals in 
hard glass tubes enabled Cermak to investigate the change in the Peltier coefficient 
ensuing on change of state of one component. The results obtained were of con- 
siderable value, especially as the range of temperature was very extensive. The 
measurements were not of the greatest precision, as shown for example by the 
variations in successive values at the same temperature. This method, like most 
others, is liable to serious systematic error arising from preferential thermal con- 
duction along the leads. 

Another method using calorimeters containing liquid was introduced by 
Barker and by Caswell the two junctions being each immersed in a Dewar 
vessel containing also a stirrer, a thermoelement, and a heating-coil. The coil was 
used on the side of Peltier cooling, the adjustment aiming at a net evolution of heat 
equal to that arising in the other calorimeter. This requires a supply of energy 
double that involved in the Peltier effect. 

The work was carried out necessarily in a restricted space and presented some 
difficulty in consequence, although it was hoped to obtain great sensitivity by the 
use of Dewar flasks. Stirring is of very great importance, and irregularities in 
stirring are very serious. For example, Caswell reported that one recorded 
value fell to one-half when stirring ceased, while irregularity seriously upset the 
steady temperature-distribution. Depth of immersion was another factor which 
affected the results, while evaporation proved troublesome when mobile oils were 
used. 

Caswell also tried another method, in which resistance coils were wound iii 
series with each junction, and one was shunted so as to carry less current. The 
extra Joule heating at the other junction was to compensate the Peltier cooling 
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there. The method was abandoned on account of stirring and other troubles, not 
because of anything inherently wrong with it. 

Beck^’^ introduced an indirect method in which the steady temperature-dis- 
tribution in a system of rods carrying a current was analysed to give the Peltier 
coefficient, the thermal conductivities being assumed. Later workers seem to have 
avoided the method, which is difficult and tedious, apart from its dependence on 
other experiments for some of its data. 

Figure 3 represents one half of a symmetrical apparatus used by Jordan 
arranged for measurements for copper against bismuth ; the block B and the lead L 
were of copper, the rod R of bismuth. It was found convenient to make the heating- 
coil C share one lead (L) with the junctions. Temperature-differences between 



Figure 2. Part of Ccrmak’s apparatus. 



Figure 3. One side of Jordan’s apparatus. 


the pair of blocks were indicated by thermojunctions set in grooves Th, Four 
thermocouples were used in series to give greater sensitivity. The principle of the 
method of measurement is the same as that described above for Barker and Caswell. 
This is a compact and sensitive form of apparatus, and was actually designed for use 
between pole-pieces. 'Fhe actual temperature of each block was given by a further 
thermojunction (not shown). 

This method does not differ essentially from that used later by Gottstein^"\ 
This worker treated the heat-flow at the ends of the rod (corresponding to R above) 
theoretically. However, the existence of an unknown Peltier effect at the junction 
of the lead, and the awkward shape of a block recessed for a heating-coil, render it 
almost impossible to deal adequately with the flow throughout the block. 

It is very necessary to consider carefully the heat-losses of any arrangement, 
and the disc /), figure 3, was introduced by Jordan to diminish the loss of heat 
along the lead //. Gottstein appears to have been mainly interested in the loss 
along R. 

Finally the convenient and rapid relative method of Borelius^**^ must be men- 
tioned. This uses blocks with a wire of the specimen X spanned between them. 
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In terms of the Peltier coefficient between reference metals A and B, the measure- 
ments yield the coefficients of X against both A and 5, and the thermal conductivity 
ofX 

This selection of methods, while not exhaustive, is representative of the methods 
in use up to the commencement of this research. Quite recent work on single 
crystals, for example, has been carried out by the Barker- Caswell method 

§4. SYSTEMATIC ERRORS 

Probably the most serious systematic error in most methods is due to the 
preferential thermal conduction mentioned in § 2 . I'he usual methods are valid 
only if the body (calorimeter) whose temperature is studied receives a constant 
fraction of any heat developed within it whatever the source. For example, in many 
methods the leads to the junction are comparatively stout and are good conductors ; 
and there will usually be a much greater tendency for heat to pass along them to or 
from the junction than when the energy is dissipated in a heating-coil more or less 
remote from them. This will alfect especially the Cermak and Barker-Caswell 
methods, and others with similar arrangements. Most frequently the preferential 
transfer will be greater along the junction-leads than along the heating-coil leads, 
and the measured Peltier effect will then be too low. 

Where intermediate metal is used a further complication is introduced by the 
multiplication of junctions and hence of Peltier effects. A fairly complete knowledge 
of the heat-flow is then necessary in order to predict the connexion between the 
various Peltier effects and the temperature or temperatures of the selected point 
or points of the calorimeter. The Pellat, Jordan, Cxottstein and Borelius arrange- 
ments can all be criticized on this score. It is important to realize also the advantage 
of measuring average temperatures rather than temperatures at a point when a 
complete account of heat-flow cannot be given. Thus Jordan’s use of several thermo- 
junctions scores on this account as well as by virtue of the increased sensitivity. 
A platinum resistance thermometer would be a still further advance. 

It will be realized that it is extremely difficult to estimate the error arising in 
the Jordan- Gottstein type of apparatus from preferential thermal conduction. In 
methods in which liquid calorimeters are used, it is somewhat easier to investigate 
the matter, at least qualitatively, by making arrangements to change the depths of 
immersjion of th^ various sources of energy. In general less heat will escape pre- 
ferentially when the appropriate heating-source is immersed more deeply. 

The liquid calorimeter provides another method of varying the proportion of 
heat escaping along the leads, namely by altering the efficiency of stirring. In 
point of fact the stirring provides one of the main difficulties of the method, as 
violent agitation is often awkward to arrange and to maintain constant, and the 
energy involved may easily exceed the Peltier effect to be studied. 

The method described in the next section deals with most of these points ; and 
although preferential thermal conduction is not entirely eliminated, it has been 
found possible to estimate it approximately, and to control it to some extent by 
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modifications of the apparatus. No intermediate metal is involved, except that due 
to soldering or welding, and the specimens remain straight and undeformed. There 
is no liquid in the calorimeter ; and an average temperature is recorded by a platinum 
resistance thermometer. 


§5. THE AUTHOR’S METHOD 

The general arrangement may be understood by reference to figure 4, which is 
a horizontal section through the thermostat used. This was of copper {B)y lagged, 
and surrounded by a wooden box W. Close parallel copper tubes TT' ran hori- 
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Figure 4. Plan view of thermostat. S, stirrer; GG^ regulating lamps; 7 , immersion heater for rapid 
heating ; spiral aniline-mercury regulator. 



zontally right through it, being jacketed by a cylindrical water bath /. The calori- 
meters were placed centrally in these tubes at KK\ and the varipus leads passed 
out in bundles LL\ T” represents the bulb of a thermometer giving the temperature 
of the jacket at a point between the tubes. The other symbols are explained beneath 
the figure. The thermostat arrangement is not ideal, and this did in fact severely 
hamper the work; but it was good enough to enable the merits of the method to be 
established. 

I'he latest form of calorimeter used is represented in figure 5. A copper tube K 
(length 5*5 cm., external diameter 6 mm., thickness of walls. o*6 mm.) has the 



621 


The direct measurement of the Peltier coefficient 

specimens A, B lying along its axis, with the junction at J. A glass tube G, drawn 
down very thin and shaped so as to fit the wires snugly, carries the manganin 
heating-coil C. Current and potential leads for this coil pass out at H, 

The calorimeter is supported coaxially in the copper tubes {TT' of figure 4) by 
stiffened paper discs /)/>', and between these is wound the platinum resistance 
coil P. This is of fine silk-covered wire (s.w.g. 44, resistance 20 il. per metre), 
insulated by a layer of pure well-baked shellac from the copper calorimeter K. The 
leads are shown at T. FF is packing of high thermal conductivity, consisting of 
tin-foil and copper spirals insulated with shellac. 

A reliable thermoelectric potentiometer (made by the Cambridge Instrument 
Co.) formed the basis of the electrical measurements, in conjunction with a galvano- 
meter of sensitivity quite adequate for the purpose, since it gave a deflection of 
12*8 cm. per microampere at about metres. Its resistance was 12*8 ohms. 
Potential differences up to 90 mV. could be estimated to about i /xV., the limit of 
reading of the dial. The makers* certificate claimed that the instrument was not 
subject to errors greater than this. A Weston cell, checked against a standard cell, 
was used for this potentiometer. 

Currents were determined by measuring the potential-differences across two 
standard coils, a one-ohm and a tenth-ohm coil respectively. The platinum re- 
sistance coils were used differentially, being adjacent arms of a Wheatstone bridge. 
The same galvanometer was used in this bridge as for the potentiometer ; a system 
of keys enabled currents and potential -differences to be measured during the 
course of an experiment. Preliminary readings of currents were made on milliam- 
meters to avoid giving the galvanometer violent kicks in the middle of readings, 
with consequent shift of zero. 

It was also possible to switch the two platinum coils, in series, into another 
bridge for studying their mean temperature. Recorded temperatures were, however, 
always referred to a sub-standard mercury-in-glass thermometer which had been 
checked against an instrument with National Physical Laboratory certificate. The 
accuracy of temperature-measurement was actually somewhat greater than was 
essential. 

The method of making a determination is broadly as follo^. The thermostat is 
set to the required temperature, and left to settle down. Meanwhile the currents 
are adjusted approximately, if a rough value of the coefficient is known. When the 
galvanometer spot is steady, indicating that the fluctuations in temperature of the 
bath and other disturbances have died down, readings of the galvanometer are 
made against time. The current through the junctions and the current through the 
appropriate coil are started simultaneously, and rough measurements of them are 
made in between the deflection-time readings. The Peltier heating and cooling 
take a little longer to affect the calorimeter than the heating-coil, and consequently 
the initial movement of the spot is followed by a reversal and a final settling down 
to a steady value after a period of 10 to 20 minutes. The final readings of current 
are then made. The currents are next switched off, and the calorimeters allowed to 
regain their initial temperatures. The experiment is how repeated with the current 
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in the junctions reversed and the other heating-coil in use. If time presses, this 
may follow the first part at once, but the intermediate reading of the zero position 
is useful. 

A second experiment is then made with one current altered. If possible the 
deflection should be of the same order as before, but in the opposite sense; both 
deflections being small. Interpolation then gives the current for a perfect balance. 
This corresponds to equal net heating on the two sides, and, as in similar methods, 
the Peltier effect is equal to one-half the energy supplied by the coil. 

In practice there are several variants which may be made in the procedure. 
For example, a rough adjustment of the currents may be made during the course 
of an experiment. Again, it is usually advisable to obtain figures for the (steady) 
deflections with given currents in one coil and with no junction-current, as these are 
useful in estimating the change in current necessary to produce a given change in 
deflection. 

Earlier arrangements were somewhat different from that described, and a 
comparison of results is of some value as the progressive reduction of thermal 
conduction losses is clearly shown. The set of results in table i, for the Peltier 
coefficient of a ^-mm. pure copper wire against a i-mm. wire of pure constantan 
at 20° C., refers to a series of different forms of calorimeter. 

Table i 

Apparatus no. i 2 3^ 3 ft 

Coefficient (volts) 0*00990 0*01007 0*01058 0*01100 

Between i and 2 the modifications could not be expected to affect the con- 
duction very greatly, although there should be some improvement; considerable 
reduction in the losses should have resulted from the change to 3, the form described 
above. 3 a and 3 h refer to successive improvements in the packing at the ends of 
the calorimeters. The figures quoted are entirely in agreement with what would be 
anticipated from considerations of design. 

It was arranged in the later work that the thermal contact between the one 
(copper) wire to the junction, the leads to the heating-coil, and the walls of the 
calorimeter, should be as intimate as was practicable consistently with electrical 
insulation. Hence it was hoped to reduce thermal losses along these wires to very 
small values. 

Now the residual loss presumably varies according to the local temperature 
conditions in the calorimeters. 'Phe design left little likelihood of any appreciable 
leakage along the heating-coil leads; so that we have to consider only the copper 
wire. (The other wire, of constantan, would be of relatively small importance.) 
Now when there is Peltier cooling, and compensation from the coil, it is very 
unlikely that the junction will gain appreciable heat along its lead, owing to the 
close proximity of a source of heat. However, when there is Peltier heating at the 
junction this no longer applies, and one would expect some loss. 

In the same way, experiments on single junctions, with and without com- 
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pensation by heating-coil, provide results differing by a factor representing the 
fraction of heat transferred along the copper wires on the two sides. Thus it proved 
possible, by a series of experiments, to obtain an estimate of the order of magnitude 
of this fraction, as well as separate values for sensitivity and for Joule and Peltier 
effects on the two sides of the apparatus. It was, for example, possible to detect 
differences in recorded Peltier effect due to projection from one calorimeter of a 
short length of wire heated during the soldering of the junction. 

The fractions of heat lost, as given by this method, ranged about 2 per cent ; 
but the true values are probably somewhat larger. According to this argument, 
the results of the usual null method should be too low by about half this fraction. 

§6. NUMERICAL RESULTS 

Peltier coefficients of the order of a o*oi V., such as those of copper-bismuth 
and of copper-constantan, must be reckoned large. Hence most workers have 
found it necessary to make measurements with currents from about J A. upwards. 
This means that the Joule heating effective in the apparatus is usually of the same 
order as the Peltier effect, and may even be considerably greater. It can be de- 
monstrated that the usual repetition of the experiment with enrrent reversed only 
eliminates error due to the irreversible heating if there is perfect symmetry. 
Moreover, very small Joule heating ensures fulfilment of the condition of § 2 for 
neglect of the Thomson effect. 

These are all strong reasons for seeking a method of high sensitivity ; and only 
with such a method is it possible to test the proportionality of Peltier effect to 
current over a wide range, or to measure small Peltier coefficients accurately. 

The maximum sensitivity of the apparatus described has never been attained ; 
but as it was last used, a heating or cooling of watt on either side produced a 
steady deflection of i-8 cm. This implies a deflection of mm. — the minimum 
detectable — for a heating of under 3 erg/sec. In other words, the Peltier coefficient 
for copper-constantan, which is just over o-oi V. at ordinary temperatures, could 
be measured to an accuracy of i per cent with a current of the order of i mA. 

The bridge can be readily modified to increase the sensitivity; but it must be 
appreciated that this work makes extraordinarily stringent demands oh the ther- 
mostat. For example, to take full advantage of the sensitivity detailed above, the 
temperatures of the places selected for the calorimeters must remain equal during 
the course of an experiment to an accuracy of about o-oooi'^ C. This is well beyond 
the capacity of the thermostat used in this work. 

Table 2 gives the values deduced for the Peltier coefficient, again for copper 
against constantan at about 20® C., for different currents. It is a test of propor- 

Table 2. Peltier coefficient with different currents 

Temperature C.) 20*19" 20*05" 20*00" 20*06" 20*10" 20*00" 

Current (A.) 0*01168 0*0301 0*0301 0*0500 0*0500 o*iooo 

Peltier coefficient (V.) 0*01053 0 01059 0*01056 0 01058 0*01064 0 01059 
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tionality of the Peltier effect to current, and at the same time it may be regarded 
as an investigation of the observational accuracy of the method, since some of the 
determinations are repetitions of others with the same currents, made after intervals 
of a few days. 

All these results are subject to thermal conduction losses amounting to the same 
fraction in each case ; they are all therefore somewhat lower than the true coefficient 
at this temperature. 

There is no evidence of any systematic variation of the coefficient with current 
in this series. Moreover, the results show that, although the observational accuracy 
did not reach the limits indicated above, it was high for the comparatively small 
currents used. 

The best measurements were over a somewhat limited range of temperature, 
17*5° to 38° C. The results are expressible in the form 

II = 0-0 1 100 + o*oopo8 r (t — 20) 

= 0*01100 {i +0*0073 (^~2o)}, 

in which 11 is the Peltier coefficient in volts, and t the temperature in degrees 
centigrade. 

The thermo-e.m.f. E of the couple in volts was found to obey the law 
I o® . A" = 0*03543 . t + 0*000084 . 
over the range 25° to 58'^ C., so that 

dE 

0*0 1 1 36 + 0*000084 (/ — 20) 

= 0*01136 {1+0*0074 (^“"2o)}, 

where T is the temperature in degrees Kelvin. 

Thermal conduction would tend to depress the measured value of IT, but it 
should not affect the value of the temperature coefficient expressed as a fraction of 
the coefficient measured at some fixed temperature. It will be seen that the measured 
values of II are about 3 per cent below those predicted by the relation II = T.dEjdTy 
while the temperature coefficients, each divided by the corresponding value of 11 
at 20^^ C., agree almost exactly. 

§7. DISCUSSION OF THE METHOD 

We proceed to discuss briefly the advantages and limitations of this method. 

First we may note that the specimens used can remain straight and undeformed ; 
and that no other material is interposed, except solder. The calorimeter is designed 
to minimize the amount of heat lost along the leads, so that the most serious syste- 
matic error is reduced to a small quantity. It may also be remarked that some 
estimate of the residual error is possible. This work appears, in fact, to be almost 
the only research in which a serious attempt has been made to deal with this 
fundamental trouble. 

The sensitivity of the apparatus is high, and it can be increased when necessary 
by a simple adjustment of the resistance bridge. It will be noted that the use of 
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a platinum resistance thermometer is largely responsible both for this high sen- 
sitivity and for the ease with which it can be varied, and has the further advantage 
of making the measurements depend on average temperatures rather than on the 
temperatures of isolated points of each calorimeter, as thermocouples do. 

The apparatus is at present adapted for wire specimens only; but at least it 
avoids the ambiguity of those methods which have both wire and block metal in 
their construction and yield results representative of neither. In modern work this 
should be a point worthy of consideration. 

The method as described makes demands which are rather excessive for the 
usual form of thermostat. Both calorimeters could be used in one tube, in line with 
one another. This should improve the performance, although the multiplicity of 
leads passing along the tube will introduce difficulties. 

In conclusion it must be pointed out that the dimensions of the calorimeter 
given in § 3 were not chosen as the best possible, but as the most convenient for 
studying the changes due to modifications in packing. For greater accuracy the 
tubes should be somewhat longer, and if practicable a little narrower. This will 
cause a slight loss in sensitivity which will, however, be more than offset by the 
reduction in systematic error. 
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ABSTRACT. 'I'he relative merits of plane- and con cave -grating spectrographs for precise 
measurement of wave-length between 10 and 100 A. are discussed. It is shown that 
experimental conditions do not allow full advantage to be taken of the superior resolving- 
power of the concave grating. A plane-grating spectrograph was designed for relative 
wave-length measurements of high precision; its dispersion and resolving-power are 
calculated, and a number of wave-length determinations relative to Cu viz. 13-310 A., 
are reported. Microphotometer curves of the K line of carbon show that this line has, 
besides the principal line, two components of shorter wave-length. This result is in good 
accordance with that of other workers. 


§1. INTRODUCTION 

T he precise absolute determination of wave-lengths in the region of the so- 
called “ultra-soft” X-rays (say 10 to 100 A.) has claimed the attention of 
many experimenters during the last decade, and a satisfactory solution of 
the problem has yet to be made. It is hardly necessary to stress the need for such 
measurements to provide accurate data for the further development of theoretical 
spectroscopy. In addition, however, Laby and Bingham have pointed out that, 
by determining absolutely wave-lengths which have also been measured by the 
crystal method, the lattice constant d of the crystal used may be calculated from 
the equation 

nX = 2.d sin 6 . 

Since d is known in terms of the Faraday, the electronic charge, and the density 
and molecular weight of the crystal, such a procedure would lead to an evaluation 
of the electronic charge e, which is the least accurately known quantity in the 
expression for d. 

The chief difficulty in carrying out such work is in obtaining a suitable spectro- 
meter. 'The use of an interferometer for these rays being apparently inadmissible, 
the choice lies between the plane-grating and the concave-grating spectrographs.* 
Although the concave grating is usually preferred on account of its theoretically 
higher resolving-power, dispersion and intensity, there are serious drawbacks to 
its use in this region of the spectrum. 
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Some consideration will now be given to the relative merits and defects of the 
two instruments. The resolving-power of a concave grating used at grazing angles 
of incidence has been discussed theoretically by Mack, Stehn and Edlen^*\ while 
that of a plane grating used at grazing incidence with divergent light has been 
given approximately by Prins^'^\ According to Prins, if y is the distance of any 
grating-element from the central one O, the path-difference between a ray striking 
O and one striking P is expressible as a power series in y. If parallel light is used 
with a plane grating, the quadratic and higher-power terms vanish, and there is no 
theoretical limit to the resolving-power. If, however, the light diverges from a 
point source, as in the case of all X-ray spectrographs, Prins states, as a criterion 
for best resolution, that y should not exceed the value Yopt which makes the 
quadratic term equal to half a wave-length. Thus the length of ruling which can 
be used, and hence the resolving-power, is seriously limited. 

In the case of the concave grating. Mack, Stehn and Kdlen have shown that, 
owing to the focusing conditions, the second- and third-power terms vanish. By 
equating the fourth-power term to half a wave-length a much larger value of Fopt 
is obtained, on account of the relative smallness of this term. Hence a concave 
grating of optimum width possesses a greater rcsolving-power than a plane grating 
of optimum width, the source being assumed to be infinitely narrow in both cases 

Mack, Stehn and Edlen, however, point out that the resolving-power actually 
obtained in a spectrograph is, for wave-lengths below about 100 A., limited by the 
finite width of the slit. They show that the resolving- power of a slit varies pro- 
portionally to the wave-length, and in inverse proportion to the slit-width. For a 
wave-length of 5 A. and a slit- width of o*oi mm., the resolving- power is only 27. 

Table 1 gives numerical values for the following quantities: (a) The resolving- 
power in the first order of a concave grating of optimum width, used in conjunction 
with an infinitely narrow slit. The radius of curvature of the grating is i metre, 
there are 571 lines per mm., and the angle of incidence is 5^". (A) 'Phe resolving- 
power in the first order of a plane grating of optimum width, used in conjunction 
with an infinitely narrow slit. The source and image are each 50 cm. from the 
grating, there are 571 lines per mm., and the angle of incidence is i"". (c) The 
slit-width which would have the same resolving-power as the plane grating. 


Table i 


• A (A.) 

a 

b 

C ifi.) 

5 

3100 

530 

05 

20 

4600 

670 

1-6 

100 

6900 j 

740 

7-3 


The second and third columns show that the resolving-power of a concave grating 
alone is, under average experimental conditions, about 6 or 9 times that of a plane 
grating. However the fourth column indicates that, to render a concave-grating 
spectrograph superior to a plane-grating spectrograph- in resolving-power, it would 
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be necessary to use slit-widths which are prohibitively small in practice on account 
of clogging etc. 

From the point of view of spectral intensity, it is at once evident that the 
concave grating is superior, for the intensity is proportional to the solid angle of 
rays which the grating receives from the source, and this solid angle is, for a given 
angle of incidence, proportional to the aperture of the grating; it has already been 
shown that the permissible aperture is larger in the case of a concave grating than 
in the case of a plane grating, the ratio being the same as the ratio of their resolving- 
powers, which in the above numerical example varies from 6:1 to 9: i. 

I'he dispersion obtainable from the two instruments considered above is quite 
adequate to take advantage of all the available resolving- power. This is evident 
SA from table 2, in which the dispersion is expressed by the ratio A/8A, where SA is 
the wave-length interval corresponding to a distance of 0*004 t^^tn. on the photo- 


I'able 2 


Wave-length 

Concave 

Plane 

(A.) 

grating 

grating 

5 

800 

1200 

20 

2900 

2800 

100 

10300 

6600 


graphic plate, and is calculated from the well-known dispersion formulae. Thus 
A/8A is a measure of the accuracy obtainable for a wave-length A, on the basis that 
the position of the line on the plate can be measured to 0*004 mm. Although in 
the case of the concave grating the dispersion falls short of the theoretical resolving- 
power at lower wave-lengths, yet it is adequate in view of the limitation on rcsolving- 
power imposed by the slit- width. 

The concave-grating spectrograph has a serious drawback in that diffracted 
rays meet the photographic plate at small glancing angles. Eddy and Laby, in their 
experiments on the concave-grating spectrograph, have found that, even for an 
angle of incidence of 5”, surface irregularities in the photographic plate and in the 
emulsion and the anticlastic curvature of the plate, which depends on the plate’s 
thickness, seriously detract from the perfection of the lines on the plate, and set a 
limit to the smallness of the angle of incidence which may be used with the concave- 
grating spectrograph. 

From the above considerations it may be concluded that the plane grating is the 
most convenient apparatus wherewith to investigate wave-lengths in the region 
under consideration, for the advantage of extra resolution afforded by the concave 
grating is outweighed chiefly by the difficulty of using sufficiently fine slits and 
sufficiently flat photographic plates. 


§2. EXPERIMENTAL METHOD 

Principle of spectrometer . T he X-ray beam incident on the grating is not, as 
customarily it is, a narrow parallel beam collimated by two or more slits, but a 
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wide beam diverging from a line source, placed near the grating, with a single slit 
placed close to the grating but on the side remote from the source. 

The fine line source, which is itself equivalent to a second slit, is obtained by 
turning the target face of the X-ray tube until it subtends only a very small angle 
at the axis of rotation of the grating. The advantages of this method over the usual 
one are (i) a much higher intensity of the radiation incident on the grating, per- 
mitting of shorter exposures; (ii) absence of the difficulty encountered in the two- 
slit grating spectrometer in bringing the focal spot on to the axis of the slits. 

Theory of the single-slit grating spectrometer: dispersion. The dispersion of the 
instrument will first be considered. In figure i, Sq is the source, GH the grating, 
and Si the slit. Since the incident rays form a divergent bundle so also will the 
diffracted rays of any particular wave-length, in accordance with the ordinary 
grating equation nX — D (cos i — cos Q). The slit selects from the diffracted rays a 
narrow divergent pencil which falls on the photographic film, producing a line. 



Figure i. 

The problem of finding the distribution of wave-lengths along the film is 
simplified by assuming that the film is constrained to lie on a circle whose centre is 
at the slit. Although this was actually the case in the earlier experiments in which 
films were used, the use of flat plates became necessary later. The same results will 
apply approximately to this case, however, as the curvature of the films was only 
slight. 

In finding the relation between A and d we may assume the source and slit to be 
infinitely narrow, so that we need consider only infinitely naripw pencils. The rays 
of any particular wave-length passing through the slit are then regarded as being 
diffracted by an infinitely small section of the ruled surface. Then all rays reaching 


the film have to satisfy two conditions : 

(i) The ordinary diffraction equation 

wA/D = cos i-cos ^ (i). 

(ii) They must pass through the two points Sq, Si. This geometrical condition 
may be expressed thus : 

h coii-\-c cotB = r ( 2 ). b,c,\ 

Elimination of i gives the required relation between A and 6 : 

nXjD = [i 4* tan^ Bj{R tan B — - cos B, 

where R = r/6 and a = cjb, Rj a, 

PHYS. SOC. XLVII, 4 
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If 0 is small, we have approximately 

nX/D = I - cos ^ J [tan dl(R tan 6 - a)Y (3)* 

Figure 2 shows the graph of this equation for typical values of the geometrical 
constants R and a, and also the graph of i — cos 6, It will be noted that the term 
I [tan e/{R tan S-a)Y is relatively small for large values of A, but increases rapidly 
as A approaches zero. Thus the dispersion (the slope of the curve) is never as great 
as, but often approximates to, that of the usual type of spectrograph, where two 
collimating slits are used. The dispersion of the latter is given by the slope of the 
(i - cos 6) curve. 

It is interesting to note that for certain values of R and a the curve is very nearly 
a straight line, in agreement with the observations of Laby and Bingham 



Figure 2. Dispersion of spectrograph. (I) Graph of D{i — cos 0). (II) Graph of 
equation (3) when io=^o = 2°, R-57‘3i «==i. 

Under such conditions, however, the dispersion is comparatively small, so in the 
present experiments normality of spectra was sacrificed for high dispersion. 

6q When 6 is less than where Sq is the angle of reflection, i.e. the value of d for 

which A = o, the curve becomes much steeper, and accordingly the dispersion much 
smaller. For this reason negative orders were not used in the present work. 

Theory of the single-slit grating spectrometer: resolving-power. X-ray plane- 
grating spectrometers, unlike optical spectrometers in which lenses can be employed 
require a very narrow beam of rays, and this requirement limits the number of 
grating lines that can be used, and hence the resolving-power. The resolving- 
power of the plane grating, when treated as a Fraunhofer problem in diffraction, 
was first given by Rayleigh. Here, however, it must be treated as a Fresnel problem, 
for the source and image are at finite distances from the grating. Although an exact 
solution of this problem has not yet been given, Prins^^^ has given an approximate 
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theory, which will be slightly modified here to apply to the present instrument. 
The accuracy of Prins’s method may be gauged by applying it to the case of the 
concave grating; it yields a value for the resolving-power which is about 20 per cent 
higher than that which Mack, Stehn and Edlen^*^ obtained by a stricter mathe- 
matical treatment. In addition to limiting the resolving-power, Porter^^^ has shown 
that the use of divergent beams with a plane grating introduces an asymmetrical 
structure into the spectral lines, so that their maxima are displaced slightly from 
the position they would occupy if parallel light were used. 

In figure 3, if is the source, A' a point on the photographic plate, O the 
centre of the grating, and P any other grating-element distant y from O, then the 
path difference between AO A' and APA' can be expressed as a power series in y, 
thus: 

APA - AO A =y (cos i - cos 9 ) + iy^ (sin^ t/r + sin^ d/r') + (4), 

where i and 9 are the glancing angles of incidence and diffraction respectively, and 
r and r' are the distances of source and image respectively from O. 



Figure 3. 


The condition for the formation of a spectral line of wave-length A is that the 
linear term should be an integral multiple of A, when y is equal to one grating-space. 
This is the well-known relation 


nX^D (cos i - cos 9 ). 

Prins’s criterion for best resolution is that the quadratic term should not exceed 
|A from the centre of the grating to the edge. So the optimum length of ruling, 
2y, is that which satisfies the equation 


(sin^ //r + sin^ 9 jr')-lX , (5). 

The maximum resolving-power is then the product of the number of rulings 
contained in this optimum length, and the spectral order 


2 Yn 4n2 A 1 1 

ZT " 02 (s'm'^Vr+sin^ 0/r') 

r 4 ” I - cos 9 ) 1 i 
[d (sin^ ijr + sin^ J 

\2nr\i-Pl9^)'\^ 

[z)(i+rTVr^2)| 


( 6 ). 


approximately. In the present instrument, r=2 cm., r' = ^o cm., D = 23,520 A. 
If w = I and = 0-1 the resolving-power is 330. If « = i and Pj9^ ~o-oi it is 640. 
The asymptotic value as PI 9 ^ approaches o is 650. Now when A=o we have normal 
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reflection, and i = 0 = ^ . As A increases i diminishes while 6 increases, and the ratio 
ijO diminishes from the value i the more rapidly the smaller the value of Hence 
the advantage of using small angles of incidence. 

In actual practice the pairs of lines given in table 3 have been resolved. However, 
it is estimated that the lines could have been resolved in the first case if they had 
been about four times closer, and in the second and third cases if they had been 
about twice as close. So we may take the resolving-power actually realized to be 
about 200, which agrees at least in order of magnitude with the theoretical values. 


Table 3 


Pairs of lines 

A (A.) 

SA (A.) 

Resolution 

Cu La I, Cu LjS I 

13*3 

0276 

48 

PtMall, Zn Lai 

12*1 

015 

80 

Pt My I, S Ka I 

5*3 

0052 

102 


The influence of the resolving- power on the width of a spectral line is most 
easily arrived at by considering the problem from the point of view of geometrical 
optics. Since, for a given slit-width and distance from slit to plate, the scale of the 
diffraction pattern is proportional to the wave-length, it is evident that in the case 
of X-rays, geometrical optics will give a sufficiently accurate representation of the 



Figure 4. Variation of width of spectral lines with wave-length for various aijgles of incidence. 

A to=i- 67 °; O «o=i-55°; x *o=i-35"; □ *o = o*4"; io = o*s°. 

formation of a line. This method has the advantage of giving a very clear conception 
of the variation of line-widths with wave-length for a given angle of incidence, 
and also the variation with angle of incidence for a given wave-length. These 
relations were first determined experimentally by measuring the width of the 
Cu La line in as many orders as possible on five typical spectra, one for each of the 
angles of incidence used. The results, figure 4, show that the reflected beam is in 
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every case very wide, but that the width of the diffracted lines decreases rapidly 
as the wave-length increases. The effect of the angle of incidence is not shown 
convincingly by the curves for films B i, 9 and 14, as they lie close together and 
intersect one another. This is attributable to the fact that varies but little while 
the line-width depends upon other variable factors, such as the effective width of 
the focal spot and the degree of parallelism between the focal spot and the slit. 
The degree of resolution of the Zn La and Cu La lines in the first order, however, 
shows conclusively that the definition increases markedly as ^ decreases, for when 
io= 1*35° these two lines are completely resolved; when 1*55^^ they are merged 
into a single wide line, and when 1*0= 1*67°, this line is but an ill-defined smudge. 



The curves show definitely that the change in Iq from 1*35® to 0*4° is accom- 
panied by a marked diminution in line-widths. Film B 32 shows still further 
improvement, due in this case to a refinement in the method of adjusting the 
parallelism of the focal spot and the slit. 



Figure 6. 

The curves for two typical films, B i and B 24, will now be obtained theoretically. 

In figure 5 a divergent bundle falls on the grating from a point source Sq at a 
distance p. DiffeVentiation of equation (i) shows that the diffracted rays diverge p 


from a virtual source Sq at a distance p' behind the grating, where p 

p'=psin2 0/sin®i (7). 


Actually the virtual source is not a point, but has a width of the same order of 
magnitude as the slit-width. For simplicity it will be assumed that source and slit 
have the same width figure 6. Then the spectral line will consist of an umbra « 
C/it/a of width and uniform intensity, and a penumbra PiP^ of total width 
Wg [i-f 2/^/(/+p')] in which the intensity falls off to zero at a uniform rate from 
Ui to Pi and from U2 to Pj. We may take as a measure of the width of the line the 
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distance between points and Lj at which the intensity has fallen to one-half of 
w that in the umbra. Then, since and Lg bisect P^Ui and the line-width w 
will be given by 

w = w, [i+RI{l+p)] (8). 

g Now the values of 1*0, r and g are known, where g is the value of MG, figure i, 

when Then b is determined from bjg^i^. For a series of values of 6 the 

corresponding value of / is calculated from equation (2), and the corresponding 
wave-length from equation (i) — it is assumed that b = c, which was approximately 
true in practice; then p is given by p^bjsin i^^bji approximately, and p is deter- 
mined by equation (7). This enables w to be calculated for a series of wave-lengths. 
The results of these calculations are shown in figure 7. The curves show how, as 



Figure 7. Theoretical relation between width of spectral lines and wave-length. 

(I) * 0 = 1 - 55 °; (H) fo=o-4°. 

the wave-length increases, the line-width in either case decreases rapidly at first 
and then approaches an asymptote whose value is the slit-width. It is also to be 
noted that the width of the reflected beam is always large, and is constant for a 
given slit-width, irrespective of For the smaller value of however, the initial 
drop in the curve is much more sudden, indicating much greater definition; in fact, 
for fo = 0’4° the lines are fine (say < o*i mm.) from 2 A. upwards, ^yhile for ^* 55 ° 
they are fine from about 25 A. upwards. 

Though the curves have the same general form as those obtained experimentally, 
a quantitative agreement is not to be expected, for neither the projected width of 
the focal spot nor the geometrical constants of the apparatus (in particular the 
length h) are known with any high accuracy, and in addition the widths of the lines 
are affected markedly by the degree of parallelism between the focal spot and the 
slit. Thus the theoretical curve for 4 =0*5® agrees much more satisfactorily with 
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that obtained from film B 32 than with that obtained from film B 24. When the 
latter film was produced the adjustment of parallelism was made by an optical 
method, while in the case of the former film a more accurate photographic method 
was adopted. 

It should be noted that the variation of line- width with angle of incidence and 
with wave-length is not a unique property of the present type of spectrograph but 
applies to all grating spectrographs, on account of the unavoidable divergence of 
the beams used. However, consideration of the function sin^ i indicates that 
the variation with A will not be so great in the case of an instrument employing two 
collimating slits, for in such a case the effect arises only through increase of 6 
with A, while in the present instrument there is, in addition, an initially rapid 
decrease of i with increasing A. The spectra obtained by the two-slit method (for 
instance by Witmer and Cork^^\ and Siegbahn and Magnusson^*^^) indicate a 
definite but small decrease in line-width as the distance of the line from the reflected 
line increases. 

The variation of X-ray line-widths with angle of incidence appears to have been 
reported only by Witmer and Cork, who state that any diffracted line is broadened 
by the use of a large angle of incidence. Vonwiller^®\ in Sydney, has recently 
observed the same phenomena in the optical region. Using a plane grating 2*7 cm. 
long, and with 14,431 lines to the inch, and a grazing angle of incidence of 52', 
he was able to resolve the sodium D doublet perfectly, even in the first order, when 
the collimator slit was i-i mm. wide; the direct and reflected beams were in this 
case about 2*5 mm. wide. Sharp lines were obtained with grazing angles of in- 
cidence even when the collimator lens was removed altogether, allowing a divergent 
beam to fall on the grating. Vonwiller states that the necessary condition for 
obtaining good spectral definition when the incident beam is divergent is that the 
ratio of 0 to i should be large, 'rhis is in perfect agreement with the results obtained 
with all X-ray spectrographs. 

§3. THE SPECTROGRAPH 

The design of the single-slit spectrograph is indicated in figure 8. The vertical 
ring Ay attached to a rigid base, carries the spectrometer on one side and the X-ray 
tube on the other. The outer cover B can be clamped to A without disturbing the 
spectrograph itself. The massive brass platform C, which supports the grating 
table, and the brass ring D which carries the slit, are both bolted firmly to A. To 
D is bolted a light-tight cone E of sheet-iron, which carries the plate-holder F at 
its farther end. 

Each of the dismountable electrodes is attached to the spectrograph by means 
of a rubber gasket between metal discs which are clamped firmly together. To 
secure accurate registration of the target-face the gasket is sunk in a groove cut 
in one of the discs so that there may be metal-to-metal contact between the discs G. 

To secure greater intensity in the spectra the electrodes are set obliquely to the 
axis of the spectrometer, bringing the focal spot to a distance of 18 mm. from the 
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end of the ruling. The ruling extends for 19 mm. and the slit is placed 0-5 to 3*5 mm. 
beyond. The grazing angles of incidence have varied from 17° to 0*4°, while the 
slit- width was usually from about 25 /x. to 40 /x., but was sometimes reduced to 
iSfi, or 12 i^L. 

The glass grating, with a grating-interval of 23,518 A., was ruled on the 
Grayson ruling engine in this University, and is the one previously used by Laby 
and Bingham The slit is of the symmetrically closing type, the deviation of the 
centre amounting to only 4/x. for slit- widths up to 125 /x. 

Performance of X-ray tube. Oxide-coated platinum filaments were used in 
preference to tungsten, in order to minimize fogging of the plates by light and 



deposition of metal on the target. Although fogging by light was negligible, however, 
the deposit which accumulated on the face of the target during an exposure proved 
to be a serious drawback in the method, for on account of the small grazing angle of 
emission from the face of the target the soft X-rays would be largely absorbed in 
the deposit itself. Thus when a brass target was used, the copper and zinc L lines 
were often very faint, the strongest lines being those of platinum, barium, strontium 
and carbon. 

If the thickness of the deposit increases at a uniform rate during the exposure, 
the intensity of the spectral lines from the target metal, instead of being proportional 
to the exposure, will approach an upper limit exponentially; so there is no advantage 
in continuing the exposure beyond a certain limit, which depends on how quickly 
the deposit is forming. It was found that the deposit was least when the tube was 
hardest, while the strongest target-metal lines were obtained when the exposures 
were very short, that is when conditions were such that these lines registered them- 
selves before the deposit had time to form. 
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§4. WAVE-LENGTH MEASUREMENTS 
The distances between spectral lines were measured by a projection method 
which has been in use for some years in this laboratory. The film or plate is placed 
on a glass stage which is propelled horizontally by the screw of a dividing-engine, 
and an image of the spectrum, magnified about eight times, is projected by an 
anastigmatic camera lens on to a fixed white screen on which is ruled a pair of fine 
parallel lines close together. Adjustment is made till the spectral line is exactly 
midway between these ruled lines, and the divided head of the engine is read to 
0*001 mm. 

In order to convert the measured distances on the film to wave-lengths an 
analytical expression was used to give a first approximation to the wave-length and 
the necessary corrections to this approximation were obtained from an empirical 
curve. The only assumption made in preparing this difference curve is that suc- 
cessive orders of one line are in the ratio 1:2:3.... which may be called 

the calibrating-line, was selected for its homogeneity and its occurrence in numerous 
orders, and, since we are concerned only with relative determinations was given 
the arbitrary value of unity. Equation (3) may be written 

wA/Z)=i-cos^“8. 

If Aj is the true wave-length of the calibrating-line and di its angle of diffraction in 
the first order, then v , ^ ^ ^ 

Ai//)=i-cosyi-Oi. 


Table 4. Film B 24. Calibrating-line, copper La^g. R = 2 $^ mm., 0 = 0*4'^ 


Line 

Order 

Distance* from 
reflected line 
(mm.) 

I — cos ^ 

k 

A/Aj (i.e. x/n) 

I — cos 9i 

Cu La^2 

I 

6-987 ± 0-005 

I -0000 

0-0000 

— 


2 

10*553 ± 0’004 

1*9797 

0-0203 

— 


3 

13*293 ±0 004 

2-9571 

*0-0429 

— 


4 

15-62010-004 

3-9410 

0-0590 

— 


5 

17-663 ±0-006 

4-9206 

0-0794 

— 


7 

2 I- 2 I 9 ± 0 - 0 I 0 

6-8843 

0*1157 

— 

Zn L(X22 

I 

6-629 i o-oo8 

0-9200 

-0*0019 

0-9181 


2 

10-04410-007 

1-8196 

0*0174 * 

0-9185 


3 

12-65910-006 

2*7138 

0-0360 

0-9166 * 


4 

14-882 ±0-004 

3*6138 

0-0538 

0-9169 


5 

16-8521 0-008 

4*5188 

0-0722 

0-9182 


• 



Mean 

0-9177 1 00007 

Cu Lft 

2 

10-425 1 o-oo6 

1-9386 

0-0199 

0-9793 

Zn lu^i 

2 

9-91110-003 

1-7789 

0*0165 

08977 

CKa 

I 

14*10710003 

3*2853 

0*0480 

3-333 


2 

20-84910-006 

6*6650 

o*iii6 

3;£8 





Mean 

3-36010-028 

PtMft 

5 

11-08810-005 

2-1552 

0*0223 

0*4355 

Pt Nv Nvi. VII 

I 

15*26610-008 

3*7824 

00578 

3*8402 


• The mean of ten readings, with the mean deviation from the mean. 
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Table 5. Film B 32. Calibrating-line, platinum 0 = 0*5° 


Line 

Order 

Distance from 
reflected line 
(mm.) 

1 — cos 0 

1 — cos 01 

k 

A/Aj (i.e. x/n) 

PtMjSi 

I 

3*73 1 ±0001 

I 0000 

0-0000 

— 


2 

6*059 ± 0002 

1*9471 

0-0529 

— 


5 

10*70810*085 

4 ' 77 S<’ 

0-2244 

— 

Pt Ma^jj 

I 

3*836 ±0-001 

1*0358 

0-0020 

10378 


2 

6-207 ± 0-002 

2-0179 

0-0572 

1 - 0375 * 





Mean 

1-0377 ±0-0001 

Sr Laj2 

I 

4-21 1 ±0-001 

1-1696 

0-0094 

1-1790 

Sr L/ 3 i 

I 

4*103 ±0-002 

1*1301 

0-0073 

1*1374 

Zn Laj2 

I 

6-258 ±0-003 

20432 

0-0586 

2-1018 

Cu Lai2 

I 

6-613 ±0-003 

2*2188 

0-0687 

*•2875 


2 

10-160 ±0-003 

4*3775 

0-1991 

2-2883 





Mean 

2-2879 ± 0-0004 

CKa 

I 

13*734 ± 0-005 

7*2874 

0-3885 

7*6759 


2 

20-241 ±o-oo8 

14*4750 

I 0*8784 

1 7*6767 





Mean 

7*676310-0004 

Pt Mv N„, 

I 

4*585 ±0-003 

1-3108 

I 0-0172 

1*3280 


X Since 8 is small, the ratio x of any line in any order to the calibrating-line in the 
first order may be written 

k :v = nA/Ai = (i — cos 0)/(i — cos 0i) — 

So (i — cos 0)/(i — cos Bi) was used as an analytical approximation, while for each 
order of the calibrating-line (for which x= i, 2, 3, . ..) the correction k was computed 
and plotted against i — cos 6. 

The wave-lengths of the foregoing lines can be obtained either on the absolute 
grating scale or on the crystal scale, by taking their ratios to the La^g line of copper 
and multiplying them by a measured value of the latter. As only two absolute grating 
measurements of of copper are available, and as they agree to only i in 400, 
the mean of the crystal determinations shown in table 6 is used in preference. 
These values are relative to the lattice constant for calcite. 


Table 6 


Observer 

Wave-length 
of copper (A.) 

Karlsson^^) 

Siegbahn and Thoraeus^*®^ 
Hjalmar^”) 

13*306 

13*316 

13*31 

Mean 13*310 
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In table 7 are given the ratios found by the writer, the wave-lengths relative to 
Lai2 of copper, which = 13*310 A., and previously existing crystal determinations. 


Table 7 


Line 

Ratio 

On crystal 

Previous crystal 

scale (A.) 

determinations (A.) 

Pt Mai 

0-4535 

6037 

6*034 Lindbergh 

PtM/Jj 

04362 

5-808 

S-816 

Pt Mv Niii 

0-5804 

7-725 

T 722 

None available 

Pt Nv Nvi, vn 

3-8402 

51-116 

Sr Lai 

0-5153 

6858 

6*8486 Coster(>3> 

Sr Lft 

0-4971 

6-617 

6*6100 ,, 

Cu La^j 

( I -oooo) 

(13-3*0) 

13-027 Karlsson^’^ 

Cu L.pi 

0-9793 

13-035 

Zn La|2 

0-9182 

12*221 

12*229 

Zn LjSi 

08977 

11*949 

11*960 ,, 

None available 

CK 

3-357 

44*68 


Sources of error. As the measurements are entirely relative, the only sources of 
error are (i) in the measured distances on the films, and (2) in the calculation of 
the ratios. The chief error is that of setting the graticule of the measuring-instrument 
on the spectral lines measured. It has been found possible with practice, and by 
using as a graticule a pair of finely ruled parallel lines, to measure the distance 
between two well-defined spectral lines with a mean deviation of 2/i. or even i/x. 
from the mean of ten readings. The mean deviation may amount to 5 or 10 fjL, if 
the lines are less well defined, or differ little in density from the background, even 
though they may be much narrower. There are two other sources of error : (i) The 
curve relating the photographic density of a line to the wave-length may not be 
symmetrical about its maximum. This asymmetry may be inherent in the radiation 
producing the line, or it may arise from some property of the spectrograph. Since 
the centre of gravity of the image may not then coincide with the position of the 
maximum of the density curve, the latter may be misjudged by visual observation, 
(ii) It has been found that in the drying of a film after development, the gelatine 
layer tends to alter its position slightly. To avoid this, Cooksey and Cooksey 
recommend normalization of plates before use, but if care is taHen to ensure even- 
ness of drying, relative measurements should not be affected seriously. Celluloid 
films change in length when left in vacuo for some time owing presumably to the 
loss of some volatile constituent, but plates are free from this disadvantage. 

As the intensity of the spectral lines usually decreased rapidly \Vith increasing 
order, an accuracy of i jx. or 2 ft. was possible only in the first order of intense lines, 
the error increasing to about 10 ft. in high orders. For this reason the accuracy of 
the above results is believed to range from i in 3000 for the best defined lines, to 
I in 1000 for the less well defined ones. 


§5. STRUCTURE OF THE K LINE OF CARBON 

The X-ray spectrograph, besides yielding wave-length determinations, can 
furnish information as to the width and structure of X-ray lines. Such information 
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is of interest in the wave-length band under consideration, particularly in the K 
series of the elements in the first row of the periodic table, and the L series of the 

Wave-length difference (A.) from centre of line 
1*5 10 0-5 0 , 0:5 1-0 1-5 





Figure 10. Microphotometer curves of the K line of carbon. (I) Order I, trace i, ar = 4*i7; 
(II) order I, trace 2, 2^ = 377; (III) order II, trace i, z = 4'Oo; (IV) order II, trace 2, 
2r = 3*42, where z is the distance (cm.) of galvanometer zero above the datum line. 
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elements in the second row, for diversity of opinion has existed as to the actual 
width of these lines (some of which are several angstroms wide), and as to whether 
or not they possess fine structure. 

The most reliable work on the structure of the K series of the light elements 
has been done by Hautot^*^^ and Siegbahn and Magnusson^‘^\ who obtained very 
high dispersion and resolving-power by using concave gratings of optimum width 
and of very large radius of curvature. 

Hautot finds that the carbon K line consists of three components, each about 
0*2 A. wide, which he interprets as being the normal aj line accompanied by 
satellites of shorter wave-length in accordance with Langer’s theory. In the case 
of boron, Hautot shows that Langer^s theory predicts no normal satellites, on 
account of the incompleteness of the 2p shell. He obtains, besides the line, an 
abnormal satellite of longer wave-length, 2-5 A. wide, whose intensity rises abruptly 
on the short-wave-length side and then falls off slowly towards the long-wave- 
length side. In the case of beryllium he finds a single line, 9 A. wide, with an 
abrupt short- wave-length edge. It is not the line, which cannot exist. To explain 
these two abnormal lines, each of great width and possessing a characteristic sharp 
edge on the short-wave-length side, Hautot suggests that a 2s electron is excited 
into some ill-defined metastable state, from which it can fall to the is level without 
infringing selection rules. The width of the normal diagram lines (about 0*2 to 
0*3 A.) may be attributed to the fact that the upper energy level concerned in the 
transition is broadened by interaction with neighbouring atoms in the solid. In 
support of this statement, Hautot points out that he found the structure of the wide 
component of the boron spectrum to be independent of chemical combination, 
whereas Renninger^*^^ found the shape of the carbon line to vary with ehemical 
combination. Further, Karlsson and Siegbahn have shown that those lines of 
the K spectrum of aluminium and magnesium which arise from transitions from 
the M, or valence electron, shell are symmetrical when excited by the non-con- 
ducting oxide, but have sharp edges on the short-wave-length side when excited 
by the pure metal. Siegbahn and Magnusson^*^^ obtained the same effect in the 
L spectrum of aluminium. 

Houston^*’^ has calculated the intensity-distribution in thq carbon K line to be 
expected from (i) the free-electron model of Pauli and Sommerfeld^**^ and (ii) the 
bound-electron model of Bloch but his results do not agree well with the experi- 
mental results of Hautot, Siegbahn and Magnusson, and Soderman^*^\ Yet in view 
of the work of Siegbahn and his co-workers, there is no doubt that the intensity- 
distribution in the normal lines is intimately connected with the conductivity of the 
solid emitting them, and it seems probable that an accumulation of more accurate 
intensity-distribution data may yield valuable information on the theory of the 
electrical conductivity of solids. 

In the present experiments the carbon line often appeared in the spectra, 
arising as an impurity from hydrocarbon vapours which are invariably present in 
an apparatus in which grease and wax are used at joints. To obtain microphoto- 
metric curves of this line film B 24 was used, as it was the only film which combined 
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good definition with a carbon-line density sufficient for the photometer. On this 
film the lines appeared in the first two orders, from each of which two traces were 
obtained on different portions of the line. The microphotometer consisted of a 
microscope with eye-piece removed, mounted horizontally. The film was placed 
on the stage of the microscope, and light from a point-o-lite arc was focused on it by 
the sub-stage condenser. The magnified image was received on an adjustable slit, 
behind which was the thermopile. Figure 10 shows a reproduction of the traces 
obtained. It is seen that on the short-wave side of the maximum there are two 
distinct components whose positions agree moderately well on the four curves. 
The irregularities on the long-wave side are not significant as they are not repeatable 
on the four curves. 

From a knowledge of the dispersion at 45 A. and at 90 A., and of the magnifi- 
cation, 90, produced by the microphotometer, the distances of the two minor 
components from the maximum of the curve were determined with the results 
shown in table 8. 

Table 8 


Order 

Trace 

First 

component 

(A.) 

Second 

component 

(A.) 

I 

I 

0-38 

o-6o 

I 

2 

0-41 

0*66 

II 

i ^ 1 

0*35 

0-53 

II 

2 

0*26 

063 


Means 

0*35 ±0 05 

o*6o ± 0-04 


This result agrees satisfactorily with that of Hautot, who obtained for the above 
separations on one occasion 0*4 and 0*6 A. and on a later occasion 0*34 and 
0*74 A., respectively. Siegbahn and Magnusson obtained only two maxima, 
0*72 A. apart. 
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ABSTRACT, Owing to the use of acoustical outputs up to 500 watts in modern public- 
address loud-speaking apparatus, it is necessary to consider the distortion due (mainly) 
to the adiabatic pressure-volume relationship for air being non-linear. The physical 
principles underlying the transmission of sound-waves of finite amplitude in expanding 
waves are epitomized, and the differential equation for a horn of any cross-section is stated. 
The equation is solved for spherical-wave propagation, which includes the case of a 
conical horn having any solid angle up to Formulae are given which enable the shapes 
of the particle amplitude and pressure waves to be calculated to a second approximation. 
As the sound travels down the horn, the crests of the waves tend to overtake the troughs, 
and harmonics are created, the power associated therewith being transferred from the 
fundamental. The ratio of the power in the second harmonic to that in the fundamental 
is obtained, and comparison made with that for a uniform tube and an exponential horn. 
The analysis is illustrated by numerical examples, and design formulae are deduced from 
which the area of the horn-throat to keep the distortion below a prescribed limit can be 
calculated. Lamb’s analysis for a uniform tube has been extended from the second to the 
third approximation. 


§1. INTRODUCTION 

T he classical theory of sound formulated over half a century ago is based 
upon infinitesimal pressure-amplitudes. In modern loud-speaking apparatus, 
and in all musical instruments, such as the pedal organ, which are capable of 
generating high sound pressure, the amplitudes at the source are certainly not 
infinitesimal! I’he pressures employed in fog-signalling apparatus and in public- 
address loud-speakers are colossal from the point of view of simple theory. For 
example the pressure at the throat of a horn-type loud-speaker may be in the 
neighbourhood of o*i atmosphere, i.e. about 10^ dyne/cm? Since a pressure of 
5 dyne/cm? in the ear canal is perceived as quite a loud sound, the -great strength of 
the modern acoustical source will be realized. 

At any instant during the propagation of a plane sound-wave of finite amplitude, 
say in an infinite frictionless uniform tube, the density of the air varies from a 
maximum at a crest to a minimum at a trough, so the crests steadily gain on the 
troughs. This is shown in figure i, which indicates a change in wave-form. The 
process is presumed to continue until the wave-slope becomes vertical. Beyond 
this point the mathematical analysis ceases to have any physical significance. 
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Since there is no expansion in a plane wave, the alteration in wave-form is much 
more marked in such a wave than it is in an expansive wave emitted from a horn 
or by a large conical diaphragm. The effect of expansion is a gradual reduction in 
pressure-amplitude, and this implies smaller variations in density and, therefore, 
less distortion than in a plane wave. The tendency in acoustical public-address 
work is to increase the power-output, and loud-speakers which radiate 500 watts 
are now in use for directing operations under conditions where there is a good deal 
of background noise, e.g. in docks and at fires. It is possible that in the near 
future loud-speakers capable of radiating a kilowatt or more may be fitted to 
aeroplanes and used for “sky-shouting”. In view of these developments, it seems 
desirable to investigate the creation of alien tones as the sound-waves expand from 
the source outwards. 

In the present paper we start with a sinusoidal variation in particle-displacement 
with time, due to a moving diaphragm, and obtain formulae which enable the change 
in wave-form to be traced as the wave expands outwards. When the diaphragm-dis- 
placement comprises two or more simple harmonic motions of different frequencies. 



Figure i. Diagram illustrating change in form of plane wave due to non-linearity of the medium. 

the analysis is more complicated than that given herein. Owing mainly to curvature 
of the {/), v} relationship for air (i.e. = const.) rectification occurs, so sum and 

difference frequencies are introduced. A similar effect occurs when a triode is 
operated on the non-linear portions of its characteristic. In both cases the analysis 
contains product terms whose factors represent sinusoidal oscillations of the same 
or of different frequencies. These products can be resolved into sum and difference 
components, e.g. 2 cos co cos coq = cos (cu -f ojq) + cos {oj — tup) In modern technical 
phraseology, one frequency component modulates another. Hence terms of the 
above nature are known as modulation products. When the amplitude at any part 
of a reproducing system, e.g. a microphone, amplifier, loud-speaker mechanism, 
or the air itself, exceeds a certain value, rectification ensues, extraneous frequencies 
are created and modulation products appear in the analysis. 

No characteristic is truly linear, so that to avoid serious distortion of the above 
nature, when a very complex wave-form involving many different frequencies is 
reproduced, the amplitude must be limited. For high-quality reproduction from 
a loud-speaker, the limitation can be specified as follows: With a pure sine-wave 
input, the second harmonic due to curvature of the {/), zj) characteristic for air 
must be at least 30 decibels below the level of the fundamental at the normal 
listening position. 

PHY8. SOC. XLVII, 4 
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As a deduction from the foregoing, it should be possible to hear difference tones 
due to two or more intense supersonic sounds, provided the said tones lie within 
the audible frequency range. 

§2. THE DIFFERENTIAL EQUATION AND ITS 
PHYSICAL INTERPRETATION 

The equation for the propagation of sound-waves of finite amplitude in an 
extremely long, rigid, frictionless horn of any cross-section having a linear axis, is^*^ 

r+t-(i+n=i(i+fr‘x’'-' (o. 

A ^ 

X where f is the particle-displacement from abscissa x 

X ^' = d$ldx, r = ^ = x -dxidx. 

Cf y c is the velocity of sound for infinitesimal amplitudes, and y = i *4 for air. 

'rhe simplest case is that of plane waves in a reflectionless uniform tube, when 
equation (i) degenerates to 

(2). 

which has been solved to the second approximation by Lamb^^\ When expanded, 
the right-hand side of equation (2) contains terms of the second and higher orders 
in f , so the equation is non-linear. This is due to curvature of the {/>, v) relationship 
for air. Various writers^^^ have shown that if the relationship were linear and of 
the form p=^a-bv, equation (2) reduces to = which being linear implies 
absence of distortion. This means thaty= - i in equation (2).* If we puty == - 1 in 
equation (i), distortion due to the medium disappears, and the general horn equation 
becomes 

( 3 )- 

^ Now from figure 2, x = {x+OI^ where </> (^) is the cross-sectional area of the 
wave at abscissa x. Thus both x and x contain terms in and equation (3) is 
non-linear, so its solution contains harmonics of the oscillation impressed at the 


V 



Figure 2. Diagram illustrating the propagation of a spherical wave: x = ^ (^)* 

Area of horn-throat i 4 o=fbfo*- 

* It is not suggested that this holds for any known medium ! 
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hom-throat. If we consider the air particles over any section at abscissa x to be 
replaced by a very thin diaphragm, its area alters progressively as it moves from 
end to end of its swing. Consequently the volumes swept out on either side of the 
mean position are unequal, and non-linear distortion ensues. In practice, therefore, 
there are two sources of distortion, namely (i) non-linearity of the medium, and 
(ii) variation in the area of the cross-section as described above. The expanding 
area of the wave-front causes the pressure to be attenuated with increase in abscissa 
jc, and this partially neutralizes the distortion. Moreover, equation (i) consists, 
so to speak, of certain terms which promote distortion and others which alleviate 
it. This point is illustrated below. 

For spherically expanding waves, including those propagated in a conical horn^*^ 
of any solid angle ^2 from 0 to 47r, x==(i and x' = 2 
Substituting these values in equation (i) and rejecting terms of higher orders in | 
than the second, we obtain 


and 


X 

X 







(i +f 1 = I +(y+ 1 ) f + 2 (y- l) ^ 


(4), 

(s). 


a 


Substituting from equations (4) and (s) in equation (i), the differential equation 
for spherical wave-propagation, to the second order of terms in is 

12 


^ X x^ 


(y+i)r + 2(y-i)|]-j|r-f 


.( 6 ). 


represented by 


f- 


The various terms in equation (6) can be allocated as follows. Distortion due to 
the medium is represented by that due to the varying-area effect is 

2 ^ . 2 ^ i . 

; whilst -4 (y-i)- is a hybrid term involving both 

* . /2f 2 £\ 

forms of distortion. These three are partially neutralized by which is 

associated with attenuation due to expansion of the wave-front as it travels down 
the horn. 


§3. SOLUTION OF EQUATION (6) 
For the first approximation we take 




( 7 ). 


of which the solution for a diverging wave of frequency co/ztt, in a horn devoid of 
reflection, is 

(8), 


X X^ 


where Ai is an arbitrary constant, i = \/( — i ) and k = co/c, the distance phase constant. 

41-2 . 
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There is also a solution of equation (7) which is independent of and which 
vanishes at the horn-throat where x=Xq. The said solution’^ is 


A {x ^0) + ^ ^^2) * 

It represents a unidirectional displacement of the air particles which is akin to 
a rectification effect in a valve, whereby the anode feed current increases. This part 
of the solution is not required in the present analysis, where alternating components 
only are considered. Under the initial conditions to be imposed later, the constants 
A and H are indeterminate and may have any value. I’his remark applies also to 
Lamb’s solution for waves of finite amplitude in a frictionless uniform tube of 
unlimited extent.f 

If the air particles at the horn-throat, where a vibrate according to the law 
then from equation (8) |(jk|x^i + it being understood 

that the real part of equation (8) is to be taken ultimately. Using this value of Ai 
in equation (8) w^e get 

x-^ 1 4 - ikx^ 


( 9 ), 


where 0 = {uyt ~k{x— Jt’o)} . 

The real part of equation (9) is 

M..) '“»-(«->) “ «i <■'»■ 

From equation (10) we get, by differentiation with respect to 

+ (u). 

I -f /e-JCy- (\ jc x- rv V a: X‘^ ^ 

(12). 


We also have 


c- 


Suhstituting from equations (10), (i r), (12) in the right-hand side of equation (6), 
we find, after some reduction, that provided the r.h.s. < i the second approximation 
to equation (i) is 


x x^ c“ {i-vk^x^^y^ 


(y-f l) .To - 0 (y + 7) 20 k'^XQ 


X'^ 


x^ 


r* x'^ JC’ 


cos zQ -}- 




,*"*o(y+7) iok^(k^x^^-i) 2(>k^x^ iSk{k^x^^-i) iSkxi] . „) 

+ ^r. -■ + ^,-J‘»'n2(^|...(i3). 

Terms independent of t have been omitted from the right-hand side of equation (13), 
since they would introduce a unidirectional term, which is not needed, in the 
particular integral. Provided kx > 5, terms of lower order than x~^ on the right-hand 

* 'I'his is also the solution to equation (ij, when density is constant (reference (2), p. 199), as it 
would be for static displacement in a uniform tube, 
t Reference (3), p. 183, equation (30). 
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side of equation (13) can be neglected, so for the second approximation we finally 
obtain the equation 

r+f ((5+5) ^^+(5+5) 

where fi- *V(y+l). C- 2*“V{AW-l){y+ 1). 

Where ts ^_ d (i+T2^„2)2 , 

R — _ (y + 7) C ■ C' — (y + 7) D 
%+!)'’ ^““My+i) *• 

The complementary function of equation (14) for the second harmonic, of 
frequency w/tt, transmitted down the horn is 




^ (<«>«- 
X x ^\ 


•(15). 


so we have now to find a particular integral of equation (14), It can be shown that 
the formula* 


^2p‘-^^2c 2C 2 X“f{x)^2cdx 
- ^ b2r. L-' 


.(16), 


is applicable to equation (14), where /(.v) represents the right-hand side thereof. 
If ^2 is the complete solution of equation (14) for the second harmonic, then 
Llc‘= and -4*'^ SO that in deriving equation (i6) the terms 

involving these quantities cancel out. ’^Fo perform the integrations indicated in 
equation (i6), we write 

•+vw=^o^{(«i+5)^'‘''+(*’«+5) (>7), 

where Di ^ J (B^ - iC^) ; h\ - 1 + iC ^ ; = i {B., - iC \) ; E., ~ i ( B, 4- iC .>) ; and we 

use the following integral formulae: 






ax" 


ax a^x^ 


(• 8 ). 


log xdx log X 
X" ~~ ax" 


ax a“x^ 


ax" 


I n {n-\- 1) n {n+ i)-^n {n + 2 )-h{n+ i){h + z) 


+ 0 2 ■ “i" 

ax a“X^ 


•••] (19). 


The Di and Ei terms of equation (17) give, respectively, to order a;-’. 




^0% 




.(20), 

.(21). 


The Djj and terms give, exactly, 

* Reference (4), p. loa. 


•(22). 

•(23)- 


Bi, C^ 
B^t Cj 


^2. 

^2 


77i, ^1, 

E, 
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The complete particular integral of equation (14), to the degree of approxi- 
mation considered, is the sum of expressions (20) to (23) inclusive. Since 

i = Q cos 26 - sin 26, 4 - EiB~^'^) = cos 26 + Q sin 20 , 

and likewise for terms having the subscript 2, we find that 

^2*. = fo" [^1 (x) cos 20 - Fa (^) sin 20] (24), 

= UKm{x)+iF,{x)]e^* 0 } (25). 

where, when 1*4 is substituted for y. 




64/1® JC® 


.(26), 

(27). 


f (2 loe jc- ii') 

' 4/e;c i 6 k'^x^ ^ ^ ' 64^* jc® 

and F denotes that the real part is to be taken. The retention of terms from equation 
(13) beyond those in x '^ would modify the last terms of functions (26) and (27), 
and add terms of lower order. To equation (25) must be added a complementary 
function of equation (14), so that the sum is zero when x = XQy since the condition 
at that point is f =lo cos ojty the fundamental frequency alone being represented.* 
The complementary function in question is a multiple of the real part of equation (i 5) 
and may be taken as 

.(28), 




where is a constant to be determined. The second approximation which gives 
the amplitude of the second harmonic is, therefore, the sum of equations (25) and 

(28), so [2ik t1 ) 

iz-F [F, (*)+tF, (*,)] + Y''\ (29). 

The condition ^2 = 0 at jc = jCo gives 

Gt= -V[^1 (30). 

Hence the complete solution of equation (14), to the degree of approximation con- 
sidered, is the sum of equations (10) and (29), namely 
i = (fundamental) + fg (second harmonic) 


i^rikx~ 


I -\-ikxQ\ 





§4. AMPLITUDE-RATIO OF SECOND HARMONIC TO FUNDAMENTAL 
If we retain only the first terms in equations (26) and (27), when kx> 10, and 
if in addition equation (31) reduces to 

^ ^ ^ (20+tan-i zjkxt) ...(32), 

• As shown in § 5 this does not hold for the sound-pressure. 
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so that the ratio of the particle-amplitudes is 

I = ^0 v(i + 4/* V) • 1 , (33)- 

When Xq is extremely large and x/x^-yiy the portion of the cone between Xq and x 
degenerates to a uniform tube. Putting we obtain I 

log{^/^o) = log(i+W» 

and since //^o » log W^o) • Hence if = (to — kl)y equation (32) can be written 

f = fo cos 01 - J (y -I- 1) / cos 20 (34), 


which is identical with the formula for plane waves in a uniform tube, I being 
the distance from the source It should be observed that equations (31), (32) 
and (33) are independent of Q, the solid angle of the conical horn. This is only to 
be expected since the propagation is spherical and A~^.dA/dXy the rate of expansion 
per unit area, is independent of In the case of a diaphragm vibrating at the 
throat of a conical horn, the analysis only applies if the amplitude of the air particles 
is normal to the portion of the sphere intercepted by the solid angle of the horn. 
This condition may be fulfilled if the diaphragm is larger than the throat and is 
coupled thereto by a throat chamber^*\ If the diaphragm were flat and if its radius 
were equal to that of the throat, the sound would be propagated in the form of a 
beam at frequencies where the wave-length was of the same order or less than the 
size of the diaphragm 

Owing to the factor log (xjxn) in equation (33), the amplitude-ratio of the second 
harmonic to the fundamental increases with increase in distance from the throat, 
ultimately becoming infinite with x, which seems to be out of the question. For 
all practical purposes it is probably safe to restrict equation (33) to the conditions 
given in §7. This puts a limit to the value of x. These conclusions also apply, 
mutatis mutandiSy to the tube formula (34). 


§5. FORMULA FOR THE SOUND-PRESSURE 

From equation (17) from p. 202 of Loud Speakers^^^y the sound pressure at 
variable abscissa is given, to the second order of terms in by 

Po being the density of the air in the absence of wave-motion. 

Differentiating equation (31) with respect to x we get 




•( 3 S). 


-io’‘R{2ik[F,{x)+iF,{x)]e^*^ 

- {[- (36). 


p 

Po 



652 N. W. M‘Lachlan and A. L. Meyers 

Inserting equations (31) and (36) in the first two terms of equation (35), we get 


+ ^^R{[i- ikxl [Fi (*) + iF^ (*)] c«»} 

ir^* (■^#) 1 e®*®l 

* ■ ([ iViikxo J j 


( 37 )- 

In addition to expression (37), the last three terms of equation (35) produce from the 
fundamental a second-harmonic pressure and a unidirectional component. Neg- 
lecting the latter, we have for these terms 

_ ^ „ ( r(n- ikx) {k^x^- z - 2ikxy\ .fg 

■ 2*® ([ (i+i^ACo)® J 


(27 +1) ^ |l I t!^ 1 ^,,4 , gK 

_ ir.- _ L*'®! (30) 

2X« l[(i+*)bco)*l* I 

where F3 (:c) = |(y + i ) - 2tk^ x^ — $k^x^ + 6ikx 4- 3 . 

The total sound-pressure due to the fundamental and the second harmonic is 
— PqC‘^ times the sum of ixpressjions (37) and (39). The latter is of order io^k^XQ^jx^, 
and must be included if more than the leading terms of the second harmonic in 
equation (37) are retained. From equations (26) and (27) we obtain by differentiation 

= + 

and = + (4i). 

which for large values of kx are of lower order than kFi (jc) and kF^ (:c). Hence 
when kx>iy in compliance with the condition that kx>^y stipulated in § 2, we 
can neglect Fj' (^), F^ (a:), and retain only the first terms of F^ (jr) and F^ (jc). 
With these provisos, expression (37) reduces to 



(^ 3 ), 


X 
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where ej = tan“^ i jkxQ , = tan“^ 2kxJ(k^XQ^ - 1), and €3 = tan~^ [ - F2{xq)I - Fi (o^o)] + 
tan"^ ijzkxQ, the negative signs indicating that the first quadrant is to be chosen. 

The formulae in this section refer to the pressures at variable abscissa 
but when x is large enough ^ is sufficiently small for them to give the values at 
abscissa x. The value* pa, at x is p-^dp/dx^ so the preceding condition implies 
(correctly) that ^dpjdx is negligible. 

By putting ;Vo in equations (37) and (39) it can be shown that there is a second- 
harmonic pressure at the throat, although it is very small compared with that due 
to the fundamental. This holds for a uniform tube and for any type of horn. 
Moreover in measuring the fundamental pressure at the throat, with a small side 
tube and a microphone, it is advisable to filter out harmonics from the meter 
input. There are no harmonics of the particle-velocity at 3 C=^q, since by hypothesis 
it there follows a sine law. We may remark that in any expanding horn the second- 
harmonic pressure per unit area at the throat will exceed that at abscissa x, provided 
X is large enough. This follows from the expansion of wave-front area, although, 
of course, the total second-harmonic pressure over that area increases as the wave 
travels outwards. Moreover, in attempting any rough analytical approximations, 
it would be incorrect to takep2=o at as a boundary condition. 

The second-order or product terms in equation (35), which are represented by 
equation (39), indicate that part of the second harmonic is created by modulation 
of the main portion of the harmonic by the fundamental. 


§6. FORMULA FOR THE PARTICLE-VELOCITY 


Differentiating equation (31) with respect to t we have 


iJ-^R 


lOi 


I + ikx 
I ^-ikx^ 

d 2y 2 
bO ^ 0 

X' 


[F, {x) + iF 2 (x)] 


2 F\2i<Jt) 

,2 ^ 


i- {-2ikx '\ 

i^2ikx^ 


[F,{x,)+iF2{x,)]e^^^^ ( 44 ) 


When kx>iy equation (44) can be written 

hpipoc ( 45 ), 

the value of p being given by equation (42) or (43). Thus the sound-pressure and 
particle-velocity in both the fundamental and the second harmonic ultimately fall 
into phase. Formula (44) applies to abscissa (jc+f), but when x is large enough it 
holds for abscissa x, as is explained in § 5. 


§7. POWER-RATIO OF SECOND HARMONIC 
TO FUNDAMENTAL 

In evaluating the power transmitted down the horn, we imagine the air particles 
over any section to be represented by a massless radially vibrating spherical cap 
whose mean position is abscissa x but whose variable area ^4 is Q (ac-F f)®, i being 
given by equation (31). The pressure on the cap is obtained from § 5, and the 

* Reference (2), p. 203. 


^2. 


px 


A 
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particle-velocity from § 6. When x is large enough A^Qx\ and the power is given 
by the mean value of piilx^ over a complete cycle of the fundamental, p and i 
being obtained from equations (43) and (45), respectively. Thus the total power 

(46), 

by virtue of equation (45). The values of pi and p^ in equation (46) are maximum 
pressures, so the factor j must be used to obtain the mean square value. To simplify 
the succeeding analysis we can consider the case where kx^^i. Formula (43) then 


gives for the maximum pressures 

Pi ~ ( 47 )> 

and = ^,V“»AV (y + ij i„g X 

4 ^ ^0 

From equation (46) the powers associated with these two components are Pj and 
P„ where ^ x lo" ’ (49). 

and P2 = (y + O'® [log (A*o)]* x lO’’ (So). 


where i4o=f2jCo2, the throat-area, and the power is expressed in watts. Thus from 
equations (49) and (50) 

Pi 16 

Pi being the power in watts supplied to the horn-throat at frequency aj/ 27 r. Since 
this is given by equation (49), it appears from equation (50) that the total power 
increases with increase in distance from the throat. This apparent paradox is due 
to neglect in the foregoing analysis of the transfer of power from the fundamental 
to the harmonic; in accordance with the condition that the total power passing any 
section of the horn is the same as that supplied to the throat by the driving me- 
chanism. From equation (51) it appears that the ratio P^/Pi increases indefinitely 
with X. The analysis is only tenable, however, if PJPi o- 1 and 'h 0*25 • It will be 
seen that the ratio in equation (51) could have been obtained from § 4 by taking 
maximum values being implied. But this procedure is only 
valid if the phase angles between the pressure and particle-velocity are identical for 
each component frequency. It was necessary, therefore, to prove this first, as has 
been done in §§ 5 and 6. At the same time the result might have been inferred 
from the fact that in any horn the pressure and particle-velocity fall into phase as 
the distance from the source increases, since the inertia component is then negligible. 


1 ^ 

^0 


lO^PiO)^ (yH- 
SpoC-^O 


log; 


(51). 


§8. INFLUENCE OF EXPANSION IN REDUCING 
SECOND HARMONIC 

To illustrate reduction in the second harmonic due to expansion of the wave 
as it travels outwards from the hom-throat at x=Xq, we m^e comparison with 
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propagation in an infinite frictionless tube. The ratio P^jPi for the tube is obtained 
from equation (51) by the method used to find equation (34). Thus we obtain 


(tube) = |„*fe« (y+ 1)* /V16 ( 52 ) 

= 10^ PiCU^ (y + l)2 P/SpqC^Aq (53), 


where 1 ={x — Xq) and is the length of the tube over which distortion occurs, and P^ 
is the input power in watts. Taking the ratio of equation (5 1) to equation (53), we get 


( 54 ). 


_ Second-harmonic power in conical horn _ Xq^ f. jjcl ^ 

^ ~ Second-harmonic power in tube P L ” ^0 J 

If XqIx< ly l^x and 9 depends entirely upon xjx\ so the smaller Xq for a given 
horn length, the lower is the level of the harmonic in the horn compared with 
that in the tube. In using the above formulae the conditions kx>i and k^x^ > i 
must be observed. It is interesting to compare equation (51) with the value 
obtained some time ago by Goldstein and M‘=Lachlan for an exponential horn^^’‘^’*\ 
For this case 


W (7+ 1) 10’ (7+ iy/2poC^P^Ao (ss)» 

provided k^\fi and x is so large that < i, being the flaring-index in the 
formula A — A^e^^y and P^ the input power in watts. The ratio of equation (55) 
to equation (52) is 


Second-harmonic power in exponential horn _ 4 . , v 

Second-harmonic power in conical horn ~ P^Xq^ pog (jt/jCo)]^ 

Which of the two horns gives the lesser distortion depends upon circumstances, i.e. 
upon the values assigned to the quantities in equation (56). For example a small 
flaring-index in an exponential horn entails a relatively long tube-like portion from 
the throat, and this would cause the second harmonic to exceed that in a portion 
of a conical horn of equal length. Beyond this point the exponential horn expands so 
rapidly that the second harmonic substantially reaches its final value at the end of 
the horn (if the horn be not less than 400 cm. long). On the other hand the harmonic 
in the conical horn continues to grow relatively to the fundamental, owing to the 
rate of expansion being then far below that of the exponential horn. 


§9. NUMERICAL EXAMPLES 

To illustrate the analysis, we take the case of a simple source set flush with the 
ground and radiating 3 kilowatts at 500 c./sec. Assume the source to be equivalent 
to a pulsating hemisphere whose radius ^0=30 cm. Then on the assumption of 
zero loss during transmission, the power-level of the second harmonic relative to 
that of the fundamental can be calculated. Substituting for the various quantities 
in equation (51), taking xr = 6xio^cm. and the area A^ = 27rXQ^y we obtain 
= C'034' Thus at 600 metres from the source the level of the second harmonic 
is 10 logio P2IP1 or 15 decibels below that of the fundamental. The corresponding 
pressure- ratio p^pi is o* 18. 
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As another example we may give the condition for the level of the second 
harmonic in a conical horn to be not less than 30 decibels below that of the funda- 
mental. Since this corresponds to a power-ratio of lO"^, we find from equation (51) 


that the throat-area 

Aq > (y + l)2 [log W^o)] (57)- 

For an exponential horn under identical conditions we have, using the provisos 
below equation (55), 

(y+ lYi^PoC^P^ (58). 

or Ao>o^i4.SPi{n/neY (59)» 


where n is the transmission frequency and ric the cut-off frequency of the horn, i.e. 
j8c/47r, and is in watts. 


APPENDIX 

As a matter of interest we have extended Lamb’s solution^^^ of equation (2) for 
plane waves in a uniform tube to the third approximation, and find that 




= I 


32 


0. +J) ^sin e, - cos 


•f - 00s 3^- — sin 3^ (60). 

This should be compared with the second approximation given by equation (34). 
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THE TEMPERATURE VARIATION OF THE 
VISCOSITY OF AQUEOUS SOLUTIONS OF 
STRONG ELECTROLYTES 


By W. J. SULSTON, B.Sc., A.Inst.P., Queen Mary College, 
University of London 

Communicated by Prof. If. R. Robinson^ FM.S.y March i, 1935. Read in title May 17, 1935. 

ABSTRACT, The viscosity of aqueous solutions of potassium chloride and of potassium 
sulphate has been measured over a wide range of temperature. Every care has been taken 
to eliminate, or to correct for, sources of error. The results have been analysed by plotting 

~ and in those cases where the relation between these variables proved 

to be linear the values of A and B in the equation 

^- = i-hA\/c-{- Be 
9o 

at each temperature have been calculated. 


§1. INTRODUCTION 

U NTIL 1929 accurate information was lacking concerning the viscosity of 
electrolytes at low concentrations and at temperatures above 35^ C. Since 
that date a considerable amount of work has been done at very low con- 
centrations. An excellent summary both of early work and of the accurate measure- 
ments made between 1929 and 1933 appears in a paper by Jones and Talley 
'Fhe formula, at first tentatively proposed by Jones and Dole^^\ 

I A\/c BCf 

where <f> is the fluidity of solution at given temperature C.,^<^o is the fluidity of 
solvent at the same temperature, and c is the concentration of the solution, has 
since been confirmed for certain salts over limited ranges of concentration. For 
potassium chloride Joy and Wolfenden^^^ showed that the equation was valid up 
to a concentration* of about 0-15 AT at 18° C., and up to a concentration of about 
o*5iVat35°C. 

Jones and Dole^*^ had previously found the equation to hold for barium chloride 
at 25'' C. Hood and Hohlfelder^^\ however, found that the equation did not apply 
to the same salt at 18^" C. 

The Debye-Hiickel theory has been applied to the problem of the viscosity of 
strong electrolytes. The general problem of any electrolyte solution has been solved 
by H. Falkenhagen and E. L. Vernon^^^ The predictions of the theory have been 
confirmed for a number of salts by various workers, including Joy and Wolfenden, 


c 
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and Jones and Talley. Recently, however, Cox and Wolfenden^^\ who used a 
new and extremely accurate method of measurement, obtained results for the 
values of A for magnesium sulphate and lanthanum sulphate which differ widely 
from those predicted by the theory. 

The purpose of the present work is to measure the relative viscosity of potassium 
chloride over a range of temperature from 18*^ to 85° C. The relative viscosity of 
an aqueous solution of a salt is defined as the ratio of the viscosity of the solution 
to the viscosity of water at the same temperature. In view of the lack of data for 
unidivalent salts, measurements have also been made on potassium sulphate. 

§2. METHOD OF EXPERIMENT 

Viscometer. On account of the small difference between the viscosity of a 
dilute aqueous solution and that of water an accurate method of measurement was 
essential. The general design of the viscometer followed that given by Washburn 
and Williams A somewhat wider capillary was, however, employed, and a 
kinetic-energy correction was applied. The instrument was made of pyrex glass and 


its approximate dimensions were : 

Capacity of upper bulb 16 cm? 

Length of capillary 20 cm. 

Diameter of capillary ... o*o6 cm. 

Diameter of lower bulb ... ... 8*o cm. 

Vertical diameter of lower bulb ... 4*5 cm. 


The cleaning-solutions were found to have little or no action upon the glass. 

In view of the range of temperature covered, it was considered undesirable to 
use an all-glass fitting for the manipulation of the liquid in the viscometer. Ground- 
glass joints were, however, employed to make connexion to the limbs of the 
instrument. The two limbs were normally connected by a three-way stopcock so 
that loss of liquid by evaporation was minimized. The liquid was drawn into the 
upper bulb before the commencement of a run by connecting that limb to a large 
and partially evacuated air reservoir. 

In order to obtain comparable times of flow for different liquids it is essential 
that the viscometer should be placed at the same inclination to the vertical in all 
cases. The instrument was permanently attached to a rigid brass stand which could 
be screwed on to a plate fixed in the thermostat. The use of three pegs to bring the 
instrument to a standard position, as used by Appleby and other workers, was 
adopted. 

Thermostat and temperature^regulation. It is well known that the viscosity of 
water varies rapidly with temperature. In order to measure the viscosity of water at 
normal temperatures to an accuracy of o*i per cent it is necessary to maintain and 
to measure the temperature to 0-04° C. ; hence it is essential to employ an efficient 
thermostat. A copper vessel of capacity about 40 litres and depth 40 cm. was used. 
It was well lagged with glass wool on all sides with the exception of a small glass 
window at the front through which the upper bulb of the viscometer was observed. 
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The bath was filled with water which was covered with a layer of oil to minimize 
evaporation at high temperatures. 

Now while it is comparatively easy to design a thermostat to keep constant to 
± 0‘002° C. at zs'" or 35° C., it was necessary in the present work to cover a range 
from 18° to 85° C., and to be able to change from one temperature to a higher one 
fairly rapidly. It was finally decided to use a mercury-toluene regulator which 
operated a thermionic-valve-actuated relay. The regulator was of conventional 
design in the form of a helix, but to obviate the necessity of removing mercury, as 
the temperature was raised, by means of a pipette or some special device, it was 
fitted with a side tube about 3 cm. below the point at which contact was made. 
This tube was connected, through a stopcock, to a reservoir which could be moved 
vertically. As the temperature was raised in stages of 5^^ C., mercury could be 
removed from the regulator by opening the stopcock and lowering the reservoir. 
I'his device was used to obtain a rough adjustment of the amount of mercury in 
the regulator; a fine adjustment to set the temperature of the bath accurately was 
provided by soldering the contact with the mercury to a screw which moved 
vertically in the usual way. 



+ 1 '- 

-4V. 

Figure i. Valve relay circuit. 

The disadvantages of the normal form of relay were overcome by using a 
thermionic valve circuit, figure i. The regulator contact was placed in the grid 
circuit of the valve. If the temperature of the bath is too low the contact R is not 
made, and the valve has only a small negative grid bias. The anode current, about 
30 mA., is sufficient to operate the relay L. As the temperature is slightly raised 
the contact R is closed and the anode current is reduced to less than i mA. so that 
the main heating-current is switched off by the action of the relay L. The contacts 
of this relay consist of mercury contained in two evacuated glass tubes so that 
sparking is entirely eliminated. This system of regulation has given very satis- 
factory service, and accurate temperature-control has been effected. At tem- 
peratures below 50° C. it has been possible to maintain the temperature constant 
to within io-oi"" C., while at higher temperatures control to ±0-02° C. could be 
relied upon. 

Temperature-measurement. A mercury-in-glass thermometer was used. Im- 
mediately before the commencement of the series of observations it had been 
calibrated at the National Physical Laboratory for an immersion of 12 cm. The 
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conditions of calibration were accurately observed, and it was therefore unnecessary 
to apply an emergent-stem correction to the observed readings. The constancy of 
the temperature of the thermostat was checked by using an uncalibrated platinum 
thermometer, and was found to be well within the limits previously given. 

Time-measurement, A Venner stop-watch was employed for measuring the 
times of flow of the liquids in the viscometer. Before each observation the watch 
was fully wound and the differences between successive observations rarely 
exceeded o-i sec., and were usually not greater than 0-05 sec. Any improvement in 
the method of timing would have been useless without a corresponding increase in 
the accuracy of temperature-control, and in view of the range of tempetature 
covered the latter would have been exceedingly difficult. 



Figure 2. Variation of A and B with temperature in ^/^o~ J + A \/c-h Be for potassium chloride. 

□ Jones and Talley, x Joy and Wolfenden. 

Densities. The densities of water and also of the solutions were obtained from 
the International Critical Tables, Interpolation was necessary in the case of the 
solutions. The values given in the International Critical Tables were used in pre- 
ference to the results obtained by any one observer as they represent the weighted 
means of all reliable determinations. 

Experimental procedure. The solutions were all prepared by. weight and were 
made as nearly as possible to have round concentrations at 25"^ C. Since the 
density of any solution was known at each temperature, the concentration at each 
temperature could be accurately calculated. The salts were carefully dried in an 
air oven before using. The water was prepared from a Hartley-type still, and a 
sample of the water was found to have a conductivity of i‘i4x lO"® fli:^-cm:^ at 
18° C. and 3*6 i x 10 * Q:^-cm:^ at 75"" C. 

Between each filling the viscometer and other glassware were cleaned with 
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chromic-sulphuric-acid mixture. No liquid was introduced into the viscometer 
until the liquid had been filtered. 

The temperature was maintained constant for at least 30 min. before an obser- 
vation was taken. In all cases the mean of at least three consecutive observations 
was used. 



Figure 3. Variation of A and B with temperature in i+Ay/c + Bc lot potassium sulphate. 

§3. RESULTS 
The results were calculated from the relation 

‘>7o ^0 ^ 

where r/ is the viscosity of solution at a given temperature, 

770 the viscosity of water at that temperature, 
d the density of solution at the same temperature, 
the density of water at the same temperature, and 
da the density of air. 

To the value so obtained a correction for the difference in the kinetic energies 
of the two issuing liquids was applied. Detailed results are given in table i for 
potassium-chloride solution of concentration o*ioo moles per litre at 25° C. It 
will be observed that both the temperature and the concentration vary, but in 
view of the method employed in calculating the constants no account need be 
taken of this. 
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The results for potassium chloride at other concentrations are summarized in 
table 2, while those for potassium sulphate are given in table 3. 

In order to test the validity of the equation 

1 Ay/c BCf 

for each salt at each temperature, the values of at each temperature 

were plotted against the corresponding values of ^he relation was found to 
hold for potassium-chloride solution up to normal concentration above 5^° C, For 
potassium sulphate the equation was accurately followed up to the highest con- 
centrations for which results were obtained — namely 0*3 gm.-mol./lit. — at all 
temperatures between 25° and 85'' C. 


Table i. Potassium chloride. Concentration O'loooN at 25^ C. 



Concen- 







Tem- 

pera- 

tration of 
solution 

Density 
of solution 

I'ime of 
flow for 

Time of 
flow for 

d-da t 

Kinetic- 

Relative 

viscosity 

ture 


(gm./ 

water 

solution 

*- J ^ 

energy 

of 

(“C.) 

equiv./ 

cm?) 

(sec.) 

(sec.) 


correction 

solution 

lit.) 







18 

0-10016 

1-00341 

64555 

641-48 

09985 

— 0-000 1 

0-9984 

25 

o- 10000 

I -00 1 80 

548-10 

54 S '55 

i-oooi 

— 

I -000 1 

30 

0-09986 

1-00038 

492-10 

490-46 

I-00I4 

— 

1-0014 

35 

009969 

0-99873 

445*70 

444*74 

10025 

— 

1-0025 

40 

009951 

0-99689 

406-15 

405-64 

10034 

— 

1-0034 

45 

00993 1 

0-99487 

372-50 

372-17 

1-0038 

— 

1-0038 

50 

0-09909 

0-99269 

343*70 

343*50 

1-0041 

— 

I -0041 

55 

0-09886 

0-99033 

318-60 

318-69 

I -0049 

— 

1-0049 

60 

0-09861 

0-98783 

297-10 

297*37 

1-0056 

— 

1-0056 

65 

0-09834 

0-98518 

277-90 

278-34 

I -0063 

+ 0-0001 

I -0064 

70 

009807 

0-98240 

260-80 

261-35 

1-0068 

+ 0*0001 

1-0069 

75 

0-09777 

0-97948 

245-67 

246-38 

I -0076 

+ 0-0001 

1*0077 

80 

0-09748 

0-97643 

232-40 

233 -J 5 

I -0080 

+ 0-0002 

I -0082 

85 

0097 1 5 

097325 

220-70 

221-38 

I-008I 

+ 0-0002 

I 0083 


Table 2. Relative viscosity of potassium chloride 


Tem- 

perature 

rc.) 


Concentration at 25° C. (gm. equiv./lit.) 


0*05000 

0*1000 

0-5000 

0*7500 

1*000 

18 

0-9997 

0-9984 

0*9896 

09879 

0-9837 

25 

1-0003 

I -0001 

09978 

0-9984 

0-9994 

30 

1-0008 

1*0014 

I -004 1 

1*0061 

1-0098 

35 

I -0012 

1*0025 

1*0082 

I-OI 29 * 

1*0188 

40 

1-0018 

10034 

1-0131 

1*0189 

1*0273 

45 

1-0023 

1-0038 

1*0163 

1*0246 

1*0349 

50 

1*0027 

I -0041 

1*0196 

1*0297 

1*0406 

55 

1-0032 

1-0049 

1*0227 

1*0337 

1*0469 

60 

10034 

1*0056 

1-0256 

1*0395 

1*0528 

65 

1*0038 

1-0064 

1*0289 

1-0422 

1*0577 

70 

1-0043 

I *0069 

1*0321 

1*0477 

1*0627 


1*0048 

1*0077 

1*0347 

1*0500 

10675 

80 

1-0047 

1*0082 

1*0368 

1*0534 

1*0717 

85 

1*0046 

1-0083 

1*0382 

1-0558 

1*0747 
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Table 3. Relative viscosity of potassium sulphate 


Tern- Concentration at 25° C. (gm. equiv./lit.) 

perature I 1 1 


(“C.) 

3-01000 

005000 

0*1001 

0*2000 

0*3000 

25 

1-0029 

1*0126 

1*0244 

1*0450 

I 0685 

30 

1-0033 

10131 

1*0258 

1*0486 

1 0736 

35 

1*0035 

1*0136 

1*0271 

1*0517 

1-0779 

40 

1-0036 

1*0141 

1*0287 

1*0542 

10816 

45 

1*0038 

10150 

I 0301 

1 0563 

1*0850 

50 

1-0037 

1*0160 

1031 1 

1*0580 

I 0878 

55 

1*0038 

1*0166 

1*0320 

1*0597 

1-0909 

60 

1*0040 

1*0168 

1*0327 

1*0613 

1*0934 

65 

I -0041 

1*0172 

1 1*0333 

1*0630 

I 0953 

70 

I 0043 

1*0175 

1*0341 

I *0646 

I 0976 

75 

1-0044 

i*oi8i 

I 0350 

I *0660 

1 *0989 

80 

1*0046 

1*0187 

1*0354 

I *0676 

1*1002 

85 

I *0049 

1*0187 

1*0361 

1*0683 

1*1022 


The values of A and B at each temperature were calculated from the results in 
those cases where the Jones-Dole equation had been found to be valid over the 
whole range of concentrations covered by the method of least squares. The results 
are summarized in tables 4 and 5. In table 6 the experimental values of the fluidity 
are compared with the values calculated from the equation with the values of 
A and B so determined. 


Table 4. Potassium chloride 


Tem- 

perature 

rc.) 

Value of 
constant B 

Observed 
value of 
constant A 

Theoretical 
value of 
constant A 

Approximate 
concentration 
up to which 
equation 
is valid 

0 

— 

— 

-00045 

— 

18 

+ 0*0330(3) 

— 0*0052(3) 

—^*0049 

015 

25 

+ o*oi4o(*) 

— 0*0052 ('^ 

-0*0051 

— 

35 

— 0*0090(3) 

— 0*005 1 

— 0*0052 

0*50 

55 

— 0*0400 

— 0*0041 

-00055 

1*00 

65 

— 0*0506 

— 0*0056 

— 00056 

j] 

70 

- 0*0545 

— 0*0060 

-o*oo;7 * 

1 Ahnvf* 

75 

— 0*0561 

— 0*0081 

— 0*0058 


80 

— 0*0613 

— 0*0073 

-0*0059 

j 1*00 

85 

- 0*0654 

— 00064 

— 00060 

1 

100 

— 

— 

— 0*0062 

— 


The theoretical values of K in the equation 

^=i+a:v’c 

Vo 

have been calculated by H. Falkenhagen and E. L. Vernon for potassium chloride 
at 0°, 18°, 25° and ioo° C. from the equation 
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N where N is Avogadro’s number, 
e e the electronic charge (e.s.u.), 

Z the numerical value of the valencies of the ions, 
D the dielectric constant of the solvent, 
k k Boltzman’s constant, 

T T the absolute temperature, 

tjq the viscosity of solvent, and 
u u the mobility of the ions. 


Table 5. Potassium sulphate 


Tem- 

perature 

rc.) 

Value of 
constant B 

Observed 
value of 
constant A 

Calculated 
value of 
constant A 

18 

— 

— 

-0-0128 

25 

-o-igaio 

— 0-0120 


30 

-0-20710 

— 0-0122 


35 

-0-21890 

-0-0128 

1 

40 

-0-23082 

— 00126 


45 

1 -0-23791 

-00145 

— 

50 

-0-24717 

-00145 

— 

55 

- 0-25593 

-0-0147 

— 

60 

— 0-26196 

-00154 

— 

65 

— 0-26721 

— o-oi6i 

— 

70 

-0-27135 

-0-0177 

— 

75 

-0-2740B 

-0-0193 

— 

80 

-0-27430 

-0-0218 

— 

85 

-0-2763, 

-0-0232 

— 


Table 6. Potassium sulphate 


Tem- 

perature 

rc.) 

Concentration 

(gm.-mol./lit.) 

I 

Vc 

i 

^0 

(observed) 

> 

^0 

(calculated) 

Difference 
(per cent) 

25 

0-0 1 000 
0-05000 
o-iooio 

0-20000 

0-30000 

0-029 

0-056 

0-0752 

0-0964 

0-1171 

0-9971 

0-9876 

0-9762 

09569 

0-9359 

0-9969 

0-9877 

0-9770 

0-9562 

0-9358 

0*02 

o-oi 

0-08 

0-07 

0*01 

35 

0-00997 

0035 

09965 

0-9965 

0-00 


0-04985 

0-060 

0-9866 

0*9862 

0*04 


009979 

0-0836 

09736 

0-9841 

0-05 


0-19938 

0-1102 

0-9508 

0-9506 

0-02 


0-29890 

0-1322 

0-9277 

0-9275 

0-02 

1 

50 

0-00991 

0-037 



0-9963 

o-996i 

0-02 


0-04954 

0-0705 

0-9843 

0-9845 

0-02 


0-09917 

0-0958 1 

0-9698 

0-9709 

o-ii 


0-19818 

0 -I 23 i 

0-9452 

0-9456 

0-04 


0-29710 

0-1480 

0-9193 

0-9187 

o-o6 

75 

0-00978 

0-044 

09956 

0*9954 

0-02 


0-04889 

o-o8i 

0-9822 

0-9823 

0*01 


0-09787 

o*io8o 

0-9662 

0-9671 

0-09 


019554 

o-i 40 o 

0-9381 

0*9379 

0-02 


0-29330 

o*i66i 

0*9100 

0*9092 

o‘o8 
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While the actual values of u are unknown at the other temperatures, it was 
observed that for the four temperatures at which u was known, 17011 varied linearly 
with the temperature. Hence the values of at intermediate temperatures may 
be determined. From these interpolated values, and from the values of the dielectric 
constant of water determined by Wyman^’\ the values of K at the intermediate 
temperatures may be determined. These are included in table 4. 

The small increase in the value of K for potassium chloride indicated by the 
Debye-Hiickel theory was too minute to be detected over the range of temperature 
covered by previous workers. By considering a wider range of temperatures a 
definite increase in the value of the constant has been observed with rise of tem- 
perature. In view of the difficulties of the work at the higher temperatures the 
observed value of A cannot be relied upon to more than ±0-0015. "The theoretical 
value is only known to ± 15 per cent, or to about ±o*ooi in the case of potassium 
chloride. The observed and theoretical values are therefore in fairly good agree- 
ment. 

Unfortunately the theoretical value of A for potassium sulphate is only known 
at 18° C. The values calculated from the results at 25°, 30° and 35° C. are in good 
agreement, within the experimental error, with the probable theoretical values at 
these temperatures. It will be observed that the variation of A with temperature 
is greater for potassium sulphate than for the chloride. 

§4. CONCLUSION 

The present work gives further confirmation to the predictions of the Debye- 
Hiickel theory; the absolute values of the constant A are in good agreement with 
the quantitative results of the theory. Moreover, the variation of A with temperature 
has been shown to be, within the experimental error, that predicted by the theory. 

It should be emphasized that this agreement is for one salt only. It seems prob- 
able that for salts less simple than potassium chloride the temperature variation will 
not be that predicted by the theory. 

Further, the theory only takes into account one effect of a strong electrolyte on 
the viscosity of the solvent. Neither the absolute value of thd constant J 5 , nor its 
variation with temperature has yet been determined theoretically. 
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ABSTRACT, Analyses of arcs between plain soot carbons of various degrees of purity 
were carried out with a quartz spectrograph. The normal vertical two-electrode arc and 
also a horizontal three-electrode arc of Y form, with two negative carbons and one 
positive, were used, parts of the arc flame only being photographed. The object was to 
find a correlation between the spectra and the candle-power per ampere of the positive 
crater of the three-electrode arc. The effects on the spectra of the /olio wing changes in 
conditions are given : (i) changing the positive carbon while keeping the negative carbons 
the same; (ii) special purification of the carbons; (iii) sputtering of the arc; (iv) photo- 
graphing different parts of the arc (a) close to the positive carbon, {b) centre of the arc 
flame, {c) close to the negative carbons. Photographic enlargements of the ultra-violet 
parts of the spectra are given, 

§1. INTRODUCTION 

F or many years past an investigation of the photometric behaviour of carbon 
arcs has been in progress at Queen Mary College with a view to their use as 
a standard of light. The electrodes of such arcs are arranged in the form of a 
Y with one positive and two negative carbons, the positive being horizontal. An 
unobstructed view of a perfectly flat, circular positive crater is thus obtained. This 
arc was originally developed by J. F. Forrest^*^ who, using carbons 6 mm. in 
diameter, obtained the value of 173 cand./mm? for the crater brilliancy. Later 
N. A. Allen adapted the arc for larger currents using carbons 10 mm. in diameter, 
the main modification being that the negatives had to be inclined upwards towards 
the positive in order to maintain a vertical flat crater. This is the type of three- 
electrode arc used in the present work, both the angle between the two negative 
carbons and the angle between the plane of the negative carbons and the positive 
carbon being adjustable. 

A thorough photometric investigation of this type of carbon arc was made by 
R. C. Fox. He found that only four distinct values of the candle-power per ampere 
of the positive crater were obtained, the values covering a range of 20 per cent. 

* Abridgment of a thesis submitted by D. E. H. Jones and approved for the degree of Master 
of Science in the University of London. 
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A change in the candle-power per ampere is sometimes brought about by changing 
the positive carbon and sometimes by changing the negative carbons. Fox made 
several attempts to correlate the candle-power per ampere with some other property 
of the carbons. He took photographs of the burning craters and photomicrographs 
of the craters after burning, and made a cursory examination of the visible part of 
the spectra of the arc flames. He also determined the rates of carbon-consumption. 
None of these however could explain the differences although the photographs of 
the burning craters showed that an increase in the candle-power per ampere was 
accompanied by a greater homogeneity of the carbon. 

It was felt that the spectrographic analyses should be carried further, an 
excellent quartz spectrograph being available. On account of the great labour 
involved, however, the present work was confined mainly to the spectroscopy of 
that part of the arc which lay near to the positive crater, because all the photometric 
measurements that had been made related to the light emitted from the positive 
crater. 

§2. EXPERIMENTAL DETAILS 

Spectrographic analyses were made with both the normal two-electrode arc, 
the carbons being vertical, and the three-electrode arc as developed for a standard 
of light. The spectra in all cases were photographed with a Hilger quartz spectro- 
graph of type E 3. Only the more important results obtained with the three- 
electrode type arc are given in the present paper. All other results obtained with 
both types of arcs confirm those given here. I'he two-electrode arc was used as the 
source for photographing the comparison spectra in all cases. 

The three-electrode arc-holder consisted of two sheets of uralite, one fixed in a 
horizontal position on four supporting pillars while the other was hinged and free 
to swing about one edge of it as axis. The angle between the two could be adjusted 
to any desired value by means of a semi-circular scale marked in degrees, and a 
locking thumb-screw. The positive carbon was arranged to slide through a pair of 
fixed sleeves on the horizontal sheet of uralite, the negative carbons being fixed in 
similar but moveable holders on the other piece of uralite. These negative carbons 
could be rotated, so that the angle between them was adjustable. 

'Fhe two-electrode and the three-electrode arcs were arranged so as to be inter- 
changeable, and an enclosure was formed around them so as to reduce any un- 
steadiness of the arcs due to draughts. A side image of the arc was thrown on to a 
screen by means of a lens, and by adjusting the position of the positive carbon so 
that the image of the end of the carbon coincided with a vertical line in the screen 
it was ensured that the arc always burned in exactly the same position. 

Photography of spectra. Since it was desired to photograph only a part of the 
arc flame at a time, a vertical slit was placed 3 cm. from the three-electrode arc. 
This was made from two pieces of sheet iron measuring i cm. by i-8 cm. held in a 
small holder so that the slit-width was adjustable. The edges of the slit were 
bevelled and the slit as a whole could be moved across the arc so that any desired 
portion of the flame could be photographed. , For the two-electrode arc the slit 
was cut horizontally in a small piece of sheet iron. 
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The analyses were carried out by comparing the carbon spectra with those of 
R.u. {raies ultimes) powder and pure iron. R.u. powder^^^ has been developed by 
the Research Laboratories of the General Electric Company Ltd. and consists of 
small quantities of about fifty elements incorporated in a base composed of zinc, 
magnesium and calcium oxides. The quantity of each element has been carefully 
adjusted so that only the rates ultimes and the most important persistent or sensitive 
lines appear in the spectrum when the powder is burned in an arc. All the elements 
present are evenly distributed throughout the bulk of the powder so that, under 
controlled conditions of excitation, an invariable composite spectrum is produced. 

The R.u. spectrum was obtained by burning a little of the powder on spectro- 
graphically pure Acheson graphite electrodes. Two rods, in. in diameter, were 
turned down to a diameter of 4 mm. for a distance of 4 or 5 cm. The positive 
electrode, being the lower, was hollowed out slightly, and about 20 milligrams of 
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Figure i. 



the powder were placed in the cavity. The arc-length was adjusted to 6 mm. and 
the arc was struck by touching with a third graphite rod, the series resistance being 
such that the current was about 5*5 A. 

For the iron spectra Hilger high-purity iron electrodes 5 mm. in diameter were 
used in the two-el^ctrode arc, the arc current being again 5*5 A. 

The three-electrode carbon arc was photographed from the side, a plan of the 
arrangement being shown in figure i . In order to reduce exposures to a minimum 
the arc was placed as near to the spectrograph slit as was consistent with good focusing. 

The arc was run off a 120- volt supply, figure i, and had a series resistance in 
each negative lead so that the currents through the negative carbons could be 
adjusted until they were equal. An additional resistance was connected in the 
positive lead so that variations in the supply voltage could be compensated without 
disturbing the equality of current through the two negatives. The two-electrode 
arc was supplied with a separate series resistance. 
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The arc current for the carbon arc was 12 A. in all cases, the exposure being 
60 sec. for the two-electrode type and 10 sec. for the three-electrode type. The 
angles between the carbons in the three-electrode arc were adjusted to the values 
given by N. A. Allen for a current of 12 A., i.e. 20° between the positive carbon 
and the plane of the negatives and 120° separation between the negatives. Under 
these conditions a vertical, flat and circular positive crater is obtained. The difference 
in the exposures is due to the fact that two kinds of photographic plates were used ; 
for the two-electrode work Wellington anti-screen plates of speed H and D 450, 
while for the three-electrode work, Ilford isozenith plates of speed H and D 650 
were used. The Ilford plates were backed to reduce halation in the intense parts 
of the spectra, and no definition was lost as a result of the extra speed of the plates. 
The corresponding exposures for the iron spectra were 30 sec. and 3 sec. respectively 
while the spectrum from the R.u. powder was exposed for the time taken by the 
powder to burn out, which was generally of the order of i sec. 

The three spectra were photographed immediately above one another by means 
of a Hartmann diaphragm, the carbon spectrum being in the centre, the iron 
spectrum above and that from the r.u. powder below. An approximate wave- 
length scale was also printed with each set of spectra, and several such sets were 
printed on each plate to ensure that one should be obtained in which the carbon 
had burned perfectly steadily during the whole of the exposure. In order to facilitate 
the analysis in the more intense parts of the spectra, one set of spectra in which the 
exposures of the carbon and iron spectra were much shorter was also taken on each 
plate. 

Despite the shorter exposures necessary in the case of the three-electrode arc, 
far more trouble was experienced from sputtering than had been experienced with 
the two-electrode arc. When the arc sputters the intensity of all the lines is in- 
creased many times and a number of fresh lines, apparently spark lines, appear; 
this must be avoided, i.e. the arc must burn quite silently for the whole of 
the exposure. The effect of sputtering is dealt with more fully later. For the 
three-electrode arc the crater had to be burned in the correct position, so that it 
was perfectly flat and perpendicular to the axis of the carbon. The crater was first 
formed at a slightly higher current, the three carbons were carefully wiped free 
from adhering particles, and the exposure started immediately on the restriking 
of the arc. Under these conditions the arc usually burned for 10 sec. without 
sputtering. 

The impurities in the carbons were then determined by comparing the three 
spectra, i.e. those of carbon, R.u. powder and iron, under a low-power travelling 
microscope. A set of enlargements of the r.u. and iron spectra, supplied by Adam 
Hilger, was used for recognizing the lines. The origin of all the raies ultimes and 
sensitive lines is marked on these enlargements so that the elements to which the 
lines are due can at once be recognized. The wave-lengths of many of the lines 
in the iron spectrum have also been marked in international angstrom units, so 
that the wave-length of any unknown line can be found if desired. A visual esti- 
mation was made of the intensities of the lines in the carbon spectra at the same 
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time, the lines being divided into four groups as very intense, intense, faint and 
very faint. From this estimation of intensity the elements were classified as very 
strong, strong, weak or very weak. 

Four diflPerent brands of carbons have been used, the various brands being 
marked as follows: 

Witton...G.E.C....Made in England. ..F...G.E.C. 

C. Contradty Noris... Germany 

C. Contradty Nurnberg...Marke C 

Siemens-Planiawerke A.G. Germany. 3^8^31-A-Homogenkohle-A 

These brands of carbons are referred to as G.E,C, Witton, Noris j Marke C, and 
Siemens Plania A respectively. 

As has previously been mentioned, spectrograms were taken with both the 
two-electrode and three-electrode arcs, and in the case of the three-electrode arc 
they were obtained for the following parts of the arc flame : (i) close to the positive 
carbon, (ii) at the centre of arc flame, and (iii) close to the negative carbons. This 
photography of different parts of the arc flame showed that the simplest spectra 
were obtained by photographing the part of the flame close to the positive carbon, 
whilst the most complex were obtained by photographing the part close to the 
negative carbons; moreover it was easier experimentally to obtain spectra of the 
former portion. Hence, in view of the simplification resulting both in the spectra 
and in the experimental technique, and more especially because a correlation 
between spectra and the candle-power per ampere of the positive crater of the three- 
electrode arc was being sought, most of the photography was done upon the part 
of the arc close to the positive carbon. 

Reading of spectra. Many very faint lines occur in the spectra and these could 
not be recognized with certainty, particularly when they occur amongst the cyanogen 
bands or are masked by stronger known lines. This often led to doubt as to the 
presence of small traces of some elements. These elements, listed below, have been 
omitted from all the analyses, except when detected with some certainty. 

Antimony Bismuth Chromium * Cobalt . 

Germanium Iridium Lanthanum Lead 

Lithium Molybdenum Osmium Palladium 

Platinum • Rhodium Ruthenium Scandium 

Silver Tantalum Thallium Yttrium 

Zirconium 

The barium lines occur amongst the cyanogen bands and great difficulty was 
consequently experienced in deciding the intensities of these lines. However, 
barium has been classed as very weak in all cases. Sodium, although it is un- 
doubtedly present in the carbons, was not detected in any of the spectra owing to 
the fact that the photographic plates were not sensitive to the sodium doublet, 
A 5890 and A 5896, and the other raies ultimes of sodium are all extremely faint. 
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This element, therefore, has been omitted from all the tables. No trace was 
obtained of zinc in any of the spectra, although some of the raies ultimes of this 
element are very intense. 

§3. RESULTS 

Analyses were carried out by varying the conditions in the following manner. 

(i) For the part of the arc flame close to the positive carbons: (a) changing the 
positive carbon; (i) changing the negative carbon; (r) changing the positive and 
negative carbons ; {d) special purification of the carbons ; {e) sputtering of the arc. 

(ii) For the centre of the flame: (a) changing the positive carbon; (6) changing the 
negative carbon; (c) changing the positive and negative carbons, (iii) For the 
part of the flame close to the negative carbons, changing negative carbons. Changes 
(i) (a), (i) (6) and (ii) {b) were made with both the two-electrode and three-electrode 
arcs; changes (ii) (a) and (ii) (b) were made with the two-electrode arc only; and 
the remaining changes were made with the three-electrode arc only. 

The results in the more important cases are reproduced in full with enlarge- 
ments of the ultra-violet parts of the spectra. The analyses reproduced were all 
carried out for the three-electrode arc. 

Alteration in the spectrum as a result of changing positive carbons ^ the candle-power 
per ampere being changed. The part of the arc flame close to the positive crater was 
photographed by adjusting the position of the slit in front of the arc so that the 
edge of the purple image of the flame next to the image of the crater just covered the 
slit. 

Table i. Result of changing the positive carbon, the negative 
carbons being G.E.C. Witton 



Very strong 

Strong 

Weak 

Very weak 

Marke C 
positive, 

236 c.p./A. 

Carbon, boron, 
silicon, iron, 
calcium 

Magnesium, 

aluminium, 

copper 

Manganese, 

titanium 

Arsenic, barium, 
beryllium, 
cadmium, nickel, 
tin, vanadium 

G.E.C. Witton 
positive, 

261 c.p./A. 

Carbon 

Silicon, iron, 
calcium, 
magnesium 

Boron, aluminium, 
copper, 
manganese 

Titanium, arsenic, 
barium, 
beryllium, 
cadmium, nickel, 

. tin, vanadium 

Noris positive, 
278 c.p./A. 

Carbon, boron 

Silicon 

Iron, calcium, 
magnesium 

Aluminium, copper, 
manganese, 
titanium, 
arsenic, 

* barium, 
beryllium, 
cadmium, tin, 
vanadium 


The arc investigated in this case was first obtained with G.E.C. Witton carbons 
as positive and negative. The positive was then replaced by a Marke C carbon and 
afterwards by a Noris carbon, the first change lowering the candle-power per 
ampere from 261 to 236 and the second change increasing it to 278. Table i gives 
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Figure 2. Effect on three-electrode arc spectra of changing the positive carbons. 
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Specially purified Siemens Plania A positive and negative 
Figure 3. Effect on three-electrode arc spectra of purifying the carbons. 
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Figure 4. Three-electrode arc spectra with G.E.C. Witton positive and negative. 
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the results of the analyses obtained with the three-electrode arc and figure 2 shows 
the spectra. 

The spectra of the arcs that give a high candle-power per ampere are un- 
doubtedly simpler than those that give a lower candle-power per ampere, 
increasing light-output being correlated with a decrease in the quantities of the 
impurities present, and particularly of iron, calcium, aluminium, copper and 
magnesium. This finding has been confirmed in every case by the further analyses 
which were carried out to find the effect of {h) changing the negative carbons but 
not the positive and (c) changing both positive and negative carbons. The change {h) 
was made for both types of arc and for different parts of the three-electrode arc. 

Alteration in spectrum due to special purification of the carbons^ the candle-power 
per ampere being constant. Some Siemens Plania A carbons were purified by a 
remarkably efficient method due to Dr Pirani^'*^ The method consists in heating 
the carbons for about 15 min., in a carbon tube furnace in a stream of chlorine. 
The temperature is maintained at 2500-3000° C. This purification does not alter 
the candle-power per ampere of the crater of the arc, the carbons being burned 
both as positives and as negatives; the value was 261 both before and after purifi- 
cation. The analyses of the spectra of pure and impure carbons was carried out for 
the three-electrode arc, and the spectra are given in figure 3. 

Table 2 shows that the treatment of the commercial carbons has rendered them 
remarkably pure, for silicon, calcium, arsenic, aluminium, cadmium, manganese 
and tin have been completely removed. In the case of iron extremely faint traces 


Table 2. Effect of purification of Siemens Plania A carbons 
used for both poles 



Very strong 

Strong 

Weak 

Very weak 

Commercial car- 
bons, 261 c.p./A. 

Carbon, boron 

Silica, iron 

Copper, calcium, 
magnesium 

Arsenic, aluminium, 
barium, cadmium, 
manganese, tin, 
vanadium 

Specially purified 
carbons, 

261 c.p./A. 

Carbon, boron 


Copper 

Magnesium, arsenic, 

' vanadium 


were visible in the .spectrum of the purified carbons but these were so faint and so 
doubtful that iron is also considered to have been removed by the purification. 
Silicon and iron were originally classed as strong, calcium as weak, and the other 
elements as very weak. Magnesium also changes from weak to very weak. 

From a consideration of the above facts it appears that the presence of impurities 
has in itself no effect on the candle-power per ampere of the arc, but that the 
determining factor is the structure of the carbon matrix. This is unaffected by the 
purification process although it has been determined by the impurities present 
during the manufacture of the carbons, and thus originally gave the arcs their 
various candle-powers per ampere. This view is supported by the fact that the 



674 y* T. MacGregor-Morris and D. E. H. Jones 

spectra of the arcs having the lower candle-powers per ampere are more complex, 
and thus show the presence of a greater proportion of impurities, than those having 
the higher candle-powers per ampere. Again if the operation of the arc leaves the 
structure of the carbon matrix unaltered, the impurities being volatilized away 
before the working-temperature of the positive crater is reached, then it is reasonable 
to expect that chemical purification before use will not alter the candle-power per 
ampere. 

The spectra are shown in figure 3. 

Alteration in spectrum due to sputtering of the arc. Sputtering in the carbon arc 
is primarily due to the flame clearing the loose particles adhering to the tapered 
sides of the carbons, the particles being thrown out of the arc. It was noticed 
during visual examination of the spectrum that many fresh lines appeared during 
sputtering, whilst the intensity of the original lines increased many times. This 
was particularly noticeable in the ultra-violet region, a fluorescent screen of 
vaseline smeared on an old photographic plate being used for the visual examination. 
However, it was felt that some better estimate of the magnitude of the effect would 
be of service. 

The three-electrode arc was used with G.E.C. Witton carbons. The order of 
photographing the spectra was slightly modified, two sets of three spectra being 
taken. The first set consisted of the spectrum of the silent arc with spectra of a 
heavily sputtering arc above and below it. The second set consisted of the spectrum 
of a heavily sputtering arc with the usual comparison spectra of iron and R.u. 
powder above and below it respectively. The usual exposure of 10 sec. was given 
for the carbon spectra, the arc sputtering seven times during an exposure for the 
spectrum of the sputtering arc. This was arranged by burning the carbons for 
some time before beginning the exposure and disturbing the arc by slight draughts 
during the exposure. The spectra are given in figure 4. 

Table 3 shows the effect obtained: the quantities of several elements are over- 
estimated as a result of the increase in intensity of their lines caused by sputtering. 


Table 3. Effect of sputtering, with G.E.C. Witton positive 
and negative carbons 



Very 

strong 

Strong 

Weak 

Very weak 

Sputtering 

arc 

Carbon, 

iron, 

silicon 

Calcium, 

magnesium, 

copper 

Boron, aluminium, 
manganese, titanium 

Arsenic, barium, beryllium, 
cadmium, nickel, tin, 
vanadiqm, scandium, 
germanium 

Silent arc, 
261 c.p./A. 

Carbon 

Iron, silicon, 
calcium, 
magnesium 

Copper, boron, 
aluminium, 
manganese 

Titanium, arsenic, barium, 
beryllium, cadmium, 
nickel, tin, vanadium 


The total number of lines in the spectrum also increased from about 200 to about 
300, practically the whole of the increase being due to iron. No fresh elements 
were detected with certainty except perhaps scandium and germanium. The 
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following changes are observed; iron and silicon increased from strong to very 
strong on sputtering; copper increased from weak to strong; titanium increased 
from very weak to weak. It is thus seen that serious errors may arise as a result of 
the sputtering of the arc, the amounts present of several impurities being conse- 
quently over-estimated. It is therefore essential that the arc shall not sputter 
but shall burn quite silently during the whole of the exposure if a true arc-spectrum 
is to be photographed. This rule was strictly adhered to throughout the present work. 

Alteration in spectrum along aocis of arc. Spectrograms of the three-electrode arc 
flame were obtained (i) close to the negative carbons, (ii) at the centre of the flame 
and (iii) close to the negative carbons. The following carbons were used : 

I II III 

Positive G.E.C. Witton G.E.C. Witton G.E.C. Witton 

Negatives Marke C G.E.C. Witton Noris 

The spectra from the diflPerent parts of the arcs in case II are compared in 
table 4 and although the positive and negative carbons were of the same brand yet 
certain changes were observed, more especially between the spectrum obtained 
close to the negatives and that from the centre of the flame. These changes related 
to iron, copper, aluminium, manganese and titanium, as will 15 e seen in the table. 


Table 4. G.E.C. Witton positive and negative carbons. 261 c.p./A. 



Very strong 

Strong 

Weak 

Very weak 

Close to 
negative 
carbons 

Carbon, iron 

! ! 

Carbon 

Silicon, calcium, 
magnesium, 
copper 

Aluminium, 
manganese, 
boron, titanium 

Arsenic, barium, 
beryllium, cadmium, 
nickel, tin, vanadium 

Centre of 
flame 

Iron, silicon, 
calcium, 
magnesium, 
copper, 
aluminium, 
manganese 

Boron, titanium 

Arsenic, barium, 
beryllium, cadmium, 
nickel, tin, vanadium 

Close to 
positive 
carbon 

Carbon 

Iron, silicon, 
calcium, 
magnesium 

Copper, aluminium, 
manganese, boron 

* Titanium, arsenic, 
barium, beryllium, 
cadmium, nickel, tin, 
vanadium 


Visual examination of the spectra shows that they are richer in lines and that 
the intensities of the lines are greater when they are obtained from the part of the 
arc flame close to the negative carbons. There is little difference between the 
spectra obtained close to the positive carbons and at the centre of the flame, the 
greater change occurring between the centre and the negative carbons. Indeed 
in the latter case the stronger lines of the spectrum become broadened and shaded 
on both sides, having an appearance similar to that obtained when the spectrograph 
is slightly out of focus. 
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§4. CONCLUSION 

The results of this investigation show that undoubtedly a low value for the 
candle-power per ampere emitted by the positive crater of the three-electrode arc 
is accompanied, as a general rule, by greater complexity in the spectrum of the arc 
flame, particularly for the part of the flame close to the positive carbon. 

Spectrograms of part of flame close to positive carbon. The most marked change 
of spectrum with candle-power per ampere of the arc is obtained by changing the 
positive carbon and not altering the negative carbon. The spectra show appreciable 
simplification; a steady falling-off in the estimated amounts of iron, calcium, 
aluminium, copper and magnesium occurs, with increasing value of the candle- 
power per ampere, both for the two-electrode and for the three-electrode arc. 

As would be expected, the differences obtained in the spectra when the negative 
carbons are changed but the positive carbon is kept the same were not so marked. 
However, generally similar changes were obtained. 

A comparison of the spectra of arcs with different positives and different 
negatives does not give such large differences as might be expected, only calcium 
and aluminium showing marked changes. The same general simplification was 
obtained in the spectrum of an arc giving high candle-power per ampere; with 
Noris positive and negative carbons the spectrum was appreciably simpler than 
those of the arcs with G.E.C. Witton or Marke C carbons. 

Spectra of carbon arcs yielding the same candle-power per ampere show little 
differences either in the intensities or in the numbers of lines in the spectra, 
although the tables of analysis show slight changes in the estimated amounts 
present of some of the impurities. 

The comparison of the spectra of ordinary commercial and specially purified 
carbons shows that it is possible to remove practically all the impurities without 
altering the candle-power per ampere, and that therefore the candle-power per 
ampere is probably determined by the closeness of the structure of the carbon 
matrix rather than by the chemical properties of the embedded salts. The magnitude 
and number of the holes these salts leave on volatilization in the arc is the primary 
deciding factor. 

The investigation of the effect of sputtering shows how important it is that the 
arc should burn quite silently during the whole of the exposure. Appreciable 
increase in the number and intensities of the lines is caused by sputtering, and 
leads to over-estimation in the amounts of several impurities present in the carbons. 

Spectrograms of the centre of the arc flame. As in the previous section, spectra 
of arcs yielding different candle-powers per ampere were obtained, firstly by 
changing the positive carbons, secondly by changing the negative carbons, and 
thirdly by changing both positive and negative carbons. These experiments lead 
to the same general conclusions as before, the spectra simplifying with increasing 
candle-power per ampere though not to an equal extent. 

Again the analyses of arcs yielding constant candle-power per ampere show 
slight changes, though the spectra themselves show little difference as a whole. 
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Spectrograms of part of arc flame close to negative carbons. Only one series of 
spectra of this kind was obtained, by varying the negative carbons of the three- 
electrode arc. Again the results agreed with those obtained from the other parts 
of the arc flame, although the differences were not so marked as in the case of the 
part of the flame close to the positive crater. 

A comparison of spectra from different parts of the arc flame shows that, for a 
given arc, they are simplest when obtained from a part of the flame close to the 
positive crater and most complex when obtained from a part of the flame close to 
the negative carbons. There is little difference between the spectra of the central 
part of the flame and the part close to the positive crater. 
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ABSTRACT, Descriptions of some experiments to liquefy hydrogen by the expansion 
method {a) by pure expansion, and {b) by the additional use of the Joule-Thomson effect. 
The yields are of such an order that it seems promising to build large hydrogen-liquefiers 
on this principle. 

H itherto hydrogen-liquefaction has been exclusively carried out by the 
Linde process. As the liquefaction of helium by the expansion method 
has proved very satisfactory it seemed hopeful to try liquefying hydrogen 
by this process, and Ahlberg and one of us made a successful preliminary experiment 
with the apparatus which we had used for helium-liquefaction. In this method 
the gas to be liquefied is compressed into a container and cooled down as far as 
possible ; for instance, to the temperature of liquid hydrogen for helium liquefaction. 
Then it is allowed to expand through a valve outside the apparatus, and in doing so 
it cools according to both the external work done by the gas in the container and 
the internal work against the van der Waals forces. This method is very efficient 
for gases with low boiling-point for two reasons: (i) the heat-capacities of the 
container are very small at low temperatures; (ii) the deviations from the ideal 
state increase considerably with falling boiling-temperature. 

In this paper we describe some investigations of the conditions under which 
satisfactory results can be obtained for hydrogen. Comparing the liquefaction of 
helium by this method with that of hydrogen, one has to bear in mind one great 
difference. In the first case, as we have pointed out already the heat-capacity 
of the container is negligible, owing to the smallness of the specific heat at the very 
low initial temperature. This does not hold in liquefying hydrogen, where one has 
to start at liquid-air temperatures. Hence, in order to keep down the heat-capacity 
and get a high efficiency one must use a material of a high tensile strength, so as 
to be able to reduce the weight of the container. However, one must be very careful 
in selecting the substance of high tensile strength as most materials become very 
brittle at low temperatures, and in the case of hydrogen there is some danger 
involved if there is a burst. 


• See for instance reference (i), p. 315. 
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De Haas and Hadfield^*^ have recently made a very extensive investigation on 
the properties of a large number of metals and alloys at liquid-hydrogen tem- 
peratures, and they found that some alloy steels, especially some with a high nickel- 
content, do not become brittle even at these low temperatures. Sir R. Hadfield 
was kind enough to put at our disposal a small cylinder of 144 cm? capacity, 
weighing only 212 gm. It was manufactured from AMF steel (5277 in the paper of 
de Haas and Hadfield) of a yield-point of 32 ton/in? at room-temperature, and 
48 ton/in? at liquid-hydrogen temperature. Its dimensions were such that using 
it at a pressure of 150 atmospheres at liquid-air temperature we had a safety factor 
of 2. The elongation of this steel at the boiling-point of hydrogen had a value of 
35 per cent, even larger than that, 32 per cent, at room-temperature. 

In the following table we give the heat-capacity of this cylinder as a function of 
temperature, taking the values of iron and nickel as additive. 


T (°K.) 

Heat-capacity 

(cal./^^C.) 

70 

6-9 

60 

5-0 

50 

3*3 

40 

1*8 

30 

0*8 

20 

0*2 


The heat-capacity of the gas contained in the cylinder at 70° K. and 150 
atmospheres is about 12 cal./°C. By means of solid nitrogen it will certainly be 
possible to start at a temperature between 50° and 55° K. Hence the heat-content 
of the container will not be too big, especially as the initial amount of gas will then 
be still higher. But the capacity of the container is not absolutely negligible, so 
that we have to remember that the following data do not apply for the values one 
would get with a container with ideal walls ; but certaiijy the difference will not be 
very great. 

For the experiment the cylinder was suspended in a vessel immersed in liquid 
air, the temperature of which could be reduced by pumping off the evaporated gas. 
The intermediate space between the vessels was filled with a* little hydrogen gas, 
in order to give heat contact with the external bath. After the cylinder had been 
filled with compressed hydrogen, and temperature equilibrium had been reached, 
this exchange gas .was pumped away so that the system was thermally isolated. We 
measured the temperature by means of a copper-constantan thermocouple, one 
junction of which was fixed to the steel cylinder. The other was connected with a 
copper block immersed in liquid oxygen, its temperature being measured by means 
of a platinum resistance thermometer. As the second point for calibrating the 
thermocouple, we took the boiling-point of hydrogen, and the intermediate values 
were calculated from the tables given by Giauque^^\ The pressure was measured 
with a Bourdon gauge. In order to avoid big dead volumes, we took a very small 
instrument fitted with a little mirror and read the deflections with a scale and 
telescope. 


43-a 




68o F. Simon^ A. H. Cooke and H. Pearson 

The experiment consisted in letting out successive small amounts of gas by 
means of a valve situated outside the apparatus. Simultaneous measurements of 
pressure, temperature and amount of gas were taken. The amount of gas was 
measured with a gas meter whose readings were sufficiently accurate for our pur- 
pose. The amount of hydrogen remaining liquid after expansion to one atmosphere 
was determined by heating up the apparatus to room-temperature again and 
measuring the amount of gas liberated. Of course, a correction had to be applied 
for the amount of gaseous hydrogen inside the apparatus. 



Figure i. {Pressure, temperature} relation during expansion for three different 
sets of initial conditions. 

Figure i gives the connexion between temperature and pressure for three 
diflFerent sets of initial conditions. In the first experiment the vessel remained 
filled with 1*4 per cent of liquid hydrogen, in the second with 4*4 per cent and in 
the third 13*8 per cent. By means of the data of figure i the values of figure 2, 
giving the percentage of the volume remaining full of liquid, are tierived as a function 
of pressure at different initial temperatures. We see that for every temperature the 
three points from our three curves lie on a straight line. The same behaviour was 
found before for helium over a bigger pressure-range, so that we may extrapolate 
to higher pressures with some confidence. Thus we can give approximate values 
for initial conditions to be used in practice; we did not consider it worth while to 
extend these preliminary experiments to the conditions in question as this would 
have entailed considerable experimental complications. We can derive that, starting 
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with an initial pressure of 200 atmospheres and a temperature of 52®, which one 
could easily get by using solid nitrogen (with a vapour-pressure of 6 mm.) a filling- 
degree between 40 and 45 per cent will be obtained. 

One can get a considerable improvement of the yield by adding the Joule- 
Thomson effect as we suggested in our work on helium If the gas is not expanded 
to normal pressure by a valve outside the apparatus but by a valve in thermal 
contact with the container, then the gas, cooled by the Joule-Thomson effect, will 



Figure 2. Percentage filling of vessel after expansion from various pressures 
and temperatures. 


further reduce the temperature of the vessel, if a suitable heat-exchanger is used. 
In the case of helium we do not generally use this improvement, as the yield is 
already very high without it, and it complicates the apparatus to a certain extent. 
Under the conditions prevailing in the case of hydrogen, however, it seems advisable 
to take advantage of this cooling. 

We carried out one preliminary experiment of this kind, letting the gas pass 
through a nozzle which for the sake of simplicity was a fixed one and adjusted so 
that the whole of the gas went through in about 10 minutes. The gas cooled the 
cylinder in passing along a spiral soldered on to the outside of it. The conditions of 
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this preliminary experiment were not ideal, as in the early stages while the pressure 
was still high the gas passed much too rapidly to give a good heat-exchange ; hence 
this experiment only gives a lower limit for the yield. 

Actually one will use an initial pressure of about i8o to 200 atmospheres, and a 
temperature of 50° to 55'' K. In our simple apparatus we were able neither to raise 
the pressure so high as this nor to lower the temperature of the liquid air enough 
to get conditions similar to those to be used in practice. We therefore cooled the 
system further by dipping the apparatus into liquid hydrogen for a short time. 
Then the vessel containing the compressed hydrogen was isolated and the whole 
apparatus was surrounded again with liquid air. In this way we started our experi- 
ment at 45-3° K. with a pressure of 113 atmospheres. We compensated the lower 
initial pressure by lowering the temperature below that to be used in practice. 
We shall return to this point later. After the expansion to i atmosphere we found 
the vessel filled to 61 per cent with liquid hydrogen, i.e. 71 per cent of the gas 
originally present in the container was liquefied. 

We will compare this value with the data one can calculate by using the equation 
of state for hydrogen in this region. For this reason we will consider the following 
procedure. Directly connected to the high-pressure vessel is a little Linde liquefier. 
The gas leaving the high-pressure container passes through this and leaves the 
whole system at the temperature of the container. The yield of the first vessel may 
then be calculated from our data above. There is now an additional liquefaction in 
the Linde apparatus which may be calculated from Keesom*s enthalpy diagrams 
which allow us to calculate the yield to a first approximation along the whole 
temperature and pressure range in which we are interested. This yield is very high 
on account of the low temperatures in question ; it averages, under our conditions, 
about 50 per cent. 

In this way we find that the container should have been filled to 70 per cent 
with liquid hydrogen, 49 per cent being due to pure expansion. Actually we 
measured 61 per cent. As we have already mentioned, our preliminary apparatus 
could give us only a lower limit, and we have to consider too that the heat-capacity 
of the cylinder was increased noticeably by the spiral of the heat-exchanger soldered 
to it. In the circumstances we think the agreement good enough. 

Calculating the efficiency for the conditions that will be used later on in practice, 
namely 200 atmospheres and 52° K., one finds about the same yield. Thus one can 
predict that an apparatus with an efficient heat-exchanger would give a filling 
degree between 65 and 70 per cent under these conditions. 

In view of this high yield, the building of large hydrogen liquefiers seems to 
be indicated, more especially because of other advantages connected with this 
principle. The chief point now is to find a material sufficiently reliable and cheap 
for the container. We are at present engaged on this in the Clarendon Laboratory. 
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DISCUSSION 

Prof. A. H. Compton asked what pressure of hydrogen was used. Were the 
walls of an ordinary steel thermos flask strong enough to stand the pressure.^ 

Authors’ reply : The pressure to be used in practice will be between 1 50 and 
200 atmospheres. A normal steel dewar flask will not stand these pressures, but 
when the special steels mentioned are used, the weight can 'be reduced so far 
that the cylinder weighs about one kilogram per litre capacity. 
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ABSTRACT. The humidity corresponding to various wet-and-dry-bulb temperatures 
between — 2°C. and -i9°C. has been measured. The wet-bulb temperatures were 
obtained by means of mercury thermometers, thermocouples and resistance thermo- 
meters, all three methods agreeing well. 

The actual humidity was generally obtained from a specially designed dew-point 
apparatus, thermojunctions being used to measure the temperature of the metal surface 
on which the deposit of dew was formed. In addition, tests by the gravimetric method 
were carried out. 

The results are utilized to prepare a table giving the relative humidity at various wet- 
and-dry-bulb temperatures. These agree, for the most part, with previous tables, but 
they differ in the region of low dry-bulb temperatures (below about — 9° C.) and small 
wet-bulb depressions (less than 1° C.). 

The results are also examined from the point of view of the usual theory which asserts 
that (e' — c) = BqP {6 — 6 '), where e' is the saturation vapour pressure at the wet-bulb 
temperature 6 \ e the saturation vapour pressure at the dew point (i.e. the actual partial 
pressure of water in the air), 6 the dry-bulb temperature, P the barometric pressure and 
^0 the psychrometric constant. Although above 0° C. this formula is found to hold well, 
yet below 0° C. it is found that Bq varies in a complicated manner with the temperatures. 
It tends to infinity when the wet-bulb depression tends to zero, and there is a further 
variation superimposed on this one; at a constant value of the depression, Bq passes 
through a minimum and then through a maximum as the dry-bulb temperature decreases. 


§ I. INTRODUCTION 

T he question of the determination of the moisture content of the atmosphere 
is one which has interested investigators for the pasr 100 years and yet 
comparatively little work has been done on the subject outside the range of 
normal atmospheric temperatures. In recent years the problem of the measure- 
ment of humidity in cold stores has come to the fore on account of the increasing 
attention which is being given to the scientific study of the storage of foodstuffs 
by refrigeration. 

Here the investigator is confronted with a two-fold problem, (i) the adaptation 
of the known methods of measuring humidity to temperatures below the freezing- 
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point of water, and (2) the calibration of such apparatus in the temperature range 
in which he is interested. 

The present paper deals with the measurement of humidity in the range from 
0° to — 20° C. particularly with reference to the wet-and-dry-bulb type of hygro- 
meter and the tables to be used with it when one of the thermometer bulbs is coated 
with ice. There are inherent difficulties associated with hygrometric measurements 
at low temperatures. For example, the weight of water vapour per unit volume of 
air is relatively small; the observer has to manipulate the apparatus without dis- 
turbing the humidity of the air : accurate data as to the saturation moisture content 
of air at low temperature are lacking. 

Consequently with the hygrometric instruments available it is not possible to 
obtain the humidity of the atmosphere with a high degree of precision when 
working at temperatures well below the freezing-point of water. 


§2. TYPES OF HYGROMETER 

Among the many forms of hygrometer which have been devised from time to 
time, only four are in common use at ordinary temperatures — the gravimetric, 
dew-point, wet-and-dry-bulb, and the extension-of-hair types.-^ 

The first two hygrometers depend on well-founded physical principles and 
give readings that can be converted to values of relative humidity without prior 
calibration. As regards the wet-and-dry-bulb instrument, it is conceivable that in 
the future a complete theory will be worked out, but the resulting formula will 
probably contain one or more constants to be determined empirically. 

The present position is that the theory of the wet-and-dry-bulb hygrometer, 
or psychrometer, is incomplete, and it is necessary to prepare tables for any ranges 
of temperature and humidity over which it is to be used. 

In principle the hair hygrometer is the simplest of all forms of hygrometer but 
it is necessary to calibrate each instrument before use. 

§3. INSTRUMENTS FOR ROUTINE USE AT LOW TEMPERATURE 

The gravimetric method is unsuitable for routine use even at ordinary room 
temperatures, owing to the length of time occupied in obtaining a reading, but it is 
particularly difficult at low temperatures such as are met with in the cold storage of 
foodstuffs, owing to the very small amount of water which the air contains, even at 
high relative humidities. For example, if the temperature is — 5*^ C., it is necessary 
to pass 293 litres of air through the absorption tubes before even i gm. of water 
can be collected, as compared with 58 litres of air necessary at 20° C. 

Moreover, to weigh i gm. of water to an accuracy of i per cent (i.e. o*oi gm.) 
is not easy when the temperature is — 5° C. and the total weight dealt with — U-tube 
and desiccating agent — is 20 gm. or more. 

When relative humidity, rather than moisture content, is required, the greatest 
obstacle is not the experimental difficulty, but the fact that the moisture content for 
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saturation has not been directly measured at low temperatures, and an uncertainty 
is therefore introduced owing to the extrapolation of an empirical formula. 

Turning to the dew-point method in its application to low temperature work, 
we find that the first difficulty is that of cooling the silver surface below the tem- 
perature of the surroundings. Volatile liquids such as ether do not evaporate 
readily at low temperatures, and are thus less effective than at normal temperatures ; 
further, the vapours from them are often deleterious to the foodstuffs which may 
be preserved in the cold store. A second and more important point is that owing 
to the increased viscosity of the cooling fluid, the heat transfer between the fluid 
and the metal mirror is slowed down and it may no longer suffice to measure the 
liquid temperature as an indication of the surface temperature of the metal. Also 
the dew is liable to deposit in thick clusters unless particular care is taken to 
ensure cleanliness of the surface. The dew-point method cannot be operated in a 
very small enclosure since owing to the small moisture content of the air, the 
quantity of water removed to give a visible deposit may be sufficient to disturb 
appreciably the relative humidity of the remaining air. The small moisture content 
also adds to the necessary equipment, in that it becomes of importance to provide 
some means of keeping the air in gentle movement. Finally, it must be remembered 
that with the standard forms of dew-point apparatus, the observer must be in close 
proximity to the silver surface to note the point at which dew first appears. It is 
usually undesirable to open up a cold store too frequently (as regards the holds 
of a refrigerated ship it would be impossible). Yet from many points of view, the 
dew-point instrument is a desirable form, and it is possible that most of the 
obstacles to its use at low temperatures could be avoided by an instrument using a 
photo-electric cell to observe the dew, and specially designed in other respects to 
be adapted for low temperature work. It is hoped to follow up this subject, and to 
prepare a note later dealing with such an instrument. Meanwhile, for routine work 
the choice lies between the wet-and-dry-bulb type and tlie extension of hair type. 
The latter has a considerable time lag and is known to be subject to sudden changes 
of calibration, especially if subjected to very dry atmospheres. Nevertheless it is 
possible that it would be a highly useful instrument if the conditions which bring 
about these sudden changes were fully known, and if the lag could be shortened. 
By avoiding the undesirable conditions (or recalibrating immediately after they 
had been encountered) the instrument could then be regarded as reliable. This type 
of instrument is at present under investigation, and the results will be made avail- 
able later. 

Ti he remaining instrument, the psychrometer, appears on balance to have less 
disadvantages than other types, and is in fact fairly frequently used in practice. 
Its chief disadvantage is that at low temperatures the wet-bulb depression becomes 
very small, so that a slight error in reading the wet-bulb temperature has a con- 
siderable effect on the relative humidity. Thus at - io° C. an error of o-a"* C. in 
the wet-bulb reading involves on the average about 6 per cent error in the relative 
humidity, whereas at +20 C. the same wet-bulb error only leads to an average 
error of i per cent relative humidity. The instrument suffers also from the defect 



Investigation of the wet-and-dry-bulb hygrometer at low temperatures 687 

that it requires attention from time to time to ensure that the wet bulb is still glazed 
with ice, though less frequently when the bulb is ice-covered than at higher 
temperatures. Nevertheless the wet-and-dry-bulb instrument is in our experience 
the most promising of those available for routine work, especially in view of the 
improvements in temperature measurement made possible in recent years. In view 
of this, and considering also that the published tables are believed to be based on 
formulae deduced from experiments at higher temperatures, it was decided to make 
a study of the wet-and-dry-bulb instrument at temperatures down to — 20° C. 


§4. DESCRIPTION OF APPARATUS 

For this investigation it was necessary so to arrange the apparatus that the 
observations could be taken without necessitating the presence of the observer in 
the same room as the hygrometers ; otherwise the water vapour given off in respiration 
would be a serious disturbance. 

A metal box measuring 7 ft. x 6 ft. x 7 ft. was constructed and placed in the 
centre of a chamber measuring 13 ft. x 16 ft. x 14 ft. This chamber* was provided 
on floor, ceiling, and four walls with piping for the circulation of cold brine, by 
which any temperature down to — 20° C. could be maintainecf in the atmosphere 
outside the metal box. Fans were installed to promote uniformity of temperature 
in the interspace. The various psychrometers under study, together with the 
standardizing instruments, were installed near the windows of the metal enclosure. 

The two glass windows in two adjacent sides permitted of observations being 
made on the dew-point surface and on the mercury thermometers. 

'Fhe air in the metal enclosure was maintained in continuous circulation by the 
fan and duct system shown in figure i. The air was delivered through ports in one 
side and abstracted through ports in the opposite side. Direct flow between the 
two sets of ports was prevented by the baffle plates* shown. Control over the 
humidity of the circulating air was obtained by the use of calcium chloride or other 
desiccating agent which was placed on trays in the ducts. 

Various forms of the wet-and-dry-bulb type of hygrometer were installed in the 
metal enclosure together with a silver thimble and a disc 'form of dew-point 
apparatus. The formation of dew was observed visually through the window of the 
metal enclosure by an observer in the interspace. When electrical methods of 
temperature measurement of the dew-point surface were in use, this observer 
signalled the appearance and disappearance of dew to another observer outside the 
chamber, where the potentiometer was situated. 

A pipe leading through the wall of the enclosure enabled a sample of air to be 
led into U -tubes containing pumice soaked with concentrated sulphuric acid for 
use in the gravimetric method. The balance for weighing the U -tubes was in the 
chamber but outside the enclosure, so that the tubes could be weighed without 
subjecting them to any changes of temperature. 


* The chamber used was one at the Ditton Laboratory, East Mailing. 
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§5. WET-AND-DRY-BULB INSTRUMENTS 
The pair of observations which are given by a psychrometer can either be 
obtained by measuring the dry-bulb temperature and the actual wet-bulb tem- 
perature, or else by measuring the dry-bulb temperature and the depression of the 
wet bulb. The latter method has distinct advantages, for the actual temperatures 
need not be known so accurately if the depression is measured directly. For example, 
a depression of C. at a dry-bulb temperature of —9° C. corresponds to 63 per 
cent relative humidity, and the same depression at — 10° C. corresponds to 61 per 
cent. 


Balance for , 
gravimetric 
method 


Calcium chloride 
solution or 
sulphuric acid 
for controlling 
humidity 


Figure i. Plan of metal enclosure and chamber. 

There is thus a considerable advantage in using thermocouples or resistance 
thermometers arranged diflferentially to give the depression directly, and such a 
procedure has the additional advantage that temperature differences can be read to 
less than i/io'' C., a quantity which, although adequate for i per cent accuracy in 
humidity at ordinary room temperatures, is not so at temperatures well below 0° C. 

In view of the fact that the wet-bulb depression might conceivably vary with 
the size of the thermometer bulb, it was necessary to take observations with the 
more usual mercury in glass type of thermometers, as a check on the other forms of 
wet-and-dry-bulb hygrometer. Actually the electrical and the mercury thermo- 
meters were found to agree within the limits of error of the latter. 

The thermocouple psychrometer was made of copper and constantan wires each 
of 26 gauge, four junctions being used in series. The wet junctions were covered 
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with about 2 in. of linen sewn into the form of a tightly fitting sheath after placing 
into position. Both junctions were placed in a 2-in. tube inserted in the wall of the 
enclosure, through which the air was drawn by means of a fan. The wet junction 
was downstream, so that it did not affect the air passing over the dry bulb. The 
electrical measurements were made on a potentiometer outside the chamber. 

The resistance thermometers were of platinum wound on a mica cross, and 
enclosed in a glass sheath of length about 12 in. and diameter 8 mm. The actual 
thermometer coil was 8 cm. long, and in the case of the wet bulb, a linen sheath 
13 cm. long was applied outside the glass sheath. 

The two thermometers were inserted in a glass tube with a mica partition down 
the centre to separate them, so as to ensure that the wet-bulb thermometer should 
not affect the readings of the other. 

The mercury thermometers were of the solid stem type having a cylindrical 
bulb about 2 cm. long and 6 mm. in diameter, the customary form of linen sleeve 
being fitted to the wet bulb. They were of range —20*^ to +5'"C. divided to 
0*1° C., each division occupying approximately i mm. These thermometers were 
mounted in the standard form of Assmann casing with an electrically operated fan. 
This instrument was suspended from the roof of the enclosure, near one of the 
windows, through which the observations were taken. When it" became necessary 
to re-moisten the wet bulb, the whole instrument could be withdrawn through a 
hole in the roof. On these occasions care was taken that the layer of ice remaining 
on the wet bulb was melted before the instrument was replaced in position for use. 

§6. STANDARDIZING INSTRUMENTS 

In order to correlate the readings of the psychrometer with true humidities, the 
latter must be measured with instruments for which the theoretical formulae 
contain no adjustable constants. As was pointed out in the first paragraph, the 
gravimetric and the dew-point methods are the only ones fulfilling these con- 
ditions. 

The difficulties of each of these have been referred to earlier, and it has been 
in fact necessary to modify the dew-point instrument for the pcesent investigation. 

Initially the Regnault thimble type was used, cooling being effected by passing 
paraffin, previously cooled with solid carbon dioxide, through the silver thimble. 
The results failed to agree with those of the gravimetric method, and it was sus- 
pected that the thermometer in the liquid contained in the thimble measured a 
temperature different from that of the silver surface on which the dew was de- 
posited. This was verified by attaching a thermocouple to the silver surface itself, 
this experiment showing that there was in fact a temperature discontinuity across 
the interface, which increased with the dew-point depression. 

A dew-point instrument in which the actual metal temperature is observed 
thermoelectrically is more convenient to construct if the metal mirror takes the 
form of a disc, and in addition, it was found that observation of the dew through 
the window of the enclosure could be made more conveniently when the deposit 
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occurred on a flat surface. Consequently, the dew-point apparatus used in the main 
body of the work was constructed of a plane disc about 6 cm. in diameter, soldered 
to a brass block, hollowed out to form channels along which the cooling fluid could 
flow in contact with the disc (see figure 2). The channels were designed with a view 


Cork 




to obtaining uniformity of temperature over the surface. The cooling fluid, as with 
the earlier type, was pre-cooled paraffin. The temperature of the silver was observed 
by means of a copper constantan thermocouple of 36 s.w.g., with its junction 
pressed against the rear surface of the disc by an ebonite plug. This form has been 
found very satisfactory in use, and the values of the humidity found by means of it 
agree substantially with those found by the gravimetric method. 
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The last-mentioned method suffers from the practical disadvantage that as the 
temperature is lowered the absolute weight of water per unit volume for a given 
relative humidity decreases and also there is some doubt as to the moisture content 
of saturated air under these conditions. It was therefore only used in this investi- 
gation as a check to ensure that the main standard, the dew-point apparatus, was 
functioning satisfactorily. Three large bore U-tubes were employed, in series, and 
it was generally found that the last U-tube of the series increased in weight by an 
insignificant amount. Errors such as those due to absorption on the glass surface, 
were minimized by the use, during weighing operations, of a counterpoise of similar 
tubes suspended from the opposite arm of the balance. 

The absorbing medium was prepared by heating broken pumice to bright 
redness, and dropping it into concentrated sulphuric acid. 

By means of a small motor- driven pump, the air was drawn out of the enclosure 
through the U-tubes, and then through a dry gas meter situated outside the cold 
chamber. In a typical experiment, volumes of the order of 40 cubic feet of air 
were used, the resulting increase in weight of the U-tubes due to the absorption of 
the water vapour being of the order of 2 gm. 

§7. RESULTS 

In the main experiments, which consisted of a series of observations of the wet- 
and-dry-bulb readings over a range of humidities and a range of temperatures 
between 0° and —20'' C., the standard hygrometer directly utilized was the dew- 
point instrument. It was found difficult to operate the gravimetric method so as 
to obtain frequent readings, and moreover, as has been previously mentioned, it 
suffers from the defect that at very low temperatures, the moisture content of air at 
saturation is unknown. It may, however, be regarded as having indirectly provided 
a second standard in these experiments, because a nurpber of comparisons were 
made between it and the dew-point instrument used in the main work. Further, 
there are a few of the main experiments in which the gravimetric and not the dew- 
point method was used as standard. 

When using the gravimetric instrument, the air was metered in a dry condition 
at the temperature prevailing outside the chamber; the difference between its 
pressure at the meter and the barometric pressure was observed, and the volume 
which the. same ma^s of dry air would occupy at the barometric pressure and the 
temperature of the enclosure in the cold chamber was calculated by the law 
constant, where p is the pressure, v the volume, and T the absolute tem- 
perature. The mass of water collected in the sulphuric acid tube, divided by the 
corrected volume, gives directly the moisture content of the air in the enclosure, 
in grams per cubic metre, since the volume of the air when dry is the same as that 
of the moist air, by Dalton's law. 

To estimate the relative humidity, the moisture content thus calculated must be 
divided by the moisture content of saturated air. This was obtained from the 
tables published by the Prussian Meteorological Institute which give a table of 
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the difference between the moisture content /and the vapour pressure calculated 
by the formula /= 289-4 C/Ty where T is absolute temperature. We are not aware 
of any experiments to test the truth of this formula at low temperatures, and it 
might be mentioned that experiments at temperatures between 40° and 100” C. 
show that it is not quite accurate in this region^^\ 

The relative humidity, when the wet-bulb temperature is below 0° C., can be 
defined in two ways, according as saturation is taken to refer to the condition which 
would be in equilibrium with ice or with super-cooled water at the dry-bulb tem- 
perature. In this calculation, and indeed throughout the paper, we have taken the 
latter standard of reference. This seems to us to be decidedly preferable on many 
grounds. In the first place, at moderately low temperatures, super-cooled water 
can actually be obtained. Consequently, air in contact with it would take up 
sufficient water to become practically saturated in this condition. If the same air 
was transferred to an enclosure where ice particles were exposed, it would deposit 
some of its moisture. That is, relative to the ice standard, the relative humidity was 
originally above 100 per cent without any tendency to deposition. Again, by using 
the ice condition as standard of reference, a discontinuity in relative humidity is 
artificially introduced when the dry bulb alters from slightly above to slightly 
below o'" C. On these and similar grounds, we prefer to use the state of saturation 
with reference to super-cooled water, as our standard of reference. This agrees with 
the practice of the British and Prussian Meteorological Offices, but not with that of 
the U.S. Weather Bureau. 

The dew-point observations were reduced with the aid of the vapour pressure 
tables given in International Critical Tables, using the values of vapour pressure 
over ice at the dew-point temperature to obtain the actual vapour pressure, and 
dividing this, as explained above, by the vapour pressure over water at the dry-bulb 
temperature ; the degree of agreement between the two methods is shown in table i 
below in which some of the entries are the means of two determinations. 


Table i. Comparison of gravimetric with dew-point hygrometer 




Relative humidity (per cent) 

Dry bulb 

Wet bulb 


— -- 

(°c.) 

(“C.) 

Dew-point 

Gravimetric 



method 

method 

- 5-8 

— 6-2 

84 

83 

- 95 

— 10-8 

42 

45 

— lO'O 

— 1 1-2 

45 

47 

— 12*1 

-13-3 

43 

47 

— 14-0 

— 14-6 

56 

60 

-i6*3 

— 170 

42 

42 

— r6*4 

— ly-z 

40 

46 


The tendency is for the gravimetric method to give the higher result, but the 
mean difference between the instruments is only 3 per cent in relative humidity. 
This may be due to the uncertainty in the saturation moisture content. On the 
other hand, it might also indicate that the dew point gives lovsr relative humidities. 
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as would happen if the apparent dew-point temperature was below the true. The 
error in the temperature would have to be about o*6° C. to account for the whole 
of the difference, and it is unlikely that the observation could be in error by this 
amount, particularly in view of the agreement found between the appearance and 
disappearance of the dew.. It may therefore be concluded that in general the 
dew point should give the humidities correctly, at any rate to 2 per cent. This 
degree of accuracy seems to be all that is required, since repetitions of the obser- 
vations at a given dew point show variations in the wet- and dry-bulb observations 
which correspond to 2 per cent or more in the relative humidity. In the main series 
of experiments, the air in the enclosure was first brought to the desired humidity 
and temperature, and observations of the wet-and-dry-bulb thermometers taken 
at intervals, alternately with those of the dew-point instruments. The mercury 
thermometers for the wet- and dry-bulb readings were read by an observer 
situated in the interspace between the metal enclosure and the cold chamber, and 
he also controlled the cooling of the dew-point instrument, and signalled the 
appearance or disappearance of dew to a second observer outside the chamber. 
I'he latter also took readings of the thermoelectric and resistance thermometer 
psychrometers. 

It was invariably found that the three forms of psychrometef agreed with each 
other within their limits of error. The dry-bulb temperature was taken to be that 
shown by the mercury thermometer, whilst the wet-bulb temperature was taken as 
the mean of those given by all three instruments. In a typical experiment, the 
conditions were maintained approximately constant for a period of about 2 hours 
during which time about a dozen observations of each instrument were obtained. 
The various wet-bulb readings, dry-bulb readings, and dew-point observations 
were averaged, and the true relative humidity calculated from the latter. 

The results of all the experiments carried out are shown in table 2. 

§8. DISCUSSION OF RESULTS 

Attention may be drawn to one feature of the low-temperature data given in table 
2, namely, the rapid alteration of relative humidity with change of the wet-bulb 
temperature. For example, with a dry bulb of — 3*5*^ C. an alteration of only 0*7^" C. 
in the wet bulb corresponds to a 7 per cent alteration of relative humidity (from 
34 to 21 per cent). Still more striking are the observations at — 10*7' and — io-8° C. 
dry bulb ; in this case a change of 1° C. in the wet bulb is associated with an alteration 
from the relatively moist condition of 77 per cent to the relatively dry one of 5 1 per 
cent relative humidity. 

To express the results concisely, it is more convenient to draw up a table (or 
graph) of relative humidity as a function of wet-bulb depression for successive 
values of the dry-bulb reading, rather than to take the wet- and dry-bulb readings 
themselves as variables. 

The usual psychrometric formula, valid for temperatures above o"" C., is 
(g' — ^) = BqP {0 — 0'), where e' is the vapour pressure at the wet-bulb temperature 
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the difference between the moisture content/ and the vapour pressure e, calculated 
by the formula /= 289-4 CjT, where T is absolute temperature. We are not aware 
of any experiments to test the truth of this formula at low temperatures, and it 
might be mentioned that experiments at temperatures between 40° and lOo"* C. 
show that it is not quite accurate in this region^*\ 

The relative humidity, when the wet-bulb temperature is below o"* C., can be 
defined in two ways, according as saturation is taken to refer to the condition which 
would be in equilibrium with ice or with super-cooled water at the dry-bulb tem- 
perature. In this calculation, and indeed throughout the paper, we have taken the 
latter standard of reference. This seems to us to be decidedly preferable on many 
grounds. In the first place, at moderately low temperatures, super-cooled water 
can actually be obtained. Consequently, air in contact with it would take up 
sufficient water to become practically saturated in this condition. If the same air 
was transferred to an enclosure where ice particles were exposed, it would deposit 
some of its moisture. That is, relative to the ice standard, the relative humidity was 
originally above 100 per cent without any tendency to deposition. Again, by using 
the ice condition as standard of reference, a discontinuity in relative humidity is 
artificially introduced when the dry bulb alters from slightly above to slightly 
below 0° C. On these and similar grounds, we prefer to use the state of saturation 
with reference to super-cooled water, as our standard of reference. This agrees with 
the practice of the British and Prussian Meteorological Offices, but not with that of 
the U.S. Weather Bureau. 

The dew-point observations were reduced with the aid of the vapour pressure 
tables given in International Critical Tables, using the values of vapour pressure 
over ice at the dew-point temperature to obtain the actual vapour pressure, and 
dividing this, as explained above, by the vapour pressure over water at the dry-bulb 
temperature; the degree of agreement between the two methods is shown in table i 
below in which some of the entries are the means of tv^o determinations. 


Table i. Comparison of gravimetric with dew-point hygrometer 



Wet bulb 

Relative humidity (per cent) 

Dry bulb 





("C.) 

(“C.) 

Dew-point 

Gravimetric 


method 

method 

- 5*8 

— 6*2 

^ 84 

83 

- 9*5 

— 10*8 

42 

45 

— 10*0 

— 11*2 

45 

47 

— I 2 -I 

— 14*0 

-133 

— 14-6 

43 

56 

■Vo 

- i6*3 

— 17-0 

42 

42 

— 1 6*4 

-17-2 

40 

46 


The tendency is for the gravimetric method to give the higher result, but the 
mean difference between the instruments is only 3 per cent in relative humidity. 
This may be due to the uncertainty in the saturation moisture content. On the 
other hand, it might also indicate that the dew point gives low relative humidities, 
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as would happen if the apparent dew-point temperature was below the true. The 
error in the temperature would have to be about o*6° C. to account for the whole 
of the difference, and it is unlikely that the observation could be in error by this 
amount, particularly in view of the agreement found between the appearance and 
disappearance of the dew.. It may therefore be concluded that in general the 
dew point should give the humidities correctly, at any rate to 2 per cent. This 
degree of accuracy seems to be all that is required, since repetitions of the obser- 
vations at a given dew point show variations in the wet- and dry-bulb observations 
which correspond to 2 per cent or more in the relative humidity. In the main series 
of experiments, the air in the enclosure was first brought to the desired humidity 
and temperature, and observations of the wet-and-dry-bulb thermometers taken 
at intervals, alternately with those of the dew-point instruments. The mercury 
thermometers for the wet- and dry-bulb readings were read by an observer 
situated in the interspace between the metal enclosure and the cold chamber, and 
he also controlled the cooling of the dew-point instrument, and signalled the 
appearance or disappearance of dew to a second observer outside the chamber. 
The latter also took readings of the thermoelectric and resistance thermometer 
psychrometers. 

It was invariably found that the three forms of psychrometer agreed with each 
other within their limits of error. The dry-bulb temperature was taken to be that 
shown by the mercury thermometer, whilst the wet-bulb temperature was taken as 
the mean of those given by all three instruments. In a typical experiment, the 
conditions were maintained approximately constant for a period of about 2 hours 
during which time about a dozen observations of each instrument were obtained. 
The various wet-bulb readings, dry-bulb readings, and dew-point observations 
were averaged, and the true relative humidity calculated from the latter. 

The results of all the experiments carried out are shown in table 2. 

§8. DISCUSSION OF RESULTS 

Attention may be drawn to one feature of the low-temperature data given in table 
2, namely, the rapid alteration of relative humidity with change of the wet-bulb 
temperature. For example, with a dry bulb of -*3*5'' C. an alteration of only 0-7° C. 
in the wet bulb corresponds to a 7 per cent alteration of relative humidity (from 
34 to 21 per cent). Still more striking are the observations at — and — io*8° C. 
dry bulb ; in this case a change of 1° C. in the wet bulb is associated with an alteration 
from the relatively moist condition of 77 per cent to the relatively dry one of 5 1 per 
cent relative humidity. 

To express the results concisely, it is more convenient to draw up a table (or 
graph) of relative humidity as a function of wet-bulb depression for successive 
values of the dry-bulb reading, rather than to take the wet- and dry-bulb readings 
themselves as variables. 

The usual psychrometric formula, valid for temperatures above o*^ C., is 
(^' — e) = 5 oP(^“ 0 '), where e' is the vapour pressure at the wet-bulb temperature 
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Table 2. Observed humidities corresponding to various wet- and dry-bulb 

temperatures 


Temperature (° C.) 

Relative 

humidity 

(%) 

Temperature (° C.) 

Relative 

humidity 

(%) 

1 

Dry bulb 

Wet bulb 

t 

Dry bulb 

Wet bulb 

— 2*23 

- 5*74 

30 

- 9*42 

-11*51 

3 ° 

- 2*43 

- 5 87 

32 

- 9*47 

— 10*84 

45 *, 43 

— 2-65 

- 5*78 

39 

- 9*54 

- 10*73 

46*. 41 

-310 

— 6*8o 

22 

— 9*6o 

— 1 1*68 

27 

-315 

- 7*14 

22 

— 9*62 

- 11*74 

29 

-3-27 

- 6-77 

31 

- 9 67 

— 10*96 

SI 

1 - 3 -45 

- 6-77 

29 

- 9 96 

— 1 1*22 

45 * 47 * 

- 3-53 

- 7*24 

21 

“ 10*39 

— 11*64 

48 

-355 

- 651 

34 

- 10*47 

— 12*12 

36 

“ 3’55 

— 6*89 

27 

-- 10*70 

- 11*94 

SI 

- 3*55 

- 719 

21 

— 10*80 

— 10*90 

77 

-405 

- 7-64 

21 

- 10*93 

— 10*88 

86 

-5 07 

- 5*62 

87 

— I I *02 

- 11*33 

66 

-511 

- 5*60 

82 

- 11*37 

— 1 1*19 

77 

-512 

- 5*59 

83 

-11*57 

— 12*67 

49 

- 5-^9 

— 6-70 

63 

— n*8o 

— 1308 

49 * 

- 5*44 

- 6*35 

73 

— n*8o 

— 13*16 

43 

-5 64 

- 7*30 

53 

— 1 1*96 

-13*25 

43 

- 5*74 

— 6-19 

86 

— 12*02 

— 13*26 

42 

- 5*74 

— 6-19 

87 

— 12*16 

-13*07 

51 

-5*76 

— 6-19 

84 

— 12*26 

- 13*43 

44 

-5*82 

— 6-17 

84 

- 12*37 

- 13*44 

45 *. 42 

-5*85 

— 6-27 

83* 

- 12*39 

- 13*75 

42 

5*88 

“ 9 03 

21 

-12*65 

— 14*12 

31 

-5*92 

- 7*92 

42 

-12*68 

-13*98 

37 

— 6*09 

— 9*22 

22 

— 12*68 

— 14*23 

22 

— 6*21 

- 6-6i 

82 

— 12*84 

- 14*40 

29 

- 6*34 

- 9*47 

23 

-13*63 

-13*78 

67 

- 6*45 

— 8*64 

39 

- 13*79 

- 13*99 

69 

-6-51 

- 9*33 

26 j 

- 13*99 

- 14*57 

6o*, 56 

- 6*54 

- 813 

52 ! 

- * 4*45 

- 15*75 

30 

- 6*59 

— 838 

46 i 

- *4*56 

- 15*90 

28 

- 6-74 

- 9*27 

31 

— 14*68 

- 15*87 

31 

— 6*84 

- 9*42 

29 

-15*67 

- 16*43 

43 

— 6 -gi 

- 9*74 

20 

- 16*05 

- 16*74 

50 

— 7-20 

- 9 32 

42 

— 16*06 

-16*97 

38. 48* 

-724 

- 7*40 

86 

— i6*io 

— 17*04 

44 

— 7-26 

— 7*66 

82 

— 16*28 

- 17*30 

27 

-7*38 

- 7*70 

81 

— 16*29 

- 1705 

42, 42* 

- 7*44 

- 7*59 

87 

— 16*63 

— 17*82 

27 

- 7*51 

- 7 64 

91 

— i6*66 

-17*53 

41, 48*5* 

- 7*52 

- 7-63, 

87 

-16*75 

- 17*51 

45 * 

— 8*10 

— 9-81 

46 

— 16*76 

- 17*93 

28 

— 8*22 

— 982 


- 17*03 

- 17*70 

51* 

— 8-41 

- 8 52 

86 

- 17*36 

- 1818 

47 * 

— 8*58 

- 8-66 

87 

-17*72 

— 18*72 

34 

- 8-73 

- 8*94 

78 

— 17*82 

— 18*22 

61 

-8-88 

- 11*33 

22 

-17*92 

— 19*01 

32 

— 8*92 

— 10*12 

51 i 

— 18*22 

— 18*80 

45 


These relative humidities were obtained by the gravimetric method. 
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e is the vapour pressure at the dew point, 6 is the dry-bulb temperature, P the 
barometric pressure, and Bq is the psychrometric constant. There is evidence that 
above 0° C. the “constant” Bq is a linear function of the wet-bulb temperature. 

A preliminary examination of the data obtained in the present investigation 
showed that BqP is not a simple function of the above variables at low temperatures. 
Indeed it is evident that below 0° C. Bo cannot be either constant or a function of 
wet-bulb temperature only, since with ice-covered bulbs it is possible to have 
0 = 0' without e = e' since the saturation vapour pressure over ice is not the same as 
that over an undercooled water surface. When 0 = 0' and e = e', Bq is infinite. This 
fact by itself would suggest that Bq might be a function of {0 — 0'), the wet-bulb 
depression, which took indefinitely large values as {0 — 0') approached zero. The 
observations do show that Bq increases rapidly as the wet-bulb depression tends to 
zero, but it is not a simple function of the latter, since at a fixed depression it is 
found that there is a considerable range of values of Bq. Consequently if Bq is 
introduced into the theory at all, it must be taken as depending on two quantities, 
wet-bulb depression and dry-bulb temperature. Since two independent variables 
must be taken into account for the formula it seems simpler to deal directly with the 
relative humidities than to introduce the parameter Bq. 

No attempt was therefore made to deduce an equation, and the observations 
were smoothed graphically. As a first step, the relative humidities were plotted 
against wet-bulb depression, a separate curve being drawn for each 1° range of 
dry bulbs. These curves were for the most part spaced about 4 per cent of relative 
humidity from each other, and the extreme separation was only 7 per cent. 

With the aid of this preliminary chart, a correction was applied to each obser- 
vation so that it gave the relative humidity corresponding to the observed depression, 
at the nearest integral dry-bulb temperature. Thus, the first observation in table 2, 
which gives the relative humidity corresponding to a dry bulb of —2-23'^ C. and a 
depression of 3-51*^ C. was corrected to give the relative humidity at a dry-bulb 
temperature of — 2-o®C. and a depression of — 3-5i'^C. Similarly the second 
entry of the table was corrected to a dry bulb of — 2*0'^ C. and the third to — 3*0'^ C. 
In no case did the correction exceed 3 per cent relative humidity, and it is probable 
that any error it introduced would always be less than i per cfent. 

The corrected results were again plotted against wet-bulb depression, and 
smoothed values read off at round values (o-o°, 0*2°, 0-4"^ ... 4*0° C.) of the de- 
pression,. to give a. table (not reproduced) which we call table A. 

At this stage it is known that the results for any dry bulb vary regularly with 
depression, and represent the observations which were taken at about that dry-bulb 
reading. Individual curves could, however, lie slightly low or slightly high as 
compared with the others, on account of experimental error, and it is therefore 
necessary to plot the results against dry-bulb temperature, in this case using one 
curve for each fixed depression. Smooth curves were drawn through these points, 
and values again read off at the integral dry-bulb temperatures, and for depressions 
of 0°, 0*2° ... 4-0^^ C. to give table B. This process disturbs the smoothness of the 
curves of humidity against wet-bulb depression, and these were therefore re-drawn 
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from the last table. However, it is important that in this final smoothing of the 
results from table B, the final curves should not depart more than can be avoided 
from those of table A, which represents the observations more directly. Con- 
sequently the results of table A were also plotted on the same sheet, and used as 
a guide in drawing the lines to represent the points. The net result is to obtain a 
able in which the relative humidity varies smoothly when considered either as a 
function of wet-bulb depression or of dry-bulb temperature. The final results are 
shown in table 3. The fidelity with which this table represents the observations is 
shown in figure 3. To prepare this, the humidity corresponding to the observed wet- 
and dry-bulb temperature was obtained from table 3 for each experiment individually, 
and is plotted against the humidity observed by the dew-point or gravimetric 
method in the experiment concerned. 



Figure 3. Comparison of tabular values with observed values. 

From this it will be seen that in general the values read from the table are 
within about 4 per cent of the observed values ; closer agreement cannot be expected, 
since the experimental error in an individual experiment is probably of this order 
of magnitude (as may be noted, for example, by comparing the fourth, sixth and 
seventh entries in table 2). Further evidence that the errors are distributed at 
random is provided by figure 4, which shows the frequency distribution of the 
various errors. 

Nevertheless, it is desirable to ensure that no part of the dis'crepancies is due 
to the table running consistently high in one area and low in another. (Figure 3 
shows that if such areas exist, they occur in pairs which balance in this way, since 
otherwise there would be a preponderance of points either above or below the line.) 
To this end the errors (i.e. the differences between humidities observed and those 
read from table 3) were grouped into a table of double entry, with dry-bulb and 
wet-bulb temperatures as variables. The purely random errors in such a table tend 
to obscure the general trend, so that ranges of one or two degrees in the temperatures 



Table 3 
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were marked off, dividing the table into rectangles, each of which contained from 
two to six entries. The mean of the errors in each rectangle is given in table 4 
below. 

This table shows no serious preponderance of large errors in any area, and 
therefore confirms the fact that table 3 represents the observations throughout the 



Figure 4. Distribution of deviations. 


Table 4. Mean deviations of observed humidities (per cent) from the tabular 
values at various wet- and dry-bulb temperatures 


Wet-bulb 
temperature 
C’C. below 

0“ C.) 

2-3 

3-5 

Dry-bulb temperature (° 

5-7 7-9 9 - 1 1 

C. below 0° C.) 

11-13 13-15 

15-17 17-19 

5 to 6 

1-7 

— 

0-7 

— 




6 to 7 

— 

00 

i-i 

— — 

— 



7 to 8 

— 

“ 0-5 

— 1*0 

1*0 — 





8 to 9 

— 


-07 

0-3 ~ 

— 



9 to 10 1 

— 

— 

— 0*6 

20 — 

— 



10 to 12 

— 

— 

— 

— 2*0 — I-O 

~6o — 



12 to 14 

— 

— 

— 

—I-O 

“ii 20 



14 to 16 

— 

— 

— 



— 17 —0*6 



16 to 18 

— 

— 

— 




i-i* — 

18 to 20 

— 



— 



~ — 

— 4-2 


Including one observation at a dry-bulb temperature of 17-03° C. 


whole region which it covers. In this connexion, it may be noted that the mean 
deviation between humidities in our experiments and those read from the table is 
0-35 when sign is taken into account, and is 2-5 when the absolute magnitude alone 
is considered. It is of interest to compare the results given by this table with those 
from tables published previously. Only three of these are known to us, the Assmann 
tables<‘>, Marvin’s Psychrometric Tables < 3 ) and those of the Meteorological Office 



“An investigation of the wet-and-dry-bulb hygrometer at low temperatures”, 
by J. H. Awbery, B.A., B.Sc., F.Inst.P., and Ezer Griffiths, D.Sc., F.Inst.P., F.R.S., 
Proc. Phys. Soc. 47 , 699 (1935). 


For table 5 substitute the follomng 


— 

Wet-bulb 

Dry-bulb temperature C G.) 

depression 





1 



rc.) 



-4 

-8 i - 
j 

1 

-16 

- 18 

0 

Meteorological Office 

100 

96 

92 

89 t 

— 

- 1 


Marvin 

100 

96 

92 

89 

86 

84 

1 Assmann 

100 

97 

93 1 

89 j 

86 

84 


Present paper i 

100 

97 

89 ' 

75 

66 

62 

10 

Meteorological Office 

81 

73 

63 

53 

38 

— 


Marvin ! 

81 

74 

65 

54 

41 

32 


Assmann 

81 

74 

b 5 

55 

41 

3^ 


Present paper 

80 

74 

62 

49 

37 

33 

20 

Meteorological Office 

61 

1 

35 

15 


1 


Marvin 

63 

52 

38 , 

21 




Assmann 

63 

52 1 

38 j 

21 ' 




Present paper 

62 


36 

_i 



3*0 

Meteorological Office ! 

43 

27 f 

— 1 





Marvin 1 

45 

31 

12 1 





Assmann 

46 

31 ! 

— 1 





Present paper | 

44 

32 ; 

16 1 




4-0 

Meteorological Office 

25 



i '' 

j 





Marvin 1 

28 

1 1 






Assmann | 

28 

— 

1 





Present paper 

31 

17 ! 
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In Marvin’s, the basis for the calculation of the tables is stated to be the usual 
psychrometric formula quoted above, with Bq taken as a linear function of the wet- 
bulb temperature, a condition which cannot be quite true when the wet bulb is 
ice-covered. The tables use a different definition of humidity from the one adopted 
here, since they take saturation to refer to the condition of equilibrium with ice 
instead of with water. In the comparison below, the relative humidities extracted 
from Marvin’s tables have been converted into relative humidities relative to 
saturation with liquid water. 


Table 5. Relative humidity (per cent) from present psychrometric table, 
and from those of previous tables 


Wet-bulb 

Dry-bulb temperature (" C.) 

depression 








(°c.) 


o 

-4 

-8 

— 12 

-16 

-18 

0 

Meteorological Office 

lOO 

96 

92 

89 


— 


Present paper 

— 


— 

— 

— 

— 


Marvin 

lUO 

97 

93 

91 

89 

86 


Assmann 

lOO 

97 

89 


75 

66 

10 

Meteorological Office 

8i 

73 

63 

53 

38 

— 


Marvin 

8i 

74 

65 

54 

41 

32 


Assmann 

8i 

74 

65 

55 

41 

32 


Present paper 

8o 

74 

62 

49 

37 

33 

2*0 

Meteorological Office 

6i 

50 

35 

15 




Marvin 

63 

52 

38 

21 

1 1 



Assmann 

i ^3 

52 

38 

21 

[ 



Present paper 

1 62 

53 

36 

24 i 



30 

Meteorological Office 

43 

27 

— 

i 

1 



Marvin 

45 

31 

12 


! 



Assmann j 

46 

31 






Present paper 1 

44 

32 

16 

i 

1 


40 

Meteorological Office 

25 

— 

— 

1 




Marvin 

28 

20 

10 

i 

1 




Assmann 

28 

— 

— 

1 

1 



Present paper 

31 

24 

17 



i 


The only region in which any serious difference occurs is at low dry-bulb 
temperatures combined with small wet-bulb depressions. An examination of our 
experimental results in this region shows definitely a better fit for our table than 
for that of Assmann, as shown in table 6. 

The distinctly smaller sum of the errors without regard to sign shows that 
table 3 represents our own observations much more closely than does the Assmann 
table ; moreover, the sum of the errors when sign is taken into account confirms this, 
and shows clearly that relative to our observations, the values given in the Assmann 
tables are much too high in this region (about 6*4 per cent on the average). Indeed, 
since 21 of the errors are positive and only 3 negative, in the case of the Assmann 
tables, it is clear without any numerical examination that these tables give results 
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Table 6 


Dry 

bulb 

Wet 

bulb 

Depression 

Relative humidity 

Errors 

Assmann 

tables 

Present 

tables 

Observed 

Assmann 

tables 

Present 

tables 

- 8-58 

- 8*66 

o*o8 

90 


87 

3 

- 2 

- 873 

- 8-94 

0*21 

87 

81 

78 

9 

3 

- 10*70 

-11*94 

1*24 

51 

47 

51 

0 

- 4 

— io*8o 

- 10*90 

0*10 

87 

77 

77 

10 

0 

- 10*93 

— 10*88 

— 005 

94 

81 

86 

8 

- 5 

— 1 1 *oa 

- 11*33 

0*31 

80 

72 

66 

14 

6 

- 11-37 

— 11*19 

— 0*18 

96 

83 

77 

19 

6 

- 11-57 

— 12*67 

1*10 

53 

47 

49 

4 

~ 2 

— 12*16 

-13*07 

0*91 

57 

50 

51 

6 

— I 

- 12-37 

- 13-44 

1*07 

50 

46 

44 

6 

2 

-13-63 

-13-78 

0*15 

82 

67 

67 

15 

0 

-13-79 

-13*99 

0*20 

80 

65 

69 

II 

- 4 

- 13*99 

- 14*57 

0*58 

65 

54 

58 

7 

- 4 

— 14*68 

-15*87 

1*19 

38 

35 

31 

7 

4 

-15*67 

- i 6*43 

0*76 

52 

45 

43 

9 

2 

- 16*05 

-16*74 

0*69 

54 

46 

50 

4 

- 4 

— 16*06 

- 16*97 

0*91 

43 1 

40 

43 

0 

- 3 

~ i6*io 

- 17*04 

0*94 

43 

39 

44 

— I 

- 5 

— 16*28 

-17*30 

1*02 

40 1 

36 

27 

13 

9 

-- 16*29 

- 17*05 

0*76 

51 

43 

42 

9 

I 

— 16*66 

- 17*53 

0*87 

44 

39 

45 

— I 

— 6 

-i 6*75 

-17*51 

0*76 

50 

42 

45 

5 

- 3 

- 17*03 

-17*70 

0*67 

53 

44 

51 

2 1 

- 7 

-17*36 

-18*18 

0*82 

44 

39 

47 

”3 

- 8 

- 17*82 

— 18*22 

0*40 

64 

51 

61 

3 

— 10 

— 18*22 

-18*80 ; 

0*58 

52 

44 

45 

7 

— I 




Totals without regard to sign 

176 

102 




Totals regard being had to sign 

166 

-36 


higher than the experimental values. In our case the negative errors are more 
numerous, but only in the proportion i6 to 8. 

Table 7. Values of 


Wet bulb 
depression 

rc.) 

Dry-bulb temperature C C.) 

0 

-3 

-6 

-9 

— 12 

-15 

-18 

Mean 

0 

0*5 

0*53 

0*46 

0*54 

0*75 

0*86 

0*84 

0-73 

0*53 

1*0 

0*55 

0*49 

0*53 

o*6o 

0*60 

0*56 

- 0*48 

0*54 

1*5 

0*54 

0*48 

0*52 

0*54 

0*51 

0*46 

0*42 

0*50 

2*0 

0*53 

0*48 

0*51 

0*50 

0*46 

— 

— 

0*50 

2*5 

0*52 

0*48 

0*49 

0*47 

— 

— 

— 

0*49 

3*0 

0*52 

0*47 

0*47 

— 

— 

— 

— 

0*49 

3*5 

0*50 

0*46 

0*45 

— 

— 

— 

— 

0*47 

4*0 

0*47 

0*44 

— 

— 

— 

— 

— 

0*46 


If now we accept table 3 as giving the relative humidities corresponding to 
various wet- and dry-bulb readings, it may be used to examine the question as to 
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how Bo in the psychrometric formula varies with these temperatures. This is shown 
in table 7 below, where BqP is tabulated, Bq being the psychrometric “constant” 
and P the barometric pressure. 

It will be seen that the constant tends to fall as the depression increases; as 
pointed out earlier, this must be so, since the constant becomes infinite at zero 
depression. Superposed on this variation, however, there is a considerable de- 
pendence on the dry-bulb temperature. It appears that in any horizontal line of the 
table, BqP passes through a minimum and a maximum, the actual positions of which 
vary with the depression. 

It is thus clear that the theory of the psychrometer which is found to be satis- 
factory when the wet bulb is covered with water, cannot be extended into the region 
where it is ice-covered. 
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DISCUSSION 

Prof. W. Wilson remarked that “relative humidity” is best regarded as the 
quantity of water per unit volume when the unit is the saturation or equilibrium 
quantity. Below 0° C. there are two equilibrium quantities, namely those corre- 
sponding to the solid and liquid states, and to avoid ambiguity one or the other 
might be adopted. He suggested that “equilibrium pressure ” is a better term than 
“saturation pressure.” 

Prof. Allan Ferguson asked whether the method previously described by the 
authors, in which the refractive index of glycerine is taken as a measure of humidity, 
would be applicable to the range of temperatures dealt with in the paper? 

Dr Bruce Chalmers asked whether the wet bulb is always iced below 0° C. or 
whether it is wetted with supercooled water. If both bulbs were dry it would be 
better to speak of an “evaporation hygrometer”. 
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Authors* reply. The authors agree with Prof. Wilson that the two standards 
can in fact exist below o° C. Nevertheless, to avoid unnecessary duplication of 
tables it seems preferable for one form of standard to be adopted universally if 
possible. 

In reply to Prof. Ferguson : the hygrometer to which he refers could doubtless 
be employed at temperatures which were not low enough to freeze the glycerine 
solution, although it might prove much less convenient in practice than the wet-and- 
dry-hulb instrument. 

As regards Dr Chalmerses questions: care was always taken to see that the 
water had frozen. Experiments in which the bulb was coated with supercooled 
water showed that the formula applicable above o° C. was still valid. 

It would be difficult at this stage to introduce a name such as “evaporation 
hygrometer** or “sublimation hygrometer*’ since the name “ wet-and-dry-bulb ** 
had been in use now for over a hundred years. 
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ABSTRACT. The vortices produced by sound in jets of air are examined by stroboscopic 
cinematography, and their velocity, growth, and angular velocity are determined. It is 
found possible to explain the salient characteristics exhibited by sensitive jets and the 
mechanism of their sensitivity. The physical processes underlying the instability of gaseous 
jets in general are discussed also. 


PART I. THE VORTEX MOTION IN GASEOUS JETS 
§1. INTRODUCTION 

I N a former paper on sensitive flames^*^ it was suggested that the sinuosities 
observed in a stream of air when sound waves impinged upon it were due to 
incipient vortices travelling alternately up the opposite sides. A few obser- 
vations with a stream of air issuing from a slit sufficed to show that this was the 
casc^^\ The object of the present paper is to examine the character of this vortex 
motion and to see what light it throws on the peculiar properties exhibited by 
sensitive jets. It is important, however, to note that although it is necessary, in 
order to be able to observe and photograph the vortices clearly, to use a column of 
air issuing from a slit whose width is small compared With its length, the resulting 
vortex-formation is not identical with that found in a jet of circular cross-section. 
In the first case the vortices are cylindrical and have their axes parallel to the longest 
length of the slit : as they grow in size they occupy the whole of the triangular space 
into which streams of this kind spread, figure i, plate i. In the case of the jet of 
circular cross-section the axes of the vortices are more or less semicircular and 
these vortices may interact, in favourable circumstances, in such a way as to cause 
the stream to bifurcate, one vortex being thrown to the right and the next to the 
left and so on, figure 2, plate i. The experiments described in this paper were all 
made with jets in the form of a slit. 

§2. EXPERIMENTAL METHOD 

A large part of the apparatus used in the former investigation and described 
in reference (i) remained unaltered in the experiments which follow. The hetero- 
dyne oscillator and amplifier built to give a constant energy output of about half a 
watt, and the Rice-Kellogg moving-coil speaker were the same. So also were the 
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pump, the large tank into which the air was discharged, and the arrangement 
for producing cigarette smoke. Before the air from the large tank was led through 
the cigarette it passed through a gas-meter, so that by means of its readings and 
those of a stop-watch the volume of air passing per second could be calculated. 
The gas-meter had a thermometer attached to it, and was connected to a pressure- 
gauge consisting of a mercury U-tube. The dial read up to 50 litres and each litre 
division was divided into ten parts : the pointer moved uniformly over the scale for 
the velocities required. 

After passing through the cigarette the air entered an empty washing-bottle 
and then a long glass tube containing calcium chloride. The air was not forced to 
pass between the pieces of calcium chloride as this caused a variable resistance to 
its flow, but was allowed to flow over the top for a distance of about 50 cm. This 
reduced its moisture content and prevented a deposit on the jet of a sticky nicotine 
slime. The drying tube was connected to a wooden box 23 x 43 x 18 cm. which 
stood on the table facing the loud-speaker and 60 cm. distant from it. In the top 
of the box a brass plate was fixed containing a variable slit of length 2*36 cm. and 
depth I cm. : the width could be altered from zero up to 4 mm. and the value read 
off on a scale on the adjusting screw. A cardboard funnel was waxed on to the 
lower surface of the brass plate and hung downwards to a depth of 5 cm. inside the 
box. This helped to produce a more uniform flow. All joins and screw holes in the 
box were filled with soft wax and then coated with shellac to prevent leakage. The 
storage space for the cigarette smoke afforded by the box, drying tube, and washing 
bottle is a most important feature of the apparatus because it allows of the cigarette 
(6 inches long) being burnt nearly completely before any smoke appears at the jet. 
The screw clip controlling the flow of air through the cigarette is then closed and 
another clip controlling the by-pass tube is opened until the velocity is that desired. 
In this way the burning cigarette with its variable resistance to air flow is removed 
from the circuit before observation and measurement commence. 

From a knowledge of the area of cross-section of the jet and the volume of air 
passing per second, the mean value of the velocity can be calculated. Allowance 
is made for the difference in pressure between the gas-meter and the box. The 
pressure-drop between the box and the outside air is always very small for the 
velocities observed and never exceeds 2 mm. of mercury. In order to keep the 
pressure constant in the large tank a tap attached to it was turned so as to allow a 
small leakage of air: by adjusting the speed of the pump, a balance between its 
supply and the leakage could be obtained such as to produce a pressure of a few 
centimetres of mercury in the gas-meter which remained constant over periods of 
several minutes during which photographs were taken. Care was, of course, taken 
to see that the escaping air did not produce draughts which could affect the jet nor 
sound of a frequency to which the jet was sensitive. The temperature of the air 
issuing from the slit never exceeded that of the air in the gas-meter by more than 
2° C. The volume correction was therefore less than i per cent and could be 
neglected. 

Owing to the fact that the jets examined are sensitive only to notes of low 
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frequency and consequently of large wave-length, it was possible to surround the 
jet with cardboard screens, to prevent disturbance from draughts, without ex- 
periencing any trouble from reflection or diflFraction. This was a very great advantage 
for jets of air of velocity from 100 to 200 cm./sec. are extremely susceptible to 
disturbance. A thick curtain of felt formed the background at a distance of 6 ft. 
from the speaker. 

The optical system is shown diagrammatically in figure 3. Light beams from 
two Leitz arc lamps A and B pass through cylindrical lenses C and Z), through 
slits in the stroboscopic disc E and through two more cylindrical lenses, and 
combine to illuminate the slit S, After passing this slit the two beams separate 
again, leaving a dark space in which the cinematograph camera G is placed. In this 
way direct light is excluded and only light which has been scattered at a small angle 
by the smoke enters the lens. The dull black screen F provides a dark background 
and prevents the entry of stray light. 






A 

B 




Figure 3. 

The stroboscope consists of an aluminium disc of diameter 12 in.* in which 
twelve radial slits 2 in. long are cut. The ratio of the Width of the slits to the space 
between them, always an important matter where sharpness of definition is required, 
is I : 8. The disc is supported by an axle on ball bearings and driven by friction 
by a fibre wheel W fixed to the axle of a constant speed moto;* //. The fibre wheel 
bears on sheet rubber stuck on to the back of the disc, and is constructed in such a 
manner that its distance from the axle of the disc can be varied. Thus the rate of 
revolution of the disc may be altered and stroboscopic frequencies of 84-250 per sec. 
attained. The design was suggested by Prof. E. N. da C. Andrade; it has been 
used by J. W. Lewis and works very satisfactorily. The position of the fibre 
wheel can be read off on a vernier and these readings can be calibrated in terms of 
the stroboscopic frequency by the use of a revolution-counter and stop-watch. 
The constant-speed motor H is controlled by an electrically maintained tuning 
fork of frequency 50 c./sec., and this is kept as far as possible from the jet and covered 
over to prevent the sound from affecting it. 

The cinematograph camera was fitted with a Dallmeyer //z-q Pentac lens and 
the holder allowed of the lens being pulled out sufficiently far for an object at a 
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distance of i ft. to be in focus on the film. The fastest panchromatic (Eastman 
super-sensitive) film was used. The procedure in obtaining a series of photographs 
was as follows: the stroboscope was run at such a speed as to cause the vortex 
motion in the jet to appear nearly stationary; the stop-watch was started as the 
pointer of the gas-meter passed one of the litre marks on the scale and then the 
handle of the camera was turned slowly so that from thirty to fifty photographs 
were taken ; finally the stop-watch was stopped at the next convenient coincidence 
of the pointer with a litre mark. In this way a large number of photographs of the 
periodic motion in its various phases at a known velocity of the stream were 
obtained. All the photography was done at night so that external disturbance was 
reduced to a minimum. 

The examination of the films was carried out by means of a Leitz projector 
which was examined for distortion, and this was found to be negligible. The 
estimation of the distance between the centres of successive vortices is a matter 
of some skill and cannot be done with any great measure of certainty : consequently 
a large number of measurements were made whenever possible and the mean was 
taken. In view of these inherent difficulties, an accuracy of more than 5 per cent 
is not claimed for any of the numerical results given in this paper. 

§3. DESCRIPTION OF CHARACTERISTIC PHENOMENA 
OBSERVED IN SENSITIVE JETS 

Before describing the phenomena observed in jets of air rendered visible with 
cigarette smoke, it will be useful to recall briefly the characteristic behaviour 
exhibited by jets of ignited coal-gas which is fully described in the paper first 
referred to. With streams of illuminated gas which have a definite upper boundary 
the easiest method of obtaining a measure of the effect of sound upon them is to 
measure the height of this boundary above the jet as the frequency is increased 
from zero. If a graph is plotted of flame-height against frequency it is found to 
consist of a large number of maxima and minima within a range of frequency 
whose magnitude varies according to the jet used. Provided, however, that the 
frequency ranges of different jets have some portion in common, it is always found 
that the maxima and minima occur at identical frequencies for every jet. The most 
marked ducking (i.e. minimum of height) occurs for notes of pitch 5850, 4600, 3300, 
and 2400. The frequencies at which the jets were least disturbed (i.e. attained a 
maximum height) were 12,250, 10,850, 5300, 3500-3600, 2800 and 2200 c./sec. 
These frequencies are independent of the shape of the jet* the size of the jet ^ the velocity 
of the stream^ the amplitude of the sound, and the nature of the reservoir or tubing 
supplying the jet with gas. Such frequencies as could be observed with hydrogen 
flames agreed with those given above. 

When we pass from streams of ignited gas to streams of unignited gas and 
streams of air in air, the range of frequencies to which they are sensitive becomes 
very much lower in pitch. This is to be expected from considerations of dynamical 

* A slight difference is found in the case of slits in which the length is large compared with the 
breadth. Cf. infra. 



Vortex motion in gaseous jets and origin of their sensitivity to sound 707 


similarity together with the fact that the higher the velocity of the jet the higher 
the frequencies to which it is sensitive. For if we neglect all forces except those 
of inertia and friction, we have, by Osborne Reynolds’s law of similarity, that 


1 


(i)» 


where V is the velocity, a a linear dimension, in this case the radius, p the density, 
and rj the viscosity. R is Reynolds’s number which is dimensionless. Thus if the 
fluid is changed, this formula shows that if the kinematic viscosity rjjp is increased, 
the velocity, and therefore the frequency range of sensitivity, is increased also. 
Therefore unlit coal gas responds to slightly higher frequencies than air, and 
ignited coal gas to very much higher notes still, since viscosity increases and density 
decreases with temperature. 

From the observational point of view the chief difference of behaviour ex- 
hibited by a smoke stream is that the stream has no sharp upper boundary : all that 
can be seen when the frequency is slowly increased from zero is that the column 
widens out in a fan-like manner from a certain point above the jet, and that in 
correspondence with the maxima and minima of height of ignited gas jets the fan 
closes and opens. When it closes the apex of the fan moves further from the orifice : 
when it opens the apex moves nearer to the orifice. The angle of the fan varies in 
different circumstances between a minimum of a few degrees and a maximum of 
nearly 90°, but if the velocity of the stream and the amplitude of the sound are 
kept constant the variation in angle of the fan with frequency is never more than 
about 20?. Consequently the variation with frequency is far less spectacular than 
m the case of ignited coal gas, where the height may change suddenly by as much as 
20 cm. It is clear that it will be most convenient to describe the effect of sounds of 
different frequencies in terms of the amount of widening of the stream produced : 
consequently when a given frequency produces a greater widening than frequencies 
just above or below it, this state of the stream wilF be called a maximum^ and 
similarly a frequency producing less widening than those just above or below, will 
be said to produce a minimum. These terms therefore stand for increased or 
diminished disturbance of the stream, which correspond, ^s will be shown, to 
increased or diminished vortex-growth. It is important to notice that these terms 
have exactly opposite meanings to those which they had in the former papers 
mentioned, where a maximum stood for an increased height of the flame (which 
corresponds to minimum disturbance) and a minimum represented a diminished 
height of flame (corresponding to a maximum disturbance). 

It is found that throughout the range of frequencies within which the air streams 
examined were sensitive there is always some vortex development, and as the 
frequency alters this is constantly changing; that is to say, there are in reality a 
large number of maxima and minima. It is of interest to see whether the frequencies 
for a circular jet are exactly the same as those for a slit, and to determine this a slit 
and a glass tube were set up close to one another, so that their behaviour could 
readily be observed as the frequency was changed. It was found that their maxima 
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and minima coincided in almost every case, and only one frequency was found 
which represented a maximum in one case and a minimum in the other. iThe 
relative effect, however, differed considerably, and consequently in table i, which 
gives only well-marked maxima and minima, the frequencies in one column do not 
always coincide with those in the other. 


Table i. Frequencies (c./sec.) for jets of air in air 


Slit 

Circular orifice 

1 Maxima 

Minima 

Maxima 

Minima 

76 

— 

84 

— 

94*3 

— 

— 

— 

97-6 

— 

— 

— 

126 


126 

112 

130 

133-5 

— 

— 

138 

136 

14s 

— 

163 

— 

— 

— 

175 

— 

175 

— 

190 

— 

190 

— 

210 

— 

215 

290 

346 

384 

310 

390 

373 

390 

1 

— 

455 

— 

455 

420 

510 

— 

— 

475 

660 

— 

660 

! 510 


The general characteristics of the vortex motion can be seen by examining 
figure I, plate i, which corresponds to a slit- width of i mm. The stream remains 
straight-sided in the shape of a wedge of very small angle up to a certain height 
above the orifice, and then a bulbous disturbance appears first on one side and 
then on the other. This travels upwards and very soon shows that it is an incipient 
vortex by forming a hook-like portion which spreads downwards towards the 
orifice and then curls round inwards and continues in a nearly circular path, the 
gradual expansion of the outer portions making this circular motion possible. As 
the vortices travel up the stream their shape becomes markedly triangular and then 
finally quadrangular. These quadrangular vortices have unequal sides and angles 
and pack together in such a way as to produce the familiar wedge-shaped spreading. 
It will be noticed, further, that above a certain height (marked A and A' in figure i) 
the vortices no longer entrain outside air, the boundary being a closed surface 
from this height upwards. It is at this point also that the rate of rotation in the 
vortex slows down and becomes, as far as one can observe, ultimately zero. The 
entrainment of outside air can be shown very strikingly by having the stream 
invisible and allowing cigarette smoke to approach it at various heights. If the 
cigarette smoke is admitted into the stream anywhere above A and A' it streams 
away upwards and there is no sign of circulation. To get smoke into the region 
marked B the smoke must be admitted below AA\ and to fill it completely must 
be entrained close to the orifice. 

The above description holds in the case of streams varying in width from 
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0*14 mm. up to 4 mm., which was the range investigated, but at both limits the 
motion becomes difficult to observe. For narrow jets the velocity has to be high 
and the vortices consist of very tenuous filaments, while in wide jets the velocity 
is low and the vortices are very thick and diffuse; compare figure 4C, plate i. A 
width of about i mm. represents an optimum value, and this was used whenever 
possible throughout this research. The distance between the centres of successive 
undulations or vortices on the same side of the stream will in what follows be 
referred to as the wave-length A of the vortex motion : it is the distance moved by 
a vortex in a time corresponding to the period of the sound waves affecting the jet. 
This distance varies slightly from vortex to vortex and tends to increase with 
increasing height above the orifice. To estimate it is easy when the vortex develop- 
ment is small, but becomes more and more difficult when the development is 
great, as can readily be seen by examining figure 5 (A-C), plate 2. In every case as 
many measurements were made as the number and distinctness of the film photo- 
graphs allowed. 

The variation of wave-length with velocity of the stream and with frequency 
of the sound and the question of the angular velocity of the vortices and their rate 
of growth and other characteristics will be dealt with under separate headings. It 
will be convenient however to consider under the two first hoardings some results 
which do not depend on stroboscopic cinematography. 

§4. VELOCITY FOR TURBULENCE 

It is well known that streams of fluid are only markedly sensitive to the vibrations 
of sound when at, or very near, the point of breaking down into turbulent flow, 
although after this point is passed, it is still possible to ‘force’ a periodic vortex 
formation on the otherwise completely irregular turbulence and periodic dis- 
turbance can also be produced at very much lower velocities, as will be seen later. 
A graph in which the velocity for turbulence is plotted against the slit-width is 
given in figure 6. The stream was taken to be on the point of turbulence when a 
flickering appearance first became visible as the velocity was increased. The 
flickering appearance is due to irregular vortices travelling rapidly up the column. 
The Reynolds lower critical velocity for turbulence in tubes of diameters equal to 
the widths of the slit is also shown. 

The graph shows very clearly that the phenomenon of acoustical sensitivity in 
jets is not connected with turbulence already existing in the stream when it issues 
from the orifice, since the velocity for sensitivity is far below that for turbulence in 
the orifice itself. Its non-hyperbolic form is also noticeable. In what follows 
the critical velocity will always refer to that for maximum sensitivity to sound : the 
critical velocity for turbulence inside the orifice itself, which is so much higher, will 
be called the Reynolds critical velocity. 
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§5. LIMITING VELOCITIES FOR VORTEX DEVELOPMENT 
AT DIFFERENT FREQUENCIES 

When the velocity of the stream issuing from a jet of given width is increased 
until it becomes sensitive, it is always found that this sensitivity only appears for 
frequencies above a certain minimum value. The curves of minimum frequency 
against velocity for jets of various widths are given in figure 7. It will be observed 
that they are very nearly linear. The points on the graph were obtained by setting 
the condenser of the variable oscillator to 10°, 20°, 30°, etc. and measuring the 
velocity of the stream for the first appearance of vortex development ^ i.e. for the first 
visible trace of increased angular spreading of the column. This is an important 
point, because if we are satisfied with vortex-formation which may disappear 


1800-1 
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Slit -width (mm.) 

O Slit-length 2*36 cm. x Slit-length 4*90 cm. 

Figure 6. Mean velocity for turbulence. 

within a few millimetres from the orifice, then very much lower velocities will 
suffice. For instance, with the aid of the stroboscope, a i-mm. jet will show vortices 
symmetrically placed with respect to the median plane at a velocity of 42 cm./sec., 
but these disappear in a distance of 3 or 4 mm. The velocities given in figure 7, 
therefore, are those sufficient to develop the vortices once they fire formed at the 
orifice, a condition necessary for the stream to exhibit sensitivity which is readily 
visible to the unaided eye. 

It happened that one of the readings to which the condenser was set (126 c./sec.) 
was a very marked maximum and in these cases the minimum velocity is always 
lowered, so that a marked drop in the curves appears at this frequency. Clearly, 
if the condenser-settings had included other marked maxima and minima the 
curves would not be smooth as shown, and these must therefore be regarded as 
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representing average values. It will be noticed that the points for jets of width 
I to 4 mm. lie very close together, but from i mm. downwards the difference 
becomes more and more marked. The effect of the frequency 126 c./sec. on the 
smallest jet of all, 0-14 mm., is also very noticeable. 



Figure 7. Velocity range within which a given frequency produces visible vortex development. 


Attempts to measure the upper limit of the velocity for development of a given 
frequency were largely frustrated by turbulence setting in, but the few obser- 
vations which could be made are recorded in the graph. 

The maximum and minimum distance apart of the vortices cannot, of course, 
be calculated from figure 7 without a knowledge of the vortex velocity relative to 
the mean velocity of the stream at the various frequencies. This is a matter which 
will be referred to later. 
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§6. VARIATION WITH RESPECT TO THE STREAM-VELOCITY OF 
THE RELATIVE VORTEX-VELOCITY 

A number of films were taken of the vortex motion in streams of varying width 
and velocity and for different frequencies. A frequency was chosen to represent 
the general case ; that is, a frequency which did not correspond to a marked maximum 
or minimum. The frequency selected was 97 c./sec., and with the stroboscope 
running at this rate it was possible without alteration to examine also the effect 
due to frequencies double, treble, and four times as great. The results are given 
in table 2, together with others in which the frequency was not a multiple of 
97 c./sec., some of which were minima and others maxima. The consistency of 
the figures obtained show that in considering phenomena exhibited at frequencies 
of 97 c./sec. and octaves thereof we shall be dealing with a perfectly general case. 

The figures are arranged in table 2 so that the first five columns in most cases 
give the results obtained for a constant frequency of 97 c./sec., while the velocity 
of the stream is gradually increased, and the last five columns give the values 
recorded when the frequency is increased. In the latter case the velocity had 
usually to be increased together with the frequency in order to obtain adequate 
development for measurement. Since a slit of width i mm. gives, on the whole, 
the clearest vortex-development of any in the range 4 to J mm., such extra obser- 
vations as were made to test special points were always made with this width, and 
a set of observations which refer only to frequencies that produce maximum dis- 
turbance are included in the last five columns of the i-mm. group. In this table 
A, f/ n denotes the frequency, A the wave-length, U the mean velocity of the stream, 

tt and u the velocity of the vortices, u is obtained from the relation 

nX=u (2). 

The figures are arranged in order of increasing stream-velocity. 

A glance at table 2 shows that if the frequency is kept constant the wave- 
length increases with increasing stream-velocity and so in consequence does the 
vortex- velocity Uy but in such a manner that the relative vortex- velocity decreases. 
This is illustrated photographically in figure 5 of plate 2, which consists of natural- 
size enlargements from a film, and by a graph in figure 8. Figure 5 (A-G) shows 
the successive stages exhibited by the vortex-formation in a stream i mm. wide, 
for sound of frequency 126 c./sec. and constant amplitude, with the mean velocity 
varying from 380 down to 100 cm./sec., which, as can be seen from figure 6, is 
well below the turbulent velocity of approximately 150 cm./sec. Commencing 
with the lowest velocity, it can be seen that near the orifice the vortices are level 
with one another, i.e. are symmetrically disposed with respect to the median plane 
of the stream. This is well shown in the case of wider jets, as in figure 4 (A-C)y 
plate I. As the vortices proceed, one of them is pushed ahead until they become 
disposed alternately, a disposition which they retain until they are findly dispersed. 
This stage can be clearly seen ; the vortex on the right-hand side is being pushed 
ahead, and in consequence its velocity momentarily is rising from 45 to 63 cm./sec. 



Vortex motion in gaseous jets and origin of their sensitivity to sound 713 

Table 2 


Width 

of 

slit 

Re- 

ference 

number 

of 

film 

n 

(c./ 

sec.) 

A 

(cm.) 

U 

(cm./ 

sec.) 

ujU 

Re- 

ference 

number 

of 

film 

n 

(c./ 

sec.) 

A 

(cm.) 

U 

(cm./ 

sec.) 

ulU 

4 mm. 

15A 

97 

0’8o 

856 

091 

16A 

97 

0-88 

144 

0-59 


ISB 

97 

0-86 

962 

087 

16D 

95 

0-93 

150 

0-59 


isC 

97 

0*90 

132 

0*66 

16E 

95 

1-04 

178 

0-56 


ISE 

97 

1*20 

221 

0*53 

16B 

194 

0-67 

189 

0-69 




— 

— 


16C 

291 

0-64 

212 

0-88 

3 mm. 

I2A 

97 

0-62 

74 

o-8i 

— 

— 

— 

— 

— 


I2B 

97 

0-77 

89 

0*84 

13A 

97 

o-8i 

Ill 

0-72 


I2C 

97 

0*84 

130 

0*62 

Tf 3 B 

194 

0-71 

225 

0-61 


I2D 

97 

0*97 

179 

0*53 

13C 

291 

0-60 

249 

0-71 


I2F 

97 

i-io 

221 

0*48 

13D 

388 

0-50 

314 

0-62 

2 mm. 

6A 

97 

0*66 

97 

0*66 

— 

— 

— 

— 

— 


6B 

97 

0*71 

110 

063 

7B 

97 

0-72 

no 

0-64 


6E 

97 

071 

146 

0-47 

7 A 

97 

0-71 

149 

0-46 


6C 

97 

0*98 

205 

0*46 

— 

— 

— 

— 

— 


6D 

97 

I 03 

225 

0*44 

7 E 

194 

0-56 

156 

0-70 


6F 

194 

o*6i 

193 

o*6i 

7 C 

194 

0-59 

195 

0-59 


— 

— 

— 

— 

— 

7D 

194 

0-58 

206 

0-54 


— 

— 

— 

— 

— 

7 F 

291 

0-51 

242 

o-6o 


6G 

388 

0*55 

388 

0*55 

7G 

, 388 

0-51 

350 

0-56 

I mm. 

8A 

97 

0-52 

107 

0-47 

I7B 

94-3 

0*59 

164 

0*34 


8B j 

97 

0*58 

185 

0*30 

I7D 

138 

0-50 

I9I 

0-36 


8C 

97 

0*70 

237 

0*29 

21 D 

130 

0*55 

192 

0*37 


22K 2 

126 

0*32 

90 

0-45 

21 D 1 

133*5 

0*55 

192 

0*37 


22 G 2 

126 

036 

100 

0*45 

I7G 

190 

0*45 

249 

0*34 


22 F 2 

126 

0*54 

125 

0*54 

— 

— 

— 

— 

— 


22E 2 

126 

0*57 

160 

0-45 

I7F 

175 

0-47 

258 

0-32 


22F 3 

126 

063 

200 

0*40 

— 

— 

— 

— 

— 


17C 

126 

0*53 

250 

0*27 

I7H 

210 

0*45 

276 

0*34 


8D 

194 

0-51 

253 

0*39 

I7E 

163-5 

0-51 

283 

0-30 


8E 

291 

0*41 

282 

0*42 

9B 

373 

0-44 

444 

0-37 


8F 

388 

0*46 

374 

0*48 

9 C 

384 

0*44 

430 

0-39 

J mm. 

loA 

97 

0-51 

224 

0*22 

iiA 

97 

0-63 

309 

0'20 


loB 

97 

o-6i 

276 

0*21 

iiB 

194 

0*45 

392 

0-22 


loD 

97 

064 

375 

0*17 

iiC 

291 * 

0-40 

451 

0-25 


loE 

97 

069 

396 

017 

iiD 

388 

0*43 

620 

0-27 


— 

— 

— 

— 

— 

iiE 

485 

0*37 

700 

0-26 

i mm. 

14A 

97 

0*41 

581 

0068 

14D 

97 

0-56 

665 

o-o8i 


14B ' 

97 

0-62 

894 

0-067 

14E 

194 

0*53 

922 

o-ii 


14C 

97 

0-88 

1640 

0-052 

— 

— 

— 

1 

— 


The increased flattening of the vortex produced by this excess velocity relative to 
the air outside is also very marked, and results, as we should expect, in increased 
circulation, so that when this vortex finally settles down in its place it shows greater 
development than the originally stronger ones on the left-hand side. This interesting 
phenomenon holds throughout the whole series of films, and the reason why the 
voftices on the left-hand side are originally the stronger and able to push the 
others ahead is no doubt that the velocity of the stream on this side was very slightly 
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greater than on the other. This was discovered in some unpublished experiments 
on edge tones, in which the edge of a wedge which bisected the stream at the 
orifice no longer did so exactly when raised to a height of several centimetres above 
it. The photographs Fy E and D show the development produced by increasing 
the velocity to no, 160 and 180 cm./sec. respectively. A still further increase 
in velocity produces the appearance shown in C, B and Ay where the sound is able 
to force a periodic motion on the general turbulence. 

If now we examine the graph in figure 8, where the values of uj U for jets of 
widths from 4 to J mm. are plotted against the stream- velocity, we see that ujU 
remains constant or may even rise slightly for low velocities* and then falls, rapidly 
at first in the case of wide jets and more slowly in the case of narrow ones, until for 
higher velocities it tends to become constant again. A comparison of these curves 



Figure 8. 

with the respective films shows that the initial flat portion corresponds to the stage 
in which the vortices are changing from the symmetrical to the alternate position, 
and the velocity is below the critical value. The portion of the curve in which ufU 
drops corresponds to the stage where the vortices are alternate and the development 
is in the stage G to D of figure 5. Finally the later parts of the curves, where the 
value of ujU seems to tend to constancy once more, correspond to what we may 
call the excessive-development stage illustrated by Ay B and C in figure 5, in which 
the velocity is about double that of the critical velocity for turbulence without 
sound. 

It is clear that vortices may travel in streams of air with relative velocities which 
vary within large limits according to the width of the jet, and there is no tendency 

* Figure 8 and table 2 refer to developed vortex-formation, which means that the column of air 
is visibly disturbed when viewed in the normal way. With the aid of stroboscopic illumination, 
however, it is possible to discover, at much lower velocities, vortex-development in the symmetrical 
stage which dies away within a few millimetres of the jet. This is very difficult to observe, and waa 
clearly seen only in the case of the i-mm. slit: ^n estimate of the wave-length A was made and ie 
resulting values of ujU were plotted in figure 8, giving the first two points on the i-mm. curve which 
clearly rises to a maximum just before the alternate stage sets in. 
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to reach a limiting value of half that of the stream as calculated by Rayleigh 
In this calculation, applicable to “sinuous disturbance”, Rayleigh gets ujU to be 
1/(1 + cosh Kb)y where K—zn/X and b is half the width of the slit. This is a curve 
rising from the origin and approaching asymptotically the value If suitable 
values of ujU and Kb are taken from table 2 and plotted on the same graph, the 
curves have only one point in common, where they cut one another, and the limiting 
value of «/ U is 0*7. That these results are not in agreement is hardly surprising in 
view of the non-uniform velocity-distribution in the jet and the large entrainment 
of air by the vortices in the alternate position, a condition not allowed for by 
Rayleigh, who neglected the effects of viscosity. It should be noted, however, in 
this connexion that E. G. Richardson, using a hot-wire method, found good agree- 
ment with Rayleigh^s formula in the case of the vortex formation in edge tones 

Even if the agreement is not satisfactory in the case of vortices in the alternate 
position, it might seem reasonable to suppose that Rayleigh’s calculation for the 
case where the disturbance is symmetrical about the axes of the jet would apply 
to the first stage in which the vortices are opposite one another and there is little or 
no entrainment of air (cf. figure 4 Ay plate i). But in this case Rayleigh finds 
uJU to be 1/(1 +tanh Kb)\ and this is a curve which starts at the value unity and 
falls off, approaching asymptotically the value This is, or course, completely 
contrary to the results obtained, which indicate that the curve starts at or near the 
origin and approaches asymptotically the value unity. 

Another comparison of theoretical results is of interest in the case of the Karman 
vortex-street. In table 3 are given values of djX in cases where dy the distance 
between the rows of vortices, remains constant and is equal to the width of the 
stream. It is clear that there is no evidence of djX tending towards Karman’s value 
0*28. 

Table 3 


Sht- 
width d 
(mm.) 

Film 

1 ^ ■: 

1 (mm.) ; 

diX 

i 

14D i 

5*6 ' 

0*05 

1 

loB 

61 

008 

I 

8B 

5-8 

017 

2 


7*1 ! 

0*27 

3 

12D 

97 

031 

4 

15E 

12*0 

0*33 


The crosses marked in figure 8 correspond to values of «/f/ for a frequency of 
194. The cross on the extreme right is for a i-mm. jet and lies on the curve for 
2-mm. jets. The four remaining crosses are for the 2-mm. jet and one is seen to 
lie on the 4-mm. curve ; the remaining three however indicate that we cannot say 
that the vortex-production in a given jet for a given frequency is dynamically 
similar to that in a jet of half the size and double the frequency, as we might be led 
to suppose if the hyperbolic relation between the size and the velocity assumed in 
equation (i) were true and might deduce from Rayleigh’s formula above. 
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§7. VARIATION OF RELATIVE VORTEX-VELOCITY 
WITH FREQUENCY 

We may now consider how the relative vortex- velocity ujU varies with the 
frequency of the sound when the velocity is kept constant. If we select from 
table 2 values for which the velocity is the same or nearly the same, we find that the 
relation between ujU and n is very nearly linear and since U is constant we may 


write 

B u = An + B where A and B are constants (3), 

(f/= const.) 

And since «A = m we have the further relation 

A=f+^ (4)- 

n 


Figure 9 illustrates these results in the case of velocities in the neighbourhood 
of 230 cm./sec. for jets from i to 4 mm. in width. 


1 - 0 ' 



O' 

90 100 IW 200 230 300 

Frequency {c.lsec.) 

Figure 9. 

§8. VORTEX-GROWTH 

If the critical velocity for turbulence is not exceeded, the boundaries of a stream 
of air are nearly straight and diverge slightly as the distance from the orifice 
increases owing to diffusion and the consequent falling off of the velocity. If, 
however, vortices are produced either by excessive velocity or by sound, these 
vortices grow as they pass up the column and the boundaries are then no longer 
approximately linear but curve outwards in the manner shown in figure 5 (C-G), 
and if these are examined it will be observed that for velocities up to about 
160 cm./sec. the vortices, although they grow, remain attached to one another: 
further increase in velocities causes them to break up, a process which is beginning 
in figure 5 (Z)) and which is very evident in the remaining photographs (Ay B and C) 
where the vortices literally burst and filaments of smoke spread outwards to such 
an extent that in some cases they get entrained by the following vortex. This is well 
shown in figure 5, especially in (A), and occurs most markedly on the right side 
where, as we have seen, the vortex-development is greatest. It is interesting at this 
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point to compare this growth with that which takes place in circular jets (figure 2, 
plate i) where, as has been remarked, the vortices on separating may, in favourable 
circumstances, be flung into two paths inclined at an angle, the intervening space 
being free from smoke. In figure 2 the forking is not quite perfect and filaments 
extending across this space may be discerned. 

The vortex-growth in wide jets follows the same course, with the important 
difference that the development may not reach the stage at which the vortices 
become alternate before the velocity is so high that the resulting general turbulence 
masks any further development (cf. figure 4, plate i). 

In the lower part of figure 5 {a-g)y plate 2, is shown the vortex development 
as the amplitude of the sound of frequency 126 c./sec. is decreased from its full 
value to zero for a i-mm. slit and the velocity is constant at 150 cm./sec. It is 
interesting to notice in comparing photographs in which the angular spread is the 
same, e.g. D and d or E and e in figure 5, that the development begins much further 
from the orifice in the case of the reduced-amplitude series. Consequently, 
although we can obtain a given angular spread by adjusting either the velocity or 
the amplitude of the sound, if we consider the jet as a whole its condition is unique 
and depends on both velocity and amplitude. Another noticeable feature is the 
increase in thickness of the vortex filaments with increase in amplitude of the 
sound. Figure 5^ shows the stream with the loud-speaker shut off: owing to the 
velocity being the critical velocity of 150 cm./sec. there are signs of slight 
vortex-development initiated probably by sound from the rotating stroboscopic 
disc. 

We may now consider in more detail the conditions which control the angular 
spread of the stream when the amplitude of the sound is kept constant at its 
maximum value. A hint in this direction is given by the second group of figures 
for the I -mm. slit given in table 2. All these results refer to cases in which the 
velocity has been adjusted so that the vortex-development is as great as possible 
and at the same time is clearly defined in the upper portions, and it will be seen 
that the value of ujU is practically constant at about 0*35. This indication that the 
stage of vortex-development is dependent on ujU is also borne out by the following 
tables in which values for slits of different widths are compared for three different 
stages : (A) minimum sinuous development, in which the vortices are alternate but 
do not increase in size appreciably, giving to the column a sinuous outline ; (B) small 
angular development of about 20° ; and (C) maximum angular development (about 
60°) in which the vortices break up so that they are no longer clearly defined in the 
upper region. The velocity for this stage is that at which the angular spread first 
reaches 60®. The figures referred to in table 2 indicate that there is a linear relation 
between n and U for constant angular development. 

In attempting to see what effect was caused by the variation in the slit-width, 
it was found that for the widths i mm. to 4 mm. ujUd^ was approximately constant 
and values of this function are given in the table. The widths J and ^ mm. do not 
give values in agreement, and, considering the difference between the i- to 4-mm. 
group and smaller slit-widths already noticed in figure 7, this is perhaps not to be 
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Table 4 


Slit 

(mm.) ... 

i 

i 

I 

2 

3 

4 

A. 

Minimum sinuous development 



Frequency 

97 c./sec. 

Velocity 

A (cm.) 
ulU . 
ulUd^ 

Film 

0*41 

0-07 

0*14 

14A 

224 

0-51 

0-22 

031 

loA 

107 

0-52 

0-47 

0*47 

8A 

97 

0*66 

0*66 

0-47 

6A 

89 

0*77 

0*84 

0*44 

12B 

o*8o 

0*91 

0-46 

15A 

Frequency 
291 c./sec. 

Velocity 

A (cm.) 
u/U 
ti/Ud* 
Film 



— 

282 

0-41 

042 

042 

8E 

242 

0|I 

o-6o 

0-42 

7 F 

249 

o-6o 

071 

0-41 

13C 

212 

0-64 

0-88 

0*44 

16C 

B. Small angular development (20"") 

Frequency 
194 c./sec. 

Velocity 

A (cm.) 

u/U 

u/Ud^ 

Film 

922 

0-53 

o-n 

0*22 

14E 

392 

0*45 

0*22 

0*31 

nB 

0 0 0 

206 

0*58 

0*54 

0*38 

7 D 

225 

071 

0’6i 

0*35 

13B 

189 

067 

0*69 

16^^ 

C. Maximum development 

Frequency 

Velocity 

1640 

375 

237 

205 

221 

221 

97 c./sec. 

A (cm.) 

0-88 

0*64 

0*70 

0-98 

1*10 

1*20 


u/U . 

0*05 

0*17 

0*29 

0-46 

0-48 

0*53 


u/Ud* 

0*10 

0-24 

0-29 

0*32 

028 

0*27 


Film 

I4C 

loD 

8C 

6C 

12F 



expected. However, if we restrict ourselves to the i- to 4-mm. group we may 
state that 

Minimum sinuous development occurs when ujUd ^ . 

Maximum angular development occurs when ulU<^ 

It must be noted that the examples given in the above tables are the best that 
could be selected from the various films, and as the films were not taken with this 
special object in view the values are not always entirely consistent. A certain 
latitude also inevitably exists in deciding when two streams are in the same stage 
of development. Thus the table above indicates a fall of ujU with increasing 
frequency, whereas the figures in table 2 indicate a slight rise. We may therefore 
conclude that the values of iilUS are approximately independent of the frequency. 

The formula (5) for maximum development gives a fair approximation to the 
asymptotic value to which the curves shown in figure 8 approach. 

§9. ANGULAR VELOCITY OF THE VORTICES 

It is clear that when the vortex-formation appears stationary in the stroboscopic 
illumination, as it is for instance in the photographs, any given vortex represents 
the stage which the next vortex below it on the same side would reach in a time 
equal to the reciprocal of the frequency. Consequently if we note the angle turned 
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through by the leading filament of the vortex between these two positions and call 
this a, then its rate of rotation cd is given by 

cu = a«. 

Now the most surprising fact emerges from the study of all the hundreds of feet 
of film taken and from visual observation made specially for the purpose, that 
the angle is always about 180° or tt radians. It is difficult to estimate exactly since 
the leading edge of the vortex filament is not always very distinct, but in every case, 
for jets of all sizes, for all velocities, and for all frequencies up to 600 at least (above 
this frequency the vortices are very small and difficult to observe clearly) the 
angle a is very close to the value 180°. We have therefore the fundamental relation 

(jj= 7 Tn radians per sec. (6), 

that is to say, the angular rotation of the leading filament of the vortices is directly 
proportional to the frequency of the sound. 

It will be evident at once that this striking fact contains the secret of the most 
puzzling result of the former research on sensitive flames viz. that whatever the 
size of the jet, the velocity of the stream, the amplitude of the sound, and the 
nature of the reservoir or tubing supplying the jet, the frequencies for maximum 
and minimum disturbance for a given gas are fixed and unalterable. For now that 
we have discovered that the angular velocity depends only on the frequency and is 
independent of the velocity and slit-width, and moreover since it is the only feature 
of the phenomenon of which this can be said, we are led to the conclusion that 
some rates of angular rotation of the vortices are more favourable to vortex-development 
than others. 

And as soon as we make this statement, the question at once arises whether the 
statement applies to vortex-formation in the symmetrical as well as in the alternate 
position. When this point was tested experimentally, it was found that as long as 
the vortices remain symmetrically placed and do not attain the alternate position, 
there is no sign of any differential effect with change of frequency. We may therefore 
amend our former conclusion to the following: some rates of angular rotation are 
more favourable to the interacting growth of vortices in the alternate positmi than others. 

It is evident that at high frequencies the rate of rotation is very great. 
In the case of the highest frequency in which the rotation could be accurately 
observed, viz. about 600, we have the leading filament of the vortex rotating at 
approximately 30Q rev./sec. If formula (6) holds in every case, then we should 
have, for the limiting frequency available for a i-mm. stream which is about 
1800 c./sec. (mean velocity 700 cm./sec.), a rate of rotation of 900 rev./sec. Again 
if the same relation holds for burning coal-gas, jets of which are in some cases 
sensitive to frequencies of over 20,000, the rate of rotation must be as great as 
10,000 rev./sec. The fact that the angular velocity is constant for the leading 
filament of these spiral vortices must not lead us to infer that it is also constant for 
the outer portions. In fact, a little consideration will convince us that this cannot 
be the case, and that the motion is a very complicated one. This consideration of 
the circulation and its origin will be given in a later section. 
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§io. THE DIFFERENCE BETWEEN MAXIMA AND MINIMA 

A series of photographs was taken in two instances where the slightest turn 
of the condenser dial of the variable oscillator changed a maximum vortex-develop- 
ment into a minimum. These were for frequencies of 373 (max.) and 384 (min.) 
and for 130 (max.) and 133J (min.) for constant velocities of 430 cm./sec. and 
192 cm./sec. respectively. The last pair is illustrated in figure 10, plate i, and two 
horizontal lines have been superimposed to aid in comparing the two photographs, 
which were very carefully selected so as to exhibit the vortex-formation in the 
same phase in each. In both cases it is clear that no fundamental difference between 
the vortex-formation at a maximum and at a minimum exists. A change of 2 \ per 
cent in the frequency produces no observ’^able difference in the wave-length A and 
consequently none in ujU, since the mean stream-velocity U is the same in each 
pair. At the same time the difference in vortex-development in the two cases is 
very marked, as is also the subsequent angular spreading. Now, as we already 
know, if we alter the slit-width, or if we alter the velocity, we should alter both A 
and w/t/, and yet the frequency 130 c./sec. will always produce better development 
than 133^, and 373 than 384. So we are forced to the conclusion put forward in the 
last section that the rate of rotation of the vortices in the alternate position has a 
very marked effect on their development, since this is the only physical phenomenon 
that depends directly on the frequency and is independent of A, ujU, the slit- 
width, and the amplitude of the sound. 


PART II. THE ORIGIN OF THE SENSITIVITY OF GASEOUS 
JETS TO SOUND 

§11. DISTURBANCE OF THE STREAM BEFORE IT LEAVES 

THE ORIFICE 

The possibility that turbulence may be already present in the stream when it 
emerges must be ruled out because the velocities are so much below the Reynolds 
critical velocity; e.g. in i-mm. jets this velocity is about 3000 cm./sec., whereas the 
stream begins to flicker at 150 cm./sec. and is sensitive to loud knocks at 130 cm./sec., 
and further, as has been mentioned, traces of vortex-production can be seen with 
the stroboscope at velocities as low as 42 cm./sec. Clearly, then, in smooth-lined 
jets we are not dealing with vortex-motion in the stream before it leaves the orifice. 
Further, jets stuffed with cotton wool are still sensitive and show the same maxima 
and minima although the frequency range for sensitiveness is usually altered, as was 
shown in the former paper. The effect of periodic disturbance in the supply tubing 
was tried by placing a whistle in the tubing, and this causes the critical velocity to 
be lowered and the sensitivity to be much impaired.^ 

It is of interest to note that as the velocity is progressively increased from the 
sensitive value the wedge-shaped spreading gradually approaches the jet, the last 
• Reference (i), figure 9, p. 176. f Reference (i), p. 166. 
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movement to the jet itself taking place with a sudden jump. The velocity at which 
this jump takes place and at which the wedge-shaped spreading commences at the 
jet itself was found to agree well with the Reynolds critical velocity. This is to be 
expected, since if vortices already occur in the stream they need no space for 
development, and the wedge of entraining air can begin at the jet. On the other 
hand, if the disturbance commences at the jet we should expect a short length of 
apparently undisturbed column in which the vorticity is increasing to the stage at 
which a filament spreads out and entrains air as shown in figure i, plate i. 

The case of a jet through which air is travelling at a speed above the Reynolds 
critical velocity and in which, in consequence, the spreading begins at the jet, has 
been dealt with mathematically by Tolmien^^\ who adapted a method due to 
Prandtl^^\ and the results are found to agree well with experimental values obtained 
at Gottingen. No mathematical treatment of the earlier stages of jet turbulence 
has, however, been successful. 

§ 12. VIBRATION OF THE JET 

In the case of the symmetrical stage in large jets it is easily observable that the 
column alternately swells and contracts as it leaves the jet, and the magnitude of 
this lateral motion is of the order of a millimetre, whereas the jet is, as far as can 
be seen, quite stationary; cf. figure 4 . 4 , plate i. An experiment was made with 
an Amplion diaphragm speaker to which a cylindrical funnel 5 cm. long was 
attached, so that when the amplitude was very small the only motion of the air 
was in the direction of the axis of cylinder. When this speaker unit was placed 
within a few centimetres of the jet and with its axis horizontal and at right angles to 
the length of the slit, alternate swelling and contraction of the stream at the orifice 
could be seen. If the loud-speaker was removed to 10 cm. no effect was discernible 
owing to the extreme feebleness of the sound, which could only just be heard by 
placing the ear at the mouth of the cylindrical opening. The sensitivity of jets 
to sounds is of the order of that of the human ear. In this position the diaphragm 
and the outer side of the slit were put in contact by means of a light metal rod, and 
thus the vibrations could be transmitted directly, but no ^race of disturbance was 
visible. The same amplitude of vibration of the air had produced marked effects at 
a distance of a centimetre or two, and so we can conclude that vibration of the jet 
is not the cause of sensitivity in gaseous streams. 

§13. PRESSURE EFFECTS 

It is already well known that jets are most sensitive, in almost every case, at 
the antinodes in stationary waves. This fact must be put beside the facts established 
in the former paper, that the insertion of resonating chambers in the orifice or 
supply, and the filling of the orifice with cotton wool, do not materially alter the 
sensitivity. These facts all lead to the conviction that the sensitivity is not a pressure 
effect but is in some way due to motion of the air and must therefore be directional. 
This point was conclusively demonstrated by means of the Amplion unit men- 
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tioned above : it was found that the maximum vortex production occurred when the 
loud-speaker caused the air to vibrate horizontally and at right angles to the length 
of the slit, and that no effect whatever could be found when the Amplion loud- 
speaker faced downwards into the orifice. Further, it was possible, with wide jets 
in stationary waves, to find positions in which vortex production occurred only on 
one side of the stream. Clearly, then, the disturbance of the jet is a lateral one, 
and is a maximum at right angles to the slit length and is not due to vibrating of 
the air in and out of the orifice ; although we do, of course, know that symmetrical 
swellings in a column of gas can be produced by vibratory movement of the air 
in a direction parallel to the stream. This, for instance, is produced in the well- 
known singing-flame experiment. 

Periodic disturbance of a jet of gas by vibration parallel to the direction of flow 
is therefore possible and does occur in at least one well-known case, but apparently 
this is not the type of disturbance produced by sound, and probably is only effective 
for large-scale motion of air such as occurs in resonating pipes. 

§14. DIRECTIONAL EFFECTS 

Experiments with the Amplion unit and very low intensity (to avoid reflection) 
showed that vortex motion was produced in the sides of the stream when the loud- 
speaker faced the side of the slit, and in the ends when the loud-speaker faced the 
ends, but not vice versa. Vortices were therefore produced only with axes per- 
pendicular to the direction of sound, i.e. perpendicular to the direction of motion 
of the vibrating air. The vortex motion was always greatest when the motion of the 
air was perpendicular to the edge of the stream. Circular cross-sectioned jets 
showed, as would be expected, approximately equal sensitivity in all directions, 
and the vortex-production and forking occurred in a vertical plane containing the 
direction of motion of the vibrating air. Needless to say, very few circular jets 
give an accurately uniform flow over their circumference, but differences in 
velocity, if they occur at opposite ends of a diameter, favour the production of 
marked forking, and such jets exhibit marked directional properties. 

§15. SENSITIVITY ONLY AT THE JET 

It is well known that the sensitive region in a gaseous stream is in the immediate 
neighbourhood of the orifice. This can be demonstrated by lowering a shield near 
the jet and between it and the loud-speaker: no change in the vortex-formation 
can be observed until the shield cuts off the sound waves from the last millimetre 
or so at the orifice. This also shows that once the vortices are started the sound has 
no effect on their further development. It was also possible to demonstrate, by 
moving the Amplion unit about, that nothing ever occurred unless the loud- 
speaker pointed at the column close to the jet. We may therefore conclude that a 
jet is essential to sensitivity, and gaseous streams by themselves are insensitive. 
To see more clearly why it is a fundamental requisite, we may first attempt to 
define what is meant by a jet. 
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§ 16. WHAT IS A JET? 

A jet is essentially a solid boundary^ and this means that any stream of gas passing 
it emerges with those portions of it which have been in contact with the solid 
boundary practically at rest. And it is to this outer sheath of slow-moving molecules 
in the neighbourhood of the jet that the sensitivity to sound is due, for these mole- 
cules start to diffuse outwards, and since diffusion is a molecular process we shall 
expect that such a process will be affected by other molecular motions such as the 
periodic to-and-fro drift produced by the vibrations of sound. That diffusion does 
occur markedly at the jet is shown more strikingly by streams of burning coal-gas 
or of hydrogen. Any jet of burning coal-gas exhibits an external luminous boundary 
which is greater than that of the orifice from which it issues, and the amount of 
spreading at the orifice increases as the velocity of the stream is reduced. The 
magnitude of this diffusion at the jet was well shown by an experiment in which 
burning coal-gas issued from a hole i mm. in diameter in a brass plate : when the 
pressure was reduced to a very low value, so that the flame was almost hemispherical, 
the diameter of the luminous outer boundary at the surface of the plate was 5 mm., 
and when hydrogen was substituted, the diameter was 8 mm.^he increase in the 
case of hydrogen is to be expected in view of the fact that the hydrogen in the 
coal-gas is mixed with slow-moving molecules and its diffusion velocity is con- 
sequently less. This spreading at the jet is just observable in air streams and was 
estimated to be of the order of one or two-tenths of a millimetre. In figure 4 (A-C) 
plate I, for instance, light reflected from the slightly chamfered edges of the slit 
shows through the smoke. 

Diffusion does, of course, take place at every point of the boundary of the 
stream and is not restricted to the orifice, but it is only at, or very near, the orifice 
that the molecules are approximately at rest. Further along the stream the velocity 
of the central portions of the stream has been communicated to them owing to the 
fact that the gas possesses viscosity; and moreover this is handed to the external 
air which starts to move in the same direction. In these regions, then, the lateral 
diffusion-velocity has to be compounded with the much gr*eater velocity of the 
edges of the stream, and the resultant motion is only inclined at a very small angle 
to the axis of the stream ; cf. figure 5 g^ plate 2. 

The diffusion, at the jet is no doubt further favoured by the stagnant region 
which in most cases exists in its neighbourhood owing to the fact that the circulation 
of the external air is such as to involve a turn through a right-angle at this point. 
This is illustrated diagrammatically at a in figure ii {A). At first sight, it might 
seem that impaired sensitivity would ensue if the jet had a razor edge, and to test 
this a thin circular brass jet sharpened to a fine edge was compared with a circular 
glass tube of the same diameter with the usual blunt end. No difference could be 
noted and it was found that the stream spread downwards over the edge, this 
process being much more marked in the case of burning coal-gas, and this is 
illustrated in figure 1 1 {B), A stagnant area exists also in this instance, and it was 
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found by moving a shield about that this was the region in which the stream was 
most sensitive. 

Perhaps it would be well at this point to mention an apparent exception to our 
view that the jet is an essential factor. This exception is a flame such as that of the 
candle, and this, as we should expect, is insensitive in the ordinary state, but, 
according to Tyndall it can be made to show sensitivity if the flame is distorted 



ABC 

Figure ii. 


by a stream of air impinging on it from a blowpipe. The writer was not able to 
repeat this, but from the consideration which has just been put forward it seems 
very unlikely that conditions for sensitivity can be produced by blowing air at the 
upper portions of a flame, and a more probable explanation would be that the 
blowpipe orifice acted as a sensitive jet and the candle flame was only an indicator 
of the disturbance produced. Flames employed as indicators and radiators of dis- 
turbances impressed on them in this manner have been examined exhaustively by 
Chichester Bell^’\ 

§17. THE EFFECT OF SOUND ON THE DIFFUSION AT THE ORIFICE 

We must now consider the effect of sound in the stagnant region near the jet, 
where there is very little vertical motion and movement is due almost entirely to 
diffusion. Such movement will be very easily increased or decreased by any 
drifting of the air as a whole : consequently when a sound-wave approaches the jet, 
the vibration of the air towards and away from the jet will cause the diffusing 
particles to advance and retreat, and thus will produce periodic undulations in the 
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boundary of the stream. At the orifice the crest (A), figure 1 1 {A)^ is further forward 
and the trough (c) further back than the normal boundary, but measurement of 
photographs and careful observations indicated that near the orifice the bottom of 
the troughs never lay appreciably within an imaginary surface made by projecting 
the orifice vertically (the inner dotted line). At points removed from the orifice, 
however, where marked vorticity may be developed, it is possible for the troughs to 
be well within this surface; cf. figure 4 (C), plate i. This is what we should expect 
if, in the immediate neighbourhood of the orifice, the stream was surrounded by a 
thin sheath of slow-moving molecules. The amplitude of these undulations varies 
with the amplitude of the sound, and an experiment was made to see if the two 
amplitudes were the same. A tuning-fork was lightly struck and held with one 
prong close to the jet : by means of the stroboscope a slow-motion view was obtained 
in which the amplitude of vibration of the prong and of the undulation could be 
compared. They were found to be the same, and although the experiment was 
only a rough one it indicates that the amplitude of the undulations is, as we should 
expect for wide jets, approximately the same as the vibratory motion in the sound 
wave. 


§18. VORTEX GROWTH AND DISRUPTION 

The fact that shielding the stream of gas from the sound has absolutely no 
effect, except when the shield covers the first millimetre or so nearest to the orifice, 
shows that the vibrations of sound play no part in the subsequent development of 
the undulations produced there. This development must therefore arise through 
the contact of the crests and troughs with the external air as they move up the 
column. Observation shows that the first effect of this motion through the relatively 
stationary external air is to produce in the crests, as we should expect, a flattening 
in front and an overlapping of the trough at the rear, so that a pear-shaped pro- 
tuberance results; cf. figure 4 (i 5 ) and (C) and figure 5 {G), This is shown dia- 
grammatically at {d) in figure 1 1 {A). Further motion causes entrainment of air in 
the trough and definite circulation then commences; it increases until the vortex 
occupies half the width of the stream. At this point it comes hi contact with the 
circulation due to the vortex symmetrically placed on the other side of the stream, 
see (^), figure 1 1 (A). The vortex with greatest circulation then forces the weaker 
one ahead, as it sho.uld do even in classical hydrodynamics. This action continues 
until the vortices are arranged alternately, and they are then free for further develop- 
ment since they can grow until their circulation includes the whole stream. Whether 
they do so or not depends on the velocity : if the velocity is low, as in figure 5 (G), 
they may become diffuse and tend to disappear ; if the velocity is a little higher, as 
in figure 5 (F), they may remain in the same state growing but little ; further 
increase in velocity causes them to grow and pack into one another in the very 
beautiful manner shown in figure 5 (E), and in this stage the vortices at a certain 
height above the orifice fill the whole of a trough and further entrainment of air 
therefore ceases. Velocities in excess of this cause the vortices to burst as soon as 
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their circulation involves the whole of the column: their filaments then spread 
radially, and this motion, combined with the upward motion, produces the well- 
known wedge-shaped spreading of gaseous streams. Perhaps, then, figure 5 {£) 
can best be described by saying that the vortices are bursting in an orderly manner. 

If we are correct in our view that further vortex-development is due to the 
contact between the undulations produced very near the orifice and the nearly 
stationary external air, then we should expect that if the troughs and crests are 
large it will not need so great a velocity relative to the external air to produce over- 
lapping and vorticity, as it would require if they were small. In other words, we 
should expect the minimum velocity for vortex-production to be a function of the 
amplitude of the sound wave. An experiment was made to test this, a i-mm. slit 
and the stroboscope being used so as to show up disturbances which are invisible 
to the unaided eye. The results, for a frequency of 100 c./sec., are shown in figure 12. 
The amplitude was reduced to about one-fifth of its full value and it can be seen that 
this necessitated doubling the minimum velocity. 
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Figure 12. Velocity for minimum effect against amplitude of sound. 


§19. LIMITS GOVERNING SENSITIVITY TO SOUND 

We can now see clearly why there is a minimum velocity, below which gaseous 
streams are insensitive to sound : the velocity must be great enough to develop the 
undulation produced at the jet. Further we can also see why, when this velocity 
is attained, there is then a minimum frequency to which it is sensitive: very low 
notes will have their troughs and crest so far apart in the stream that only the mildest 
undulations will be produced even though their amplitude be very great. 

No clear limit to the maximum velocity exists, for some change can usually be 
observed when sound impinges on jets, even when in a state of great turbulence. 

Maximum and minimum values of A, the distance between successive vortices 
on the same side of the stream, were found in this research to be of the order of 
15 mm. and i mm. respectively, the maxima occurring in the widest jet and the 
minima in narrow jets. 
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§20. THE EFFECT PRODUCED BY STATIONARY WAVES 

It has so far been assumed that the effect of sound on the stream near the jet 
is to produce symmetrical swellings and contractions such as are shown in figure 4, 
plate I and figure 5^, plate 2. But it is obvious that this cannot be the general case 
because if it were all jets should be sensitive at the nodes when placed in stationary 
waves. The air would have to be moving outwards on both sides of the jet to produce 
the swellings and moving inwards on both sides to produce the contractions. But 
it is a well-known fact that sensitive flames are most affected at the antinodes. 

Repeated attempts were made to demonstrate sensitivity at nodes when the 
vortices were in the symmetrical position, but in order to get definite stationary 
waves the loud-speaker and reflecting boards must be large compared w4th the 
wave-length of the sound, and unfortunately this condition could not be realized 
in the apparatus available. However, it was found possible to demonstrate the 
effect with a jet of width 3 mm. and a frequency of 252 c./sec., giving a wave-length 
of about 136 cm. At a distance of 68 cm. from the reflector the vortex development 
was markedly greater than at a distance of 34 cm., showing that the nodes are more 
effective in this case. With full intensity of the sound some vortex development 
occurred in any position, but if the intensity was reduced so that the vortices were 
barely visible stroboscopically at the node, then they disappeared entirely at the 
antinodes. 

To account for the fact that maximum sensitivity is usually shown at antinodes, 
we must suppose that in narrow jets with consequently high velocities (and these 
are what are generally employed) the circulations of the two initial vortices interact 
on one another within a very small distance from the orifice, causing the weaker 
vortex to be displaced ahead, and that a point arrives at which it is actually easier 
to form the vortices already displaced, i.e. alternately, than to form them sym- 
metrically. 


§21. THE CAUSE AND NATURE OF THE VORTICITY 

We must now consider the method by which the vorticity in the stream is 
initiated, and attempt also to explain why, when the vortices* are produced, their 
rate of revolution is proportional to the frequency of the sound. 

The first effect of the sound is to produce, as we have seen, undulations in the 
boundary of the stream and these crests and troughs are carried upwards and have 
to pass through the relatively stationary air surrounding the jet. This causes the 
crests to become flattened in front and to overhang the trough following them : thus 
a filament extends backwards from the tops of the crests. In narrow jets the 
vortices have reached the alternate position before this stage is reached, and then 
the whole stream becomes sinuous : the mechanism of the filament-production is, 
however, similar in both cases. This is shown in greater detail in figure ii (C). 
One crest and one trough, together making a distance which has been called in this 
paper one wave-length A, are drawn with a thick line. The distortion of this for- 
mation caused by its motion upwards past the stationary air is observed to take 
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the form shown by the dotted line. Air is entrained in the direction shown by the 
arrow at /?, and appears to prevent the filament / from extending so as to cover the 
trough completely. Observation shows that contact of the particles at n with the 
external air reduces their velocity practically to zero. 

We have, then, a flattened vortex symmetrical about the point O and extending 
for a distance of about half a wave-length in the vertical direction. Further develop- 
ment consists in the end of the filament turning inwards and then upwards and 
curling round on the space surrounding O, which enlarges to allow of this motion 
taking place. Now, examination of the photographs shows that the leading filament 
describes a nearly circular path of constant diameter, and this, of course, must be 
the case since there is no sink. Consequently the increasing convolutions of the 
spiral can only be added externally, so that the spiral must grow in size continually. 

What relationship now holds between the velocities of different portions of the 
vortex? Observation shows that the leading filament describes its constant path 
with the same velocity, so that oj is constant. Owing to viscosity there will be a 
tendency for the velocity of the portions following and surrounding it to increase, 
and this does seem to be the case since, during the second revolution of the leading 
filament, the outer filament moves down occupying the whole of the trough and 
finally making contact with the following crest. That while it does so its velocity 
with respect to the external air is no longer zero, seems to be indicated by the thin 
film of smoke which appears to be torn from it and, travelling upwards, produces 
the straight-line boundary which is such a marked feature of the vortex-develop- 
ment beyond the point where entrainment of the external air ceases ; cf. figure 5 
{A-E)y and {a-e)y plate 2. This could only occur if there were relative movement 
between the vortex filament and the external air. 

As soon as the descending filament makes contact with the following crest, 
entrainment of air ceases and the outer filaments thus begin to unite, and from this 
point onwards the circulation appears to slow down. It seems therefore that the 
vortex filaments do not have long in which to increase their velocity, and so this 
probably remains very nearly constant in the general case. A special case arises, 
however, in streams such as those illustrated in figure 5 (A-C), in which the 
velocity is much above its critical value for turbulence and a frequency is forced upon 
them near the lower limit of their frequency range. The vortices then grow to a 
very large size and the outer filaments have very much increased velocity, which 
is shown by the abnormal angular spreading on disruption and by the very marked 
film which is torn from them as they move downwards towards the jet. In fact, it 
will be observed that flying filaments of the disrupted vortex may even travel 
backwards sufficiently far to be re-entrained by a following vortex. 

We may now attempt to explain why the rate of rotation is proportional to the 
frequency of the sound. Let the mean upward velocity of the particles in a thin 
layer near the boundary at m be V, The velocity of the particles in /, we have seen, 
is practically zero. Now this incipient vortex is symmetrical about the point O 
which will appear to move upwards with the velocity u equal to V/2, and relatively 
to this centre there is an upward velocity of V/2 on one side and a downward 



Vortex motion in gaseous jets and origin of their sensitivity to sound 729 


velocity of F/2 on the other. The time of rotation will therefore be the time taken 
by the filament to travel with a velocity Vjz down a distance approximately A/2 
and up a similar distance, the time taken in turning at the narrow ends being 
neglected. Hence the time T taken to complete one revolution will be given by 




Therefore the angular velocity w = ^A/F” ~A^ ’ 

But the wave-length is the distance travelled by this thin layer of particles of 
velocity V in the time of one complete vibration of sound, so that 

A= F/«. 

Hence we have cu=7r«. 


which is the relation (6) obtained experimentally. Although this treatment is only 
approximate it does give valid physical grounds for inferring that the rate of 
rotation of the vortices will be proportional to the frequency of the sound. 

We have here taken w, the vortex- velocity, to be half that of the mean velocity V 
of the stream in a thin outer layer of thickness similar to that of ’the leading filament. 
Now as the vortex grows its circulation will enclose faster-moving layers of the 
stream and this will tend to increase F. But this will only be true up to the centre 
of the jet : from this point onwards the circulation will include slower- and slower- 
moving layers until finally the whole of the stream is involved in the circulation of 
one vortex. We should therefore expect the relative vortex-velocity to increase up 
to the point at which the circulation includes half the stream, and to fall off after 
this point has been reached, and this is just what we have seen in the graph in 
figure 8 : ujU rises until the vortices adopt the alternate position (i.e. occupy half 
the stream) and then falls off to what appears to be a constant value when the 
circulation involves the whole of the stream. 


§22. THE INSTABILITY OF GASEOUS JETS IN GENERAL 

The conclusions to which we have been led during the course of our con- 
sideration of the phenomena exhibited by acoustically sensitive jets allow of a 
certain amount of light being thrown on the question of the instability of jets in 
general, and especially on the cause of the wedge-shaped or conical spreading of 
jets which, although so familiar, has not yet received an adequate physical ex- 
planation. 

When a gas first escapes through a jet it develops a mushroom-shaped head 
owing to its action in pushing aside the stationary gas outside, and this causes a 
circulation in the outer portions producing what is known as Overbeck’s vortex. 
The latter moves upward and is followed by a column of gas whose sides are 
inclined at a very small angle outwards, representing the resultant motion of 
particles having an upward velocity together with a lateral velocity due to diffusion; 
cf. figure 5 {g). In the upper portions the velocity of the stream falls gradually 
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to zero owing to the transfer of velocity to the outside air by virtue of viscosity; 
the boundary then becomes more and more diffuse. At this stage, disturbances of 
large amplitude may affect the sensitive region near the jet, but any vortex motion 
which may ensue soon dies away and is not visible to the unaided eye. As the 
velocity is increased it approaches the critical value for sensitivity ; and disturbance 
then produces vortices which travel up the column and cause the boundary of the 
stream to widen; cf. figure 5 (g). This is the cause of the flickering appearance 
presented to the naked eye. 

Increase of velocity beyond this critical value initiates what we may call the 
sound-maintained turbulence stagey and the stream then adopts, independently of 
any outside disturbance, the well-known form of a column which, at a certain 
height, spreads into a cone in the case of circular jets, or into a wedge when the 
orifice is a slit. In this stage the velocity is sufficient to develop the vortices so 
that they reach the alternate stage and then increase until their circulation occupies 
the whole width of the column, at which point, as we have seen, they disintegrate. 
By listening through a tube applied to different parts of the stream it can be found 
that the sound is produced in the region where the air is entrained and is generally 
audible as a low hissing noise: in ignited streams it produces what is usually 
termed a “roar*'. The turbulence in the stream is now self-maintained and 
very irregular, but it can be forced by sound of a definite pitch and then presents 
a periodic appearance which we have noted for instance in figure 5 (A-C), 

Further, if we remember the results of the investigation discussed in § 5 and 
illustrated in figure 7, viz. the approximately linear relation between the velocity 
of the stream and the lower limit of frequency- sensitivity, we see that as the 
velocity is increased the frequencies affecting it become higher and so if the 
turbulence is to be sound-maintained the pitch of the sound emitted will have to 
rise with the velocity. That the general tone emitted by turbulent jets does 
rise with the velocity, and that the relation is a linear one was first observed by 
Kohlrausch^*®\ 

The radial expansion of the vortices due to centrifugal force combined with 
their upward velocity is the cause of the wedge-shaped and conical spreading of 
gaseous jets. The amount of this irregular spreading will depend in a complicated 
manner upon the ratio of the lateral velocity of the rotating filaments, at the moment 
when the circulation of the vortex occupies the whole of the stream, to that of the 
vortex itself, and upon the motion of the external air. Now we have found the 
angular spreading to be dependent only on the value of ujU and that when this 
ratio is constant there is a linear relation between n and U (§ 8). But this is just 
what was found by Kohlrausch for the general tone emitted and the velocity. On 
the assumption that the turbulence is maintained by the sound it produces this 
indicates that the angle of the wedge or cone will not increase beyond a certain 
amount but will remain sensibly constant, a characteristic of turbulent jets first 
recorded by Thomas Young^"\ 

Finally, when the Reynolds critical velocity is reached the stream emerges 
already in a state of turbulence, and the apex of the wedge or cone then jumps 
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suddenly to the orifice itself, where it remains for all subsequent increases in the 
velocity. 


§23. SUMMARY AND CONCLUSION 

The secret of the acoustical sensitivity is found to lie in the fact that the portions 
of the stream in contact with the solid boundary of the jet emerge with very small 
velocity and spread laterally owing to diffusion. This lateral drift is very sensitive 
to the to-and-fro motion of the air caused by the vibrations of sound, and the 
result is that undulations are produced in the boundary of the stream which, on 
being carried upwards, develop into vortices owing to the friction between them 
and the stationary air through which they travel. A solid jet from which the gas 
issues is therefore an essential feature of the sensitivity, and so we must “look upon 
all jets as musically-inclined in the words of John Leconte who discovered 
sensitive flames. 

The subsequent growth of the vortices entrains air which, in ignited streams, 
increases the combustion and thus causes a marked drop in height, the characteristic 
phenomenon to which sensitive flames owe their discovery and their use. 

The most surprising property of sensitive jets, viz. that certain frequencies are 
more effective than others in producing vortex development whatever the velocity 
of the stream, the size of the jet and the amplitude of the sound, is found to be 
connected with the rate of revolution of the vortex, which is the only feature of the 
vortex motion that depends only on the frequency. 

With the knowledge gained of the vortex motion produced by pure notes it 
has been found possible to throw some light on the physical processes underlying 
the instability of gaseous jets in general. It has been found that three stages occur: 
firstly, a non-turbulent flow ; secondly, a turbulent flow in which the turbulence is 
due to the sensitivity of the jet to sounds produced by itself; and thirdly, a stage in 
which the turbulence already exists in the jet before it emerges and is due to the 
velocity being above the Reynolds critical value. In particular, it has been found 
possible to account in a general way for the constancy of the angle of the wedge or 
cone into which the column spreads during the sound-maintained turbulence stage. 
It appears that the reverse of Tyndall’s explanation of sensitive flames is really the 
case. Tyndall said that jets were sensitive to sound because they were readily 
turbulent; actually they are readily turbulent because they are sensitive to sound. 

Every effort has been made to treat the matter as fully as possible, in the hope 
that mathematicians may feel induced to address themselves to it, and for the 
same reason all the reproductions from the cinematograph films have been enlarged 
to natural size. 

It is hoped, in a further research, to apply the same treatment to the elucidation 
of the vortex motion produced by edge tones, the mechanism of which is very 
similar to that of sensitive jets. 
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DISCUSSION 

Dr E. G. Richardson. The clarity of the author’s photographs has enabled him 
to made deductions about the vortex motion in jets which should provide a basis for 
future mathematicians to attack the theory not merely of sensitive jets but of the 
efflux of fluids from orifices in general. It is unfortunate that at present the mathe- 
maticians, even those trained in the Prandtl school, can scarcely cope with this 
difficult problem. To my mind the most important observation which the author 
has made concerns the rate of rotation of the leading filament of the vortices, a 
result which he deduces (p. 729) theoretically on the assumption that the centre of 
the vortex moves at half the jet-speed. But does not the assumption imply that no 
air is entrained by the outer edges of the jet, whereas on p. 715 he adduces en- 
trainment of the air as a reason for the failure of Rayleigh’s theory in the case of his 
jets? 

Author’s reply : In my attempt to show that the rate of rotation of the leading 
filament might be expected to be independent of everything except the frequency of 
the sound, I assumed that the vortex growth commences in “a thin outer layer of 
thickness similar to that of the leading filament” and that the vortex travels with 
half the mean velocity of this layer — not half the mean velocity of the stream itself, 
an assumption which, as Dr Richardson suggests, is not borne out by the experi- 
mental results. The treatment would apply, for instance, to vortex growth in the 
boundary of a semi-infinite stream of fluid. The width of this layer is a function of 
the amplitude of the sound — cf. figure 5 {a-g ) — and of the width of the stream. 
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ABSTRACT. Experimental methods are described for the production of single crystals 
of tin and for the determination of their orientations by optical measurements. The 
conditions under which parts of the crystals can be caused to twin by impact or by tension 
are investigated, and the determination of the energy relations for certain controlled cases 
is described. It is found that when twinning occurs, energy amounting to 8 x 10® ergs 
is converted into heat per cm? of crystal twinned. The process of twinning in relation to 
the crystal structure of tin is discussed. 


§1. INTRODUCTION 

T he behaviour of the crystals constituting a metal test-piece under stresses 
large enough to cause permanent distortion of the test-piece has been the 
subject of many investigations. It has long been known that one of the ways 
in which yield occurs is by the glide of lamellae over one another, and experimental 
work on specimens consisting of single crystals of metals has shown that in many 
cases the whole distortion can be attributed to such glide^*’*\ It has been shown, 
however, by S. W. J. Smith, Dee and Young that the formation of Neumann 
bands in a iron is due to twinning of the volume of which the Neumann band is 
the trace on the surface of the specimen. The process described is a definite 
movement of each layer of atoms relatively to the neighbouring layers, so that the 
atoms then occupy positions in a lattice inclined in a definite direction, that of a 
twin crystal, to the lattice of the original crystal. The paper cited above gives an 
adequate account of the geometry of the process of mechanical twinning, but no 
experimental investigation has been made of the mechanical conditions governing 
twinning, or of the quantitative energy considerations involved 

In order to investigate such conditions, it is necessary to utilize specimens 
consisting of single crystals, in order that effects occurring inside the volume of a 
crystal may not be modified by restraints imposed by neighbouring crystals and by 
inter-crystalline materials. The material with which the present investigation is 
concerned, namely tin, is particularly suitable, both on account of the ease with 
which large single crystals can be produced and because it has a crystal lattice 
which appears to be particularly susceptible to twinning by shock. Work on other 
aspects of the mechanical properties of single crystals of tin is described and referred 
to by Obinata and Schmid 
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The experimental work described below consists in the preparation of the 
crystals, the measurement of their orientation by a new optical method, a qualitative 
investigation of the conditions in which twinning occurs, and a quantitative 
examination of the energy involved in the process. 

§2. PREPARATION OF THE CRYSTALS 

The crystals were prepared by the following method from Chempur tin 
comprising tin 99 987 per cent, copper 0*00132 per cent, antimony o*ooii8 per 
cent, lead 0*00585 per cent, iron 0*00055 per cent, bismuth 0*00352 per cent, 
arsenic 0*00005 per cent, nickel 0*00003 per cent, silver o*oooi8 per cent, but no 
zinc, cobalt or sulphur. The tin was melted in a crucible over a bunsen burner and 
maintained at a temperature of about 300° C., the temperature being measured by 
means of a thermocouple. Into this was lowered a glass tube of which the bore was 
the required diameter of the crystal, drawn out at its centre to a narrow capillary. 
The length of the tube was such that the surface of the liquid tin came up to the 
bottom of the capillary. When the tube was lowered into the tin it was closed at the 
top by means of a rubber tube and a clip so that no tin could enter the tube at the 
lower (open) end. After the tube had been immersed in the tin for a few minutes 
the clip was opened, allowing the tin to enter, and suction was applied to the 
rubber tube to draw the tin up the capillary until it solidified at the top. The glass 
tube was then raised out of the molten tin, the tin inside it solidifying progressively 
as a rod as it cooled. The tube was raised by means of a lever to which it was 
clamped, the lever being moved by a clock mechanism which could be adjusted to 
give any desired speed of raising. It was found that when the rate was of the order 
of 0*5 cm. per minute a single crystal of diameter 5 mm. and length 6 cm. could 
usually be obtained. With somewhat slower raising, crystals up to i cm. in diameter 
were obtained. 

It was found that when the crystals had cooled they could be made to slide out 
of the tube without suffering any damage, i.e. without showing either slip bands or 
Neumann bands. This is due to the fact that tin contracts by about 2 \ per cent on 
solidification. The surfaces of the crystals so prepared were sometimes pitted, 
but when the tube had been allowed to heat up sufficiently before the tin was 
admitted, this pitting was usually very slight and sometimes apparently absent. 
After a crucible full of tin had been in use for some time and had been melted and 
cooled a number of times it was found that single crystals could no longer be 
obtained, crystal boundaries being always seen in such specimens. This was taken 
to be due to impurities in the melt. 

Crystals with flat faces were also obtained by inserting slips of mica diametrically 
in the tubes, so that the tubes were divided into two semi-cylinders. A spectro- 
scopic comparison of the composition of the crystals and of the original tin showed 
that the amounts of bismuth and lead were slightly reduced by crystallization ; the 
other impurities showed no reduction. 
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§3. DETERMINATION OF THE ORIENTATION 

The first step in the investigation of any of the properties of single metallic 
crystals is the determination of the orientations of the crystal-axes to the geometrical 
axes of the specimens. The basic method by which this can be done is by the use 
of X rays, but the process is complicated and laborious. Various alternative methods 
have been described from time to time, some depending on measurements on the 
specimen after it has been distorted and some being based on the appearance 
of the surface after it has been etched The method used in the present in- 
vestigation is of the latter type, modified so that the orientations can be read off 
directly and quickly. 

The specimen, having been cooled and removed from the tube in which it was 
prepared, was next etched to prepare its surface for optical examination. It was 
found that a 5 -per-cent aqueous solution of ferric chloride was a suitable etchant 



Figure i. 

for tin. A preliminary visual inspection of the specimen served to reveal any 
crystal boundaries that were present, and if the whole specimen, or a large enough 
part of it, consisted of a single crystal, the following property was utilized for the 
determination of the orientation. It was found that ^hen *a slightly converging 
beam of light was allowed to fall on the surface of the specimen, which was cylin- 
drical in shape, the reflected light did not travel in the directions normally followed 
when light is reflected from a cylindrical surface. It was instead reflected in a 
number of definite directions inclined at angles to the geometrical normals of the 
cylinder. 

The directions in which the reflected light travelled were investigated by 
measuring the positions of the spots of light formed on a suitably placed screen. 
The optical system employed was that represented in figure i, in which is a 
straight filament lamp, the line of the filament being perpendicular to the plane 
of the diagram, C a slit, on to which light from B is concentrated by the condenser 
lens Z); £ is a system of lenses forming an image of the slit at H, A Microid micro- 
projector is used to give this optical system. The specimen, placed at ^4, is mounted 
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on the rotating axis of a goniometer, while a white screen F with a hole cut in it 
to allow the beam of light to pass is arranged to receive the light reflected from the 
specimen. 

The light received on the screen consists of a number of well-defined spots, 
some of which are joined by faint streaks. The number of spots observed while the 
specimen is completely rotated about its axis depends on the orientation of the 
crystal-axes and the state of the surface of the specimen. In the most favourable 
cases as many as 20 definite spots are obtained. 

The positions of the spots are measured in terms of two angles, namely the 
setting of the goniometer when the spot is on a line through G normal to the plane 
of the diagram, and the angular displacement of the spot from the plane of the 
diagram along this line. The spots are formed by reflection from planes whose 
normals do not coincide with the geometrical normal to the surface, so it is reason- 
able to suppose that the faces concerned are the elementary crystal facets of which 
the apparently cylindrical surface must in reality be composed. In order to verify 
this, the angles between the faces giving rise to the various spots were calculated. 
The tin crystal is known to have a tetragonal lattice in which c/a = 0*541, and from 
this ratio the angles between the various simple faces can be calculated. The 
identification of the angles obtained in a typical experiment with those calculated 
from the lattice constants is shown in table i . 


Table i 



lOI 

001 

on 

lOI 

no 

001 

27° (28i“) 





on 

40° (40°) 

28° (284") 




lOI 

S6“ (57°) 

30° ( 28 r) 

40° (40°) 



no 

72° ( 69 i°) 

89° (90°) 

70° (69i°) 

67° ( 69 i°) 


301 

28° (30°) 

56° (S8F) 

61° (63“) 

84° (8si°) 

50 ° ( 53 °) 


The left-hand figure in each space shows the experimental value of the angle 
between the reflection normals associated with the two spots concerned, while the 
right-hand figure, in brackets, gives the value of the angle calculated from the 
lattice constants. The six spots are referred to by their crystal planes, which were 
found by a method described below. The agreement between the two sets of figures 
is such as to preclude any possibility of error in the identification of any spot. The 
spots observed in various experiments have all been identified as 001, 100, 010; 
loi, on, no; 301, 031; in, or the corresponding faces with the signs changed. 
It was found further that the faint streaks joining the spots were only present where 
one of the three indices was different for the two spots concerned. 

The definite identifications of the spots in this manner made it possible to pick 
out by inspection any required spot from the characteristic pattern on the screen. 
In particular, the 001 spot is at the centre of a square of the on spots, to each 
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of which it is joined by lines ; the distance of these spots from the central spot is 
fixed for any given distance of the screen from the specimen, and a circle marked 
on the screen facilitates the identification of a part of this arrangement when it is 
not all visible. With the visual identification of the 001, or any other, spot, the 
measurement of its orientation becomes very simple. A holder is fitted so that the 
specimen can be placed at a definite distance (5 cm.) from the screen, with its axis 
parallel to the line through G, perpendicular to the plane of the diagram. The 
specimen is rotated until the required spot is on this line, and the angle between 
the corresponding normal and the axis of the specimen is read off directly from 
a scale of angles marked on the line through G. Hence the orientation of any axis 
to the axis of the specimen can be determined immediately, the accuracy of a 
determination being estimated as within 1°. 

It was found that with specimens prepared in the way described above, in the 
majority of cases the 001 axis was nearly normal to the axis of the specimen. 
Specimens were, however, obtained with orientations having various other values. 


§4. MECHANICAL TWINNING OF TIN 

When certain conditions are satisfied, .the effect of the application of a force, 
either impulsive or steady, to a single crystal of tin is to cause parts of the crystal 
to become twinned with respect to the original crystal. The conditions under which 
this happens will first be described generally, and then quantitative results will be 
given. 

Qualitative description. Twinning takes place most readily when an impulsive 
force is applied to the end of a cylindrical single crystal, the 001 axis of the crystal 
being roughly perpendicular to the length of the specimen. The twinned portion 
is always bounded by parallel planes of the 301 type or by the ends of the specimen. 
Subsequent applications of the same type of force may extend the region twinned 
or may cause a second part of the crystal to twin; when this occurs, the second 
part is usually bounded by planes parallel to those of the first part, but occasionally 
by a second pair of planes of the same type. The plate shows at {a) two perpendicular 
views of a crystal in which two parts between planes parallel to each other are 
twinned, the darker parts being the parts which have twinned. 

The plate shows at {b) a crystal on which three different sets of parallel planes 
have come into operation as twinning planes. 

It is possible by continual longitudinal tapping to cause the whole crystal to 
take up the twin orientation. I'he twinned part is of the form of an elliptical cylinder 
obtained by inclining the axis of the original cylinder by about 5® to the normal to 
the circle forming its base. This angle between the untwinned and twinned parts 
is visible at {a) in the plate. 

If the surface of a part of a crystal that has been twinned but not re-etched is 
examined optically, it is found that the reflection pattern corresponding to the 
original orientation persists. Etching in ferric chloride solution to remove the 
surface layer reveals, however, an arrangement of spots corresponding to the 
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orientation of a twin about the 301 plane, which separates the twinned and un- 
twinned parts. A part of a crystal twinned as described above, or a crystal with its 
001 axis nearly parallel to the length of the specimen, will not undergo any further 
change if further longitudinal impact is applied, unless the force is sufficient to 
cause the specimen to bend with irregular distortion of the lattice. The reason for 
this is considered in the discussion of results (§ 5). 

If, however, a tension is applied to a specimen that has been twinned, it will 
sometimes revert to its original (untwinned) orientation. This occurs suddenly and 
a distinct click is audible as any portion of the crystal changes its orientation. The 
reversion to the original orientation is demonstrated by etching and optical examina- 
tion. 

Reversion to the original lattice can also be brought about by transverse impact 
in a direction perpendicular to the axis of the specimen in a plane containing the 
normal to the 301 plane of the original twinning and the axis of the specimen. 
Twinning on other planes owing to undue violence prevents a succession of more 
than one or two of the alternate twinnings and untwinnings which should otherwise 
be possible. Longitudinal compression of a suitable specimen in a vice causes 
twinning to occur in the same way as by impact, a characteristic click being heard as 
the twinning takes place. 

In general twinning may occur when a comprcssional force, either impulsive 
or steady, is applied in a direction perpendicular to the 001 axis, or when a tension 
is applied parallel to the 001 axis. The limiting variations from these definite 
orientations within which the twinning occurs have not yet been determined. 

Quantitative results. The observations described in the preceding paragraphs 
indicate that when twinning is brought about by longitudinal impact, the volume 
of the crystal in which twinning takes place is in some way dependent on the 
conditions of the impact. This variation was studied by using a ballistic pendulum 
to apply definite known impulsive forces to the specimen. 

Two brass cylinders, each of mass about 200 gm., were suspended with their 
axes in the same horizontal line by means of a system of threads so that they 
could only swing in the vertical plane containing their common axis. A hole was 
drilled to a depth* of about i cm. in the end of one of these cylinders, and the 
specimen on which observations were being made was held firmly in contact with 
the bottom of this hole, and projecting towards the second cylinder, by means of 
three set screws and a ring of rubber sponge. When both cylinders were at rest the 
free end of the specimen was just in contact with the end of the second cylinder. 

When the second cylinder was displaced from its position of rest by a given 
amount and released, it struck the end of the specimen, giving to it and its holder 
an amount of kinetic energy that could be detennined from the subsequent swing 
of the first cylinder. The displacement of each of the cylinders was observed by the 
movement along a horizontal scale of pointers attached to them. By using a 
specimen of which the orientation was such that no twinning took place on impact, 
a calibration curve relating the displacement of the striker and the swing of the 
holder was obtained ; this is the curve A of figure 2. When specimens were used in 
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which twinning took place, the points shown in figure 2 were obtained. The 
horizontal distance between a point and the calibration curve gives some indication 
of the loss of kinetic energy, and it is apparent that even with the same specimen 
and the same displacement of the striker, this energy-loss may vary very widely. 
Hence while some kinetic energy is lost in these collisions, this loss of energy is 
not directly related to the initial displacement of the striker. 

A measurement was also made of the amount of twinning that took place during 
each collision, the volume twinned being calculated as the product of the cross- 
section of the specimen and the axial distance between the boundaries of the twinned 
part. These measurements were made with a travelling microscope. 



Figure 2. 

The calibration curve of figure 2 corresponds to a definite loss of kinetic energy 
during a collision. A point to the left of the calibration curve corresponds to a 
greater loss of kinetic energy, and this difference of energy-dissipation was calculated 
for each collision. A correction, based on a consideration of the momentum, was 
made for the kinetic energy of the striker after collision. 

The points in figure 3 are those obtained when this loss of kinetic energy is 
plotted against the volume twinned in the same impact. The points, while showing 
that the accuracy of the observations is not high, indicate that the relation is 
approximately linear, i.e. that the loss of kinetic energy in an impact which results 
in twinning is proportional to the volume twinned thereby. The numerical value of 
this relationship is that the energy dissipated is 8 x 10^ ergs per cubic centimetre 
twinned. 

It is noticeable from figure 2 that when the initial displacement of the striker 
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is less than a definite minimum for each specimen no energy loss occurs; this 
corresponds to collisions in which no twinning takes place. The minimum dis- 
placement with which twinning occurs will probably depend on the orientation 
and cross-section of the specimen ; the results obtained so far only indicate that it 
is greater when the cross-section of the specimen is greater. 

If the atoms of the twinned part of a crystal occupy a lattice identical with, but 
inclined to, the original lattice, it follows that the potential energy of the atoms in 
the twinned lattice will be the same as that of the atoms in the untwinned lattice ; 
hence none of the kinetic energy that is lost in the collision can be more than 
temporarily changed into potential energy of the lattice. A small part of the energy 



will be converted into sound as the characteristic click that always accompanies 
twinning, while the remainder must take the form of heat. 

It follows that the temperature of a part of the lattice that has twinned must be 
higher immediately after twinning than it was before. The energy-loss given above, 
8x10^ erg/cm?, would, if completely converted into heat, represent a rise of 
temperature of 0-05° C. in the twin crystal. This temperature-rise was roughly 
measured by inserting a thermocouple into a hole drilled transversely in the 
specimen and observing the deflection of a galvanometer connected to the thermo- 
couple when the specimen was caused to twin by tapping it. The corresponding rise 
of temperature was found from a calibration of the thermocouple against a thermo- 
meter over a wider range of temperature. In a typical experiment the rise of 
temperature obtained was in two parts, coinciding with two impacts, and amounted 
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to 0*01° and 0*03° C. Further tapping caused no further observable rise of tem- 
perature. The fact that the observed rise of temperature is less than the calculated 
rise is due to the twinning being somewhat irregular as a result of the distortion 
of the lattice consequent on the drilling of the hole in the specimen. 

§ 5 . DISCUSSION OF THE RESULTS 

In the foregoing sections of this paper it has been assumed that the phenomenon 
that has been described and measured is a process of twinning. It is necessary now 
to examine critically the evidence that this is the case. 

We may define twin crystals as crystals such that the crystal axes of each form 
a mirror image of those of the other about the surface separating them. For the 
present purpose we must identify one of the twin crystals with the original or 
unchanged specimen, and the other with the part that has been altered by the 
treatment applied to the crystal. 

In the first place it can be shown that the changed part is itself a single crystal ; 
this has been demonstrated in the following ways : (i) after etching, the surface of 
the changed part can be made by the method of § 3 to show a definite series of 
reflection spots which are quite different in their disposition from those of the 
unchanged crystal, and are not altered by further prolonged etching ; (ii) when the 
changed part of the crystal is stretched, in certain cases it yields by glide, with the 
formation of slip bands ; (iii) by the application of a suitable force, either impulsive 
or steady, the orientation of this part of the specimen can be made to revert to that 
of the original crystal, as determined by the reflection spots ; (iv) that the effect is 
not confined to the surface layers of the specimen can be shown by polishing and 
re-etching the specimen; the arrangement of the reflection spots is not altered by 
this treatment. 

The relation between the lattices and the plane separating them must now be 
considered. The plane of separation is found by calculation from the reflection 
spots of both parts of the crystal to be within 2° of the position of a plane of 301 
type of both lattices. Since such a plane of separation must he a definite low-index 
crystal plane, it follows that the measurements are sufficiently accurate to show 
that it is a 301 plane. 

A more elegant method of showing the two crystals to be twins about the 301 
plane depends on the relation between the reffection spots of the two surfaces. The 
diagram, figure 4, represents the section of the lattice of tin by the 010 plane, the 
crosses and dots representing the atoms in alternate layers. The structure is a 
tetragonal lattice with eja equal to 0*541, with atoms at the comers of the unit cell 
and at the centres of the rectangular faces; such a unit cell is indicated in the 
bottom left-hand corner of the diagram. The sections of the densest planes per- 
pendicular to the plane of the diagram are also shown on the left-hand side of the 
diagram. 

The line AB represents the trace of a 301 plane on the plane of the diagram ; 
the crosses and dots surrounded by circles to the right of this line represent a lattice 
which is a twin of the original one about this plane. The traces of the more important 
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planes of the twinned crystal are marked on this part of the diagram, their identity 
being indicated by figures enclosed in round brackets. The planes of the original 
lattice are indicated by dotted lines in the same part of the diagram. It can readily 
be seen from the diagram that the following pairs of planes in the twinned and 
untwinned parts (the round brackets indicating the twinned lattices) are only 
separated by small angles, the values of which are marked on the diagram : lOO, (lOi) ; 
301, (001); Toi, (loi); 001, (301); loi, (100). It follows from the fact that the 
reflection spots are caused by the reflection of light from these crystal planes that 
certain spots in the reflection pattern of the twinned lattice will be only slightly 
displaced from the positions of spots coming from the untwinned lattice; other 



spots, however, that are present in the untwinned pattern will not appear in the 
twinned arrangement. The most prominent spots to which this applies are the 
01 1 spots of the untwinned lattice. Figure 5 represents the relative positions of the 
various spots of which some or all may be seen when reflection takes place from the 
two parts of the crystal, the same convention as to notation ‘being observed as 
before. (The figure strictly represents the positions which the spots would occupy 
on a sphere whose centre is the point of reflection.) It can be seen by inspection 
of the spots actually observed when reflection takes place from the two parts of the 
specimen, either consecutively or simultaneously, that the relations between the 
two lattices are as indicated in figure 4. 

In all cases in which these methods were applied, the twinning plane was found 
to be of the 301 type, of which there are four sets in the crystal lattice. Twinning 
on three of these planes is clearly visible at {h) in the plate. 




The twinning of single crystals of tin 743 

It is next necessary to consider the movements of the atoms which correspond 
to the process of twinning, i.e. their movements from their positions in the original 
lattice to their equally stable positions in the twin lattice. A mechanism suggested 
by Edwards^*®^ is obviously contrary to the data described above, and will be 
disregarded. It is clear from the lattice diagram, figure 4, that the simplest move- 
ment of the atoms indicated by crosses is a rotation of each loi plane through 6^® 
towards the loi plane (i.e. anticlockwise in the diagram), as indicated by the line CD 
rotating to the position CE. Each atom concerned (i.e. three out of every four in 
the whole lattice) is now in its position in the new lattice. The atoms in the alternate 
planes cannot take up their new positions in such a simple manner ; their probable 
movement is indicated by the arrows on the lower right-hand corner of the diagram. 
That the scheme described is correct for the more densely packed planes is con- 
firmed by the observation described above, that the axis of the twinned part is 
rotated through an angle of about 5® to that of the untwinned part. It can be seen 
at {a) in the plate that the sense of this rotation agrees with that expected from the 
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lattice diagram, since the geometrical axis of the specimen is roughly in the 001 
plane of the untwinned lattice. 

We can now see why twinning only occurs when certain relations between the 
directions of the applied force and the crystal axes are satisfied. The lattice diagram 
shows that the force applied must cause shear to occur in a definite sense between 
the planes in which twinning occurs. A sufficient impulsive shear stress will give 
the atoms sufficient kinetic energy to overcome the forces that retain them in their 
original arrangement, and to allow them to take up their new positions. The kinetic 
energy will afterwards be dissipated as heat. When the force applied is steady, 
the elastic displacements of the atoms eventually reach a value such that they are 
in positions where forces act to bring them into the new lattice. 

In either case, there must be a sufficient component of shear stress in the right 
direction in a set of 301 planes for twinning to occur. When a compressive force is 
applied perpendicularly to the 001 axis, there may be such components in all four 
of these sets of planes ; the crystal shown at {b) in the plate shows regions of twinning 
on three of these sets of planes. Tension in a single crystal rod perpendicular to the 
00 1 axis, or compression parallel to this axis, will not provide components of shear 
in the right direction in any of the twinning planes; hence no twinning occurs in 
either of these cases. When tension is applied in a direction nearly parallel to 
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the ooi axis, the result may be either twinning or glide, depending in some way not 
yet analysed on the exact orientation. 

When there is a component of shear stress in the appropriate direction in two 
or more of the twinning planes, the plane on which twinning takes place appears to 
be the one in which this component is the largest, although the numerical results are 
not yet sufficient to establish this principle definitely. 

It has often been observed in the past* that when twinning has been caused by 
straining in a polycrystalline metal, recrystallization tends to start from regions at 
which twinning has occurred, and it is suggested that this is due to instability of the 
twin crystal. This phenomenon has not been observed in the present investigation, 
although twinned crystals have been kept above the recrystallization temperature 
for some weeks. An explanation lies in the fact that with single crystals, in which 
twinning has occurred throughout the whole cross-section, there is no region in 
which the conditions approximate to those of an intercrystalline boundary, i.e. 
there is no region of misfit necessitating the presence of atoms not in a lattice. In a 
polycrystalline specimen, on the other hand, a twinned section of a small crystal 
will not fit perfectly the neighbouring crystals on which it abuts ; further, the change 
of shape due to the shift of 5° which occurs with twinning will set up a state of 
strain in a poly crystalline specimen although not in a single crystal. Both these 
factors explain why a twinned region of a polycrystalline specimen may serve as a 
nucleus for recrystallization while a twinned single crystal does not. 

From the regularity with which the transformation occurs, and the agreement 
found between various specimens in the present experiments, it would seem that 
whereas the resistance to glide is a structure-sensitive property, the incidence of 
twinning is non-sensitive. This may be due to the fact that the process of glide 
chiefly concerns a few (possibly specially constituted) lattice planes, while twinning 
concerns every atom in the twinned lattice. Since every atom takes part in the 
twinning process, it is possible to express the energy relation that results from the 
ballistic experiments as the mean energy per atom that must be supplied to cause 
twinning by impact. The figure obtained is 2 x erg per atom. The mean 
energy per atom, however, does not give any exact information, because different 
atoms play different parts in the twinning process and probably require different 
amounts of energy. It is clear, however, that the energy is small compared with that 
which would entirely overcome the cohesion of the lattice and cause melting. 
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DISCUSSION 

Prof. B. P. Haigh. The effective demonstration of the mechanical reversibility 
of the process of twinning and of its thermally irreversible character suggests that 
it may be an important feature of mechanical strain in other metals as well as in tin. 
It seems possible that twinning and untwinning may be the direct cause of elastic 
hysteresis, the nature of which has not yet been explained. 

In a paper contributed in 1927 to the Faraday Society* the present writer 
showed that hysteresis exhibits different characteristics in three (Jistinct stages in 
the course of fatigue tests on mild steel. In the first and third stages slip bands are 
produced on the surface of the test piece subjected to cyclic variations of stress; 
and the plastic hysteresis observed in these stages may be attributed in large 
measure to the process of slip which probably includes both the production of the 
amorphous phase and its partial recrystallization with liberation of heat. In the 
second stage, however, no slip bands are observed, but heat continues to be liberated 
during long periods which may include many millions of cycles of stress. The 
characteristics of twinning, demonstrated so clearly by the author, suggest that 
twinning and untwinning occurring in a cyclic process during successive variations 
of stress may be a probable cause of this elastic hysteresis as exhibited in the second 
stage of fatigue tests ; and it appears that the subject deserves further investigation 
with this possibility in mind. It is clear that tin is admirably suited for the in- 
vestigation of twinning phenomena and that if twinning is not as readily observed 
in other metals it may be because untwinning occurs more easily on relaxation or 
reversal of stress. 

Prof. E. N. DA Q. Andrade. The author has accomplished a valuable piece of 
work in measuring for the first time the energy per cm? required to produce twinning 
in a given crystal, and probably owes his success in this difficult task to his ingenious 
method of utilizing shock to produce the twinning and measure the energy. The 
obvious course of direct thermal measurement would be very difficult to carry out 
with the same degree of precision. Many interesting extensions of his work suggest 
themselves: for instance, how does this energy vary with the temperature of the 
crystal? One would naturally suppose that less energy would be necessary to produce 
twinning at higher temperatures, since the heat agitation throws the atoms further 
from their equilibrium position, but a quantitative estimate of the variation would 
• B. P, Haigh, Trans. Faraday Soc. 24 , February (1928) 
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throw light on the complicated question whether twinning or glide takes place in a 
given lattice at a particular temperature. 

It would be of very great interest for the same question to know what direction 
of blow, relative to the crystal axes, is most favourable for twinning. Can the 
author give us any closer estimate than the general indication of § 4 of his paper? 

The fact that the whole of the twinned part of the crystal turns through 5° 
indicates that the modification of the lattice is propagated from the twinning 
boundary. The readjustment of the atoms into the twinned lattice without any 
atom moving through more than the interatomic distance is conceivable, if the 
twinning takes place simultaneously throughout the volume. It might be worth 
while to find out whether twinning would take place if the crystal were enclosed 
in an unyielding cylinder and struck, and, if so, whether it would be in close 
narrow bands alternating in orientation. 

I was struck by the use of the optical method for identifying the crystal axes. It 
has been utilized once or twice previously, notably by Bridgman, but it seems to 
have been too much neglected if it is as simple as it appears to be from the author’s 
demonstration. 

Mr E. J. Danifxs. The author’s method of determining orientation appears to 
be more readily applicable in metallographic investigations than those discussed 
by Tammann in the paper to which he refers. The observation, recorded on page 739 
of the paper, that twinning produced by compression can be reversed by tension 
giving again an untwinned crystal, seems very illuminating in connexion with a 
suggestion of Elamf that certain results given by annealing of crystals bent in 
various manners can only mean that some of the strain set up by bending one way 
is reversed when the metal is bent in the reverse direction. 

Author’s reply. Prof. Haigh puts forward a very interesting suggestion re- 
garding the relation between twinning and fatigue ; it would seem, however, that a 
considerable amount of experimental work must be done on metals other than tin 
before the conclusions arrived at with respect to tin can be regarded as generally 
applicable to metallic crystals. At the same time, it seems likely that the mechanical 
reversibility of the twinning process is shared by every metal in which twinning can 
occur. 

I should like to thank Prof. Andrade for the suggestions he has made for future 
work on twinning. I am not yet in a position to answer any of the specific questions 
that he raises, but I hope to deal with them in a future communication. 

In reply to Mr Daniels, it seems clear that any distortion resulting in the 
formation of a lattice identical with, but inclined to, the original lattice can be 
reversed by the application of a force bearing the same relation to the new lattice 
as the previous force bore to the original lattice. The fact that this takes place as 
described in the paper indicates that the twinned lattice is identical with, though 
inclined to, the untwinned lattice. 

* Proc. Amer. Acad. Set. 60 , 305 (1925). 
t C. F. Elam, Distortion of Metal Crystals, p. 175; 
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AN ATTEMPT TO ANALYSE COSMIC RAYS 

By ARTHUR H. COMPTON, University of Chicago 
and Oxford University 

The Twentieth Guthrie Lecture^ delivered February i, 1935 

ABSTRACT, The coincidence experiments of Bothe-Kolhorster, Rossi and others, 
considered in the light of various alternative interpretations, show the existence of pene- 
trating, electrically charged particles which are either primary cosmic rays or are secondaries 
of primaries that arc absorbed high in the atmosphere. The shower-producing radiation, 
which seems to consist of photons, must, in view of the marked latitude effect to which 
it is subject, be produced by some electrically charged primary rays, which are provisionally 
identified as electrons. 

The variation of cosmic-ray-intensity with latitude is shown to increase from about 
16 per cent at sea- level to a ratio of 40-fold between 55” and 20® at very high altitudes* 
Extrapolation to the top of the atmosphere near the poles and the equator would indicate 
a ratio greater than 100 : i, which would imply that less than i per cent of the unfiltered 
primary cosmic rays are electrically neutral. In conjunction with the coincidence experi- 
ments, this means that the primary rays responsible for cosmic-ray ejects are nearly all 
electrically charged particles, 

A method of analysing these electrically charged rays is described and applied to 
typical ionization data for different altitudes at various latitudes. The method consists 
in (i) calculating the effective minimum energy of various types of particles admitted through 
the earth’s field at different magnetic latitudes; (ii) determining the minimum ranges in 
air of the particles corresponding to these minimum energies ; and (iii) analyzing the data 
relating the altitude with ionization and thus obtaining experimental range-minima that 
can be compared with the calculated values. The balloon experiments show two such range- 
minimuy A and B, at higher and lower altitudes respectively. Their ranges progress with 
changing latitude approximately in the manner that the theory predicts. A third range- 
group C appears on analysis of the curve showing the latitude effect for sea-level. Using the 
best available information regarding magnetic latitudes and the relation between energy 
and range, these range-groups are identified respectively as alpha particles ^ electrons and 
protons. Comparison with directional experiments indicates that the electron group 
probably consists of about equal parts of positrons and negatron? . 

The possible errors involved in applying this analysis are of such magnitude as to 
leave the identification of the range-groups questionable. Comparison with other data is 
on the whole however confirmatory, except for the failure to find proton tracks in Wilson 
photographs of cosmic rays. For this a possible explanation is offered. 


§1. COINCIDENCE OBSERVATIONS 

T he first important information regarding the nature of cosmic rays came from 
Bothe and Kolhorster’s famous coincidence experiment, in which two Geiger- 
Miiller counting-tubes^’^ were used. The counting-tubes were placed one 
above the other as shown in figure i , and were shielded by heavy blocks of lead and 
iron. Between the tubes, at Ay could be inserted a 4-1 -cm. block of gold. In their 
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experiment these observers found that the gold reduced the number of coincidences 
per hour to 0*78 of the value it had without the gold. This reduction is however of 
the same order of magnitude as the reduction in intensity of the cosmic rays which 
is observed in ionization chambers when they are shielded by an equivalent screen. 
Thus Bothe and Kolhorster concluded that the rays that produce the coincidences 
are the same as the penetrating cosmic rays that affect the ionization chambers. 
Assuming that coincidences can be produced only by penetrating particles which 
ionize continuously along their paths, and since the only known particles that 
produce such continuous ionization are those which are electrically charged, Bothe 
and Kolhorster concluded that the cosmic rays were some kind of charged particles. 

Several alternative interpretations of this experimental result have been pro- 
posed : (i) Primary photons may produce secondary j 3 -rays, proceeding in nearly the 
direction of the primary rays, at such frequent intervals that there is a good chance 
of ionization occurring within a Geiger-Miiller tube placed anywhere in the path of 



Figure, i Experimental arrangement of the two Geiger-Miiller counting-tubes 
used by Bothe and Kolhorster. 


the photon Experiments by Street and Johnson have shown that the probability 
of ionization being produced in such a tube by a coincidence-producing particle is 
at least very nearly 100 per cent. On the other hand, Anderson’s cloud-expansion 
photographs show pairs and showers of high-speed electrons emerging from lead 
plates into which no ionizing particle enters He finds it necessary to ascribe each 
of these showers to a photon, which does not ionize the gas in the chamber until at 
some cataclysmic event in the lead plate it spends itself in the production of a group 
of high-energy electrons. The energy of these photons, as determined by summing 
the energies of the secondaries they produce, is of the order of 10® electron-volts, 
which is within the range of primary cosmic-ray energies. The photographs show 
however above the lead plate an open region where the photon does not produce 
ionization. Such photons accordingly do not have ionizing particles associated with 
them continuously along their paths, as they would need to have if the production 
of coincidences were to be accounted for in this manner. 

A similar conclusion can be drawn from experiments, such as those of Rossi 
and others, with three counter tubes out of line, in which case a few coincidences 
are observed which may be ascribed to secondary rays. It is found that by proper 
shielding of the counter tubes to absorb the secondary rays, such coincidences may 
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be almost completely eliminated, whereas with similar shielding the coincidences 
occur at a normal rate if the counters are in line. It is thus evident that in the latter 
case the coincidences are due, not to any secondary rays, but to the direct action of 
individual penetrating particles. 

(ii) Another suggestion has been that the primary cosmic ray is a photon, 
which however gives rise to a secondary jS-ray of penetrating power nearly the same 
as the primary photon. That this suggestion is untenable has been shown by another 

A 


O T 


© 


i 

42-4t.8hr:' 

Figure 2. Hsiung*s coincidence experiment. 

coincidence experiment performed in slightly different forms by Rossi and in our 
laboratory by Hsiung^^\ Triple coincidences for three counters in line are observed, 
with lead shields arranged to prevent the counters as far as possible from being 
affected by secondary rays. A heavy lead block (20 cm. thick in Ilsiung’s experiment) 
may be placed, as in figure 2, either between the first and second counters or above 
the first. If the secondaries have no effect, and if all of the coincidence-producing 
particles come from above the apparatus, since the fraction of the particles stopped 
by the lead in cases B and C of figure 2 should be the same, the coincidence rate in 
these two cases should be identical. If on the other hand non-ionizing photons 
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produce secondary penetrating electrons (coincidence particles) in the lead block, 
the coincidence rate should be greater with arrangement C than with B, since in the 
latter case these newly-formed particles would not traverse counter i. After 
making allowance for the slight effect of the well-known soft secondary rays, both 
Rossi and Hsiung find the coincidence rate in cases B and C identical within experi- 
mental error. This means that all the coincidence-producing particles originate 
above the apparatus. Thus the proposed interpretation, which would require the 
production of a considerable number of penetrating secondaries in the lead shield, 
is untenable. 

§2. COINCIDENCE RAYS AND SHOWER-PRODUCING RAYS 

Rossi has brought forward strong evidence to the effect that the rays which 
produce the coincidences which we have been discussing are not identical with 
those which produce the showers of ionizing particles observed in Wilson chambers 
and with coincidence-counting tubes out of line. Bothe and Kolhorster’s early 
conclusion that the particles producing the coincidences are absorbed by matter at 
substantially the same rate as the total cosmic-ray beam observed with ionization 
chambers has been confirmed by later experiments. Thus Hsiung^^^ finds o*oi6 cm:^ 
for the absorption of the coincidence particles in lead, and calculates 0*014 cm:^ in 
lead from the depth-ionization data. Rossi and Johnson find however that with 
increasing altitude the number of coincidences observed with the arrangement of 
counters shown in figure 3 (due to showers) increases more rapidly than those with 
the three counters in line. Thus between sea-level and 2370 
metres Rossi and Benedetti^®^ find a ratio of 1:5 for the 
coincidences when the counters arc out of line and i : 2 for 
those when the counters are in line. Street and Johnson 

have given direct evidence that some showers result from ^ Rossi’s arrange- 

secondary rays excited by penetrating primary corpuscles, ment for studying 
and this seems to be supported also by the evidence obtained d^atTon 
by Anderson and Blackett from their Wilson photographs. 

The difference in the relative number of showers at different altitudes would seem 
however to require the assumption of an additional shower-producing radiation 
which is , more strongly absorbed in the atmosphere than are the corpuscles re- 
sponsible for coincidences of the Bothe-Kolhdrster type. 

Experiments with counter tubes and Wilson chambers agree in giving convincing 
evidence that the direct agent producing the showers of corpuscles responsible 
for coincidences with the counters out of line is a non-ionizing radiation with a mass- 
absorption coefficient of about 0*05 gm:^ cm? in lead, and roughly proportional to 
the atomic number. In its non-ionizing property and its ability to produce “ photo- 
electronic” pairs of positrons and negatrons, this shower-producing radiation is 
identical with hard gamma radiation, and almost certainly consists of photons. 
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§3. THE LATITUDE EFFECT 

When Bothe and Kolhorster first drew the conclusion from their coincidence 
experiment that the primary cosmic rays are electrical particles, they remarked 
that these particles should on approaching the earth from the outside be deflected 
by the earth’s magnetic field so as to reach the poles more easily than the equator. 
J. Clay had just published^'*^ his first measurements indicating a greater cosmic-ray- 
intensity in Holland than in Java. This effect Bothe and Kolhorster ascribed to the 
anticipated action of the earth’s magnetic field. Millikan and Cameron, however, 
had reported no measurable difference in intensity between California and Bolivia^*^\ 
Bothe and Kolhorster were themselves unable to detect a difference between 
Hamburg and Spitsbergen, as also were Kerr Grant^*^^ between Melbourne and 
Antarctica, and Millikan between California and Hudson Bay. In spite of Clay’s 
confirmation^**^ of his own findings, it was therefore supposed that the earth’s 
magnetic field had no effect on the primary cosmic rays, and that the effect found 
by Clay was due to some more obscure cause The absence of such an effect could 
have been reconciled with the coincidence experiments by supposing that the 
primary cosmic rays are uncharged particles which are absorbed high in the 
atmosphere, there giving rise to the penetrating electrical particles which the 
coincidence experiments show at the earth’s surface. Then came, however, an 
extensive series of observations which established the existence of Clay’s latitude 
effect, and has thrown a flood of new light on the problem of the composition of the 
primary cosmic rays. 

By the work of Stdrmer^*^\ Epstein^*®\ Rossi Lemaitre and Vallarta^**\ and 
others it has been shown that for electrons of a definite energy approaching the 
earth isotropically from remote space, at magnetic latitudes less than a definite limit 
the electrons are unable to reach the earth (Stormer), at latitudes greater than a 
second limit the number of rays reaching the earth is unaffected by the earth’s 
magnetic field (Lemaitre and Vallarta), and at intermediate latitudes the rays can 
reach the earth from some directions but not from others. For electrons of energy 
more than 2 x 10^® e.V., the effect of the earth’s magnetic field is negligible at all 
altitudes. Electrons just able to traverse the earth’s atmosphere must have an 
energy of about 6x10® e.V., for which the upper and lower latitude limits are 45*^ 
and 35*^ respectively. In figure 4 is shown a family of very useful curves, calculated 
approximately by I^emaitre and Vallarta, which describe the intensity of the 
electrical rays at different latitudes for particles with different energies. It is clear 
from these curves that if the incident particles have a wide range of energies, there 
should be observed a gradual increase in intensity from the equator toward the 
poles. Since the earth’s atmosphere does not permit particles with less energy than 
about 2*3 X lo® e.V. (as calculated for protons) to reach sea-level, measurements 
made at sea-level should show such variations only up to about 50'^ magnetic 
latitude. At higher altitudes, where lower-energy particles are transmitted, the 
latitude effect should extend to correspondingly higher latitudes. 

The recent cosmic-ray surveys have given results in complete accord with these 
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calculations. During 1931 to 1933 we had twelve different expeditions, manned by 
some eighty cooperating physicists, making measurements at more than one hundred 
stations widely distributed over the earth. The data showed that at north and 
south magnetic latitudes higher than 50° no significant variation with latitude occurs 
at sea-level. From the equator to 50°, however, there is at sea-level an increase of 
intensity of about 16 per cent. Similar contemporaneous measurements by many 
independent observers have led to essentially the same results. In figures 5 and 12 
are collected typical data^*^’^"^^ showing the intensity of the cosmic rays at sea-level 
as a function of the geomagnetic latitude. 

There are several interesting features of these data which cannot be elaborated 
here. Among these are our finding that the variations in cosmic-ray intensity are 



Magnetic latitude {deg.) 

Figure 4. Intensity as a function of latitude calculated for particles of different 
energy, by Lemaitre and Vallarta. 


much more closely correlated with the earth’s average (or “geomagnetic”) latitude 
than with the geographic latitude. Similarly, Clay has found that the decrease in 
intensity at the equator is more prominent at longitudes about lao'^ E. than at 
longitudes o to 90° W., in accordance with the fact that the earth’s magnetic field 
is stronger in the eastern hemisphere These details can leave no doubt but that 
the latitude effect is due to the action of the earth’s magnetic field.* 

In its bearing on the composition of cosmic rays, a most significant aspect of the 
latitude effect is its rapid increase with increasing altitude. This became evident 
from the high-mountain measurements at different latitudes on our cosmic-ray 
survey and has been confirmed and extended to higher altitudes by the airplane 
measurements of Bowen, Millikan and Neher^*®^ and Clay^*^\ and especially by a 
comparison of the stratosphere balloon observations of Regener^*®\ Piccard and 
Cosyns^*’^, Clay^*^^, and Compton, Stephenson and Millikan In figure 6 are 
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shown some of these data, chosen because of the similarity of the methods of 
measurement. They show the striking fact that whereas at sea-level the latitude 
effect is relatively small, near the top of the atmosphere the ratio of the intensity of 
the rays near the equator to that near the poles seems to be of the order of only 
I per cent. 

Clay notes that the values got on his balloon flights in Java are not of high pre- 
cision. By comparison with his more reliable airplane observations, however, it 
would seem improbable that his balloon data are in error by more than 20 or 30 per 



Figure 5. Cosmic-ray ionization at sea-level as a function of geomagnetic latitude. The numbers 

refer to our different expeditions. 


cent. From the shape of his curve it appears that but little increase in intensity is to 
be expected at the equator above 1 5 km., and thus that at the top of the atmosphere 
the intensity of the cosmic rays should be not far from 12 standard ions. The 
measurements made with the unshielded chamber on our Century of Progress 
balloon flight, on the other hand (curve 52"", figure 6), showed an intensity of 500 
standard ions at a barometric pressure of 5 cm. and increasing with altitude in 
such a way that a linear extrapolation to the surface of the atmosphere, figure 6, 
would give about 800 ions. Analysis of our (altitude, ionization} data shows a marked 
effect ascribable to the earth’s field for altitudes over a barometer of 35 cm., so that 
near the magnetic pole the intensity should be considerably greater, probably more 
than 2000 ions (cf. figure 7). Thus at the highest altitudes at which observations have 
been made (at a pressure of about 5 cm. of mercury) the measured ratio of the 
cosmic-ray-intensity at 52° to that at 0° is about 506/12 or 42. At the surface of the 
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atmosphere the ratio of intensities between the poles and the equator is certainly 
greater, and probably more than loo : i. 

Since electrically neutral rays should be unaffected by the earth’s field, this 
result means at once that probably not more than i per cent of the ionization at the 
top of the atmosphere near the poles is due to electrically neutral rays. This possible 



Figure 6. Cosmic-ray ionization as a function of depth below the surface of the atmosphere at 
different geomagnetic latitudes. 52°, Compton-Millikan ; 42", Millikan- Bowen ; Peru, Millikan- 
Neher; Java, Clay. 

fraction of i per cent is reduced to a still smaller value if we note that the rays 
received at the equator show a marked east-west asymmetry, indicating that the 
earth’s magnetic field affects a large portion even of those rays which reach the 
earth at the equator. Thus only a very small fraction indeed of the primary cosmic 
rays can be electrically neutral. 

The coincidence experiments described above, however, show a shower- 
producing component of cosmic rays that seems identifiable as photons. This 
finding can be reconciled with our conclusion of electrically charged primaries if we 
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assume that the photons are secondary rays, excited when primary particles strike 
the atmosphere. From the fact that the shower-producing rays are relatively less 
abundant at lower depths we may infer that the primary rays which excite them are 
less penetrating than the coincidence-producing electrical particles that constitute 
the chief component at sea-level. There thus appears to be an electrically charged 
component of the primary cosmic rays which excites the shower-producing photon 
as it traverses the atmosphere and is more absorbable than the total cosmic-ray beam. 


2000 
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Depth {kg./cm^) 


Figure 7. Intensity at different depths for radiation coming vertically through the atmosphere, as 

observed at different latitudes, sz'’, Compton-Stephenson-Millikan ; 42”, Bowen-Millikan ; 

20°, Clay. 

The large east- west asymmetry found by Rossi for the coincidence-producing 
rays that penetrate 8 cm. of lead is further evidence of the electrical character of the 
more penetrating rays. There thus appears no reason to doubt Bothe and Kol- 
horster’s conclusion that such coincidences are due to the direct action of a com- 
ponent of the primary rays. 

Other lines of evidence, based on the form of the {depth, ionization} curve, the 
independence of the transition effect of latitude, etc., have also led^^'^ to the conclu- 
sion that electrically neutral particles are negligible in the primary cosmic rays. In 
view, however, of the apparently conclusive character of the evidence from the 
latitude effect at high altitudes, it seems unnecessary to elaborate the argument. 
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The need for further consideration of photons, neutrons or other neutral particles 
as an important part of the primary cosmic rays seems thus to be eliminated 


§4. MASS ANALYSIS OF THE PRIMARY COSMIC RAYS 

Our problem is now reduced to that of identifying the various electrically 
charged components which may be present in the cosmic rays incident upon the 
earth. For particles of lower energy such an analysis may be performed by using a 
mass-spectrograph, in which electric and magnetic fields are employed. Attempts 
to deflect cosmic rays with laboratory electric and magnetic fields have recently met 
with some success. The energies of the primary particles are, however, so high that 
these particles are deflected only with the greatest difficulty ; and even when they are 
deflected, it is hard to distinguish between the primary cosmic-ray particles and the 
secondaries excited within the atmosphere. Fortunately, however. Nature has sup- 
plied us with a ready-made magnetic spectrograph suitable for analysing the primary 
cosmic rays. The earth itself acts as the magnet, and in place of the electric field we 
have the stopping-power of the earth’s atmosphere. This natural instrument has 
the advantage of such great dimensions that the rays are analysed far above the 
atmosphere, where they cannot become confused with secondaries. It leaves some- 
thing to be desired regarding the uniformity of its magnetic field, and we have not 
as yet been able to learn accurately the calibration curve with which to determine 
the energies of the particles in terms of their penetrating-power in the atmosphere. 
In spite of these limitations and even with the incomplete information now available, 
an attempt to analyse the components of cosmic rays with our earth magnet leads 
to valuable results and indicates the kind of data that must be obtained if such an 
analysis is to be made more rigorous. 

Calculation of minimum ranges for different types of rays. From the Lemaitre- 
Vallarta curves given in figure 4 we may choose a limiting value of such that at a 
given latitude particles with greater Xq will be transmitted, whereas those with smaller 
Xq will not be transmitted. Actually, as figure 4 indicates, this limit is not sharp. In 
table I I have accordingly chosen a mean Xq between the Lemaitre-Vallarta limit of 
complete transmission and the Stormer limit of complete obstruction. Though no 
precise calculation of this intermediate region has been made, the values here given 
cannot differ greatly from the limiting value of x^ for the rays passing vertically 
through the atmosphere. 


Table i. Minimum energies at different latitudes 


Magnetic latitude (degrees) 

0 

20 

30 

0*41 

40 

45 

5® 

0*23 

55 

60 

65 

Limiting ^0 

0*55 

0-49 

0-33 

0*28 

o*i8 

0*14 

0*10 

Minimum 

fi Electrons 

181 

14-3 

10*0 

6*5 

4*6 

3*1 

1*95 

1*15 

o*6o 

energy 

1 Protons 

I7-I 

13-4 

9*1 

5*6 

3-8 

2*32 

1*21 

0*56 

0*17 

(e.V. X 10*) 

1 Alpha particles 

32-5 

1 25*0 

i6*8 

9*7 

6*3 

3*5 

1*73 

0*71 

o*i8 


[Oxygen nuclei 

1300 

100*0 

67*0 

39*0 

25*5 

14*0 

6*9 

2*2 

0*7 
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The quantity Xq is defined by 




mv 


(i)» 


where r is the radius of the earth, m the relativity mass of the particle, v its velocity, 
e its charge, and M the magnetic moment of the earth. From this expression, 
Lemaitre and Vallarta have tabulated values of the kinetic energy of electrons, 
protons and alpha particles for various values of jcq. In table i are given the 
corresponding minimum values of the kinetic energies of these particles, and also of 
oxygen nuclei, for various latitudes. In comparing these figures with experiment, 
the greatest error is probably that due to the irregularities in the earth’s magnetic 
field , which make uncertain the effective latitude and value of at a given point on 
the earth’s surface. 



Figure 8. Estimates of the ranges for different energies, for four types of particles. In the preferred 
estimates (solid lines) account is taken of radiation and collisions with electrons and nuclei. 


Corresponding to each value of the minimum energy of a particle there will be 
a minimum value of its effective range. Unfortunately our information is scanty 
regarding the relationship between range and energy for particles with cosmic ray 
energies. Figure 8 gives however in the solid and broken lines two different estimates 
of this relationship for each of our four particles. We shall consider later (see § 5) 
how these estimates are made. For the moment we note merely that the estimate 
represented by the solid line is to be preferred, and that the difference between the 
two estimates is an indication of the large uncertainty in our knowledge of the ranges 
of particles with such great energies. 
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Using the curves of figure 8, we find a minimum range corresponding to each 
of the minimum energies of table i. Thus we obtain figure 9, which gives the 
minimum effective ranges corresponding to different latitudes for each type of 
particle. The significance of this figure is that, to about the degree of precision of the 
range curves of figure 8, at any chosen latitude the particles entering the earth’s 
atmosphere may have ranges greater but not less than those listed in figure 9. 

Experimental range-minima, A comparison of these predicted minimum ranges 
with the results of experiment is complicated by the fact that the cosmic rays enter 
the atmosphere from all directions above the horizon. Gross has however shown 
that if 1 is the observed intensity at a depth z below the surface of the atmosphere, 



Magnetic latitude {deg,) 

Figure 9. Estimated minimum ranges fur different latitudes, for protons, electrons, 
alpha particles, and oxygen nuclei. 

the intensity Y which the radiation would have if it came normally through the 
atmosphere to the depth z is given by 

Y==l-z{cllldz) (2). 

By use of this transformation equation, the data collected in figure 6 give the curves 
shown in figure 7, which represents therefore the intensity of the radiation passing 
vertically through the atmosphere. 

In order to interpret these curves in terms of ranges, consider the following 
idealized cases : 

(i) Range particles, which ionize uniformly along their path until they reach the 
end of their range, and then stop. High-speed beta and alpha particles approximate 
to this type, though both show somewhat stronger ionization near the end of their 
range. 

(ii) End-ionizing particles, which have a definite range but produce most of their 
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ionization near the end of their path. In the limiting case they would give no 
ionization except at the end of the range. A particle which produces most of its 
ionization through the secondaries it excites will, if it has a definite range, approxi- 
mate to this type. 

(iii) Particles which are absorbed exponentially, and produce ions where they 
are absorbed. This means that there is a constant probability per cm. of path that the 
particle will be stopped, but that there is no energy spent by the particle except in 
the region of absorption. High-speed electrons losing energy in nuclear collisions 
at which most of their energy is radiated, and alpha particles suffering destructive 
nuclear encounters, as well as photons photoelectrically absorbed, would fall 
approximately into this category. 

If the absorption is of the exponential type, Eckart^^^^ has shown how curves like 
those of figure 7 may be analysed into absorption spectra by use of Laguerre 
functions. Over the altitude range above 7 kg. /cm?, where the curvatures of the 
{log T, z} curves are chiefly downward, such an analysis must however lead to im- 
possible negative intensities Such an exponential analysis would thus lose its 
physical significance if applied to these curves. 

If, as in the limiting case (ii), all the ionization were to occur at the end of the 
range, the curves of figure 7 would give directly the range-distribtition of the par- 
ticles, since the ionization at each depth would be a measure of the number of 
particles arriving at that point. In this case, however, we should expect the ioniza- 
tion 'F to approach zero at the top of the atmosphere, which it apparently does not do. 

If, as in case (i), the ionization is uniform throughout the range, it can be shown 
that the intensity L of the particles having ranges between z and z-{-dz '\^ given by 

-z^ dz (3). 

In figure 10 are shown the range spectra corresponding to the curves of figure 7, as 
calculated according to this assumption. In this case, since all the ranges are 
presumably greater than some minimum, the slope of the {'F, z} curves should 
approach zero at the top of the atmosphere, and should nowhere become positive. 
Though the former condition seems to be satisfied, the uppermost portions of the 'F 
curves show positive slopes. 

It is not surprising that none of our idealized cases is capable of representing 
accurately the cosmic-ray ionization. This ionization is undoubtedly the result of a 
complex system of primary and secondary rays, each of which ionizes in several 
different ways. It is apparent from the above discussion, however, that in the 
upper reaches of the atmosphere the ionization is less like that appropriate to ex- 
ponential absorption than like that due to particles with a definite range. We may 
in any case use equation (3) and figure 10 for giving the effective range- distribution 
as if by uniformly ionizing particles. These effective ionization ranges may however be 
slightly greater than the effective ranges of the primary particles, as used in figures 8 
and 9, in view of the additional range of the secondary radiation which may contri- 
bute to the ionization. 

48-2 
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In figure 1 1 are collected the 'F curves calculated from all of the available balloon 
data for which observations to a sufficient altitude have been made. On the basis of 
the data from which his curve in this figure was calculated, Kolhorster first called 
attention to the break in the intensity values at about 0*5 kg./cm?, which corre- 
sponds to our peak B of figure 10. For the data from the unshielded meter used on 
our Century of Progress flight, two W curves are given. The solid line is identical 
with that in figure 7, being based on the smooth curve drawn through the datum 
points of figure 6. The dotted line is the result of a similar Gross transformation 
applied to the smoother curve drawn through the same points by Bowen, Millikan 
and Neher^^^\ who did not recognize any irregularities. I have preferred the solid 



Figure lo. Effective ionization-range distribution of the cosmic-ray particles 
traversing the atmosphere. 

curve, because it represents the datum points more accurately. As will be seen 
from the corresponding dotted curve of figure 10, however, the range analysis of 
Bowen, Millikan and Neher’s curve leads to limiting ranges of about the same values 
as given by our curve, though less sharply defined. Similarly the close-dotted curve 
representing Bowen and Millikan’s combined airplane and balloon data near 42^ 
is taken from their smooth {/, s} curve in which no irregularities were recognized. 
The corresponding range curve plotted in figure 10 shows prominently both peaks A 
and B. The curve ascribed to Regener-Gross is identical with that of figure 7, and is 
merely a copy of Gross’s own analysis of Regener’s average high-altitude data. 
Piccard and Cosyns^*’^ called attention to the departure of their data from an 
exponential curve in the neighbourhood of our B peak. The curve representing their 
data here was calculated from a smooth curve drawn through all their datum 
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points. That for Clay’s data is taken from the corresponding smooth curve of figure 6. 
The curve for Compton and Stephenson’s data from the Century of Progress 
balloon flight, being taken with a meter shielded by 6 cm. of lead^^‘\ is not strictly 
comparable with the others. It is of interest however in showing the B peak 
prominently at about the same depth as that found with Millikan and Neher’s 



Figure ii. Comparison of vertical intensities as found on various balloon flights, 
showing systematic variations which depend upon latitude. 


unshielded chamber. There would thus seem to be no reason to doubt the validity 
of the breaks in the experimental curves which correspond to the range-distribution 
peaks A and B. 

For the most part the breaks in the curves of figure 1 1 show a regular progres- 
sion in depth with change of the geomagnetic latitude A. An exception is found, 
however, in the Bowen-Millikan curve for A =42°, in which the breaks occur at 
about the same depth as for the three curves obtained in Europe at about A = 49°. 
That this exception is due to the non-uniformity of the earth’s magnetic field 
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becomes clear from a consideration of the two curves of figure 12, which show the 
latitude effect as observed respectively in North America and Europe In both 
cases the intensity is plotted against the geomagnetic latitude It will be seen 
however that the knee of the curve at which the latitude effect begins is at about 51° 
in North America, but at 57^^ in Europe. This is related to the longitude effect 
observed by Clay and is doubtless connected with the fact that the local magnetic 
pole is located in North America 

For our purpose it is most convenient to take account of this difference by using 
a corrected magnetic latitude in terms of which the knee of the latitude-effect curves 
will come at the same place in both hemispheres. This may be done by assigning the 



Figure 12. Cosmic-ray-intensity at sea-levcl as a function of geomagnetic latitude 
in North America (above) and Europe (below). 

mean value of 54° to the knee of both curves, and correcting the other geomagnetic 
latitudes by adding three degrees to those in America and subtracting three degrees 
from those in Europe. In this way we obtain the corrected magnetic latitudes shown 
in figure ii under the heading fi. In terms of this corrected value, it will be seen 
that the humps in figure ii show a regular progression with latitude. We shall use 
these corrected magnetic latitudes (i. rather than the geomagnetic latitudes A, since 
they are thus found from figure 12 to give better correlation with the cosmic-ray 
intensities. 

Identification of the range-groups. In order to identify the types of particles 
responsible for an observed range-group, we read from figure 9 the minimum ranges 
to be expected at the appropriate latitude, and see which of these ranges, if any, fits 
the minimum range of the observed group, as marked by the slop ing part of the 
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curve in figure 10. Thus we note from figure 9 that the preferred estimate of the 
minimum range of an electron at 55° is 0*25 kg./cm? This lies on the upward sloping 
portion of peak B of the 55° curve in figure 10. Since the minimum ranges for the 
other particles do not come in the same region, this would identify peak B as due 
to a group of incoming electrons. In a similar way peak A may be identified with 
alpha particles. For the 47° curve as indicated in the figure, the same assignment of 
types of particles works best; but the anticipated minimum ranges do not fit as 
accurately on the upward slopes of the range-distribution curves. The same result 
is obtained on testing every curve of figure 1 1 : peak A corresponds best with alpha- 
particle ranges, and peak B with electron ranges. 

A similar test can be made directly from the sea-level {intensity, latitude} curves 
shown in figure 12. We have seen that the latitude effect begins at about 54°. From 
figure 9 we find that at sea-level (i kg./cm?) the latitude effect should begin at about 
48*^ for protons and at 40"" for electrons, and should not occur at all for alpha 
particles. Considering the uncertainties involved, the agreement is reasonably good 
with protons, but is unsatisfactory for any other kind of particle. Also, if peak B of 
the 55° curve of figure 10 is ascribed to electrons, we cannot explain the beginning 
of the sea-level latitude effect at this latitude by the same kind of particle. In the 
European data of figure 12, which are the more complete, there is an indication 
of a second break in the curve at about 30° latitude, which might be ascribable to the 
electrons An interpolation between the curves of figure 10 shows that at about 
this latitude of 30"^ the B peak should appear at about sea-level. 

If the 54° knee of the latitude-effect curve is due to protons, it is clear that they 
should not give rise to a break in any of the {altitude, ionization) curves, since none 
of these have data taken at a higher latitude. There are however two other possible 
origins of a latitude effect at a depth too great for the slowest electrons and alpha 
particles to penetrate : (i) Since a large part of electron absorption is due to exci- 
tation of radiation in photons of energy comparable with that of the electron, there 
must occur extensive straggling, approaching the condition of exponential absorp- 
tion. Thus some electrons with the minimum energy should penetrate much farther 
than the average range, (ii) The particles responsible for range-groups A or B may 
excite a secondary radiation more penetrating than the primary particles, which 
would reflect at sea-level the latitude effect on the primary particles at high altitudes. 
Both of these interpretations should however result in a more gradual onset of the 
latitude effect than the experiments seem to show at about 54*^. It would thus seem 
that the sharp beginning of the latitude effect at a latitude too high to be ascribed to 
either group or B must mean that it is due to a third range-group of rays, which we 
may call C. 

On the basis of our preferred estimates of the ranges of particles of high energies, 
it is thus possible to identify these range-groups A, B and C respectively as alpha 
particles, electrons and protons. 
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§5. SOURCES OF ERROR 

As will have been noted, there are three relationships which must be known in 
order to carry through this analysis of the composition of the primary cosmic rays. 
These are : (i) the minimum energy of a particle penetrating the earth’s magnetic 
field as a function of the geographic position; (ii) the range of the particle as a 
function of its energy; and (iii) the ionization at representative geographic positions 
as a function of depth below the surface of the atmosphere. 

From the discussion of figure 1 1, it would appear that incomplete as the cosmic- 
ray data may be, definite range limits are identifiable, and the values of the limiting 
ranges calculated from independent {altitude, ionization} measurements differ by 
much less than do the estimated ranges for different types of particles. High- 
altitude measurements, especially at different latitudes and approximately the same 
longitudes, would make our knowledge more complete. Yet errors in the existing 
ionization measurements can hardly he large enough to change the result of the 
analysis of the composition of the cosmic rays. 

In calculating the minimum energy of various types of particles capable of 
traversing the earth’s magnetic field, however, considerable errors may occur. In 
the first place, the theoretical calculations of the orbits for the latitudes under 
consideration are only approximate. For our calculation we have used the value 
of ^0 which Lemaitre and Vallarta’s curves give so-per-cent transmission. Though 
their curves are only approximate, it seems unlikely that a more precise calculation 
could change the result by an amount comparable with the factor of more than 2 
by which the predicted ranges of the various types of particles differ from each other. 
Much more serious is the assumption that the earth acts as a uniformly magnetized 
sphere. The fact that the local magnetic latitude which is calculated from the 
dip of the magnetic needle on the assumption of a uniformly magnetized sphere, 
is on the average nearly the same as the geomagnetic latitude, supports the 
approximate correctness of the assumption of uniform magnetization. Attention 
has been called above, however, to notable departures from an exact correlation 
between cosmic-ray-intensity and geomagnetic latitude. Had the above calculations 
been based upon the geomagnetic latitude, the differences between the results from 
the data of Regener and those of Bowen and Millikan would have been so large as to 
make the identification of the range-groups ambiguous. Our method of correcting 
the latitude on the basis of sea-level cosmic-ray measurements is supported by the 
fact that Fritz’s map^'^^ of the frequency of the occurrence of aurora likewise places 
Pasadena and Stuttgart at nearly the same effective latitude. At best, however, our 
method of finding the effective latitude is only approximate. A more detailed study 
of the theory, taking into account the irregularities' in the earth’s field, is needed 
before errors from this source can be considered negligible. 

The most important possibility of error however is in the relation between the 
energy and the range for the various types of particles. Unfortunately we do not 
possess direct range-measurements for any kind of particle with an energy of the 
magmtude considered in this discussion. Until such measurements are made our 
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conclusions must be considered tentative. There are nevertheless several guides for 
making estimates of these ranges. 

Up to several million electron-volts, the ranges of electrons, protons and alpha 
particles have been precisely measured, and formulae for their absorption have been 
developed These formulae can be applied with confidence also to oxygen nuclei, 
and may be used as a basis for extrapolation to somewhat higher energies. Up to 
about 3x10® electron-volts, Anderson has secured data on the absorption of electrons 
in lead. These data have confirmed a theory of Bethe and Heitler^"^^^ up to about 
7x10^ e.V., where the theory ceases to be valid, and indicate the direction in which 
the theoretical predictions are to be modified for still higher energies. 

In the broken lines of figure 8, the ranges have been calculated on the following 
bases ; For electrons, an estimate by Bethe of 250 ions per cm. in air has been used 
as a mean ionization by very high energy electrons, which is equivalent to 
6-2 X 10® e.V. gm:^ cm? This estimate includes the effect of radiation as well as 
collisions with electrons. For protons, where radiation should theoretically be 
negligible, and the speeds are low enough for relativity electrodynamics to be 
applied with confidence, the formulae applicable to particles with lower energies 
are used. These take into account only collisions with the electrons in the matter 
traversed. The calculations for alpha particles and oxygen nuclei kre made on the 
same basis. 

In forming the estimates shown in the solid lines of figure 8, the calculations have 
been refined as follows : For electrons, it is noted, in accord with Bethe and Heitler’s 
theory as modified by Anderson’s experiments that the rate of energy-loss rises 
to a maximum of perhaps 300 ions per cm. in air, falling to about 200 at the higher 
energies, as provisionally estimated by Bethe. For the heavier particles an attempt 
has been made to take nuclear collisions into account. Assuming the effective 
collision area^"^^^ of an alpha particle to be about 3 x lO'^s cm?, there should appear an 
exponential type of absorption which should become of importance at about 
100 gm. cm:® range. Such nuclear collisions have been assumed to become less 
important at very high energies, to be more prominent for oxygen nuclei, and much 
less prominent for protons In every case for low energies the ranges are made to 
approach those known from experiments in radioactivity. 

It is difficult to form an estimate of the probable error of these calculated ranges. 
Certainly the estimates are less reliable for the higher energies than for the lower 
ones ; but fortunately^ except for protons, the {altitude, ionization} data give informa- 
tion regarding ranges for the lower energies of figure 8. In this region it appears 
improbable that the estimated ranges should be in error by enough to confuse the 
different types of particles. We should hardly ascribe to chance, therefore, the results 
of our analysis. Rather, in spite of the very considerable uncertainties involved, we 
may ascribe to the greatly different limiting ranges anticipated for particles of 
different types the apparent success of the method. 

Conversely, if we are able to identify the particles associated with the various 
range-groups at high altitudes, experiments of the type considered here will give us 
more exact information regarding the ranges or absorption of the particles for greater 
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energies. Thus on the basis of the present experiments, we should conclude that 
electrons of energy greater than 10® e.V. have somewhat shorter ranges and protons 
somewhat longer ranges than are given by the solid curves of figure 8. 

§6. COMPARISON WITH OTHER DATA 

The directional experiments of Johnson Alvarez Rossi and others have 
shown more rays coming from the west than from the east. This is attributed to the 
curvature of the paths of positively charged particles in the earth’s magnetic field. 
Johnson and Street’s observation that even at a geomagnetic latitude of 50° there 
is a slight westward preponderance would seem to mean that range-group C is 
positively charged, since this is the only group of primary rays which should show 
the asymmetry at sea-level at this latitude. This is in agreement with the above 
conclusion that this group consists of protons. 

At the equator, both groups B and C as observed at sea-level must be strongly 
afifected by the earth’s magnetic field. Though the directional asymmetry here is 
very marked, this of itself does not necessarily mean that both components are 
positively charged. In fact both Rossi and Clay^*"^^ infer from analysis of their 
directional experiments near the equator that though positive particles predominate, 
some negatives are also present. Johnson’s earlier analysis seemed to leave little 
room for negative particles; but his more recent studies of the directional effect 
have led him also to infer the existence of some negative particles in the primary 
cosmic rays. Either result would be consistent with the present analysis. We should 
definitely anticipate a predominance of positive particles because of the proton 
component C ; but the electron component B might consist of positrons, negatrons, 
or very possibly about equal parts of each. 

Confirming the result that the more penetrating particles observed at sea-level 
consist of protons is Rossi’s observation that the coincidence-producing particles 
that penetrate 8 cm. of lead show much greater directional asymmetry than do the 
unfiltered coincidence particles Whether the electron component reaching the 
earth is positive or negative or both, since it must have greater energy to traverse 
the atmosphere than would the proton component, it should be less affected by the 
earth’s field. According to Bethe and Heitler’s theory however, the difference in 
the absorption of electrons and protons, being due chiefly to excitation of radiation, 
should be even greater in lead than in air. Thus the particles transmitted by the 
lead filter should be predominantly protons, and should accordingly exhibit a large 
asymmetry, as Rossi’s experiments show. 

The major characteristics of the shower-producing radiation can on the other 
hand be explained if we suppose that it consists chiefly of photons excited by the 
electrons composing range-group We have seen that this group is more ab- 
sorbable than the proton component C. Thus if near the earth’s surface the cosmic 
ray effects are due to the combined direct ionization by B and C particles plus the 
ionization by secondary rays from the B particles, at higher altitudes this ionization 
by the secondary rays should be relatively more prominent. This would account for 
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Rossi’s and Johnson’s observations^®*’^ that at higher altitudes the shower-producing 
radiation is relatively more abundant, and also the fact that at higher altitudes the 
transition effect is more prominent. Moreover, recent studies by Johnson show 
that at high altitudes near the equator, where range-group B should be relatively 
prominent, the shower-producing rays have very little directional asymmetry. When 
compared with the fact that these rays show a marked latitude effect, this demands 
for their origin primary rays which consist of about equal parts of positive and nega- 
tive particles. This fits exactly with our conclusion that the shower-producing rays 
are connected with the electron component B, but adds the information that these 
electrons are about equally positive and negative. 

Regener and Pfotzer^^^^ have recently shown that the curve of impulses obtained 
with a tube counter at various altitudes up to 28 km. is the same in shape as that 
obtained with the ionization chamber. Their conclusion is that the specific ionizing 
power of the cosmic rays is practically the same for the whole region investigated. 
At first thought this might be taken as evidence tliat at all altitudes the composition 
of the cosmic rays is the same. These measurements were however made with a 
single unshielded tube which would respond to any ionizing particle capable of 
penetrating the walls. Experiments with Wilson chambers, counter tubes and 
ionization chambers all indicate that at sea-level practically the whole ionization is 
due to high-speed particles of about the specific ionizing power of high-speed 
electrons, most of which particles are secondaries. This should be true whether the 
primary cosmic rays are negatrons, positrons, protons or photons. If they are alpha 
particles, some increase in the specific ionization might have been expected ; but a 
low specific ionization is not difficult to explain. The most obvious suggestion is that 
as soon as a nuclear collision, which might well be the most important type of 
absorption, occurs the alpha particle may disintegrate into component protons, 
electrons, and perhaps neutrons. Since the cosmic-ray energies are greatly in excess 
of the packing-effect energy-decrement of the alpha particle, about 3 x 10’ e.V., it 
would in fact be remarkable if the alpha particle could survive such a collision. 
After such disintegration, the greater part of the original energy would be spent in 
ionization by the component parts of the nucleus, which would show about the 
normal specific ionization appropriate to an electron. 

In their Wilson-chamber experiments, Blackett, Anderson and others have 
hardly been able to measure energies appropriate to the primary cosmic-ray 
particles, though some of these must show themselves in their photographs. 
Anderson concludes that the large majority of his tracks are secondaries, about 
equally divided between positives and negatives, but that of the particles having 
more than 10® volts energy (which would include most of the primaries) there 
appears to be some excess of positive particles. This result seems rather to confirm 
the deductions drawn above. On the other hand it is rather surprising that these 
experiments have never shown definite evidence of protons, which might be dis- 
tinguished by their relatively high specific ionization if moving slowly enough, 
whereas our analysis assigns protons to the range-group C which is important at 
sea-level. It may be that all of the protons which are able to traverse the earth’s 
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magnetic field have too great a range to be stopped by the atmosphere, and traverse 
the Wilson chambers at a speed so high that their specific ionization is about the 
same as for an electron. Or is it possible merely that the chances are against 
catching a photograph of a proton trail near enough to the end of its range to make 
its greater specific ionization evident? In any case we must at present consider this 
apparent absence of proton trails on the Wilson photographs as a notable difficulty 
in the way of accepting the results of our analysis. If on the other hand cosmic 
alpha particles are to be detected by the Wilson method, the experiment should be 
performed high in the stratosphere, and no existing photographs offer evidence as 
to their existence. 

We should note also the surprising observation, made by Lenz^^’^ by means of 
his new electrical method of deflecting cosmic-ray particles, that most of the very 
high-energy particles are negative. This seems to be in definite disagreement with 
the results of the Wilson photographs in strong magnetic fields which, as we have 
seen, seem to indicate a preponderance of positives. In both cases the particles 
concerned are probably mostly secondaries, whereas the directional experiments, 
which indicate a definite excess of positive particles, refer to primaries before they 
enter the atmosphere. As yet Lenz’s results are of a preliminary character, and we 
shall wait with interest to see whether his further experiments continue to show the 
excess of high-energy negatrons. 

§7. RESULTS OF THE ANALYSIS 

Practically all of the primary cosmic radiation consists of electrically charged 
particles. This is shown by the fact that measurements of the cosmic rays at very 
high altitudes near the equator show only 1/40 as great an intensity as is observed 
at corresponding altitudes at about 54° magnetic latitude. Apparently this ratio 
would be less than 1/ 100 at the top of the atmosphere if the intensity at the magnetic 
equator and poles were to be compared. There is thus room for less than i per cent 
of photons or other electrically neutral particles in the primary cosmic rays. 

Counter-tube experiments, as shown by Rossi and others, reveal the presence of 
two distinct types of cosmic radiation which reach the earth at sea-level. One 
consists of highly penetrating electrical particles, and causes coincident impulses 
between counters placed in line. The other produces showers of absorbable particles, 
and apparently consists of photons. Both components show a marked latitude 
effect. The photonic shower-producing radiation is thus considered to be a secondary 
radiation excited by charged particles (probably electrons) as they traverse the atmo- 
sphere. The penetrating coincidence particles, on the other hand, appear to be 
primary protons and electrons. 

The method of analysing the cosmic rays here described indicates the presence 
of tl^ee groups of particles, characterized by having at a given latitude three distinct 
minimum ranges. The three range-groups are designated A, B and C in the order of 
their ranges. Best agreement between the minimum energy admitted through the 
earth s magnetic field and the minimum observed ranges is found if group A is 
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identified with alpha particles, group B with electrons (either positrons or negatrons 
as far as this analysis goes), and group C with protons. When the evidence from the 
directional experiments is considered, it appears that group B is probably composed 
about equally of negatrons and positrons. There is no evidence for particles heavier 
than helium atoms. 

Further {altitude, ionization} measurements should refine the argument, but 
are not expected to alter the identification of the range-groups. It is not impossible, 
however, that uncertainties in the effective value of the earth’s magnetic field and 
especially in the relation between the energy and range of different types of particles 
may be sufficient to lead to false identification of the range-groups. The generally 
satisfactory agreement for observations at different geographic locations, however, 
lends some confidence to the results. 

This analysis of the composition of the primary cosmic rays seems to agree well 
with our information regarding the directional asymmetry of the rays, and with the 
variation of the shower-producing component with altitude. There is some difficulty, 
however, in accounting for the failure of the Wilson photographs of cosmic rays to 
show protons, which our analysis determines as an important component of the rays 
at sea-level. 
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above sea-level is due to photons of energy 200 ±170 million electron volts”. They 
estimate that “93 per cent of the sea-level ionization is due to non-ficld-sensitive 
rays ”, which seems to imply that much the greater part of the sea-level ionization is 
due to primary photons. In reaching this conclusion these authors have neglected 
entirely the evidence from coincidence experiments, and have overlooked the great 
100 : I latitude effect at high altitudes. A detailed discussion of their arguments 
would be out of place here. 

(33) An analysis of the type here presented was made by Compton and Stephenson ^ 3 *) on the 

basis of less complete data, leading to similar but less definite results, 

(34) B. Gross, Z. Phys. 83 , 217 (i 933 )* 
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(35) C. Eckart, Phys. Rev. 46 , 851 (i934)* 

(36) If the intensity is the sum of tWo exponential components, 

we have for the curvature of the {log T, z] curve : 

J2 

log e-K-i+Mi)* (Ml- 

This is positive for all real values of /ij and fi2 unless either Tj or Tj is negative. 

(37) Gross ^34) shows that the number of “ range particles ’* entering the atmosphere, as mea- 

sured in terms of the ionization at the surface, is 

R^dz= -(d^VIdz) dz. 

Since the total ionization along the path is the ionization per cm. x the range, we 
have for the total ionization by the particles of ranges between z and z + dz, 

Isdz = zRgdz = —z (jd^^ldz) dz (3). 

If the observed ionization I is expressed in ions per cm? per sec. in standard air (as 
in figure 5), I^dz is the total number of ions produced per cm? per sec. by cosmic 
rays having ranges between z and z-\-dz. It is thus proportional to the intensity, 
or energy per cm? per sec., of the rays of these ranges. 

(38) W. Kolhorster, Verh. dtseJu Phys. Ges. 16 , 719 (1914). 

(39) Bowen, Millikan and Nehcr’s curve ^3©) given in their figure 7 was used for this Gross 

transformation. • 

(40) Their curves ^3©) figures i and 6 were used. 

(41) For American data, cf. Trans. Amer. geophys. Un. p. 154 (1933). For European data, 

cf. reference The data have been multiplied by suitable factors (nearly unity) to 
make them coincide at A = 40°. 

(42) We follow writers on terrestrial magnetism who distinguish between the “geomagnetic 

latitude’*, referred to the pole of the earth’s uniform magnetization, and the “mag- 
netic latitude ’*, defined by 

tanA = JtanS (4), 

where S is the inclination of the magnetic needle. The pole of the earth’s uniform 
magnetization is located at 78” 32' N., 69" 08' W. ; whereas the north magnetic pole 
(8 = 90°) is at yo‘^ 30' N., 95^* 30' W. (cf. Smithsonian Physical Tables^ 8th ed., p. 575). 

(43) J. Clay, Physicay ’s Grav., 1 , 363 and 829 (1934). Clay notes that this effect “may be 

completely explained by the fact that the axis of the earth’s magnet is situated at a 
distance of about 300 kilometres from the centre of the earth The same phenomenon 
has also been very recently reported by R. A. Millikan and H. V. Neher, Phys. Rev. 
47 , 205 (1935)- 

(43. 1 ) Similar breaks are present near the same latitude in the just-published data of Millikan 
and Neher (Phys. Rev. 47 , 205 (1935). 

(44) Cf. C. Stormer, Les Aurores Boreales (Paris, 1925), plate 25, credited to Fritz. 

(45) Cf. Rutherford, Chadwick and Ellis, Radiations from Radioactive Substances (1930), 

pp. 1 01 et seq. and 414 et seq. 

(46) H. Bethe and W. Heitler, Proc. roy. Soc. A, 146 , 83 (1934). New data by C. D. Ander- 

son, Proc. Lond. Conf. on Nuclear Phys. (1934) have appeared which give Bethe and 
Heitler’s theory a more adequate test than was possible to them. In figure 13 
Anderson’s measurements of the energy loss per cm. in lead, made on nine tracks 
before and after traversing lead plates, are plotted as the solid circles. The open 
circle represents the experimental range of a 3, 000,000- volt jS particle. The broken 
line represents Bethe and Heitler’s theoretical values, account being taken only of 
electron collisions. The solid line is for their theory, account being taken also of the 
energy spent in exciting radiation (their table II). Bethe and Heitler give 
i37mc* =7 X 10’ e.V. as about the maximum energy at which their theory should be 
valid. It will be seen that up to this energy the agreement between the experimental 



772 Arthur H. Compton 

data and the theory is reasonably satisfactory. The somewhat lower values of the 
datum points is, as Bethe and Heitler point out, due in part to the method of calcu- 
lating the experimental values, which is valid only for energy-losses small compared 
with the initial value. The large variations in the experimental values also support 
the theory in indicating that if any energy is lost by radiation, it is usually a consider- 
able fraction of the energy of the /3 particle. 

For energies greater than 7 x lo’ e.V., the data seem to indicate a marked re- 
duction in the rate of energy-loss. On the other hand, the Wilson photographs show 
ionization at approximately the same rate along the path of the electrons, even for the 
highest energies that have been measured, and Bethe and Heitler*s theory indicates 
that for these high energies the radiation processes should be of relatively great 
importance. On the other hand, for electrons traversing air the radiation should be 
relatively much less prominent than for those traversing lead. 



Energy (e.V. x 10’) 

Figure 13. Energy loss per cm. by high-energy electrons traversing lead. 

Experiments Anderson, theory Bethe and Heitler. 

We note also Kolhorster and Tuwim*s estimate of 135 ions per cm. in air as the 
average energy loss by the cosmic-ray particles traversing the atmosphere (Z. Phys. 

435 (1933))- This is based on the ratio of the total ionization observed in an 
ionization chamber to the number of particles traversing it as counted with coinci- 
dence tubes. This figure is a mean for all penetrating particles (apparently both 
protons and electrons) which reach the earth, and must be smaller than that for 
primary electrons considered alone. 

(47) Rutherford, Chadwick and Ellis (p. 255) give 3-5 x lo-^^ effective combined 

radii of an alpha particle and a proton colliding with energies of the order of 10® 
volts. If the nuclei of the atoms in air formed impervious barriers of this radius against 
the high-energy cosmic-ray particles, their absorption coefficient in air should be 
about 16 X io““ gmr^ cm? Actually the penetrating component in Eckart’s analysis 
(Phys. Rev. 45, 851 (1934)) l^as an absorption coefficient of about o*6 x lo"® gm:^ cm?, 
i.e. about 4 per cent of the calculated value. This must mean that if nuclei are of the 
supposed magnitude, they must be readily penetrable by cosmic-ray particles. For 
protons moving with nearly the speed of light there is no reason to suppose that the 
nuclei should be much less permeable than for electrons. For the heavier and slower 
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alpha particles and oxygen nuclei, however, we may expect such collisions to play a 
more important role. Unfortunately existing data give little basis for calculating its 
importance. 

(48) T. H. Johnson and J. C. Street, Phys, Rev. 43, 381, and T. H. Johnson, Phys. Rev. 43, 

834 (1933); 44, 856 (1933)- 

(49) L. Alvarez and A. H. Compton, Phys, Rev. 43, 835 (1933)* 

(50) B. Rossi, R. C. Accad. Lincei^ 13, 47 (1931); Ricerca Scient. 4 (i), 365 (1933); 5 (ii), 

579 (1934)* 

(51) B. Rossi and S. de Benedetti, Phys. Rev. 46, 214 (1934). 

(52) T. H. Johnson, Phys. Rev. (in press), MS. kindly shown to the writer. His earlier 

experiments had shown a greater asymmetry for the shower-producing rays at 
sea-level. 

(53) B. Rossi and S. de Benedetti, Ricerca Scient. 6 (i), 594 (1934). 

(54) The interpretation here given of Rossi’s result and of the origin of the shower-producing 

radiation have been proposed and further elaborated by A. H. Compton and H. A. 
Bethe, Nature, Lond., 134, 734 (1934). 

(55) E. Regener and G. Pfotzer, Nature, Lond., 134, 325 (1934). 

(56) C. D. Anderson, Proc. Lond. Cortf. on Nuclear Phys. (1934). 

(57) E. Lenz, Nature, Lond., 134, 809 (1934). 
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REVIEWS OF BOOKS 

An Introduction to Atomic Physics, by J. Thomson. Pp. x+228. (London; 

Methuen and Co., Ltd.) loy. 6 d. net. 

This book gives a short, logically arranged outline of atomic physics. It is divided into 
three parts of almost exactly equal lengths, of which the first summarizes the experimental 
basis of the subject. Part II, on the theory of atomic structure, naturally opens with the 
conventional elementary account of Bohr’s treatment of hydrogenic atoms and with a short 
chapter on atoms with many electrons. This is followed by an excellent summary of 
Hamiltonian methods, leading to an account, illustrated by simple applications, of the 
wave mechanics of Schrodinger and de Broglie. Part III contains further applications, 
mainly qualitative, to “Molecular, Atomic and Nuclear Radiations”. 

The number of minof errors and mis-statements is rather large. Some clearly result 
from attempts at a too rigorous compression or simplification of the argument, but some 
must be ascribed to simple carelessness. For instance, we find (p. 3) the not uncommon 
confusion of a gramme with a gramme-equivalent of hydrogen. On p. 18 an intruding 
“not” completely stultifies a sentence. In Bucherer’s experiments (p. 19) the apparatus 
was not “placed between the large poles of an electromagnet”; Bucherer used a large 
solenoid— at least, he says he did, and he publishes a photograph of the solenoid at the end 
of his paper. Further, it is not true that in these experiments each p particle after leaving 
the condenser describes the arc of a circle. The separation of the isotopes of neon was first 
demonstrated by the parabola method, not by the mass spectrograph (p. 28). The atomic 
numbers of the isotopes of copper are not 63 and 65 (p. 33). The photoelectric work 
function (p. 41) is not “ characteristic of the substances composing the cathode and anode'*, 
though the measured stopping potential-diflFerence is. There are other errors of a similar 
kind. 

Many of these errors are trivial, but some might well worry the very type of reader for 
whom in other respects the book is so admirably suited — namely, the “serious student” 
of physics, that legendary figure who plays a part in the vocabulary of book -reviewing 
which is closely analogous to that of the magnetic shell in electromagnetism and of 
perfectly reversible processes in thermodynamics. On the other hand, the book has many 
features which are worthy of the highest commendation; it is very well planned as an 
introduction to its subject, and it is written with an unusually clear appreciation of the 
points which require special emphasis and in a manner which is calculated to stimulate 
thought on the part of the reader. H R R 

Donnees Numdriques de Spectroscopic, Spectres d' Emission, by L. Bruninghaus; 

Spectres d' Absorption, by V. Henri; thetro-m^ndto-optique, by F. Wolfers; 

Diffusion de la Lumiere, by P. Auger. Pp. xxii + 284. (Extracted from vol. x 

(1930) of Tables Annuelles de Constantes et Donndes Numdriques, Paris ; Gauthier- 
Villars, 1932.) 

As most users of the Annual Tables are now aware, after the appearance of each 
volume special sections of it dealing with certain subjects, such as spectroscopy, are 
separately bound and issued as extract volumes, so that specialists who do not have access 
to the complete volumes may obtain collected data in their own subjects. The plan is, of 
course, a great boon and, in the case of spectroscopy at least, would be a still greater if the 
long period between the appearances of the complete volume and the corresponding 
extract volume were considerably reduced. The last volume of spectroscopic data, which 
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appeared in 1932, contained some 1400 pages extracted from volumes 8 and 9 (1927-9) of 
the complete work, and we have had to wait two years for the present one which, being 
extracted from volume x (1930) only, is very much smaller than its predecessor. By far 
the largest of the four sections of the book is that on emission spectra which occupies 
204 pages, the next on absorption spectra having only 42 pages. From the reader’s point 
of view perhaps a better arrangement would be a division of these two sections into three 
dealing with both emission and absorption spectra of (i) atoms, (ii) diatomic molecules and 
(iii) tri- and poly-atomic molecules. With such a rearrangement we should not have, for 
example, the undesirable separation of twenty pages between the Og emission data 
(pp. 530-2) and the Og absorption data (pp. 552-3); again, the emission data for benzene 
and its derivatives (p. 514) would adjoin the fluorescence data (p. 539) instead of being 
almost lost amongst fifty pages of data for diatomic molecules (pp. 487-536). A curious 
double error occurs in the note on BeH (p. 554); the paper cited was by Watson, not Berg- 
stein, and the band was observed in emission, not absorption. Fortunately the variety of 
notations used in the papers from which the notes and tables of this volume are taken is 
much less bewildering than it was in the case of the previous extract volume, since the 
now universally adopted notations in some branches of the subject were just coming into 
use in 1930. This collection of data, like its predecessors, will be, of course, a very 
valuable adjunct to the recent books on atomic and molecular spectra. We look forward to 
the appearance, without undue delay, of the spectroscopic extracts from volumes xi and 


Physical and Dynamical Meteorology. By David Brunt. Pp. xxii -f- 41 1. (Cam- 
bridge University Press.) 2gs. net. 

A few months ago David Brunt became Professor of Meteorology in the University of 
London in succession to Sir Gilbert Walker. The excellence of the appointment will be 
appreciated by the readers of the treatise on Physical and Dynamical Meteorology which 
has recently been published. The aim of this book is to give the student of meteorology a 
thorough knowledge of the physics of the atmosphere. The practical application of this 
knowledge to weather problems is not considered until quite a late stage in the work. The 
text covers 403 pages and the first weather map is on p. 315. Before that page is reached 
the author has dealt fully with the thermodynamics of the atmosphere, with radiation, with 
the general equations of motion, with turbulence and with transformations of energy. It is 
to be remarked however that he has forgotten to deal with the nature of condensation. The 
words “nucleus”, “raindrop” and “ice crystal” do not occur in the index of subjects. 
There are other striking omissions, e.g. thunderstonns and fog. 

Perhaps the chapter of most general interest is the long one of 53 pages on “The polar 
front and its relation to the development of cyclones.” This chapter is open to one 
criticism. When the polar- front theory was first developed the Norwegian school thought 
of the front as a circle surrounding the pole with east winds on the north of the circle and 
west winds to the south*. A cyclone was generated as a disturbance of this system of winds. 
Only the most careful of readers would gather from Brunt’s account of the matter that 
the first diagram which he gives is merely of historical interest. The diagram shows a front 
with cold and warm air flowing along it in opposite directions. There is an approximation 
to such a state of things in the case of a trough of low pressure, but it is not in such troughs 
that cyclones generally originate. The more orthodox treatment of the subject with a 
depression formed on the boundary between two currents in the same direction but of 
different temperatures follows after a few pages, but the inexperienced student is not 
warned as he should be that the earlier diagram is not to be taken seriously.* 

* The reader should be warned that in the most elaborate example of formal analysis in the 
book, figures 82 and 83 have been interchanged by the printer. 
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The last chapter of the book is devoted to “The general circulations of the atmo- 
sphere It is strange that whereas the theory of the trade winds used to be regarded as a 
matter to be disposed of in a few lines in an elementary text-book of geography, Brunt has 
to sum up his discussion by saying that “it is not possible at present to put forward any 
satisfactory theory of the general circulation”. In fact the mathematician is not yet in a 
position to say “this is why the trade winds blow within the tropics, this is why we have 
prevailing west winds in middle latitudes and that is the mathematical analysis which 
justifies my statements and is fully supported by observation”. 

There are other big gaps in theoretical meteorology. The most conspicuous is the lack 
of an explanation of the fact that the lowest temperatures in the atmosphere occur in the 
stratosphere over the equator. The mathematical physicist who takes up the study of 
meteorology under the guidance of Prof. Brunt will realize how much solid work has been 
done, but he will realize also how much scope there is both for more flashes of genius and 
for more patient investigation. ^ ^ ^ ^ 

General Astronomy, Second Edition, by H. Spencer Tones. Pp. viii + 4^7. 
(Arnold.) 12^. (>d, net. 

The appearance of a new edition of the Astronomer RoyaPs General Astronomy is very 
welcome. The book has been reset throughout, and so great has been the progress in the 
last 12 years that it is practically a new work. Everywhere we find evidence that the latest 
papers have been examined and incorporated. The author recalls that in the first edition 
(1922) the discussion of theories of the spiral nebulae was summed up in the words 
“ Although the balance of evidence at present seems opposed to the island-universe theory, 
the question cannot be regarded as yet definitely closed”. To-day this reads like an echo 
of the middle ages. 

To cover satisfactorily the \yhole of modern astronomy in 430 pages can only be 
accomplished by a miracle of compression. The allotment of space is: atronomical instru- 
ments, methods, etc., 100 pages ; solar system, 170 pages ; stars and nebulae, 150 pages. In 
no other work is so much information concerning both the facts and theories of astronomy 
set forth in so concise a way. But, although encyclopaedic in character, the book is always 
readable. There is no elaborate attempt at simplified exposition, but the layman should 
have no difficulty in understanding. 

It is as a source of reference that the book is most valuable. One hesitates to use the 
well-worn word “indispensable”. But when the latest information is needed on some 
question of astronomy which stands rather aside from the more popular researches, this is 
the natural work to consult; and it is rarely that we are disappointed. A s e 

(i) A jive year hihliography of the theory of refrigeration, refrigerants and appliances, 
(V bibliography of the applications and testing of refrigeration and of its 

Briti^ patents. The Science Museum, South Kensington. Compiled by 
. * T. Pledge. Published by H.M. Stationery Office. Price; printed on one 
side of the page the cost of each bibliography is 2s, (yd,, printed on both sides 
zs. 

When the Science Museum organized the special exhibition dealing with refrigeration 
in 1934 steps were taken to compile bibliographies of the subject extending over the period 
1929-1933. These volumes should prove of permanent value to those in terest e d in refrigera- 
tion and the Museum authorities are to be congratulated on the enterprise. 


E. G. 
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THE EFFECT OF PRESSURE ON SUPERSONIC 
DISPERSION IN GASES 

By W. RAILSTON and E. G. RICHARDSON 

Page 533 o/ this volume 
DISCUSSION 

Prof. E. N. DA C. Andrade. I am very interested to see that the authors find 
that the velocity of sound for CO2 has a minimum in the supersonic region, falling 
as the frequency increases beyond a certain value. This is not in accord with 
Kneser^s theory, but agrees with the results obtained with air in my laboratory 
by Mr E. B. Pearson.* As I pointed out in connexion with Mr Pearson’s paper, f 
the regional absorption for COg is not consistent with Kneser’s theory and would 
lead one to expect the kind of variation of velocity which the present authors have 
shown to exist. This experimentally established variation, exhibited by both air 
and CO2, points to some mechanism of resonant absorption, and this, although it 
has not yet been theoretically explained, may exist in addition to the mechanism 
contemplated by Kneser, which is undoubtedly operative as well. 

Author’s reply. We are pleased to hear that Prof. Andrade favours our sug- 
gestion that some form of resonant absorption takes place in carbon dioxide at 
100 kc./sec. and that the work of Mr Pearson in his laboratory suggests a similar 
mechanism in air. As a matter of fact, Kneser in his own experiments obtained 
but few results above this frequency, whereas those workers whose results extend 
up to 1000 kc./sec. have mostly found a fall of velocity in carbon dioxide and 
nitrous oxide at the highest frequencies, although they have not specially remarked 
upon the fact. Certainly the experimental results are not so simple in explanation 
as the relaxation time theory would have us believe. 

* Proc. phys. Soc. 47 , 136 (1935). t Lnr. rit 


•The effect of pressure on supersonic dispersion ^ 

W RAILSTON. M.Sc. and E. G. Richardson. B.A.. D.Sc;, Ph.D. 
Remarks in discussion by Prof. E. N. da C. Andrade. F.R.S.. vol. 47 . 
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for the velocity of sound for CO, has a minimum in the supersonic region 
read the velocity of sound for CO, has a maximum in the supersonic region 
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A CORRECTION TO THE THEORY OF THE RAYLEIGH 
DISC AS APPLIED TO THE MEASUREMENT OF 
SOUND-INTENSITY IN WATER 
By A. B. WOOD, D.Sc., F.InstJ. 

Received March 15, 1935. Read June 7, 1935 

ABSTRACT. Kcinig’s theory of the Rayleigh disc assumes the disc to be motionless, 
apart from its slow rotation. This assumption is unjustifiable in a relatively heavy medium 
such as water. The disc partakes of the motion of the medium to an extent depending on 
the density of the medium and the mass and dimensions of the disc.* Consequently the 
fluid-velocity v in Konig’s equation for the torque on the disc must be modified by the 
introduction of a factor ^ involving the velocity of the disc relative to the medium. The 
value of j3 for ellipsoidal discs is calculated from hydrodynamic theory and determined 
experimentally. A comparison is made of the results for ellipsoidal discs and for flat 
cylindrical discs. A method of measuring sound-intensities under water by means of 
small heavy metal discs is described. 

§ I. THEORY 

T he theory of the Rayleigh disc was first developed by W. Konig^*^ in a series 
of papers entitled “Hydrodynamic Acoustic Investigations”. He obtained a 
general expression for the turning-moment experienced by a stationary 
ellipsoid of revolution in a vibrating fluid. In the case of an oblate ellipsoid of 
revolution (a disc-like body) he found that the turning-moment T is given by T 

T=^ pa^v^ sin 26 * (i), 

where p is the density of the fluid medium, a the radius of disc, v the r.m.s. velocity p, i 

of the fluid flow and d the angle between the normal to the disc and the direction of 6 

the undisturbed fluid flow. If the disc has appreciable thickness a sm^ll multiplying 
factor ( I - 0-15 tla)y where t is the thickness of the disc* must be applied to the above / 
expression for T. Usually this factor approximates closely to unity. 

The streamlines of flow round a disc inclined to the undisturbed stream are 
illustrated in figure i . A and B are points of zero velocity and therefore of maximum 
pressure. The manner in which the torque arises obviously requires no explanation. 

It will be seen from equation (i) that the couple is a maximum when ^=45° and 
becomes zero when 0° or 90°, i.e. when the disc is edge-on or broadside-on to the 
flow. The couple T tending to bring the disc broadside-on to the flow is proportional 
.to v\ a quantity independent of the direction of flow. Consequently T may be used 
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to measure in alternating flow, as in a sound-wave, whence the sound-intensity is 
calculated. 

This method has been in use as a standard method for measuring sound- 
intensity in air for many years and is still relied upon for the calibration of sub- 
standards of various kinds. In applying the method to under-water sounds, how- 
ever, a serious difficulty arises. Kdnig’s theory, summarized above, assumes the 
disc to be motionless, apart from its slow rotation, and this assumption is unjustifi- 
able in a relatively heavy medium like water. Allowance must be made for the fact 
that the disc partakes of the motion of the water, and the quantity v in Konig’s 
equation (i) must define the velocity of fluid flow relative to the disc.* Another 
point implied, but not definitely stated, in Konig’s theory is that the disc must be 
rigid, i.e. it must not be set into any form of transverse or radial resonant vibration 
in the range of frequencies over which it may be used. Otherwise the theory would 
break down completely. 



Figure i. Streamline flow round a thin circular disc inclined at 45°. 
v^ If we represent the r.m.s. velocity of the disc by and of the water by v^^ and 

13 

then the relative velocity v between the water and the disc is given by 

V = V„-Va = V„{l-^) • ( 2 ). 

* It is understood from a private communication that Prof. L. V. King, McGill University, 
Montreal, working independently on this problem, has arrived at the following conclusions as a 
result of a comprehensive mathematical treatment. “The velocity potential in the neighbourhood of 
a Rayleigh disc may be completely expressed in terms of cylindrical wave functions. When the cir- 
cumference of the disc is small compared to the wave-length, the integral equations involved may be 
approximately solved by the use of Hankel’s inversion theorem. The final formula for the torque on 
^e disc differs from Rayleigh’s original formula by an inertia factor due to the oscillations of the disc 
in the incident wave. The final practical formula applicable to the disc as a sound-measuring device 
shows the existence of an optimum thickness depending on the radius and relative densities of the disc 
and of the medium in which the sound-waves are propagated.” 
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Equation (i), which gives the couple tending to turn the disc broadside-on, becomes 
T=ipa^vJ {i-pY sin 26 (3). 

We have now to determine the value of j8, the ratio of the velocity of the disc to that 
of the water. If M is the mass of the disc, m that of the water displaced, and the 
water load, we have 

M+m^ ^ 


and 




It is shown in text-books of hydrodynamics* that the water load on a thin ellip- 
soidal disc broadside-on to the fluid flow is When the disc is inclined at 45^^ 
this water load reduces to approximately, whilst in the edge-on position 
the water load on a thin disc approaches zero. When the disc is inclined at 45° we 
have therefore 

( Q\^ M-m _ M-m . . 

M-h^a^p^ 


The intensity (erg/cm? sec.) in the sound-wave in water is giyen by 

l=p^CvJ‘ 


( 5 ), 


where C is the velocity of sound in water (1*45 x io®cm./sec. in fresh water at 
15"^ C.) and Vy, is the r.m.s. velocity of the water in the undisturbed sound-wave. 
Substituting the value of given by equation (3) and assuming 0 = 45° we find that 
this becomes 


jCT 


.( 6 ). 


In this expression for the sound-intensity the torque T on the disc in the 45° 
position can be measured ; the quantities a and j8 are known from the linear dimen- 
sions and mass of the disc, and C is the known velocity of sound in the water. It 
will be shown later how the value of p can be checked experimentally. 

A fine suspension wire attached to a torsion head serves to measure the torque T 
required to maintain the disc in its initial 45° setting against the couple exerted by 
the sound wave. If a is the angle of twist, T = ^a, where is a constant characteristic 
of the suspension used to support the disc. Small angular deflections near the 45° 
position may be observed directly without using the torsion head. 

The expression for the sound-intensity given in equation (6) above is of course 
applicable not only when water is the medium surrounding the disc but also when 
we are dealing with sounds in air. In the latter case, however, the correction due to 
the motion of the disc and the mass of air carried with it is small. As an example let us 
suppose a disc of mica i cm. in diameter and 0-002 cm. thick, with M equal to 
5 X io“® gm., is chosen to measure intensity in air and in water, then the comparative 
values of the quantities immersed are as shown in table i. 

• Lamb, Hydrodynamics^ pp. 152, 162 (1895). 
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Table i 

Air Water "1 

M 
m 

1/(1 - PY 


2 X io“® gm. 
2 X io“® gm. 
0038 
I 08 


5 X 10“'* gm. 
1*6 X io“® gm. 
O' 16 gm. 

0*98 

2SOO 


* Load due to the medium (air or water). 


The quantity 1/(1 - PY is the correction factor required to Konig’s formula for 
the intensity as measured by the Rayleigh disc. It will be seen therefore that whereas 
a correction of only 8 per cent is required in the indications of a thin mica disc used 
in air, the same disc in water would require a multiplying factor of 2500. Such a 
disc is therefore quite useless in water; a much heavier disc is necessary. For ex- 
ample, compare now the corrections required when the disc employed is a tungsten 
ellipsoid of mass M=6*85 gm. and diameter 2 cm. ; these are given in table 2. In 
this case the factor 1/(1 is quite negligible in air and has been reduced to 
40 per cent only in water. 

Table 2 



Air 

M 

6-85 gm. 

m 

4-7 X io“® gm. 


I- 1 X io~® gm. 

iS 

9 X 10"^ 


1-002 


Water 

6 85 gm. 
0*36 gm. 
0*85 gm. 
0-158 
i '4 


1 


h\S 

A 

Pc 

tfly r 


These two examples serve to show the necessity for using as heavy a disc as 

possible in water. In air this necessity is far less urgent, but it appears that the 

correction factor may become important if very light mica discs are used. 

The acoustic power-output of any oscillator may be determined when the 

axial intensity I and the beam-shape are known. In certain cases, as for example a 

high-frequency circular oscillator of piston type, the beam-shape conforms to a 

known theoretical form^*’ whence the sound-output is easily calculated in terms 

of the measured sound-intensity on the axis. The total acoustic energy-output per 

second E of such an oscillator of area S vibrating with r.m.s. velocity v over its 

whole surface is given by rr « 

^ E=pcSv^ (7), 

provided the diameter of the oscillator is considerably greater than a wave-length A. 

Such a source emits an approximately parallel beam of radiation to a distance Rc, 


and m = r/A, r being the radius of the circular oscillator. For values of R appreciably 


larger than the axial intensity I is given by 

I^pCSvhrtnYjR^ ( 8 ), 

A2D2 

whence from (7) and (8) E=-^I (9), 
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The value of I is determined by means of the disc at a distance R from the oscillator 
by means of equation (6) above, whence the power-output E of the sound-source is 
readily calculated from equation (9). 

If the beam-shape of the oscillator does not conform to a standard type it may 
be necessary to perform a three-dimensional integration to obtain the power-output 
in terms of the axial intensity. 

For a non-directional source whose dimensions are small compared with the 
wave-length A, the power-output E is given by 

E=^ 7 rR^I (10). 


§2. EXPERIMENTAL MEASUREMENTS 

Determination of the water load The value of the water load on the disc may 
be simply calculated ; in the 45'' position of the disc, as we have seen, = It 

is nevertheless of interest and importance to provide an experimental check on the 
theoretical value. Equation (4) above may be re-written in the form 

M—m . . 

. 

For sounds of constant intensity the torque on the disc is proportional to 
(i - py as shown by equation (6). For discs of the same radius a, therefore, the 
angular deflection 8 of the disc is proportional to (i—py or \/B is proportional to 8 


(i-p). Equation (ii) may therefore be written 

(12), 

where K is a constant. K 


Consequently if deflections 8 are measured for various values of M, the graph of 
{M - m)l\/h and M will be a straight line cutting the axis of M at - m ^^, . For discs of 
the same radius, the value of M may be varied (i) by varying the thickness of discs 
of the same material, and (ii) by using materials of different densities. 

The results of such measurements are shown in figures 2 and 3. In figure 2, 
cylindrical brass discs of radius i cm. and of varying thickhess were used. In 
figure 2 a the observed values of angular deflection 8 are plotted as a function of 
thickness, which is proportional to M, whilst in figure 28 the values of (M— w)/\/^ 
are plotted against M. A similar pair of curves is shown in figure^ 3^ and 38. In 
this case cylindrical discs of different density but of the same dimensions (radius 
I cm., thickness 0-2 cm.) were used. It will be seen that both figures 28 and 38 
indicate a linear relationship between M and {M—m)l \/h and yield a value of 1*3 gm. 
for my,. Similar observations plotted in figure 5, to which reference will be made 
later, give a value i*i gm. These experimental values agree tolerably well with the 
theoretical estimate of f gm. for ellipsoidal discs of radius i cm. 

A comparison has also been made of discs of different radii but of the same 
material and thickness, figure 4. The calculated and observed values are compared in 
table 3. 
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Table 3 


Diameter 2 a 
of disc 
(cm.) 

1-/5 

aHi-py 

Relative deflections (degrees) 

Calculated Observed 

1-5 

0748 

0-235 

1 

I 

2*0 

0-707 

0500 

2-13 

2*3 

2*5 

0-675 

0-891 

3-8 

3*8 



(«) 



Figure 2. Cylindrical brass discs of radius 1 pm. and of varying thickness. 


In the calculation of the fourth column of this table the theoretical value 
has been assumed for the water load on the discs. The agreement between 
observation and calculation gives support to this value and . to the theoretical 
prediction that the deflection is proportional to the cube of the radius of the disc. 
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In the above experiments the discs used were all cylindrical and flat. The theo- 
retical deductions of Konig relate, however, to ellipsoidal discs, and it is of some 
importance to examine what difference, if any, is introduced by the use of cylindrical 




Wu)=i-3gm. M{gm.) 

Figure 3. Cylindrical discs of different materials, radius i cm., thickness 2 mm. 

discs. A comparison was therefore made between a series of cylindrical brass discs 
of radius i cm. and of varying thickness, and a similar series of ellipsoidal discs. The 
results, plotted in figure 5, indicate that the difference if any is small, the slope of the 
line and the intercept being practically the same in the two cases. Differences 
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arise when the thickness of the discs exceeds 4 mm. but this would be expected on 
theoretical grounds. 

In accordance with theory, the results shown in figures 2, 3 and 5 clearly indicate 
the increased sensitivity obtainable by increasing the weight of the disc. The correc- 
tion factor due to the water load can thus be made relatively small. 

Measurement of sound-intensity. The general arrangement of apparatus for 
measuring sound-intensity under water by means of the disc is illustrated diagram- 
matically in figure 6. The disc, suspended on a short (lo-cm.) wire of phosphor 
bronze, 0-028 cm. in diameter, is supported from a long stiff rod carrying a torsion 
head. In the first experiments a spot of light was reflected from the polished surface 
of the disc, but the surface polish of metal discs is as a rule very poor and this 
method had to be abandoned. Considerable optical improvement was obtained by 
using a thin (o-oio-in.) stainless steel concave mirror i cm. in diameter mounted at 



Diameter {cm.) 

Figure 4. Cylindrical brass discs 2 mm. thick and of var>-ing diameter. 

an angle of 45'^ to the disc and arranged edge-on to the sound. The torque on such a 
mirror due to the sound is theoretically zero and was found by experiment to be 
quite negligible compared with the torque on the disc. The spot of light reflected 
from the small mirror was arranged to fall on a white xylonite scale where it was 
easily visible to ah eye vertically above. The scale served not only to indicate small 
angular deflections, but also to indicate the exact 45 "" position of the disc. In this 
position the small mirror was edge-on to the sound and broadside-on to the light, 
a very convenient arrangement, the beam of light to and from the mirror being at 
right angles to the sound-path. 

The torsion head controlling the position of disc could be operated by means of a 
pulley and cord situated conveniently for the observer near the under-water lamp 
and scale. An inclined mirror over the torsion head was used to reflect towards the 
observer an image of the pointer and angular scale of the suspension. To reduce the 
effects of direct flow of water past the disc, due to possible disturbances in the tank, 
a thin (o*oio-in.) clear celluloid cylinder about 6 in. in diameter was arranged as 
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shown in figure 6. This flabby celluloid screen, whilst sufficient to stop slowly- 
varying water currents, permitted the sound to pass freely, observations with and 
without the cylinder showing no appreciable difference. Provision was also made 
for transport of the disc without risk of breaking the suspension — a small metal cone 



(«) 



{b) 

Figure 5. Comparison of cylindrical and ellipsoidal brass discs of radius i cm. 
Ellipsoidal discs @ ® ; cylindrical discs x x . 

at the lower end of a rod served to raise the disc when required and consequently to 
remove the tension from the fine suspension wire. Experiments showed that in- 
creased damping of the suspended system could be obtained, if required, by means 
of a thin mica vane mounted symmetrically on the disc-suspension rod and arranged 
either edge-on or broadside-on to the sound. In these positions the torque on the 
damping vane due to the sound is zero. Generally, however, the damping due to the 
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disc and mirror was found sufficient without the addition of the mica damping- 
vane. The torsion constant of the suspension was determined experimentally by 
observing the period of torsional oscillation in air when a disc of known mass and 
radius was suspended from a point on its edge. The torque on the disc is given by 



Figure 6. General arrangement. M\ mirrors; T, torsion head and scale; B, bridge; Bi, disc at 
45° to sound ; Bg, disc edge-on to sound ; CR, clamping rod and cup; C, thin 
celluloid cylinder; S, suspension wire. 

T where ^ is a constant equal to M the mass in grams of the cylindrical disc 

of radius a, r the period in seconds of torsional oscillation and a the angle of twist 
measured in radians. 

In using this apparatus to measure sound-intensity in the tank it was soon dis- 
covered that small changes of frequency in the source of sound produced appreciable 
changes in deflection of the disc. This effect was traced to stationary waves formed 
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by reflection from the walls of the tank. The difficulty was surmounted by super- 
posing a small frequency-modulation on the transmitted sound. In this connection 
it is important also to note that the disc has directional properties, which make it 
more sensitive to sound arising in some directions than in others. The couple T 
turning the disc is proportional to sin 2^, where 6 is the angle between the direction 
of the sound and the normal to the disc. The directional characteristic shown in 
figure 7 shows maxima at 45° ± W7r/2. 


0 


Figure 7. Directional characteristic of disc. 

§3. SIZE AND FREQUENCY OF TRANSVERSE 
VIBRATION OF THE DISCS 

In the theory of the Rayleigh disc it is stipulated that the circumference of the 
disc should be considerably less than a wave-length of the sound of which the in- 
tensity is to be measured. In water this condition is easily fulfilled since the velocity 
of sound is high, 1450 m./sec., a sound of frequency 1000 c./sec. having a wave- 
length of 145 cm. The small discs i cm. in radius used in the present experiments 
are in this respect in accord with the theoretical conditions. 

Another factor of importance, which is generally overlooked, relates to the 
possibility of transverse vibration of the disc in its fundamental mode, with two 
nodal diameters, or at its first overtone with one nodal circle. When a disc is in- 
clined at 45° to the direction of the sound-wave a pressure-difference exists between 
the forward and reqr edges of the disc, and if the frequency of sound happens to 
coincide with one of the natural resonant frequencies of the free disc a vibration 
may be set up which renders the indications valueless. The theoretical frequencies of 
free circular discs in air are given by Rayleigh** as follows. For a disc vibrating with 
two nodal diameters (the lowest possible natural frequency of the disc) 

Njt—O'zbt cja^ Nx 

where t is thickness and a the radius of the (cylindrical) disc and c the velocity of 
sound in the material of the disc. For a disc vibrating with one nodal circle 

Ao=o-4ifc/a2. Mq 

* Vol. I, chap. X. See also Lamb, Sounds p. 153. 
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These expressions refer to flat cylindrical discs. The frequencies of ellipsoidal discs 
of the same radius and thickness at the centre will of course be considerably higher, 
owing to removal of mass from the outer edge without much change of stiffness. 

In an accompanying paper a description is given of the experimental determina- 
tion of the frequencies of small circular discs, and it is shown that the experimental 
values are in reasonably good agreement with the theory. For the present therefore 
we may use the values of frequency calculated from the above expressions. 

The lowest frequency of a cylindrical platinum disc, 2 cm. in diameter and 2 mm. 
thick, was found to be about 14,000 c./sec., whilst that of an ellipsoidal tungsten 
disc 2 cm. in diameter and 2 mm. thick at the centre was higher than 20,000 c./sec. 
The frequencies in water will be slightly lower than these values. Such discs are 
therefore quite safe to use over a wide range of frequencies extending into the super- 
sonic region. 

In this connection it is of interest to calculate the frequency of a small mica disc 
such as is commonly used to measure sound-intensity in air. If the disc has a radius 
of 0*4 cm. and a thickness of 0-0025 could vibrate with two nodal diameters at 

a frequency Nj. where 

N.j^= 1300 c./sec. 

and with one nodal circle at a frequency Nq where 

A^o= 2050 c./sec. 

In the calculation of these frequencies the velocity of sound in sheet mica was 
taken as 3-2 x 10^ cm./sec., a value found experimentally by a method described by 
the author and Dr F. D. Smith It will be seen that the small mica disc has two 
natural modes of vibration within the aural frequency range. 

Data relating to two discs for use under water. The data incorporated in table 4 
relate to a cylindrical platinum disc and an ellipsoidal tungsten disc which have been 
used in the measurement of sound-intensity under water. 


Table 4 



Platinum disc, 
cylindrical 

Tungsten disc, 
ellipsoidal 

Radius 

i-oo cm. 

0-863 cm. 

Thickness (at centre) 

0-20 cm. 

0-2 1 6 cm. 

Frequency (2 nodal diameters) 

14 kc./sec. 

20 kc./sec. 

Mass M 

13-5 gm- 

6-85 gm. 

Mass of water displaced m 

0 63 gm. 

0-36 gm. 

Calculated water load m„. 

1-33 gm. 

0-85 gm. 

I-/S 

087 

0-842 • 

1/(1 

132 

1-41 


0*99 X 7r/l8o 

1-64 Aa X 7r/i8o 

/ (erg/sec. -cm. ‘‘*) 

1*44 X X 7 r/l 8 o 

2*39 X iO®^a X 7r/l8o 

1 / (erg/sec. -cm. 2) when k = 0-225* 

56s at 

940 at 


• With an annealed phosphor-bronze wire suspension 28 /x in diameter and 10 cm. long, k is 
0-225. 

t a is in degrees. 
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§4. MEASUREMENT OF SOUND-INTENSITY IN WATER. 
SOUND-OUTPUT OF SOURCES 

An example of the type of measurement made by means of the discs described 
above is illustrated in figure 8. In this case the sound-intensity at a distance of 1 m. 



Figure 8. 



Frequency {c.jsec,) 

Figure 9. 

from the source of sound is plotted as a function of the square of the value of the 
alternating current used to excite the source into vibration, i.e. as a function of 
power-input. It will be seen that the sound-output is directly proportional to the 
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power-input. With an input current of 2 A., it is found that the sound-intensity at 
I m. is 6800 erg/cm? sec. Assuming that the sound-intensity is uniform in all 
directions, then the acoustic power-output of the source is given by 
E=^Trx 100* X 6800 erg/cm? sec. 

= 85x 10’ erg/cm? sec. 

= 8sW. 

In another case the disc has been used to determine the frequency characteristic of 
a sound source under water. This type of measurement is illustrated in figure 9. The 
intensity of the sound emitted is shown throughout a range of frequencies embracing 
the resonance frequency of the sound-source. 

§5. AN ALTERNATIVE TO THE RAYLEIGH DISC— 

THE DOUBLE SPHERE 

W. Kdnig^*^ not only derived an expression for the torque on a thin ellipsoidal 
disc, but also for the torque on an elongated prolate ellipsoid, approximating to a 
cylindrical rod of diameter small compared with its length supported horizontally 
from the mid point. Such a rod, adjusted initially with its axis at 45° to the direction 
of the sound-wave, is subjected to a couple tending to rotate it into the broadside-on 
position. 

Konig^^^ also calculated the forces operating on two spheres in an alternating 
fluid flow and Rayleigh*** has pointed out that in the case where the two spheres are 
rigidly connected together the forces reduce to a couple T where 

T=‘iTTp~'~^^-v^sin 2d, 

0 6 being the angle which the axis of the combination makes with the sound direction, 

^i» ^ and ^2 the radii of the spheres, r the distance apart of their centres, v the r.m.s. 

p velocity of the fluid flow and p the density of the fluid. When and r = moy 

T=^^^paV sin 20. 

It will be seen that this expression is of the same form as that obtained by Konig for 
the Rayleigh disc. The couple is proportional to v'^ (which in turn is proportional 
to the sound-intensity) and is a maximum when the axis of the combination is 
inclined at 45° to the direction of the sound. The sensitivity of the arrangement 
varies directly as and inversely as w®. The theory requires, however, that the 
spheres should not be too close together, i.e. m must be considerably greater than 2. 
In comparing this arrangement with the Rayleigh disc the factor 37r/w® in the ex- 
pression for the torque must be considered in relation to the corresponding quantity 
J for the disc. For the double-sphere combination, m can never be less than 2 
when the spheres are in contact and the constant 37r/m®=i*i8. If m=4, a more 
likely arrangement, 37r/w®= 0*147, which is only \ of the constant for a disc of the 
same radius. 


• Soundy ii, 47. 
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As a matter of general interest, a few preliminary experiments have been made 
with two pith balls 0*25 cm. in radius mounted with their centres i*o cm. apart. In 
this case a = 0*25 and w = 4. The combination was suspended by a thin silk fibre 
in a tunable resonance tube, the double-sphere arrangement replacing the usual 
Rayleigh disc. The experimental results were found to agree, within the limits of 
the rough comparison, with the theoretical value for ratio of sensitivities of the 
double sphere and the disc. 

Although the double-sphere arrangement is always less sensitive and perhaps 
less convenient in air than the disc, it is just possible that it may have compensating 
advantages in its application to the measurement of sound-intensity under water. 
As yet, however, there is insufficient information regarding the water load and 
relative velocity-amplitude of such an arrangement to warrant its use as a standard 
of intensity-measurement. 
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ABSTRACT. The paper deals with an experimental determination of the frequency of 
vibration of circular plates of appreciable thickness. Two sets of observations made (i) with 
steel discs varying in diameter from 6 to 16 cm. and in thickness from 0*07 to 2*8 cm., and 
(ii) with discs of various materials all 2 cm. in diameter but varying in thickness, are 
described. Frequencies were measured at which the discs vibrated with (a) two nodal 
diameters, (d) one nodal circle. The experimental results are compared with theoretical 
values. The method may be applied to determine the velocity of sound in materials available 
only in small quantities. 


§1. INTRODUCTION 

T he complete theory of the vibration of a free circular plate was developed by 
KirchhoflP in 1850. Before this (in 1829) Poisson had investigated theoretic- 
ally some of the symmetrical modes of vibration and calculated the diameters 
of the nodal circles. Rayleigh gives the general theory and quotes Kirchhoff’s 
observations on the low frequencies of thin plates, and Lamb^*^^ summarizes the 
various theoretical results. 

iV It is stated that for a plate of known lateral dimensions the frequency N is given 

N=o-0462 ( i ), 

Cj t where c is the velocity of sound appropriate to the material, t the thickness of the 

m plate and m a constant for a plate of given dimensions. I’he lowest natural frequency 

of vibration is that in which the free circular plate has two nodal diameters, viz. 

iV= 0*261 ctjci^ (2), 

a where a is the radius of the plate. According to Poisson the mode of vibration 
having one circular node has a frequency N given by equation (i) in which 


m^=8-8gla\ 

whence N = 0-410 etja^ (3). 

r The radius r of the nodal circle is given by 

r = 0*678 (4). 


It will be seen from relations (2) and (3) that the frequency varies directly as the 
velocity of sound and the thickness of the plate and inversely as the square of the 
radius. 

So far as I am aware no information has been published relative to the vibrations 
of free circular plates of appreciable thickness. Such plates have high natural 
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frequencies of transverse vibration which may lie outside the audible range. The 
present paper is mainly concerned with such plates. The experimental observations 
are conveniently divided into two series which deal with (i) circular steel plates 
ranging in diameter from 6 to 16 cm. and in thickness from 0*07 to 2-8 cm., and 
(ii) small circular plates 2 cm. in diameter and made of various materials. 

§ 2 . CIRCULAR STEEL PLATES 

In this series of experiments the resonant frequency of the steel discs was deter- 
mined by exciting them into vibration by means of a pot electro-magnet. The 
centre pole of this magnet, a bundle of soft iron wires, carried at its upper end the 
alternating-current winding, whilst a direct-current winding was provided in the 
usual manner. The steel discs rested in a horizontal position on a thin soft pad inter- 
posed between the disc and the face of the electromagnet. Sand was sprinkled over 
the surface of the disc and the frequency of the alternating current varied until the 
nodal diameters or nodal disc appeared. The tuning was found in all cases to be 
very sharp, so that the resonant frequency, determined by means of a calibrated 
wave-meter (or a monochord in the case of the lower frequencies), was accurately 
known. Observations in this series were confined almost entirely to the frequency at 
which the nodal circle appeared; in two cases only were the frequencies corres- 
ponding to two nodal diameters recorded. The more important results are included 
in table i. 


Table i. Mild steel discs vibrating with one nodal circle 


1 

Number 

Diameter 

Thickness t 

t/d 

1 

Frequency i 

Diameter zr of j 
nodal circle { 

r/a 

2 a (cm.) 

(cm.) 1 

1 

(c./sec.) j 

(cm.) ! 

I 

63 

1*00 

0159 

19,950 1 

4-23 1 

0*670 1 


6-3 

i-oo 

0*159 

(12,300 — 2 nodal diameters) 

i 

2 

682 

0-95 

01 39 

16,500 j 

4*60 

0 674 i 

3 « 

7*00 

1*45 

0207 

21,800 1 

4-65 

0*665 j 

3b 

7*00 

1*45 

0207 

(i3f750 — 2 nodal diameters) 

— 1 

700 

1*20 

0*172 

19,000 

405 

0*665 

3c 

7*00 

1-00 

0*143 

16,400 

465 

0665 1 

3d 

700 

0-95 

0135 

15,800 

^•65 

0*665 I 

4 a 

8-23 

1*07 

0*130 1 

12,900 

— 

— 1 

4b 

823 

I 02 

0*124 

12,650 

5*55 

0*673 j 

5 

8-8o 

01 25 

0*0143 

1,480 

5*9 

0*670 

6 

8- 90 

1*50 

1 0*169 

14,800 

5*95 

0*670 1 

7 

8 90 . 

00735 1 

1 0*0083 

84s 

60 

0*675 

8a 

8* 90 

I 80 

i 0204 

16,900 

5*95 ' 

0*670 ! 

86 

890 

150 

1 0*169 

14,800 

5*95 

0*670 

8c 

890 

i-oo 

0*1125 

10,650 

6*0 

0*675 i 

Sd 

890 

o*6o 

0067 

6,700 

6*0 

0-675 i 

ga 

15-5 

2*77 

0*178 

8,750 

10*4 

0*670 

96 

155 

10 

0*065 

1 3.700 

— 

— 1 


It will be seen in all cases that the ratio rja of the radius of the nodal circle to the 
radius of the disc shows very little variation with the thickness and diameter of the 
discs. The extreme values are 0*665 and 0*675 whilst the theoretical value obtained 
by Poisson for a thin plate is 0*678. The experimental result is ail the more remark- 
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able when it is considered that the ratio of thickness to diameter of the discs in some 
cases reaches a value as high as i : 5. 

With regard to the frequency, however, the results are not quite so simple. 
Figure i (a) shows the relation between thickness and frequency for discs of different 



0 


0 


0*5 


1-0 1*5 2-0 2‘5 3-0 

Thickness t {cm.) 


Figure 1 (a). Diameters (£> 6*3 cm.; (^) 7-0 cm.; 8*23 cm.; 0 8-90 cm.; (g) 15*5 cm. 



diameters. The frequency increases at a rate which is slightly less than proportional 
to thickness. Similarly in figure i (6) the relation between frequency and ija^ is not 
quite linear. These results indicate a small but definite departure from the theoretical 
relationship indicated by equation (3) when the plates can no longer be regarded as 
thin. 
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The observations for the thinnest plates, nos. 5 and 7 in table i, lead to a value of 
5*6 X 10® cm./sec. for the velocity of sound in thin sheet steel, if the theoretical 
value 0*410 for the numerical constant in equation (3) is correct. On this basis the 
values of this constant K have been calculated for the thicker discs. The results are 
plotted in figure 2. The points all lie fairly well on a smooth curve in spite of the fact 
that the thickness and diameter of the discs are varied, independently, over a wide 
range. It will be seen that the value of K decreases fairly rapidly as the thickness of 
the disc increases, relatively to the diameter. 



Figure 2. 


§3. OBSERVATIONS WITH SMALL CIRCULAR PLATES OF 
VARIOUS MATERIALS 

In connection with the experiments described in the accompanying paper 
relating to measurement of sound-intensity in water by means of a Rayleigh disc, it 
was important to determine the natural frequencies of vibration of free discs 2 cm. 
in diameter. These discs were made of materials varying in density from 2*65 
(aluminium) to 21*5 (platinum). The only available information relative to the 
frequency of vibration of such discs was of a purely theoretical nature, e.g. equations 
{2) and (3) above, and involved a knowledge of the velocity of sound in the material. 
Tabulated information bearing on this point was scanty and often unreliable. It 
was considered desirable therefore to determine the frequencies of such discs 
experimentally. 

The method described in the previous section of the paper with reference to 
steel discs was inapplicable to this case, for most of the discs were non-magnetic. 
A simple and reliable method was devised in which the source of vibration of 
variable frequency was a small magnetostriction oscillator.* This consisted of a 
• As used in echo depth recording. See British patent specification No. 375»375« 
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laminated nickel block supplied with a polarizing-winding carrying direct current, 
and an alternating-current winding connected to a valve oscillator having a wide 
range of frequency-control. 



(<i) Two nodal diameters. 



(b) One nodal circle. 

Figure 3. Frequencies of metal discs (radius a=i cm.). 0 aluminium and stainless steel; 

(D brass; (§) platinum; (i) silver. 

The small disc under examination was placed on the horizontal vibrating surface 
of the magnetostriction oscillator and sprinkled with fine sand. The frequency of 
excitation was then adjusted until the required sand figure, two nodal diameters or 
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one nodal circle, appeared. The frequency was then observed in the usual manner 
by means of a calibrated wave-meter. The results of such observations are shown 
plotted in figure 3 {a) and (i) where the frequencies, ranging from 8 kc./sec. to 
23 kc./sec., are plotted as a function of thickness, (a) relating to two nodal diameters 
and (b) to one nodal circle. All the discs were 2 cm. in diameter. 

As in the case of the large steel discs, the frequency increases at a rate which is 
slightly less than proportional to the thickness. The radius of the nodal circle was 
found to approximate closely to 0-67 The dimensions and frequencies of each 
disc being known, the velocity of sound may be calculated from relations (2) and (3) 
above, the constants 0*261 and 0*410 being assumed. Velocities determined in this 
way and included in table 2 are therefore subject to a correction depending on the 
ratio of thickness to diameter as indicated in figure 2. 

Table 2 


Material 

Velocity of sound (cm. /sec.) 

(a) from observations 
of two nodal diameters 

{b) from observations 
of one nodal circle 

Brass 

3*6 X 10® 

3*7 10® 

Aluminium 

4*9 »» 

5-4 ,1 

Stainless steel 

S'l » 

5*5 M 

Silver 

2-6 „ 

2*8 „ 

Tungsten 

4'6 „ 


Platinum 

2-7 .. 

2*9 „ 


There appears to be a tendency for the nodal-circle observations to yield some- 
what higher values of velocity than those derived from the nodal diameters. Con- 
sidering the quantity of material available in discs 2 cm. in diameter and i or 2 mm. 
in thickness, these experimental values for the velocity of sound are, however, in 
remarkably good agreement with those obtained in larget-scale determinations. The 
method shows promise therefore as a means of determining the velocity of sound in 
materials available only in small quantities, e.g. in the form of a small thin disc or 
button. 
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ABSTRACT. It is maintained that the adjustment of observations is not a statistical 
problem. In § i the problem is stated. In § 2 it is argued that there is no proof that the 
conditions necessary for a statistical theory of errors exist. In § 3 it is argued that the 
process of adjustment adopted by experimenters can be justified apart from statistical con- 
siderations. In § 4 the conclusions thus attained are reviewed. The actual argument cannot 
be summarized. 

§1. INTRODUCTION 

D eming and Birge^*^ have recently discussed at great length the application 
of modern statistical methods to the theory of errors. They are probably not 
so sanguine as to believe that their work will have much effect on the practice 
of experimental physicists. It is as certain as anything can be that the great majority 
of us will fail to use the weapons they offer, and will continue to employ only the 
very simple methods of adjusting observations that are familiar to us; it is equally 
certain that this great majority will include almost all of the greatest masters of the 
experimental art. 

And yet, if Deming and Dirge’s opening statement is true, we and our masters 
must be wrong. If “problems that arise in drawing conclusions from observations 
are essentially statistical”, then it cannot be right to use for the solution of such 
problems any but the most perfect methods known to modern statisticians. If we 
are to justify ourselves, we must attack the statistical theory of errors much more 
fundamentally than heretofore; we must cease to object to particular statistical 
methods and assumptions, and boldly deny from the outset Deming and Dirge’s 
fundamental statement. We must deny that the adjustment of observations is a 
statistical problem at all. 

A frivolous analogy may be useful. A golfer sees some men hitting a ball about 
with bent sticks. Noticing that they are urging the ball in a prescribed direction, 
and that their sticks are not unlike those shown in 18th-century golf pictures, he 
concludes that they are trying to play golf. He upbraids them for their ignorance of 
the modern art, and expounds to them the virtues of rubber-cored balls, steel- 
shafted drivers and a panoply of irons. They have no defence if they merely say that 
modern golf is over-elaborate, or that their implements are good enough for the 
very crude form of the game they are playing ; to silence him they must reply that 
they are not playing golf at all, but hockey; they must point out that their game, 
though presenting certain superficial resemblances to golf, is so fundamentally 
different that his instructions are not wrong, but irrelevant. 
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§2. STATISTICS 

Statistics, or at least all the statistical methods of Deming and Birge’s paper, are 
directed to obtaining information about a collection* from a sample drawn from it. 

The problem is trivial unless the members of the collection are known to differ amongst 
themselves, so that members of the sample may also differ. In the adjustment of 
observations we are concerned with differing measurements ; this is the fact that 
has led statisticians to believe that such adjustment is a statistical problem. But 
this belief is not justified unless {a) the differing observations are a sample of a 
collection, the sample and the collection being of the kind with which statistics is 
concerned ; and {b) complete knowledge of the collection would solve or help to solve 
the problem of adjustment. In this section we shall consider (a), leaving (6) till later. 

If measurements M to be adjusted are a sample of a collection, this collection can M 
only be one of three things. It must be either A^i, or where A^i = M+all Ny 
other similar measurements that are known ; Ar2 = + all the similar measurements 
that will be known; and A^3 = A^2+a^l similar measurements that might be 
known. If the collection is , the problem can be, and ought to be, removed at 
once from the realm of statistics by discussing not the sample M but the whole 
collection . If it is it can be, and ought to be, similarly removtd by proceeding 

at once by making such a complete series of measurements that nobody will ever want 
to add to it. Accordingly the problem is essentially statistical only if the collection is 
A3. This is apparently Deming and Birge’s view\ It does not seem to me at all sure 
that A^3 means anything at all ; I cannot clearly conceive of a measurement that might 
be or might have been made and yet never will be or has been made. But the dis- 
cussion may proceed on the assumption that the collection is N^. 

We have next to inquire what are the samples and collections to which statistical 
theory is applicable. One answer, which might have been given at the end of the 
1 8th century, is that it is applicable to all samples of all collections. Nobody surely 
will give that answer to-day ; everyone recognizes that it is absurd to treat statistic- 
ally the answers of a jury in a criminal trial. The reasons why that answer is false 
have been given very fully in our own day by Keynes. But beyond that there is no 
agreement. Statistical methods depend on the conception of a rpeasurable proba- 
bility!, there is as yet no agreement as to what propositions have probability 
and how they come to have it. Progress has been made, for example by Mises and by 
Jeffreys, in. determining what mathematical axioms must be asserted about proba- 
bilities in order that the calculus of probability may be applicable to them ; but the 
difficulty is to relate these axioms to facts. How wide a difference of opinion still 
exists in this matter may be seen from any discussion between adherents and 
opponents of the so-called frequency theory of probability!. 

♦ The usual term “population” is undesirable here, for it has too definite connotations. 

t I use probability to denote a property of propositions, and distinguish it from chance^ which is a 
property of material systems. See N. R. Campbell, Phil. Mag. 44 , 67 (1922). 

X See for instance the controversy between R. A, Fisher and H. Jeffreys, Proc. roy. Soc. A, 138 , 

48 (1932) ; 189 , 343 (1933) ; 140 , 133 (1933) ; 146 , i (1934). The question which led to the controversy 
has been settled in the opinion of many qualified to judge; but its- settlement leaves quite unreconciled 
the directly contradictory statements made concerning the basis of ^11 statistical treatment. 
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However, there are collections of two sorts to which everyone admits statistics to 
be relevant; they are typified respectively by the urn containing black and white 
balls and the die or the tossed coin. The first sort of collection is finite and enumer- 
able ; it is possible for the proportion of members of the various kinds to be accurately 
known when the sample is drawn. The second sort is not finite or even definite ; it is 
impossible that this proportion should ever be known accurately ; but, on the other 
hand, very large samples reveal that there is one single proportion, or possibly a 
narrow range of proportions, definitely characteristic of the collection. Some would 
say that this proportion is the limit to which the proportion in the samples tends as 
their size is indefinitely decreased ; others deny the validity of that conception and 
maintain that the proportion can be ascertained only with the help of a prion 
assumptions. But they all seem to agree that the large samples are necessary ; by no 
other means can (e.g.) a true die be distinguished from a weighted die or from some- 
thing that is not regulated by chance at all. 
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The collection is clearly not of the first sort; it is not finite and enumerable. 
It may be of the second sort ; but then we have no large sample. It must be insisted 
with the greatest possible emphasis that a single sample in which no regularity is 
evident does not afford sufficient evidence that the collection from which it is drawn 
is of the second sort and possesses the necessary characteristic proportion, or chance. 
On this point all serious statisticians seem agreed. 

It is unusual to have as many as 20 measurements made in conditions so similar 
that, on any reasonable theory of error, they can be regarded as a sample drawn from 
a single collection. How inadequate such a sample is to prove the existence of a 
chance is illustrated by figures i and 2. These show the results of 500 tosses of a 
coin recorded for this occasion; the proportion of heads is plotted against the 
number of trials in the two diagrams on different scales. The first 20 tosses wggest 
no characteristic chance ; the first 90 suggest one definitely greater than 0*5 ; the 
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first 500 leave the whole matter doubtful. Many more tosses would be required to 
convince anyone that the chance really exists. 

The application of statistics to adjustment cannot therefore be justified by a 
similarity between the measurements to be adjusted and a collection of either of 
these two typical sorts. Many statisticians would doubtless maintain vehemently 
that their methods are applicable to other sorts of collections and samples ; but the 
arguments advanced for such application are very various and often mutually in- 
consistent. In particular it seems to me that the arguments for applying the con- 
ception of probability to other sorts of collections are often destructive of statistics in 
the sense in which I am using the word, namely the rules advanced by Deming and 



Figure 2. 

Birge for reaching conclusions concerning a collection from a sample of it. If those 
rules are valid in respect of our problem, no generally accepted proof of their validity 
has yet been offered.* 

Having thus found that (in terms of the analogy) it is by no means certain that the 
game that physicists are playing is statistics, let us inquire whether there is any 
other game, having definite rules, according to which their procedure can be justi- 
fied. In the next section I shall try to state such rules. 

* Those who think that it is easy to decide when and w’hy statistical theory is applicable might 
study this question. Complete rainfall records are available for the years 1901-20; was the climate 
between 1901 and 1910 different from that between 191 1 and 1920? If this problem is statistical, the 
records for 1901-10 and for 191 1-20 must be samples of two possibly different collections. But what 
are the remainders of these collections ? Not the records for other years ; for, if the climate may be 
changing, other years are not comparable. But meteorological records must be records for some 
defined period. If the records for 1901-10 are a mere sample of the records for some longer period, 
and not the whole collection relevant to the problem, what is this longer period? 
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§3. THE ADJUSTMENT OF OBSERVATIONS 

X The simplest problem. Suppose that I am measuring a well-defined length xom 

millimetre scale. I put one end against the zero and denote the position of the other 
Xi end by a numeral X^. Subsequently I repeat the process and record another 

X numeral X . If X is the same as X^y no question of adjustment can arise. If Xi and 

A'2 are different, there are two alternative assumptions. Either the length has 
changed, or one (or both) of the observations are in error. If the first alternative is 
adopted there is no justification for any adjustment, apart from certain circum- 
stances to be discussed on page 806. I have measured two different things, and 
there is an end of it. Only the second needs examination. 

The reason why we are prepared to consider the second alternative is this. When 
I am assigning X^ or X^, I am never quite sure what numeral I ought to assign. All 
that I can really do, at any observation of any magnitude except number, is to 
a, distinguish two ranges for A', namely a wide range a and a narrow range p within it. 
a is the range inside which I am sure that x must lie. If any subsequent observation 
lies outside a, then either the length has changed, or I have simply made a mistake, 
such as I might make even in counting. Mistakes can always be eliminated with 
sufficient care ; we shall always assume here that they are eliminated ; no observa- 
tions in which they may occur ought to be discussed at all. j8 is the range within 
which I have no preference for one numeral rather than another ; it is conveniently 
expressed in decimal notation by limiting the number of places. Thus if X^ is 56*3, 
1 am only asserting that the range a is (say) from 56-1 to 56*5, and the range p from 
(say) 56*25 to 56*35. In virtue of this uncertainty in assigning any A^, two values A^i 
and X are not necessarily inconsistent. If their p ranges overlap, they are as con- 
sistent as I can possibly expect ; if their a ranges overlap, these are possibly consistent ; 
they are inconsistent only if their a ranges lie outside one another. 

That is the only primary and essential source of error. Once we realize the 
nature of error, the problem of adjustment becomes simple and its solution obvious. 

. If the P ranges of all our observations overlap, the assignment to x of any value 
lying in their common part will assert a scientific fact as definite as any fact can be. 
The selection of one of these values rather than another (e.g. the mean or median) is 
purely conventional and adds nothing to the fact. If the a ranges but not the p 
ranges overlap, then there is no definite scientific fact that can be asserted with full 
confidence ; the possibility cannot be excluded that the magnitude is really different 
at different observations and therefore that adjustment is not permissible. If we 
decide to reject this possibility, there is some reason to accept the value that lies 
farthest from the boundary of any a range; for the subjective probability of a 
variation of the magnitude is greater, the closer is any value that we accept to the 
boundary of its a range. This preferred value usually approximates closely to the 
mean of the observations ; there is then some reason for preferring that value, but 
even more for preferring the median. 

These considerations determine also how many observations I should make. If 
I can get a few observations with overlapping p ranges, no increase of their number 
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can possibly increase the certainty of any value that may be selected. If all further 
observations still overlap in their ranges the field of selection may be narrowed, 
but not the certainty of the scientific fact. But if any observation should occur 
which overlaps only in a ranges, doubt is immediately introduced; if eventually a 
condition were reached in which only a very narrow range common to all a ranges 
survived, the range of selection would be very narrow; but the evidence for any 
value in that range would be practically nil. Accordingly no more observations 
should be taken than are sufficient to establish that values with overlapping ranges, 
a or j 8 , can be obtained. 

Curve-fitting, But pure science is never concerned with the value of a single 
magnitude ; it is interested only in relations between magnitudes. The problem that 
we have just discussed is therefore of little importance, but the discussion enables us 
to deal briefly with important problems. Of these one will be taken as typical ; the 
application of our treatment to the remainder will be obvious*. 

In this problem we desire to know whether a numerical law 

f{x,y)=a (i) 

is true. Xy y are two different magnitudes, /is a known function defining the form of 

the law, aha constant whose value is unknown. We measure n examples jc,. (r = i to n) 

of the magnitude Xy and the magnitude 3 ;,. corresponding to each of them. (The exact 

meaning of “corresponding” need not be discussed here.) For Xr we shall obtain a 

set of observed values {s.= i to and for each y^. a set 7^^ {s' = i to m/). We 

try to find in the j 8 ranges of each and each values Y^^y and also a 

value of Qy such that r / ^ tz \ / \ 

^ f{Xro. Yy.,) = a ( 2 ) 

for all values of r. If we succeed, then our previous discussion shows that we have 

all the evidence for the truth of equation (i) that we can have for any scientific fact. 

If we fail in this case but succeed when we use a ranges instead of ^ ranges, then the 

law is possible but not certain ; it is the less probable the more we have to use values 

y Y^o near the boundary of their a ranges. If we cannot find values in the a ranges, 
the law is certainly false. 

The way in which this test is usually applied is slightly different in detail, but 
the same in principle. It is used because it is much more convenient, and indeed in- 
dispensable in all but the very simplest cases. We select a value of a by some rule or 
method, such as drawing a straight line, which requires only a knowledge of the 
Xray Yfa’. We then find the residuals resulting from the substitution of the 
7^8' in equation (i), and compare these residuals with certain ranges calculated 
from the a and jS ranges of the observations; it is unnecessary to set out here the 
well-known process of calculation. The three conclusions then follow according as 
the residuals all fall in the ranges calculated from the jS ranges, in those calculated 
from the a ranges, or outside both. 

The conclusions thus attained apply only to the law with the selected value of a. 
If the law does not turn out to be certainly true we ought, in all strictness, to repeat 

• Thus a relation between universal constants can be considered as a numerical law of which 
there is only one example. 
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the test with other values of a. But there is one method of selection (or curve- 
fitting) of which it is commonly assumed that, if it does not give a value of a which 
makes the law true, no such value exists ; this is the method of least squares.* I do 
not desire to throw any doubt on this assumption, which I believe to be true, but it 
must be insisted that the formal evidence for it is very slight ; I have never seen a 
deliberate test made. The further assumption, often made, that the method of least 
squares is the only method of which this is true, and therefore that the value of a 
obtained by it is the only “right” value, rests on even less evidence. Indeed such 
evidence as exists is directly contrary ; examples can easily be found in which the 
value obtained by other methods is so close to that obtained by the method of least 
squares that, if one is satisfactory, there can be no evidence against the other. 

These alternative methods have been proposed for the smaller amount of com- 
putation they involve and the simplicity of that which remains. The simplest is that 
known as zero sum ; some others require even less arithmetic, but are a little more 
difficult to grasp in the first instance.f 

Some of them are professedly, others actually, valid only in a limited class of 
cases ; some selection among them may be needed. The advantage of the method of 
least squares — probably the only advantage — is that it can be legitimately applied 
without examination to any problem in which curve-fitting is permissible at all, that 
is to say, in which the form of the law given by / is definitely known. 

Corrections, The very simple conditions discussed on page 805 hardly ever arise in 
practice ; usually corrections have to be applied to the directly observed magnitude. 
Thus in measuring length, a correction for varying temperature may have to be 
applied. Now it is definitely known that we are not, or may not be, measuring the 
same magnitude at each observation; but adjustment is still permissible for the 
following reason. In applying the correction we are in effect assuming that there is 


some law 


i = F{Xy Uy Vy ..., ay by Cy ...) 


( 2 ), 


where x is the magnitude actually observed, w, Vy ... are other measurable magni- 
tudes in virtue of which corrections must be applied, c, . . . are known constants, 
and ^ is the magnitude that we really want to determine. (Thus x may be measured 
length, u temperature, a a coefficient of expansion, b a standard temperature and f a 
length at the standard temperature.) We measure Xy Uy Vy ... and calculate $ from 
equation (2). The measurements of XyUyVy ... will all have their a and P ranges, un- 
less one of them is number ; and corresponding to their a and ranges (in a sense 
that again need not be explained) will be a and P ranges for f. If we use these 
calculated ranges for the corrected magnitude, instead of the original ranges for the 
uncorrected magnitude, all our discussion of tests proceeds as before. The tests 
again are, in principle but not exactly in detail, those actually applied by the best 
experimenters in their most careful work. 

Sometimes, perhaps usually, in addition to these known corrections there are 


• By the “ method of least squares ” I mean an empirical rule for selecting one out of an infinitude 
of approximate solutions of a set of equations. I imply nothing about the theoretical assumptions by 
which the use of this rule is sometimes justified. 

t See, for example, T. Smith, Proc. phys. Soc. 46 , 560 (1934) and J. H. Awbery, ibid. p. 574. 
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unknown corrections. Thus we may know that the temperature of the rod is not 
uniform, but be unable to determine the distribution of temperature. If the error 
due to neglecting these corrections is not known to be limited, there is no justifica- 
tion for making any measurements at all. If it is known to be limited and the limit is 
known, the effect of neglecting the correction is to extend the a range. But there 
will not be in general anything corresponding to a ^ range. If the error is known to 
be systematic, i.e. always of one sign, there is certainly no jS range ; and even if there 
is no reason to suspect it to be of one sign rather than another, and if there is a range 
of complete and uniform uncertainty, it has not the same qualities as a true jS range. 
For a true P range is inherent in the nature of measurement and of numerical laws ; 
if there were not ^ ranges, no numerical law could be true.* An uncertainty due to 
an ignored correction is not of this character. 

If then there are ignored corrections giving rise to an error comparable with the 
P range of the measurement, there can never be certainty either of an adopted value 
or of a numerical law. For only a ranges are present and any test based on them can 
never establish a certainty. In these circumstances it is best not to make any adjust- 
ment for the ignored correction. We should adjust as if it were absent, and then 
merely point out what degree of uncertainty attends the result, 

§4. CONCLUSIONS 

Such, I suggest, are the rules of adjusting observations as practised by the best 
experimenters.f There is necessarily some uncertainty attending the process. 
Accordingly those who believe that the calculus of probability is applicable to all 
propositions that are neither certainly true nor certainly false will hold that the 
calculus ought to be applied to adjustment. But here I am asking only whether the 
particular branch of the calculus concerned with collections and their samples is 
applicable ; let us examine this question again, directing our attention now to con- 
dition (b) of page 801. 

There are three kinds of collection which are, or may be, concerned in adjust- 
ment. First, if we are examining the truth of a law there is the collection of all 
examples of the law, which defines its form. Knowledge of this collection would be 
useful, but statistics does not profess to give it. The form of the law is always 
assumed to be known, and the problem is thus made substantially identical with 
that of determining a single value. 

Secondly, there is' the collection of all possible unknown corrections. But know- 
ledge of this does not help us. We want to find out, not what corrections might be 
necessary (for we usually know that), but what corrections are necessary ; in other 
words it is the sample, not the collection, that interests us. Further, it should be 
observed that, when (as is usual) the unknown corrections tend in one direction 
rather than the other, statisticians admit that they are powerless ; for this is the case 
of systematic error. 

• See, for example, my Measurement and Calculation^ p. 153. 

t As an example of this practice the paper by J. E. Sears, Jr., and H. Barrell, Philos. Trans. A, 
233 , 143, 2x6 (1934), may be quoted. But of course that is merely an example. 
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Thirdly, there is the collection of all values lying within the a (or jS) range. Of 
this we do require information ; for the collection defines the limits of the range. If 
our only source of information about the range were the recorded observations, then 
statistics would be useful — if it could determine the collection from the sample. 
But these are not the only source. The range arises from a certain indeterminacy in 
the judgment of the observer ; we have, or should have, the testimony of the observer 
himself, which is the really decisive criterion. If the observer has been too careless 
or too incompetent to give us his opinion, his work is not worth considering at all. 
In any case it is surely the height of folly to deduce something about the judgment of 
an observer by means of an assumption that the observer himself would deny. 

But such an assumption underlies all statistical treatment. Deming and Birge 
assume that ‘‘the effect of accidental errors can be reduced as far as desired by 
taking enough observations If this means (as it must, if it is to be relevant) that 
the value of the measurements increases indefinitely with their number, the state- 
ment is one that every experimenter would deny. He limits the number of his 
observations, not because he is lazy, but because he knows that certainty is decreased, 
rather than increased, by increasing them beyond a quite small number. His reason 
for making more than a single observation is not to find out what is his a range ; that 
he knows when he takes a single observation. It is to gain some assurance about 
unknown corrections, to ascertain that the actual spread of his observations is not so 
much greater than that arising from his a range that variable unknown corrections 
have to be postulated. He refuses to increase his observations beyond a certain 
point because he knows that thereby he increases enormously the probability of 
introducing new unknown corrections. 

Herein lies the fundamental fallacy of the statistical theory of errors. It seeks to 
eliminate completely the judgment of the observer, which is an essential factor in 
determining the worth of his observations.^ The plain fact is that if the observer is 
not capable of making the best of his measurements, nobody else can do it — except 
possibly by drawing his attention to mere mistakes that he will immediately recognize 
as mere mistakes. 

To say this is not to deny great value to the work of those who collate the work of 
different experimenters. If they themselves are possessed, as Prof. Birge is, of 


• The absurdity reaches a climax when the results of different observers working in entirely 
different conditions are treated as a sample of a single statistical collection. But this is not an essential 
error. Here I am avoiding criticism of the erroneous, but unessential, assumptions of statisticians; 
but it may be worth while to draw attention to what seems to be a new error. 

Deming and Birge assert {loc. cit. p. 124) that “the step. . .of the instrument. . .has the effect of 
grouping the observations into class intervals If we are observing a single magnitude there is no 
plurality of values which the observations may classify, as the observations of (say) human stature 
may classify the statures of the individuals composing the population. Such classification by the 
measuring instrument in virtue of its “ step “ can arise only if the magnitude under observation is 
varying during observation. It may be — I think it is — ^meaningless to assert that there is a “true” 
value, and therefore meaningless to assert that the true value is constant; but then it is equally 
meaningless to assert, as apparently Deming and Birge do, that the true value is varying and assuming 
a plurality of values which the instrument clas.sifies. In other words, there are involved in a measure- 
ment at most two things, the object we are trying to measure and our measurements of it. Deming 
and Birge seem to assume that there is a third thing intermediate between them; 1 cannot see what 
this third thing can be. 
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experimental insight, they may well reach valid conclusions which each of these 
experimenters has missed. But the value of their work lies in their experimental 
insight and not in their statistical technique. If the elaborate methods of computa- 
tion that Prof. Birge uses in his discussion of universal constants are replaced by the 
simple methods used by every physicist, while his judgments concerning the merits 
and interrelations of the various determinations are retained, everything of real 
value will survive. A neat scries of best values, each with a tidy probable error, will 
not be obtained; but this series is positively misleading; it suggests something 
contrary to every principle of measurement, namely that there is a “true” value 
that can be found by experiments on a single magnitude. But his conclusions con- 
cerning the relations between the universal constants, such as that predicted by 
Eddington, will still be reached. Let anyone who doubts that carry through the 
work for himself, using nothing but arithmetic means and graphical curve-fitting. 

REFERENCE 

(i) Deming, W. E. and Birge, R. T. Rev. Mod. Phys. 6, 119 (1934). 



8io 


621.385.2 

THE VARIATION OF VOLTAGE-DISTRIBUTION AND 
OF ELECTRON TRANSIT-TIME WITH CURRENT IN 
THE PLANAR DIODE 

By R. COCKBURN, B.Sc. 

Communicated by Dr D. Owen^ February 28, 1935. Read in title June 7, 1935 

ABSTRACT. The general solution for the voltage-distribution in a diode with plane 
electrodes is derived from the differential equation of motion of the electrons, the effect 
of initial velocities being treated approximately. The solution is applicable for currents 
from zero up to that value which reduces the cathode field to zero. 'Fhe general solution 
for electron transit-time is then derived. It is found that increase of space charge increases 
the transit-time, most of this increase occurring just before the cathode field is reduced 
to zero. The effect of initial velocities of emission is to reduce the transit-time, the amount 
of the reduction increasing as space charge increases, so that the sharp increase of transit- 
time due to the accumulation of space charge becomes less apparent for large initial 
velocities. The application of the theory to electron oscillations is discussed. 


§1. INTRODUCTORY 

I N the production of electron oscillations by means of the thermionic triode valve, 
it is generally accepted that the periodic time of these oscillations is dependent 
on the transit-time of the electrons between the valve electrodes. A method of 
calculating the variation of transit-time with current in the grid-anode space, after 
saturation of the space has occurred, has been given by GilF*^, but the variation 
with current of the transit-time in the cathode-grid space has not previously been 
treated. In the present paper the voltage-distribution and the electron transit- 
time between plane electrodes have been worked out for any value of current 
between the electrodes, excluding the case when a potential-minimum is formed 
in front of the cathode. The effect of initial velocities of emission^ which cannot be 
neglected, has been taken into account. 

The problem of the transmission of electrons between plane electrodes was 
first examined by Langmuir<*\ who obtained the differential equation of motion 
of the electrons. Child ^3) had previously obtained the same equation and applied 
it to the motion of positive particles. Langmuir neglected initial velocities and 
gave a particular solution for the voltage-distribution applicable only to the one 
value of current which reduced the field at the cathode to zero. In a later paper 
Langmuir (4) obtained the voltage-distribution taking into account the initial 
velocity-distribution of the electrons. The rigorous solution which he gave is only 
possible when the current between the electrodes is sufficiently great to produce a 
potential-minimum in front of the cathode. 
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§2. INITIAL VELOCITIES OF EMISSION 

To obtain a solution applicable for all values of current from zero up to that 
value which reduces the Held at the cathode to zero, it has been necessary to make 
an assumption with regard to the initial velocities of the electrons emitted by the 
cathode. Whereas according to Maxwell’s law they are emitted with all velocities 
from zero to infinity, it is here assumed that they are all emitted with an average 
velocity such that 

__(7TkT\i 


«o= 


where T is the absolute temperature, k is Boltzmann’s constant, and m is the mass 
of the electron. 

I’he error thus introduced in calculating the voltage-distribution is zero when 
the current flow is small, since in this case the voltage-distribution is independent 
of initial velocities; but as the current increases the error will become sensible. In 
the limiting case in which the current is sufficient to reduce the cathode field to zero, 
the approximate solution may be compared with Langmuir’s rigorous solution ^4). 
The error is found to be normally of the order of only i per ceat ; see equation 
(i\a) et seq. For greater currents, for which the cathode field is negative and a 
potential-minimum is formed in front of the cathode, this assumption with regard 
to initial velocities is not valid, since an initial velocity-distribution is implicit in 
such a condition. 

Likewise in the calculation of the transit-time, the equation obtained gives in 
effect the transit-time of an average electron. This differs, however, from the 
average transit-time by an amount which is negligible in practice. 
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§3. THE VOLTAGE-DISTRIBUTION 


Let anode and cathode be assumed to be infinite parallel planes separated a 
distance x„y and let the cathode be capable of emitting any given number of 
electrons at an average velocity Uq. Let the anode be maintained at a constant 
positive potential the cathode being at zero potential. Let the current-density 
be uniform and equal to i. 

At a distance x from the cathode, let V be the potential, u the velocity of the 
electrons, n the number of electrons per cm^ and k the dielectric constant of the 
medium and let m and e have their usual meanings. 

Then, following Langmuir, we may write 

i=neu (i), 


Ve = ^mu^ 


d^V 

dx^ 
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From equation (2) 
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where Vq e = (4). 

On substitution in equation (i) 

then from equation (3) 

< 5 )- 

The assumptions Vq = o and dVIdx^^—o give Langmuir s^*^ particular solution 
of the equation, which may be put in the form 

( 6 ). 

■ 977 V ^ 

To obtain the general solution we multiply both sides of equation (5) by 
dVjdx and integrate. Thus 

^^={4«(F+F„)i+# (7), 



To perform the second integration, put 

/={4a(F+F„)i + /*}; 

then * = 

= /-. [{ 4 « {V+ n )*+*}5 a* (F+ F„)^-p}+^] (9). 

4a 

Now x = o when F=o, 

^=-{ 4 aF„i 4 -A}l {*OiV,i-\k}. 

By means of equations (6) and (8) express a in terms of ijig , thus 

.-n^' (.0). 

9 h Xa^ 

The subsequent working is simplified by introducing the new constant defined 
by the relation 

‘“(jl')’!*’-.''®'} '">■ 

Substituting these values in equation (9), we have 
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Equation (7) now becomes 




and when F= o and ^ = o 



(76). 


Thus is directly proportional to the field at the cathode. 

Now since F= when x^Xa^k^ must satisfy the following equation, obtained 
from equation (12) 



By rearranging and squaring we reduce this to 


...(13a). 


The parameter equation (13 «) gives three values of for each value of 1/4. 
One positive root is introduced during the squaring operation and does not satisfy 
equation (13), and one of the other two roots is negative for all values of iji^. 
This is physically untenable since dVjdXx^Q cannot be negative within the limits 
of the problem. I'here is thus a unique value of for each value of f/i, and VJVa. 

Tables i, 2 and 3 show the variation of with 2/4 for three different values of 
Fo/Ffl. The given value of Fo/F^ is substituted in equation (13 a) and the cubic in 
ki is then solved for the various values of ijig by successive approximations. 


Table i. Variation of 
with i/i,; Fo/Fa = o. 


ili . 

kt 

00 

07500 

0*1 

0-7047 

0*2 

0-6575 

0*3 

o*6p8o 

0*4 

0 - 5 S 57 ' 

0*5 

0-5000 

0*6 1 

0-4398 

0*7 

0-3733 

0*8 1 

0*2972 

0*9 

0*2028 

1*0 ] 

0*0 


Table 2. Variation of 
with i/i , ; V^j F« = o*oo i . 


ilia 


0*0 

0*7500 

0*1 

0*7071 

0*2 

0*6621 

0*3 

0-6154 

0*4 

0*5665 

0-5 

0*5155 

0*6 

0*4600 

0*7 

0*4005 

0*8 

0*3349 

0*9 

0*2598 

1*0 

0*1665 

I 0963 

0*0 


’Table 3. Variation of 
with 2/2,; Fo/F« = 0*0049. 


ids 

kr 

0*0 

0*7500 

01 

07093 

0*2 

0*6673 

0*3 

0*6232 

0*4 

0-5784 

0*5 

0-5357 

0*6 

0*4812 

0*7 

0*4282 

0*8 

0*3713 

0*9 

0*3091 

1*0 

0*2389 

i*i 

0*1549 

1*217 

0*0 


It will be seen that when 2/2, o, -> | whatever the value of Fo/F^. By 
substituting these values in equation (12) and expanding the contents of the first 
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square bracket we obtain the relation between the potential V and the distance x 
from the cathode, in the case of a negligible current, as 


F= 


Xa 


.X, 


Again when dVjdx, 

(13^) 


^=0, ^1 = 0 from equation (76), and thus from equation 



whence, on substitution for Uy equation (6) 


<-) 

= 9! s/m-% {' +3 (p;/} approximately 

Now Vo = ^ 7 ". If we put tj equal to eVJkTy equation (i4«) becomes 

2,6 4 ^ 


K jze Vj f 2-66] 
‘~9jr V m' Vv^ 


{14b). 


This coincides with the approximate solution given by Langmuir who showed 
that the current given by this expression differs by less than 0*3 per cent from the 
exact value when dVjdx^^-O'y for the small values of Fo/F^ normally obtained, 
the current given by equation (14) will accordingly differ by about i per cent from 
the exact value. Thus the assumption that all the electrons arc emitted with the 
same velocity instead of with distributed velocities causes an error of the order 
I per cent in the limiting case when dVjdx^^ =0. 


§4. THE ELECTRON TRANSIT-TIME 
From equation (2) we have 

if we write Foe = ^wV as before. 

f J'n 

Now the transit-time T=\ - 

Jo u 


'XaVa I wi 

"I. 


and from equation (7) 


dx= 


dV 


{4a(F+F„)i + A}i’ 
whence integrating and writing as before 

. (4 KYkjJ.(Yo\*i 
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It will be seen that when iji, -*■ o and ky 

<'‘'' 

“d *■-<’ ”d r {(' + S*+(0‘ (3 - r)] 


X=T /— _J (17) 

“ W 2 / F.i (I + Fo/igi+ 2 (Fo/r„)i ' 

Equation (i6) shows the effect of initial velocities on the transit-time when the 
current is negligibly small, and equation (17) shows the effect of initial velocities 



->i!h 

Figure i. Variation of transit- time with current. 


when space charge has reduced the field at the cathode to zero. Equation (15) 
with the parameter equation (13 «) gives the value of the transit-time for any value 
of current, from zero up to that value which reduces the cathode field to zero, 
and for any value of emission velocity. It includes equations (16) and (17), of 
course, as special cases. 

Figure i shows the calculated variation of transit-time T with degree of satura- 
tion ijig of the diode for different values of Vo/Va- The ordinates are values of 
T/Tj where Ti=^2V{^l2e).xJVj, 


§5. APPLICATION TO EXPERIMENTAL CONDITIONS 
In practice V^IVa varies with ///,, since both vary with the cathode-temper- 
ature, the emission velocity Fq directly, and the current i nearly exponentially. 
Hence as i is increased from zero by raising the cathode-temperature, will 
increase rapidly at first and then quite slowly until dVjdXjg^Q—o, The current 
is then limited by space charge and a very large increase in temperature, and hence 
of produces only a small increase in 1. The type of variation of Fq with i to be 
expected is illustrated in figure 2. 
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These results were obtained from measurements on a valve of A.T. 40 type with 
a tungsten filament. The ratio of amperes of emission current to watts dissipated 
in such a filament varies only with its temperature, and the variation in the case 
of tungsten has been given by Stead From his results the approximate tem- 
perature of the valve filament for any voltage applied across it was obtained and the 
emission velocity was calculated.* 

In figure 2 the abrupt change in slope to be expected at dVjdXjg^—o is 
rounded off owing to the velocity-distribution of the electrons, but it may be 
assumed that dVIdx^^—o at point Ey obtained by producing AB and DC to 
meet. Knowing now the value of at F, we can calculate the value of ///^ at 

this point from equation (14). 



— ^ ijis 

Figure 2. Variation of with current for A.T. 40 valve at — 50 V. 


The dotted curve in figure i was obtained by substituting in equation (15) for 
various values of with the corresponding values of Fo/F^ from figure 2, and the 
corresponding values of ky^ from equation (13 a). 

§6. CONCLUSIONS 

As the current between the plane electrodes increases, the space charge being 
consequently increased, the transit-time of electrons between the electrodes also 
increases, and most of the increase occurs just before the cathode field is reduced 
to zero. The effect of initial velocities of emission is to reduce the transit-time, 
the amount of the reduction increasing as space charge increases, so that the sharp 
increase of transit-time due to the accumulation of space charge becomes less 

• In the case of a cylindrical cathode = T 

® 2 4 e 
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apparent for large values of The effect of space charge on the electron 

transit-time should be most easily observed, therefore, with a low-temperature 
cathode and a large anode voltage. 

The theory has been worked out for plane electrodes, whereas in practice 
valves with cylindrical electrodes are normally used. Neglecting the effect of 
initial velocities, Schiebe has calculated the electron transit-time between cylin- 
drical electrodes when space charge is negligible, and McPetrie has dealt with 
the case when space charge has reduced the cathode field to zero. The increase of 
electron transit-time due to space charge is of the same order as for plane electrodes. 
In another paper McPetrie has extended Schiebe ’s treatment to include the 
effect of initial velocities on the transit-time when space charge is negligible. For 
the usual internal cathode the effect is considerably less than for plane electrodes. 
A general solution for transit-time between cylindrical electrodes is probably 
impossible. It is reasonable to assume, however, that the results obtained for 
plane electrodes will apply qualitatively to cylindrical electrodes. 

§7. APPLICATION TO THE THEORY OF ELECTRON OSCILLATIONS 

In the course of an experimental investigation by the author into the electron 
oscillations produced by a cylindrical-electrode triode valve connected in a Bark- 
hausen-Kurz circuit, the variation of the periodic time of the oscillations with 
grid current is being examined. For valves with high-temperature tungsten 
cathodes the usual decrease of periodic time with increasing current is observed. 
This effect is usually explained as due to the variation of electron transit-time in 
the grid-anode space after it has become saturated with space charge. It may 
also be explained by assuming that the oscillations are those of electrons in statistical 
equilibrium between the electrodes, the decrease in periodic time being due to the 
increase of concentration of the electrons with current. 

In the case of one valve, however, with a low-temperature oxide-coated cathode, 
the decrease in periodic time was followed by a small but quite definite increase as 
the cathode-grid space became saturated with space charge. This increase was 
most evident at high grid voltages. These preliminary observations indicate de- 
finitely that the periodic time of the electron oscillations is determined by electron 
transit-time and that the path of these electrons is partly in the cathode-grid space. 
The investigation is proceeding with a view to establishing the complete path of 
those electrons which determine the periodic time of the oscillations. 
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By C. J. B. clews, B.Sc., A.Inst.P., Queen Mary College, 
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ABSTRACT. The work described in a previous paper has been extended to the measure- 
ment of the electrical conductivity of o-ooq$-N solutions of potassium nitrate, potassium 
sulphate and sodium sulphate. These data, in conjunction with those previously obtained, 
provide strong evidence for the validity of the theory of Debye, Huckel and Onsager for 
uni-univalent electrolytes in dilute solutions up to 85° C. Agreement is not as satisfactory 
for sodium sulphate, while an anomaly has been observed in the behaviour of potassium- 
sulphate solutions. 


§ I. INTRODUCTION 

I N a previous communication to the Society ri) some measurements of the 
electrical conductivity of aqueous solutions of potassium nitrate, potassium 
sulphate and sodium sulphate were reported and data were given for solutions 
having concentrations down to Njiooo. Owing to the Debye-Hiickel-Onsager 
theory being applicable only in very dilute solutions, no deductions could be made 
as to the agreement of experiment with this theory in the case of uni-bivalent 
electrolytes, and only tentative conclusions could be made for potassium-nitrate 
solutions. It was in view of this difficulty that the present measurements were made. 


§2. EXPERIMENTAL 

The conductance has been determined with the same apparatus as before, with 
the exception that a new variable audio-frequency oscillator was used. 

In extending the range to the more dilute solutions many difficulties were 
encountered. Among these was contamination of the conductivity water due very 
largely to working in a dirt-laden city atmosphere. There was also some difficulty 
in making up such dilute solutions with the required accuracy. 

Owing to these and other minor troubles, it was only possible to measure the 
conductance at one more concentration, namely, AT/aooo, for the three electrolytes. 
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§3. RESULTS 

The further data are given in table i. Comparison with the work of other 
experimenters cannot be extensive, but where it is possible, i.e. 18° and 25°, 
agreement is quite satisfactory. 

Table i. Equivalent conductance of Nj 2000 solutions 


tperature 

r c.) 

Potassium 

nitrate 

Potassium 

sulphate 

Sodium 

sulphate 

18 

124*4 

128*5 

107*5 

25 

142*5 

150*2 

125*0 

30 

156*8 

167*8 

139-6 

35 

171*2 

187*5 

153-2 

40 

1 86*6 

204*8 

169-3 

45 

202*3 

224*1 

185-5 

50 

2i8'0 

242*3 

203-3 

55 

235*5 

260*8 

217*8 

60 

251*9 

278*5 

234*3 

65 

268*0 

297*7 

2531 

70 

284*8 

318*1 

268*8 

75 

302*0 

337*4 

287*6 

80 

318*8 

356*3 

307*3 

85 

335*5 

375*6 

323*7 



From the Debye-Hiickel-Onsager theory we expect that a plot of the equivalent 
conductance against the square root of the concentration, at a given temperature, 
will yield a straight line; by this means we may readily test the theory. Figures i 
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and 2 show how striking is the agreement for potassium-nitrate solutions, and 
furthermore, the values of the conductance at infinite dilution, Lq, given by the 
intercepts of these lines with the L axis are almost identical with those calculated 
from the theory, table 2*. 



Table 2. Potassium nitrate. Equivalent conductance at infinite dilution 


Temperature 

r c.) 

Lo from 
graph 

Lq from Debye- 
Hiickel-Onsager 
theory 

i8 

126-3 

— 

25 

144-6 

144*54 

30 

1591 

159-04 

35 

173-8 

173-78 

40 

189-7 

189-68 

45 

205-6 

205-39 

50 

221-5 

221-30 

55 

2395 

— 

60 

2571 

— 

65 

274-2 

— 

70 

291-3 

— 

75 

308-1 

— 

80 

325-7 

— 

85 

342-4 

— 


It should be noted, however, that the experimental slope and the calculated 
slope (aLo + ^)f are not in absolute agreement; but the deviation is not serious, 
as may be seen from the observed and computed values of the conductance of an 
Nfioo solution, table 3. 

The results for potassium-sulphate solutions do not give us a linear graph, but 
give a curve which approximates to a parabola, except at the lower temperatures. 


• Cf. reference (i), p. 770. 

t a and ^ are factors involved in the Debye-HUckel-Onsager theorj^ (he. cit. p. 768). 
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figures 3 and 4. The curvature increases with the temperature. We are therefore 
led to the conclusion that even in fairly dilute solutions potassium sulphate does 
not behave as an ideal Debye electrolyte. 

Table 3. Potassium nitrate 


Temperature 

rc.) 

Debye 

slope 

Experimental 

slope 

L, calculated 
N/ioo 

Ly experimental 
Njioo 

25 

929 

89 

135*3 

135*7 

30 

103*8 

97 

148*7 

149*4 

35 

115*2 

112 

162*3 

162*6 

40 

127*3 

131 

177*0 

176*6 

45 

139*6 

145 

191*6 

191*1 

50 

1520 

154 

206*3 

206*1 


Some explanation may be offered by the Bjerrum theory of ionic association. 
For uni-bivalent electrolytes the critical distance of approach is probably of the 
order 7 A., whereas the sum of the ionic radii of potassium sulphate is 3*7 so 
that we might expect strong association. This is, however, nothing more than a 
tentative and qualitative explanation. 



Contrary to expectations, sodium sulphate does not give parabolic curves; 
nevertheless, the linear plot is not as good as for the uni-univalent electrolyte. 

The difference in the behaviour of these two sulphates provides a problem which 
may be rather difficult of solution, as it is usually found that similar groups of salts 
have very similar properties. 
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§4. CONCLUSION 

The observations on potassium-nitrate solutions add definite support to the 
Debye-Hiickel-Onsager theory, and particularly to its validity at higher tempera- 
tures. This is an extremely stringent test of the theory in that over the temperature- 
range 18" to 85° there is about a threefold increase in the conductance. We have 
already had ample proof, by Hartley ^ 3 ) and his co-workers at Oxford, of the accord- 
ance of theory with experiment for dilute uni-univalent electrolytes at 25° in both 
aqueous and non-aqueous solvents. There can now be little doubt as to the funda- 
mental truth of the Debye theory, particularly for uni-univalent electrolytes. 



Figure 4. Potassium sulphate. 
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Rather less conclusive is the evidence offered by sodium-sulphate solutions, 
while solutions of potassium sulphate deviate from the theory even in dilute 
solutions. A tentative explanation is given by the Bjerrum association theory, but 
this is nothing more than qualitative. 

That further information is required with regard to the apparently anomalous 
behaviour of potassium sulphate is obvious. Owing to local conditions the author 
will be unable to continue the investigations, and we can only hope that the necessary 
data, both on the behaviour of potassium-sulphate solutions and on the variation 
of conductance with temperature, may be forthcoming in the near future. 
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AN IMPROVED COUNTING CIRCUIT 

By H. P. BARASCH, Cavendish Laboratory, Cambridge 

Communicated by C. D. Ellis, May 28, 1935. Read June 7, 1935 

ABSTRACT. This paper deals with a simple Geiger-Miiller counter circuit, the essential 
feature of which is the application of a special characteristic curve of a pentode valve. 
This {iai^a) has a saturation portion in the negative grid region. The output pulses 

from the circuit are equalized, free from secondary disturbances, and of shortened duration. 
By means of an appropriate resistance-capacity coupling to the thyratrons a back pulse is 
generated, so that the final pulse-shape is more suitable for triggering the thyratrons. 
A description of the simple pentode circuit is given and also of a universal set, consisting 
of four valves, which is suitable for coincidence counting. The special characteristic curve 
when applied to the coincidence circuit leads to improved discrimination between total 
and partial coincidences. 

§1. INTRODUCTION 

W HEN a Geiger-Miiller counter coupled to an amplifying circuit is in use, 
irregularities are sometimes observed whose cause is to be found not in 
the nature of the discharge itself, but rather in the circuits between 
the counter and the recorder. Closer consideration proves that even with correct 
discharges in the counter, double pulses which affect the recording circuit may 
be generated in the amplifier. 

A good amplifier should have the following qualities : (i) sufficient amplification 
to actuate the recording device ; (ii) good resolution — here a distinction is to be made 
between normal counting of a few hundred a minute and high-speed counting of a 
few thousand a minute ; (iii) limitation, by which is meant the equalization of the 
pulse-amplitude ; (iv) a clean, uniform output pulse-shape to prevent disturbances 
and false counts. For coincidence work there are two further points, which must be 
considered, viz. the provision of (v) high resolving-power for coincidences of the 
different counters, and (vi) good discrimination between coincidences of n counters 
and coincidences of (n—i) counters. 

In the last few years many amplifying-circuits for Geiger-Muller counters have 
been described. They usually involve several stages of amplification of the resistance- 
capacity-coupled type, and for coincidence counting still other stages are added. For 
example, in the circuit devised by Johnson and Street^*^ three stgges are necessary to 
fulfil conditions (i), (ii) and (iii). The first two stages amplify and equalize the pulses, 
the third reverses them and shortens their duration. In this way good resolution for 
coincidence work is obtained but further amplification is necessary because in the 
shortening of the duration of the pulses their size has been reduced. Parallel chains, 
according to the number of counters used, are necessary for coincidence counting. 

An amplifier of the Johnson and Street type undoubtedly satisfies the conditions 
specified, but in simpler circuits condition (iv) is rarely realized. This demands the 
generation of a sharp uniform pulse-shape without wobbling, and it is not easy to 
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prevent secondary potential disturbances in the coupling elements due to variation 
in size and form of the discharge in the counter itself. In particular the shortening 
stage, because of its low input time-constant, may generate a rather strong back- 
pulse, which is amplified by the valve and may give rise to a second forward pulse in 
the succeeding stages. 

Visual observations on a cathode-ray oscillograph screen show that the output 
pulses from certain multistage amplifiers of the ordinary type not only are distorted 
and of long duration, but are followed by a series of undesirable potential- variations. 

This paper will describe a method of using a single pentode, which in itself 
satisfies all the necessary conditions as a three-stage amplifier and also produces a 
shape of output pulse particularly favourable for thyratron recording. 


§2. COUNTER DISCHARGE 

A comprehensive treatment of the action of a Geiger-Miiller counter has recently 
been given by Werner^*\ Certain points in his arguments are relevant to the present 
problem, since they enable us to see in a general way the form of the pulse which is 



actually fed into the amplifying system, and how its shape and duration depend on 
the details of the coupling. 

When an ionizing particle or quantum ionizes the gas in the counter, the anode 
wire acquires in a very short time some negative potential, depending on the over- 
voltage applied to the counter. There it remains in a region of unstable corona 
discharge for some time until the discharge stops abruptly. After this extinction, 
the wire returns to zero potential in a time determined by the net capacity and 
resistances associated with the counter. 

The two factors, the time taken for the potential to rise and the time during 
which the discharge burns in the counter, have to be considered in connection with 
the amplifying-circuit. One would expect that the former will determine the steep- 
ness of the pulse which arrives on the grid of the first valve. Werner has calculated 
the time t taken to charge the wire negatively to a small over-voltage and has ob- 
tained a value of the order of 2. io“’ seconds 

An equivalent scheme of the counter circuit is shown in figure i. The counter is 
represented by an e.m.f. with internal resistance K. represents the wire- 
earth capacity including all direct connections. is the coupling-condenser and 
Cg the effective grid capacity of the first valve with grid-leak resistance Rg. 



E,. K, C, 

Cc 
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denotes the high-potential supply, assumed to have negligible internal resistance, 
and is the high resistance which serves to discharge the wire after extinction. 
Ky the internal resistance of the counter, is a function of gas pressure, of the kind of 
gas used, and of the geometrical counter constants. At small values of the over- 
voltage it may be obtained from formulae or from tables given in Werner’s paper. 
For a counter filled with air at a pressure of 8 cm. of mercury, K is of the order of 
I megohm. 

During the charging process, when a particle enters there is a current flow 
V' i equal to - CodV'Idty where V' is the over-voltage applied to the counter. If Rq is 

Q, assumed to be so large that it does not affect the charging process, then Cq, the total 

C' earth capacity of the wire, is given by Co = C„, + C', where C' represents the equivalent 
capacity of the impedance within the dotted rectangle. If we consider the pulse to be 
defined by the fundamental frequency oj we find that, approximately. 

Evaluating this formula with actual values of constants used and the fundamental 
frequency as given by the slope of the primary charging current to the wire, we find 
that Co = 10 to 15 /x/xF. 

The time KCq of charging is correspondingly about i. io~® sec., a time much 
longer than that obtained if no external load is connected to the counter, for which 
we have already quoted Werner’s estimate of 2. io~^ sec. 

It is to be observed that in order to make the charging-time short it is essentially 
the direct earth capacity of the wire, shown by the dark lines in figure i, that 
should be made as small as possible, whereas the coupling-capacity C^ has a rather 
indirect effect, because of its position in series with Cg and Rg. The very small 
capacities involved render it necessary to avoid all superfluous metal parts connected 
to the counter wire which could increase the direct earth capacity. For this reason it 
was found convenient to make the coupling-condenser by enclosing an extension 
of the counter wire in glass tubing of small diameter and wrapping metal foil around 
the outside of the glass. The capacity between the wire and the foil can be made 
about 20 to 40fx/xF. without directly increasing the earth capacity. 

In order that the wire potential after extinction shall come back to zero in a short 
time, so that the next pulse falling within the recovery time RqCq is large enough for 
amplification, it is necessary to make R^ small. But a small Rq means that the 
negative rise of wire-potential, governed by will be partially offset by charge from 

through Rq. This delays the rise of the wire-potential to the starting potential 
value and also forces the discharge to proceed to burn in a region of instable corona 
discharge which is more remote from the actual starting potential. In this region 
is increased and the counter tends to continuous discharge. Too great a value of over- 
voltage has a similar effect. It is necessary therefore to have Rq at least 100 times as 
great as A'. A compromise must be made between a correct working of the counter 
and a reasonable resolving-power of the amplifier. 



827 


An improved counting circuit 

§3. PENTODE CHARACTERISTIC 
The special pentode circuit we are discussing is shown in figure 2. The character- 
istic feature is that in series with the anode is a high resistance of about 250,000 
so that the anode potential is about 3 V. The screen grid is kept at from 30 to 40 V. 
Under these conditions the characteristic shown in figure 3 (a) is obtained. It 
resembles the usual saturation curve of a hot emitter, but is unique in that the grid- 
voltage change required to go from cut-off to saturation of the anode current can be 
of the order of one volt. This range of voltage will be referred to henceforth as the 
range of limitation and denoted by L, figure 3 {b). 

The curve follows at first the usual slope of a pentode characteristic, but at a 
certain point it bends over very sharply into a horizontal line which extends from 
about ~ I V. to high positive values. It is outside the scope of this paper to give an 



exact physical explanation of this saturation portion, but it may be stated briefly, 
that it is due to a space charge being established near the plate when the plate 
potential is maintained somewhat below 5 

In the present case it is the external resistance which lowers the plate potential 
to about 3 V. A further consequence of importance is that the pentode valve in this 
region has an internal resistance of the very low order of about 5000 Q. The be- 
haviour in that state is analogous to that of a lighted thyratron, where the plate 
current is determined only by the anode resistance /?« and anode voltage Va . The 
shape of the curve remains unchanged over a wide range of and Va . When Ra is 
decreased and Va increased the current in the saturation part increases, but at the 
same time L increases. Satisfactory values found for a SP4 pentode valve are: 
h.t. voltage 150 V., /?<, = 250,000 and screen voltage 30 to 40 V. The anode current 
ia is then 0*63 mA. and L= 1*3 V. 

PHYS. SOC. XL VII, 5 
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The working point A of the pentode is adjusted by means ot a potentiometer to 
some point in the saturation region depending on the magnitude of the pulses on the 
grid. If this is sufficiently large, it is of advantage to shift A towards zero grid bias, 
because this gives an appreciable improvement in the shape of the pulse. 

By the aid of this {4 , e^} characteristic curve the conditions set out in the intro- 
duction are satisfactorily fulfilled. The adjustment in the saturation region corre- 
sponds to a bias which prevents not only the small backpulses but also all disturbances 
from being amplified ; the latter may take the form of a.-c. and d.-c. hum, potential- 
variations due to thermal agitation in the high-input resistances, and general pick- 



(^) 



up. Because of the small amplitude of these disturbances at the first grid, the bias 
(that is, the shift into the saturation region) need not be greater than a small 
fraction of a volt. 

This pulse-cleaning effect of the biasing is also accompanied by a pulse-shorten- 
ing action corresponding to the pulse-shortening stage of a multistage amplifier 
with low input time constants. This is due to the fact that only the steepest parts of a 
negative grid pulse are amplified, and the low-frequency discharge of the grid (of 
time constant RgCg) is cut off. 

There is further a most important pulse-equalizing effect. To discuss these 
effects we will consider two pulses which, as shown in figure 3 ( 6 ), are separated by an 
interval of time less than the recovery time RqCq of the counter. Because of this the 
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second grid pulse is of smaller amplitude, but provided its peak extends beyond B in 
figure 3 (a) the output voltage as shown in figure 3 {c) will still be the same as for the 
first pulse. Further, the duration of the output pulses are much the same and be- 
come only slightly reduced when discharges fall close together. 

The negative pulse impressed on the pentode grid consists of the negative rise 
(which, as we have seen, is of the order of io~® sec.) and of the return to zero potential, 
the time of which depends only on the grid time-constants. When Rg — ^. 10® fli. and 
the grid capacity Cg =i5/x/LfcF., this return time may be taken as 7*5. 10 sec., so 
that the duration of the whole pulse is a little less than io~^ sec. 

In order to examine the resol ving-time for single counting with this amplifier we 
will refer to the diagram in figure 4. The curve RqCq represents the recovery of the 
counter wire back to zero potential after a single count. As the time intervals between 
successive kicks decrease the input pulses decrease, and when they become less than 
BC, figure 3 (6), the amplitude of the output kicks becomes less than the normal 
equalized value. This is shown in figure 4, where the tips of the output pulses follow 
a curve such as /. A second pulse occurring after an interval less than ti is not 


Size of output pulse 



equalized, because the corresponding grid pulse is smaller than BC, but it may still 
be recorded. If the {/«, Cg) characteristic curve were of a rectangular shape, the 
equalizing action could be made perfect. If the horizontal line e represents the 
minimum size of output pulses which will be recorded, the intersection of this line 
with the line / determines the resolving-time of the amplifier without thyratron' 
and recording circuit. 

It can therefore be seen that t, depends jointly on the value RoCq^ on the pulse 
amplitude (which can be regulated by the adjustment of over-voltage) and on the 
amount of amplification. It may also be seen that as long as the pulses are single- 
peaked and of short duration their shape does not affect the resolving-power. The. 
value of T, was measured by means of a pendulum breaking two contacts and found 
to be less than sec. for the single-valve amplifier and about sec. for the 
3 -stage amplifier mentioned later, even when the value of RqCq was as high as 
A sec. 

In order to deal with fast counting and smaller pulses a universal amplifier with 
two fore stages was built, making use of this special pentode characteristic. A 
description of this amplifier is given in the next section. 
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§4. CIRCUIT 

As has already been pointed out, in order to obtain this characteristic, only the 
values of and the actual h.t. voltage Va are of importance. The simple circuit has 
been shown in figure 2. F„, and consequently the saturation current, can be varied, 
by means of a 500,000 Q. potentiometer Pj . The point must be decoupled by 
means of a large condenser. On increase of the saturation current the horizontal 
part of the characteristic is simply raised, the slope of the inclined portion remaining 
the same, and the knee moving nearer to zero potential. There will be an optimum 
point of adjustment according to the size of the pulse from the counter. It appears 
experimentally that this adjustment is not critical, however, and in the simplest 





case Pi may be omitted and may be connected directly to about 150 volts h.t. The 
potential of the screen grid is supplied from a voltage bridge across the source of 
h.t. and is kept steady by a 2/xF. decoupling condenser. I'he potentiometer P2 is 
essential for the adjustment of the working-point. The most sensitive part of the 
characteristic is the upper knee of the curve, and when the starting potential of the 
counter is to be determined the working point is shifted to this region, which is 
easily detected by a.-c. hum in the telephones. 

As has been outlined in § i, care must be observed in mounting the components 
of the grid input circuit. To reduce all stray capacities the leads should be short and 
it is desirable where possible to have the counter located very close to the grid 
terminal. Since in this circuit the bias suppresses small disturbances, shielding of 
the input leads may be omitted, the input capacity to earth being thus reduced. 

To deal with very small input pulses and to allow of coincidence counting, a 
universal amplifier, figure 5, which requires only 4 valves, was built. The first two 
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valves are SP4 pentodes arranged in parallel, each working exactly as in the simple 
circuit. The third valve serves purely as a voltage amplifier and may be any triode 
suitable for the purpose. An SPL with an amplification factor of 70 is satisfactory. 
The final valve is another SP4 pentode in a circuit differing from that for the input 
valves only by the omission of the two potentiometers and P^. It is operated at 
zero grid bias. Switches A and B serve to adapt the amplifier for single counting by 
either of the input valves or for coincidence work. When the pulses are small switch 
C can be used to introduce the triode intermediate amplification and pentode final 
amplification. 


§5. COINCIDENCE COUNTING 

The adaptation of this circuit for coincidence incorporates the usual method 
developed by Rossi and consists here of two equal SP4 valves. The working point 
A of each is slightly shifted into the saturation part of the characteristic. 

As has been shown by Fussel and Johnson pentodes are much superior to 
triodes for coincidence counting because the discrimination between partial and 
total coincidences is greatly improved. The form of the {ia, eg} characteristic 
described in this paper seems to represent a further improvement. An amplifier 
using the normal pentode characteristic always shows small variations of output 
potential for partial coincidences. This effect is found to be reduced in the present 
amplifier for correct adjustment of the grid bias. The explanation is the fact that the 
pentode valve in the saturation region has such a low internal resistance that an 
anode pulse from the other valve is dropped to earth without affecting the output, 
while a coincidence input pulse of about i V. on the two grids causes a full anode 
swing. 

To estimate the resolving-power of this amplifier for coincidences we note that 
pulses from the two counters will be separated if one pentode has returned to the 
saturation part, point A in figure 3, before the other starts to change. Now in § 3 we 
estimated that the duration of the whole change in the pentode was rather less than 
io“* sec., and we may take this figure as giving the order of magnitude of the 
resolving-time . A measurement of this quantity was carried out by use of the 
relation Tc — DjzNiN^y where D is the number of accidental coincidences between D 
two counters when the number of discharges in each individually is and N^. 

Values of from 5 \o 7. io~^ sec. were obtained. It is of course obvious that the 
resolving-time depends on the grid time-constant of the pentode as determined by 
the appropriate resistances and capacities, but in addition it will be seen that the 
resolving-time will be improved if the input pulse is smaller so that the pentode 
remains a shorter time in the region of zero current. 'Fhis result can be achieved by 
decreasing the over-voltages on the counters but this must not be carried too far, 
otherwise there will be a noticeable loss of coincidences due to a coincidence occur- 
ring while one counter has not yet recovered sufficiently from a previous discharge ; 
see figure 4. Owing to this effect the resolving-power will depend on the number of 
single pulses in each counter. 
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§6. PULSE-SHAPE 

The shape of pulse developed may best be discussed by means of a simple 
equivalent circuit shown in figure 6. Distortion caused by operating across non- 
linear regions of the characteristic curve is not considered, because it does not 
seriously affect the final form of the pulses. 

The pentode is represented by switch D, Ray Ri and Ca denote external 
resistance, internal resistance and plate capacity respectively. C is the coupling- 
condenser to the thyratron with grid capacity Ct and grid resistance R^ As lopg as 
there is no pulse, switch D is connected to a. The plate is only slightly above earth- 
potential, because of the very low internal resistance Ri. The other side of the 
coupling condenser C is maintained at the grid-bias potential of the thyratron. 

The steep wave-front of the discharge pulse is analogous to a sudden opening of 
switch D across the potentiometer. Plate-capacity Ca plus a small extra capacity 
(less than C< 4- 1 jcty^Rt^Ct , where oj is the fundamental angular frequency of the first 


H.t. 



Figure 6. 


charge-rise) is quickly charged to the supply voltage, say 150 V. Taking the follow- 
ing approximate values — = 15. F., Cf = 20. p ^ = 250,000 f 2. and 

CD = 6. 10® (because the incoming pulse rises in a time = i . lO”® sec., § 2), we get for 
the second term of the above expression 2*6 cm. Hence the whole capacity, which 
is charged through Ra at the moment of the first rise, is of the order of 15 + 22. iO“^^ 
or 37 .io'^ 2F. If = 250,000 12. the time-constant is 37. lO"^^ x 25. loS i.e. 
about iO“® sec. and is somewhat smaller than the time of the first pulse-rise. This 
is of importance in this circuit, since if were greater than not all the pulses 
would rise to the full h.t. supply voltage of 150 V., and the limiting effect of the 
characteristic would become disturbed. The back pulse also, as will be seen later, 
would be eliminated. The conclusion from this consideration is that Ra should not 
exceed the value of 250,000 12. 

This positive charging pulse, which is to set off the thyratron, is however reduced 
in size by the fact that an e.m.f. with resistance Ra is acting on an impedance, com- 
prising Cay C, Ct and Rt. This impedance is somewhat smaller than Ra. In a scale- 
of-two circuit Rt is still further reduced by the grid current of the tube when this is 
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alight. Actually the amplitude of the pulse on the thyratron grid itself is reduced to 
about 30 or 40 V., a value which is quite sufficient, however, to overcome a normal 
bias of a few volts. 

After passing the lower knee of the curve, figure 3, the system remains unper- 
turbed for a very short time corresponding to the peak of the input pulse. In the 
equivalent circuit this is analogous to the time during which the switch is open. 
While the left side of C is still at high potential, the positively charged thyratron grid 
side starts to discharge through with time-constant /?e(C-fCt) and develops 
simultaneously a potential difference across C. This goes on until the working-point 
returns from the zero-current region to the active characteristic part with a time- 
constant determined by the input constants of the pentode grid. In the equivalent 
circuit this instant is represented by the connection of D to the highest-resistance 
point of the Ri potentiometer. The potential that has developed across C now 
becomes divided proportionally between and Rt and the grid of the thyratron 



Figure 7. 



must receive a negative potential given by Rij{Ri-\-R^. The thyratron grid, now 
negatively charged by the back pulse, discharges with a time constant R^ (C + Q). 
The pulse finally takes the form shown in figure 7 and represents a very favourable 
shape for triggering thyratron valves. 

In a recent paper Morack has pointed out that this type of pulse is highly 
desirable. He was able to generate such a pulse by constructing a special thyratron 
input transformer with iron of several permeabilities. The back pulse helps to 
accelerate the de-ionization of the excited gas molecules after extinction of the arc. 
Lewis has emphasized that a sharp, clean pulse can help in preventing the 
jamming effect. It was found experimentally that with the present amplifier this 
trouble is completely avoided, even at high rates of counting. It is also to be 
expected that this pulse-shape, when applied to a thyratron-couple with the im- 
proved anode-grid coupling circuit described by Lewis, may lead to a higher degree 
of resolution for high-speed counting than is at present available. 

Oscillograph records were taken of the output pulses from the amplifier which 
would normally be fed to the thyratron grids. One such record of two close pulses is 
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shown in figure 7. Owing to the rapid movement of the oscillograph spot the 
original photographs were not suitable for reproduction and the plate was obtained 
by careful retouching. A scale drawing of one of the pulses is given in figure 8. 
The actual rise and return to zero occurring within about io“^ sec. would, if drawn 
correctly, be indistinguishable on the diagram, but they are shown separated for 
convenience. This superposition explains why this portion of the trace could just be 
seen on the oscillograph record whereas the remainder of the downstroke below the 
axis was invisible. It will be noticed that the back kicks of the two pulses shown in 
the plate are of different sizes; they were actually 19 V. and 15 V. It is clear from 
this that the two pulses must have occurred within the recovery time RqCq of the 
counter, the actual kick from the counter being less for the second pulse, but yet the 
oscillograph record shows that the initial short positive pulse on the thyratron grids 
was in both cases the same, about 40 V. This is a good proof of the equalizing 
action of the amplifier. 
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ABSTRACT. The lattice-dimensions of pure zinc oxide condensed from the smoke 
have been determined to a high degree of accuracy by means of X-ray powder photo- 
graphs. Bradley and Jay’s lattice-dimensions of quartz and Siegbahn’s X-ray wave- 
lengths being accepted as standards, the lattice-dimensions of zinc oxide are found 
to be: 

^0 = 3*24265 ± 0 000 1 1 

^0 = 5*1948 ±0*0003 at 18° C. 

Axial ratio CqIoq = 1 *60200 ± 0*0001 J 

Both the lattice-dimensions themselves and the axial ratio are lower than Finch and 
Wilman’s electro-diffraction values which are based on the X-ray lattice-dimension of 
gold, by amounts larger than the combined errors of both methods. There are thus real 
discrepancies, which are of the order of ^ to i per cent. 

In view of these discrepancies, Finch and Wilman’s assumption that the apparent 
lattice-dimension of gold is the same for 40-60 kV. electrons as for X-rays may not be 
correct. The discrepancies therefore represent the combined possible discrepancies shown 
by gold and zinc oxide. 

This does not apply to the axial ratio, which is independent of any reference substance. 
The difference between the axial ratios determined by electrons and by X-rays appears to 
point to a real difference in axial ratio between the surface and the interior of zinc oxide 
crystals. 


§1. INTRODUCTION 

P URE zinc oxide condensed from the smoke has been selected by Finch and 
Quarrell^*^ as a reference substance in electron-diffraction determinations of 
crystal-lattice dimensions, and Finch and Wilman have recently determined 
its lattice-dimensions by reference to gold^*^ using 40 to 60 kV. electrons. The 
values obtained in this way are considerably higher than those obtained previously 
by X-ray methods. -The figures are collected in table i, which includes a set of 
X-ray results that have appeared since Finch and Wilman ’s work. 

Although the X-ray values differ considerably among themselves, they are 
consistently lower than the electron-diffraction values. Finch and Wilman conclude 
that the difference between the X-ray and electron-diffraction figures is due to a 
difference in the nature of the zinc oxide examined, and state that “this question 
could probably be settled, and the interests of accurate electron- diffraction analysis 
materially furthered, by an X-ray examination of pure condensed zinc-oxide 
smoke.** This has now been done. 
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Table i 



Material 

«0 

(A.) 

Co 

(A.) 

Axial 

ratio 

Reference 

X-ray method 

Zincite 

Zincite 

Zincite 

Zinc oxide (Merck) 

Zinc oxide (spectroscopically pure) 
Zinc oxide 

3-22 

3*22 

3251 

3 *242 

3235 

3-248 

5*20 

5*20 

5 226 
5176 

5*209 

5*202 

•608 

•608 

•6077 

-596 

•610 

•602 

W. L. Bragg (9) 

Aminoff^**^ 

Weber("> 

Barth 

Fuller(^ 3 > 

Ivannikov, Frost, Shapiro 

Electron-diffraction method 
Zinc-oxide smoke 

3-258 

5-239 

1*607 

Finch and Wilman^*^ 


§2. EXPERIMENTAL 


Zinc-oxide smoke was made by the combustion of pure granulated zinc of 
forensic quality supplied by Prof. Finch. X-ray powder patterns were obtained by 
the Hull-Debye-Scherrer method, using a camera 9 cm. in diameter of the type 
described by Bradley and Jay^^\ The camera was improved by the addition of 
brass screens which trap the primary beam soon after it has passed the specimen 
at the centre of the camera, the dimensions being such that none of the scattering 
which occurs inside the trap can possibly reach any part of the film ; among other 
things, this has the effect of reducing the general background intensity, thus 
increasing the contrast of the lines and materially aiding the attainment of the 
highest accuracy of measurement. 

In Bradley and Jay’s type of camera, the exposed portion of the film is brought 
to an abrupt end by a knife edge, which thus registers a constant angle on every 
film. In the present instance this angle corresponds to a Bragg angle of 82°. For 
accurate determinations of lattice constants, only the reflections at large Bragg 
angles of 60 to 80°, which are well resolved into and 0L2 doublets, are used. 
The distances between pairs of corresponding lines and the total length of the 
exposed portion of the film are measured, the angles being obtained by simple 
proportion. This eliminates errors due to shrinkage of the film. 

The constant camera-angle is found by taking powder photographs of a sub- 
stance whose lattice-dimensions are accurately known; Bradley and Jay have 
shown that quartz is by far the best for this purpose. A sample of pure quartz, 
similar to that used by Bradley and Jay, was kindly supplied by Dr H. E. Buckley. 
Four powder photographs were taken with copper Ka radiation, four separately 
mounted specimens being used so that the corrections should be diflferent. The 
camera angle dj^ was found by calculating a value from each reflection in the range 
60 to 80"", plotting these values against sin 26 1 26 , and extrapolating to sin 2d j 26=^0. 
The mean value of from the four films was found to be 82*125® ± 0-005°. This 
error of ± i in 16,000 in the value of 6 means that if the above value of die is assumed, 
the lattice-dimensions of quartz can be obtained by the following method with an 
error of ± i in 60,000. 
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The lattice constants of a hexagonal crystal are found by first calculating an 
approximate value for the axial ratio c from several pairs of r6flections by means of 
the equation 


This axial ratio is then used to calculate Oq from all the reflections at large angles, 
thus 




These values of are plotted against cos® By and a linear extrapolation is made to 
cos® 6 = 0. Bradley and Jay have shown that errors due to absorption of X-rays, 
thickness of specimen, and eccentricity of mounting are eliminated in this way. 
If there is any systematic one-sided deviation from the line on the part of values 
derived from reflections with large I indices, the axial ratio is in error, and another 
value must be tried. 

In the present instance two powder photographs were taken with copper Ka 
radiation and two with cobalt Ka radiation, all with separately mounted specimens 
so that the corrections should be different. The zinc-oxide smoke gave very good 
photographs, with strong sharp lines. 

There is no sign of line-broadening, and the crystals are therefore larger than 
1000 A. in diameter. It so happens that with both radiations there is one strong 
doublet very near the end of the film at an angle of over 8o°, and there are several 
more between bo'" and 8o° ; this makes for great accuracy. 

The films were measured on a Pye travelling microscope reading to o-ooi cm. 
Values of djn were calculated from the Bragg equation d/n — X/z sin 6 for each line. 
The pairs of values from and Og wave-lengths were averaged, the a^ value being 
given twice the weight of the ag value on account of its greater intensity. A correction 
for refraction of X-rays was then made by means of Siegbahn*s formula 

True d=d (observed) x + 5*4 . lO" 


where p is the density of the crystal (5*68 for ZnO). 

The indices of the reflections were found in the usual way, by means of a chart of 
the Hull and Davey type. The lattice constants were then found in the way already 
described. Details are given in tables 2 and 3. The value of the axial ratio c which 
best fitted all the films was found to be i‘6o20o. The error here is not likely to be 
greater than ±o*oooi. 

The temperature near the camera was about 18° C. for all the films. 

It may be noted that the final cobalt values are higher than the final copper 
values. The cobalt values could be reduced to the same level as the copper values 
by adopting a slightly higher axial ratio (1*6021), since the value from 213, which 
chiefly determines the final cobalt value, would be reduced by about the right 
amount ; but a higher axial ratio would throw some of the other values too far out, 
and therefore has not been adopted. 
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The discrepancy is probably due to refraction effects which cannot be precisely 
evaluated. Siegbahn’s correction formula is for symmetrical reflection, i.e. the 
incoming and outgoing rays make equal angles with the crystal surface. This con- 
dition is usually not fulfilled on account of the development of a limited number of 
faces on the crystals ; each line in a powder photograph is made up of many in- 
dividual reflections which undergo varying deviations, the resultant of which may 
not correspond with that given by the formula (6). The last line on the cobalt films 
is from a totally different plane from that on the copper films, and the refraction 
corrections may not be quite right for either of them. However, since the extra- 
polated values of lie within the expected limits of error, this question need not 
be considered further; any inaccuracies due to these refraction effects are not 
likely to throw the final average value outside the limits given. 

In the films taken with copper radiation, the last two reflections are from prism 
planes (310 and 220), and hence the extrapolated value of depends very little on 
the axial ratio adopted. I'hese values have therefore been allowed double weight in 
taking a final average of which is found to be as follows: 

0^ = 3*24265 ±0*0001 A. 

Combining this with the axial ratio 1*6020 ± o*oooi, we get 

CQ = afiC — 5* 1947 ± 0*0004 

In giving a possible error of ± i in 30,000 in the value of Bradley and Jay's 
lattice-dimensions of quartz are taken as standards. These in turn rest on Siegbahn’s 
X-ray wave-lengths. Any error here will, of course, increase the absolute error of 
the present results. But for the present purpose of comparison with Finch and 
Wilman's electron-diffraction results, this docs not enter into the problem, since 
those workers used as standard the lattice-dimension of gold, which rests on the 
same X-ray wave-lengths. 

The Cq dimension can be obtained with a little more precision by following the 
same procedure as for Oq, by means of the equation 

To = rf Via hk) + P}, 

The results are given in table 4. 

Table 4. Powder photographs of ZnO. Determination of c^f 


Reflection 

Co (A.) 

Reflection 

Co (A.) 

Film I 

Film II 

Film IH 

Film IV 

213 

5*1898 

5*1906 

— 

— 

— 

302 

5*1904 

5-1910 

211 

5-1879 

5-1899 

006 

5*1915 

— 

114 

5-1895 

5-1908 

205 

51916 

5 19280 

212 

5*19055 

5-19204 

106 

5*19205 

5*19258 

105 

5*1912* 

5*19238 

214 

5*19230 

51926, 

204 

5*19118 

5*19280 

220 

5-19291 

S- 193 I, 

300 

5*19277 

5*19344 

310 

5 *i 94 i« 

5 1942. 

213 

5 * 19431 

5 *i 944 c 


519465 

5-19468 


5*19492 

5-1948. 
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The results from films III and IV, taken with cobalt radiation, depend on the 
axial ratio to a smaller extent than the other results. Allowing them therefore 
double weight in taking a final average, we obtain 

Co = 5*1948 ±0-0003 A. 

The limits of error for Cq are wider apart than for ; this is because the lines nearest 
to the ends of the films are not basal-plane reflections. 

§3. DISCUSSION 

The lattice-dimensions found by the X-ray method differ from those found by 
the electron-diffraction method for similar material by amounts larger than the 
combined errors of both methods. 


Table 5 




^0 1 

Axial ratio | 

X-ray method 
Electron-diffraction method 

3 -24266 ±0*0001 
3*258 ±0*005 

5*1948 ±0*0003 ! 
5 239 ±0005 

I * 6 o 20 o ± 0*0001 ! 

1*607 ±0*002 


There is thus a real difference between X-ray and electron-diffraction values; 
and not only are the lattice-dimensions themselves different, but also the axial 
ratios are different. 

It must be remembered, however, that the electron-diffraction values for the 
lattice-dimensions rest on the assumption that the electron-diffraction lattice- 
dimension of gold is the same as the X-ray value. It now appears that this assumption 
may not be correct; if zinc oxide shows a discrepancy, gold may do the same. 
The discrepancies found here represent the combined differences of gold and zinc 
oxide. This does not apply to the axial ratio, which is independent of the reference 
substance. 

The discrepancies recall the much larger discrepancies (up to 30 per cent) 
found by Davisson and Germer^^^ who used slow electrons with metallic crystals. 
On that occasion the apparent lattice-contraction was at first thought to indicate 
a real contraction on the crystal surface, which is revealed by electron waves on 
account of their very small penetration. But according to the calculations of 
Lennard-Jones and Dent^®^ the surface contraction on ionic crystals of the NaCl 
type is only of the Order of 5 per cent, and is practically confined to the first layer 
of atoms; if the same applies to metal crystals, this explanation seems unlikely to 
be correct. It was considered that a more likely explanation of the apparent 
lattice-contraction was to be found in the refraction of electron waves by the 
crystal. 

Here we have to account for apparent expansions of the order of ^ to i per cent 
when fast (40 to 60-kV.) electrons are used. It is not very profitable to carry the 
discussion further at present, for there is insufficient evidence to point to a definite 
conclusion. Even the sign of the change in ZnO is uncertain, since the behaviour 
of gold is unknown. One fact, however — the difference between the axial ratios 
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measured by the two methods — does appear to point to a difference in the crystalline 
material encountered by X-rays and by electrons. Since the penetrating power 
even of fast electrons is very much less than that of X-rays, this indicates a change 
of axial ratio at the surface. Any surface change of lattice dimensions would, of 
course, affect the a and c axes in different ratios. 
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ABSTRACT. The following paper suggests a method of giving an approximate value 
to the intensity of ionization in the space between the E and F layers by measuring the 
relative group retardation of the two components of an echo from a pulse whose frequency 
is so close to the critical frequency of the E region that one component is reflected from 
the E layer and one from the F. It is pointed out that the value of the inter-layer ionization 
is of the utmost importance in determining the path of long-distance transmissions. From 
the results it is concluded that probably this inter-layer ionization is fairly uniformly 
distributed over the space between the layers, and is only a few per cent less in value than 
that at the top of the E layer. 

§ I. INTRODUCTION 

Asa result of the experiments of Appleton and others which have resulted 
ZjL in the magneto-ionic theory of wireless wave-propagation, it was originally 
JL jL held that the ionization of the atmosphere broadly consisted of two layers : 
the E or Kennelly-Heaviside layer at a height of about 100 km. above the surface 
of the earth, and the F or Appleton layer about 150 km. higher. The maximum 
ionization in the E layer being less than that in the F, signals for which the ionic 
content of E is not sufficient to return them break through abruptly to F, and this 
was verified by both the wave-length change and the pulse methods. 

The actual value of the ionization in this intermediate region is, however, a 
decisive factor in the propagation of long-distance signals, as will be seen from the 
following argument. A signal of sufficiently high frequency to penetrate the E 
layer will, of course, be deflected by this layer; but if it emerges from it into an 
un-ionized region it will again revert to its original direction until it strikes the 
F layer, whereas if this intermediate space be ionized its direction at any point will 
be determined by the appropriate value of /x at that point. 

The earlier workers on long-distance propagation adopted the original idea of 
an un-ionized space, since in their diagrams they show the signal path to the F 
layer as triangular, possibly with the apex slightly rounded oflP. On this supposition 
one would expect the principal ray to strike the earth at nearly grazing incidence ; 
the exact angle being determined by a geometric triangulation between transmitter 
and receiver. Early in 1931, however, the author was engaged in measuring the 
angles of incidence of the signals from certain long-distance stations, and the 
results indicated that these angles were smaller, sometimes very much so, than this 
theory would lead one to expect. As a possible explanation it was suggested that 
the space between the E and F layers may be ionized to a degree only slightly less 
than that at the top of the E layer. Under these conditions the principal ray would 
be that which, subject to the necessary geometrical limitations, emerges from the 
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top of the E layer at nearly grazing incidence, and consequently leaves the earth more 
steeply. If this were the case, the lower the frequency the more pronounced would 
be the effect, subject of course to the condition that the frequency was high enough 
to penetrate the E layer completely. On the waves of 15 to 20 metres used for 
commercial purposes the S-layer deflection could only be expected to be a few 
degrees, so that the effect would be much less marked and might easily be over- 
looked. 

Recent measurements appear to have confirmed this supposition by showing 
angles of incidence of 75 to 85 degrees^*’ 

The same idea has since been put forward in various papers by other workers, 
chiefly Appleton and Ratcliffe, and is now generally accepted in principle. Their 
reasoning was based on the occasional appearance of echoes from a height lying 
between the accepted heights of the normal E and F layers ; but from the nature of 
the method employed these echoes can be obtained only when the ionization of 
this region exceeds that of the top of the E layer. If such echoes are not present, 
all that can be said is that the ionization of this intermediate region is less than that 
of the top of the E layer, but lio estimate can be given as to how much less. One 
investigator specifically refers to the “absence of the e region** on such occasions, 
and another shows a diagram with this portion of the curve relating ionization with 
height dotted. For long-distance propagation, however, it has been explained that 
it is most important to know something of the ionization of this region even when 
it is not capable of returning echoes, for the value of changes very rapidly for 
densities near the critical one, and in a recent paper by Appleton and Builder 
an account is given of an effect observed occasionally, which seemed to the author 
to suggest a possibility of obtaining further information on this point. 

In this paper Appleton and Builder show that when pulse observations at a 
definite frequency are being made on the E layer at a time when its ionization is 
steadily diminishing through the critical value for that frequency, reflections of 
the ordinary and extraordinary rays which have only just succeeded in penetrating 
the E layer may for a short time be actually reversed in time. They rightly attribute 
this to the reduction in group-velocity of the extraordinary ray, which can only 
just penetrate the E layer, relative to that of the ordinary ray whose critical density 
is much higher ; and it occurred to the author that it might be possible to make an 
approximate computation of this time lag and see whether it could be accounted 
for by a discrete layer only 15-20 km. thick. The results appear to indicate very 
clearly that this is not possible ; that in a layer whose ionization increases from zero 
at the bottom to the critical value some 15 km. higher up, and then falls off again, 
the distance over which there is appreciable reduction of group-velocity is so short 
that the time lag obtained is not comparable with that actually observed. 

It must therefore be assumed that the ionization at the top of the E layer persists 
with only a slight diminution in value until the F layer is reached. 
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§2. ANALYTICAL METHOD 

The Standard formula for group-velocity U is 

c being the velocity of light in vacuo ^ p the periodicity, and ft the refractive 
index of the medium. 

Hence if IJ and U' are the group-velocities of the ordinary and extraordinary • 
rays, their coefficients of refraction being ft and ft' respectively, we have 

Now if a velocity U operates over a distance ds, the time of passage is dsjU'y 
i.e. ijl] represents the time occupied in travelling unit distance through a medium 
of constant electron-density of the appropriate value. The time lag between the 
two components thus becomes i/(/— i/C/' per unit distance. 

Therefore the differential time-lag rate between the ordinary and extraordinary 
rays is given by 

If c = 3.io*“ this lag is in seconds per centimetre of path; but a more useful 
unit for this work is milliseconds per kilometre, in which case we get 

Differential delay (msec./km.) 



A formula relating ft, p and AT, the ionization-density, is given in the paper 
referred to, and is used here except that in view of recent mathematical investi- 
gations the expression {—p^lP^^ — \) for a has been replaced by —p'^lp^. 

Subject to this condition the formula reduces to 

" 2p^pJl{p^-p„^)+V{P*P?K^^^T^W} 

where the symbols are as defined in the paper.^^^ 

There is no fundamental difficulty in evaluating the retardation formula from 
this expression, but the arithmetical work would be extremely heavy. Moreover 
the experimental measurement of the retardation times does not admit of a very 
high order of accuracy, so that we are concerned rather with the order of certain 
quantities than with their exact values. It is therefore permissible to use approxi- 
mations throughout, and these have been made on the following basis. 

If a rough calculation be made of the required retardation times, it will be 
found that the delay time when plotted against ionization-density remains quite 
small until the critical density is nearly reached, when it rises very rapidly. This is 
also evident from the curve in figure i. The most important part of the curve is 
thus at densities differing from the critical density by first-order amounts, so that 
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in the expression for d {(i^)ldp we can after differentiation insert the critical relation 
for the extraordinary ray, namely 

p'^-po^’^PPu- 

When this has been done, the expression reduces to 


dp ~PoHi+pLVPar 


and since = 0 when p has its critical value p', we find that for any value of p close 
to p' we can write for the corresponding index of refraction /*' 


= I ^ ^^P £5) #))i = K (p' — p)i 


•(3). 


Applying the standard group- velocity formula to this, we find that, since 

dp ~>^^Pdp' 


o 


and since is small and d^'fdp large, 


is true for values of p close to p\ 

For the purpose of evaluating the total delay through a layer of varying density 
we require the relation between i/U and N, which can be obtained as follows. 
At the critical value for the extraordinary ray we have 

p'^-po^=PpH> 

where p^^^^TreN' jm. 

By differentiating this with regard to p we obtain dN in terms of dpy i.e. we get 
N'-Nin terms of p' —p where iV' - AT is small ; so that on substituting in equation 
(3) we finally obtain the following relation for the group-retardation rate for the 
extraordinary ray : 


I 

U' 


\/2p' { Z p'-pu) 

Cpoil+pLVpH^)^A 


{N' - N)-i where = — * 

N m 


•(4). 


Actually we require the difference between this and the rate for the ordinary 
ray; but as the latter is far from its critical frequency the approximate formula 
cannot be used. Another approximation is however possible her^. In the original 
formula for /x it is found that when p^>pQ the term p^pr^Kp^ ~ rapidly becomes 

small compared with ^p'^pL • On this assumption the formula reduces to 




P^ 


P^-^PPL 

and by a process similar to the previous one we get for the delay rate of the ordinary 
ray 

p<? 




( 5 ). 
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There will, of course, be an intermediate stage in which neither of these approxi- 
mations is valid. Here it is best to calculate a few points as accurately as possible 
and to use them to correct the other curves; but the whole of this range lies in a 
region where the delay is small, so that the possible error will not have any serious 
effect. 


§3. NUMERICAL EVALUATION 


In these calculations we shall assume that /) = 22x 10® radians/sec., giving a 
wave-length of 85*7 metres which is of the same order as that used by Appleton 
and Builder. The critical density for the ordinary ray is then 1*51 x 10®, and for 
the extraordinary 0-9467 x 10® electrons/cm? 

Other constants for vertical transmission in the latitude of Slough are as 
follows : 

/)fl = 8-302x 10®, />/, = 7-643 x 10®, />r=3*24x 10®. 

Performing the necessary numerical work we finally arrive at the following 
results : 

For values of N near to the critical value N\ for the extraordinary ray, 


A.' = 0-00338 ^ (6), 

i/f/'= i- 383 /(A^'-A^H (msec./km.) (7). 

For values of N far from N\ 

fi~i— 0-488 . N, io“® (ordinary ray) (8), 

/x' = I — 1-007 . iV. io“® (extraordinary ray) (9), 


I 

U 


44 X 10® -27-8. I / j- \ 

^ — xr i ^ — (ordinary ray) 

(48-4 X 10^® -23-2 xA/^x io®)J 2 C^ 


(10), 


44 X io®+ 118 . AT 


U' (48-4 X 10^® — 48-7 X A^X 10^)^ ’ 2C 
The numerical results are given in the accompanying tables 


(extraordinary ray) (ii). 


Table i (Ordinary ray) 


N X 10“*^ 

0*2 

0-4 

0*6 

0-8 

0-9 

i-o 

ft, equation (8) 

0*95 

0-9 

084 

0*78 

0-75 

0-72 

ft, equation (2) 

. — 

— 

— 

0776 

i 

0*743 

iiu 

000347 

00036 

000383 

0-00403 

1 0-00413 

000427 


In order to check the accuracy of these approximate formulae the values of /x 
and i/U have been tabulated so that the results given by the formulae overlap ; and 
also a few values of calculated from the fundamental formula have been added. 

Referring first to the ordinary ray, table i, it will be seen that over the range 
considered the approximate and absolute values of /x agree so closely that there is 
little reason to doubt the accuracy of the i/U formula; and in any case the delay 
on this ray is so small that slight errors have a negligible over-all result. 
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For the extraordinary ray, table 2, the calculation had to be made for a much 
larger number of values of N, owing to the approach to the critical point ; but in 
the overlap period (iV=o-8xio® and 0-9x10*^) comparison with the accurate 
figures suggests that those results which are enclosed in brackets should be rejected. 

As regards the relative values for iV=o*94X 10® it may be noted that it is quite 
likely that here the result from the approximate formula is more accurate than that 
from the general one, for when N' — N is very small the expression for in the 
general formula involves the small difference between two large numbers, and so 
requires an extremely large number of significant figures to yield high accuracy . 


Table 2 (Extraordinary ray) 


N X io~® 

0-2 

0*4 

0*6 

0*8 

0*9 

0*94 

/X, equation (9) 

0*89 

0*77 

0*62 

[0-44] 

[ 0 - 3 ] 

— 

fif equation (2) 

— 

— 

— 

0*4 

0*23 

0*905 

AX, equation (6) 

— j 

— 


0-433 

0-23 

0874 

i/Uf equation (10) 

0*00392 

000477 

0005 8 

[0*0092] 

0*0134 

— 

i/C/, equation (7) 

— 

— 

— 

0*0014 

0*0203 

0*0503 


The final results for ijU— 1 1 U' are plotted in figure i, and give the differential 
group-retardation rate between the rays for the given range of densities. Now the 


0-20 


0-15 


O-IO 


0*05 

0-025 


J 


-I 


I 


0-4 

N X io~* 

Figure i. 

exact distribution of density with height in the layer is not known, and it will be 
assumed that the density is proportional to the height above the point at which 
ionization commences, since this will at any rate give an approximation to the real 
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figures. Below this height, of course, the differential retardation is always zero. 
Now if we have a layer graded in this way with a maximum density N\ the total 
delay will be twice the integral of this curve up to the point N=^N' multiplied by 
the thickness of the layer, the factor 2 arising from the fact that the ray passes 
twice through the layer. This integration can be performed graphically to within 
a short distance of the critical density, where the curve becomes too steep for 
accurate evaluation. 


It is, however, important to note that although the delay rate is infinite at the 
critical density yet in a layer graded up to this density the total delay time is finite, 

since it is an integral of the form delay time can be 

calculated right up to this value, and the results of this calculation are given in 


Departure {per cent) of maximum ionisation from critical value — graded layer 


175" 


1*0 






150 


Graded layer 


S § 

II 


100 


Uniform layer 


0 *0 15 " 20 25 

Departure {per cent) of ionisation from critical value — uniform layer 
Figure 2. 

the third column of table 3. For convenience the densities are given not in their abso- 
lute values but as percentage departures from the critical density, 0*9467 x 10®, 
since in this form they are probably roughly applicable to other critical densities 
of the same order. An inspection of the traces given by Appleton and Builder 
will show that the delays under consideration are of the order of i msec. 

To get the above results in the most suitable form, the figures in table 3 have 
been used to determine the thickness of layer required, both uniform and graded, 
to give a delay of i msec., and the figures obtained have been plotted in figure 2. 

On examination of these results it will be seen that to obtain the necessary 
delay with a graded layer, even if the maximum value is exactly the critical value, 
would require a thickness of io6 km. Now from the fact that signals returned from 
the E layer show only small differences in their delay times over a considerable 
range of frequencies, it is clear that the graded part of this layer must be com- 


I 
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paratively thin. Consequently to obtain a delay of the observed value the ray must 
pass through a much greater distance of ionized air. 


Table 3* 


Density (per cent 
departure from 
critical value) 

Delay 
(msec. /km.) 

Thickness giving 
delay of i msec. (Ion.) 


Uniform 

layer 

Graded 

layer 

Uniform 

layer 

Graded 

layer 

0 

00 

0*0047 1 

0 

106*0 

0*01 of I per cent 

0*43 

0*0045 

1*16 

112*0 

002 ,, 

0308 

0*0041 

1*63 

113*0 

004 

0*213 

0*00436 

2-35 

114*0 

007 

o*i 6 i 

0*0043 1 

3*10 

116*0 

012 ,, 

0*122 

0*00424 

4*10 

1 17*0 

017 

0*10 

0*00418 

5*0 

120*0 

0*50 

0*0591 

0*00394 

8*46 

126*0 

0-71 

0*049 

000383 

10*0 

130*0 

1*23 

0*0366 

0*00363 

137 

1370 

1-76 

0*0297 

0*00347 

17*0 

1450 

2 * 8 o ,, 

0*0227 

0*00322 

22*0 

1550 

3-87 

0*0187 

0*00303 

27*0 

165*0 

4*93 

0*0162 

0*00287 

310 

170*0 

10*20 ,, 

0*0102 

0*00227 

49*0 

220*0 

1540 

0*007 

0*00178 

71*5 

280*0 

20*80 ,, 

0*006 

000157 

83*0 

318*0 

26*0 ,, 

0*0048 

0*00125 

109*0 

400*0 


• All the above results arc based on a periodicity of 22 x lo* and a critical frequency for the 
extraordinary ray of 0*9467 x 10®. Probably however they are approximately true over an appreciable 
range of values. 


Moreover the curves show that the delay decreases very rapidly for small 
departures from the critical density and then changes much more slowly, so that 
the effect could not be obtained from small patches of layer nearly at the critical 
density unless we are prepared to admit that the ionization is sufficiently steady 
for such small patches to retain their ionization for considerable periods of time at 
a value not differing from the critical value by more than very small fractions of 
I per cent. 
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The natural assumption appears to be that the space between the E and F layers 
is ionized fairly uniformly to a value not much less than that at the top of the E 
layer, or alternatively that the ionization of the layer as a whole rises very rapidly 
at first for a depth of from 10 to 20 km. and thereafter increases at a much slower 
rate. The observed delays could then be obtained whenever the density of the layer 
lies within from 10 to 15 per cent of the critical value, which seems a much more 
reasonable assumption. 

It may be argued that the phenomenon referred to by Appleton and Builder 
appears to be only rarely observed, and so may be due to an unusual and abnormal 
state of the layer. But in many of the routine traces taken at the Radio Research 
Station at Slough it will be noticed that immediately after the break-through to 
the F layer the trace is convex to the origin for a short time, showing an abnormal 
delay, which is clearly due to the same cause, around the critical frequency. I'he 
values of these delays as shown on the traces are generally less than i msec. ; but 
owing to the very rapid variation of the delay curve at very small departures from 
the critical density, extremely accurate instrumental correlation would be needed 
to obtain the full range of this delay bend. In the apparatus at present in use the 
wave-length is steadily changing during the emissions, and as the pulses are sent 
out at the rate of 50 per second not more than one at the utmost would be likely 
to lie within this highly critical period. For this reason also it seems unprofitable 
to attempt to build up any exact form of layer-structure from existing observations, 
though this could probably be done from the calculations given in the present 
paper if the instrumental survey around the critical frequency could be made of 
a more rigid nature. 
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ABSTRACT. The e.m.f. produced by asymmetrical temperature-distributions in a pure 
nickel wire is examined and found to agree well with the formula 

F=<G+a(G.G)iG+6(G.G)G, 

where F is the potential-gradient at the point where G is the temperature-gradient. The 
two constants have the values 

io».a=-i*8o V.-cm./C C.)2, 
io^Kb = vSs V.-cm.2/CC.)3, 

for zero magnetic field. For small fields both constants are reduced in absolute value, 
reversing sign at 40 gauss, reaching a maximum of this opposite sign at 200 gauss, and 
thereafter returning asymptotically towards zero. The connexion of these results with 
thermomagnetic phenomena is discussed. 


§1. INTRODUCTION 

ACCORDING to the rcsults published in the first paper of this series, on 
copper^ the thermoelectric e.m.f. £ in a homogeneous wire is expressible 
JL 1l simply as a function of the temperature-distribution : 
a, b E=al, iG.dT) + bi: {G\dT), 

Gy T where G is the temperature-gradient and T the temperature, and where in the 
first term on the right-hand side the positive magnitude of G must be used without 
regard to the sign of the gradient. The potential-gradient thus contains two terms, 
a quadratic and cubic in the temperature-gradient, in addition to the linear Thomson 
term. 

In the present work we find that the thermoelectric e.m.f. in pure nickel can 
be represented by the same function with different values of the constants a and b, 
and that these constants become functions of the magnetizing field when the whole 
temperature-distribution is placed in a uniform field. 

The e.m.f. for copper is opposite in direction to that for nickel, in zero magnetic 
field, and the values for nickel are much greater than those for copper. 
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§2. APPARATUS AND TECHNIQUE 

The specimen was pure thermo-element nickel wire of diameter 0*5 mm. It 
was stretched by a weight of 500 gm. at each end of the temperature-control 
system, the specimen making a right-angle bend in two clamps before being taken 
to the bath, which comprised insulating oil kept at constant uniform temperature. 

The temperature-control system consisted of a brass rod with a central bore, 
at both ends of which were water cooling-jackets at the same cool temperature. 
The heater was situated close to the inner end of one of the cooling-jackets; it 
was a nichrome wire wound non-inductively on a truncated slate pyramid sur- 
rounding the brass rod coaxially. 

This system was adapted to slide into the core of a water-cooled solenoid of the 
Moullevigen form to give as nearly uniform a field as possible throughout the length 
of the temperature-distribution. 



0 10 20 30 40 50 60 
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Scale of centimetres 

Figure i . Diagram of the apparatus, showing the temperature-control system in position along the 

axis of the solenoid. 


Temperatures were recorded entirely by movable thermocouples sliding in the 
bore of the tube. The same technique as that described in the previous paper was 
employed, and the same remarks concerning precision also apply. 

The e.m.f. was measured on a specially adapted potentiometer of thermocouple 
type manufactured by the Cambridge Instrument Co. Ltd. As supplied this 
instrument gives readings only to lo^tV., and is not sensitive enough for our 
purpose. A shunt and series resistance were added, as in the ^-type potentiometer, 
to increase sensitivity. The resistances were non-inductively wound double-silk- 
covered Eureka wire no. 28 (for the shunt) and no. 40* (for the series resistance) ; 
the resistance of the shunt was made exactly one-nineteenth of the total potentio- 
meter resistance, and that of the series resistance was adjusted so that when both 
were present in the circuit there was no change in the working current. These 
adjustments were made by means of a iK^-type potentiometer with very good 
precision. 


* British standard gauge. 
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A single-pole double-throw switch enabled us to use the potentiometer either 
in its original form or in its new form; it gave excellently consistent results both 
ways, and in the sensitive position estimates down to o*i/xV. were easily and 
reliably made. The scale reading was 0-5 /iV. per division, which is even better 
than that given by the A^-type potentiometer. The potentiometer was standardized 
against a Weston standard cell in a thermostat. A Cambridge high-sensitivity 
suspended-coil galvanometer was needed to indicate the potentiometer balance, 
the galvanometer ordinarily used not being sensitive enough to match the increased 
sensitivity of the potentiometer scale. 

With this high sensitivity great care had to be taken with all binding posts, 
switches, etc., and all electrical connections were separately shielded in grounded 
tubes. The ice available was not pure enough to provide perfectly constant tem- 
peratures, and the ends of the specimen were therefore taken to a bath of good 
insulating oil where they were connected to the potentiometer leads. The oil was 
well stirred, and the bath was surrounded by a good heat-insulating case. The 
junctions were about 2 cm. apart in the oil ; no corrosive action was found between 
the oil and the metals. 


§3. RESULTS 

Figure 2 shows the temperature maps for five typical cases. Table i shows the 
analysis of these five curves, where 
A A==^{dT)^ldx=I,G.dT, 

B B==i:{dT)^ldx^=i:G\dT. 

The values of a and b are found to be 

a = 1 -So . 10"® V.-cm./(° C.)^ 

6= 1-85. 10-11 V.-cm.V(°C.)^ 

and the values of (aA-^bB) in the table are the theoretical values of the e.m.f. 
calculated from these values of a and b. The last column shows the measured 
values of the e.m.f. Positive e.m.f. is directed from the steep gradient to the small 
gradient in the specimen, which is the direction of the e.m.f. in copper. 


Table i 


Curve 

^.10-2 


aA + bB (^: V .) 


I 

2420 

7*75 

-2-9 

73*0 

2 

39*37 

1 8*95 

-3-6 

-3*5 

3 

4171 

19-94 

-3*8 

-3*9 

4 

44*55 

19-50 

- 4*4 

-4*5 

5 

69*93 

43*95 

-5*2 

-5*2 


The effect produced by changes in tension has been observed but not examined 
in detail. 

The effect produced by magnetization is considerable. Figure 3 shows e.m.f. 
plotted against magnetizing field for the five temperature-distributions of figure 2. 




'•/■ 0 ^^-) Temperature (° C.) 
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Magnetic field {gauss) 



Figure 3. E.m.f. against magnetic field. The circles represent observed values of e.m.f. for ten field- 
strengths. The curves are numbered to denote corresponding temperature-distributions in 
figure 2. 
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The initial e.m.f. in zero field is always negative, but a small magnetic field quickly 
reverses the sign. At fields around 200 gauss the e.m.f. reaches a maximum positive 
value of around 5 /itV. and thereafter decreases linearly towards zero. We wish to 
find how the constants a and b vary with magnetic field ; each value of the magnetic 
field was therefore associated with all the temperature-distributions and the 
corresponding values of e.m.f., and the constants were computed for each field. 
The agreement between the values of (aA + hB) and the experimental values of 
e.m.f. was just as good as for ^he case of zero field shown in table i. The results for 
the values of a and b as functions of magnetizing field H are shown graphically in 
figure 4. 



Magnetic field (gauss)' 

Figure 4. Thermoelectric constants against magnetic field. The circles represent the results of 
calculations for all temperature maps obtained at the various values of magnetizing field. 


Each constant undergoes a reversal of sign at almost 40 gauss, rises to a maximum 
value of opposite sign at 200 gauss, and thereafter decreases asymptotically towards 
zero. 


§4. DISCUSSION 

The success of the foregoing analysis makes it evident that there can have been 
no recrystallization of the specimen to introduce spurious non-homogeneity at 
uncontrollable points in it. A test was also made for recrystallization by displacing 
the wire longitudinally through the heating-system; no permanent change of e.m.f. 
was caused, and this fact indicated real homogeneity of the wire throughout the 
temperature-ranges used, which were under 200° C. 

As in the case of copper the values of a and b have been* assumed to be in- 
dependent of temperature because they have been taken as constant throughout 
the whole temperature-distribution. In the present work another assumption not 
immediately obvious has been made : the magnetization of the specimen under the 
uniform field is not perfectly uniform, owing to changes of susceptibility with 
temperature, but we have assumed the values of a and b to be constant throughout 
the specimen even under magnetization. Since both a and b are found to vary 
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with magnetization this assumption cannot be exactly true. On the other hand the 
success of the analysis indicates the assumption to be at least approximately true. 
Further, the greatest temperature-differences existing in the wire are less than 
200° C., and nowhere is the temperature near the Curie point for nickel; the 
susceptibility varies most at the maximum temperature, where the temperature 
curves are nearly symmetrical and temperature-variations contribute least to the 
e.m.f. This however is a difficulty which any work of higher precision than the 
present would have to overcome. 

The curves of figure 3 should be compared with the curves of thermomagnetic 
e.m.f. obtained for nickel by Broili^*\ and by Tao and Band^^\ In Broili’s work the 
magnetic field extended over only one temperature-gradient, temperature was kept 
constant through the varying magnetic field, and the return gradient was well out 
of the magnetic field. Broili stated that his e.m.f. was independent of the gradient 
but was a function only of the temperature-difference existing in the uniform 
magnetic field. This evidently means that Broili’s e.m.f. was caused entirely by 
magnetic modification of the Thomson coefficient t. This Thomson e.m.f. would 
mask any smaller effect due to changes in a and b in Broili’s apparatus. In our 
present work, since the whole temperature-distribution is within the field, the 
Thomson coefficient, even though changed by the magnetic field, contributes 
nothing since the end temperatures are equal. 

This last statement is again subject to the following qualification: owing to 
temperature differences the magnetization of the specimen is not uniform, and 
hence the value of t is variable in the specimen even for a uniform magnetizing 
field. In our case the Thomson e.m.f. will still integrate to zero, but it is fruitful 
to discuss whether differences in magnetization of this kind are responsible for 
thermomagnetic phenomena. 

Thus in the work of Chang and Band^"^^ it was suggested that the thermo- 
magnetic e.m.f. was directed from parts of the specimen (in that case iron) with 
higher spontaneous magnetization to parts with lower spontaneous magnetization. 
The e.m.f. in nickel has the opposite direction. Now if there is an e.m.f. due 
merely to differences in longitudinal magnetization, we must remember that there 
are the same differences of magnetization running in reverse directions as the wire 
emerges from the magnetic field at either end (in the one case at a low temperature, 
and in the other at a high temperature, if we consider Broili *s arrangement). These 
differences are mudi greater than the small differences due to the dependence of 
susceptibility on temperature within the magnetic field; in fact the effect of tem- 
perature is merely to destroy the symmetry of the magnetization-distribution. In 
the arrangenient of the present work there is also this asymmetry of magnetization- 
distribution, but we can hardly consider the idea analytically. 

Evidently thermomagnetic e.m.f. is more simply explained by magnetic modifi- 
cation of the three thermoelectric constants ; the influence of differences of magne- 
tization due to changes of susceptibility with temperature is probably confined to 
the smaller hysteresis phenomena discussed in the work of Chang and Band already 
referred to above. 
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Finally we point out that our magnetic fields are not strong enough to eliminate 
the effect of ferromagnetization as distinct from spontaneous or true magnetization ; 
probably the changes in a and 6 shown in figure 4 are due entirely to ferromagnetic 
changes or reversals of the elementary magnetic axes of crystals. Whether there 
will remain some effect on a and h after saturation of the reversal process cannot be 
determined without fields of the order of 3000 gauss, as used by Englert in his 
study of resistance-changes in nickel 
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ABSTRACT. The thermoelectric e.m.f. produced in aluminium wires is measured by a 
Paschen galvanometer. The temperature-distribution is analyzed by means of the formula 
previously used, but without success; alternative formulae also fail. The e.m.fs. observed 
were less than 0-3 /LtV.; they were in the same direction as those previously found in 
copper wire. 

§ I. INTRODUCTION 

T he e.m.f. in commercially pure aluminium wire produced by asymmetrical 
heating to temperatures always under 180° C. has been observed and 
measured. The temperature-controlling system is the same as that used in 
the work of Feng and Band^*^ on copper, but the e.m.f. was so minute that a 
Paschen galvanometer (made by the Cambridge Instrument Co. Ltd.) had to be 
employed to detect it. The e.m.f. was in the same direction as that for copper, 
directed from the steep gradient to the small gradient within the specimen; it 
was never more than 0*3 ftV. 

The Paschen galvanometer was calibrated by means of the modified thermo- 
couple potentiometer as described in the paper by Pi and Band^^\ which gave 
results that could be read to 0*5 /xV., and estimated to O'lfxV.* The deflection 
sensitivity of the galvanometer was adjusted and maintained at 0*0032 /xV./mm. at 
the scale-distance of i m. 

Even with this high sensitivity, the e.m.f. values obtained are satisfactorily 
steady during the mapping of the temperature-distribution by means of the thermo- 
couple probe^'^; the mean deviation of the e.m.f. value during probing was usually 
between i and 2 per cent. 

The aluminium specimen was connected at its ends to two thick copper leads, 
the connexions being made in a temperature bath containing good machine oil; 
it is more important that the junctions should be at identical temperature than that 
they should be at some definitely known temperature. Leakage and corrosion, and 
impurities, in an ice bath caused quite uncontrollable irregularities in the e.m.f. 

The thick copper leads passed through grounded shields and were connected 
directly to the galvanometer. A switch would make the circuit impracticably 
complicated, owing to contact charges. The resistance of the specimen being small 

* The potentiometer measured the standard voltage across a standard resistance (made by the 
Hartmann Braun Co.) and a tapping on this was applied to the galvanometer. 
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compared with that of the galvanometer, the latter is well short-circuited ; it was 
found that several hours were needed for the galvanometer reading to return to its 
open-circuit value after the circuit had been completed. Throughout the work 
this circuit was left undisturbed; the zero reading was determined before the 
investigation of each temperature map by leaving the whole system at room- 
temperature overnight, and was found to remain excellently constant for the whole 
period of several months during which it was used. 

§2. RESULTS 

Eight or ten different temperature-distributions were examined for each of the 
four different tensions due to loads of o, i, 2 and 3 kg. on the ends of the wire, 
which had a diameter of 1-219 mm. 



Figure i. Temperature maps: wire under zero tension. The thermo-e.m.fs. (ftV.) were as follows: 
(i) 0 0320; (2) 0-0454; (3) 0-2426; (4) 0-0662; (5) 0-2525. 

Typical temperature maps are shown in the figure. These were analysed by the 
same method as that used for copper, but absolutely no correlation could be found 
between the observed e.m.f. values and the integrals from the temperature maps. 
It was then thought that if the constants a and h in the formula^*^ 

E^a\G.dT^h\G^.dT 
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were allowed to vary with temperature along the wire, a better correlation might 
be achieved. 

Formulae of the form 

E=dST.G.dT-\^ b'lT.G^.dT 

and also E=dST,G.dT-^b'fT^,G\dT 

were used, but with little better success. Not more than three of the maps under 
any one tension-state could be correlated by any one choice of constants a' and b\ 

We conclude that the asymmetrical temperature-distribution is not the controlling 
factor in the production of the longitudinal thermoelectric e.m.f. in the case of 
our specimen of aluminium. 

There are several possible explanations for the above results. First, what was 
an apparently uniform and homogeneous wire may have had some impurity non- 
uniformly distributed in its material ; in this case a sudden change in constitution 
at one point within the high-temperature part would give rise to an e.m.f. in- 
dependent of the temperature except at that point. Secondly, as a result of previous 
heating to a high temperature in one part of the wire, the aluminium may have 
become recrystallizcd, a discontinuity of structure being thus introduced at one 
or more points along the specimen. From previous work^^’"^’^^ it is known that 
aluminium has recrystallized after being heated for several hours at 500° C., and 
has done so rapidly at 600° C. In our present work no part of the wire was ever 
heated above 180° C., and even this temperature was not maintained for more than 
a few hours at a stretch. It does not seem possible that recrystallization could have 
taken place, unless at some time in its previous history the wire had been heated 
to a high temperature in disconnected parts — a highly improbable supposition. 

The only fruitful suggestion we can make is that there is an allotropic form of 
aluminium with a transition temperature somewhere below 180° C., accompanying 
a structural change so slight that the thermoelectric powers of the two forms differ 
by not more than about 0*005 /lcV. degree of difference in temperature. One 
of us (W. B.) has succeeded in obtaining a correlation of the present results on the 
basis of this assumption, but a direct experimental test of the hypothesis will be 
made before the results of this analysis are published. 
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ABSTRACT. Results obtained in work by Li and Band^*^ are analysed by means of the 
formula'*^ j^^alG.dT-k-blG^.dT+e.DT, 

where e is the excess in thermoelectric power of normal aluminium over that of a postulated 

allotropic form having a transition temperature T^. below 180° C. with delayed reverse 

transition; DT is the temperature difference between the junctions of the two forms of 

metal. Excellent agreement for all tensions is found. Under zero tension the values 

found are ^ i/of^ \2 

^^= +o*6 X io~“ V.-cm./( C.)^, 

b= +2*2 X V.-cm. 2 /(°C.)®, 


e= -f 0*0067 /aV./°C. 

The same critical temperature, 79° C., is required for all tensions. Direct experimental 
tests with cooling-curves, a Paschen galvanometer being used to measure the thermo- 
e.m.f., verify this temperature exactly. All possible explanations of this transition are 
carefully discussed, the recrystallization theory appearing the most probable. Further 
work is suggested, and the significance of the present results for methods of increasing 
precision is pointed out. 


§ I. INTRODUCTION 

I N foregoing papers under the present general title analyses have been reported 
of measurements made on copper and nickel by Research Fellows of this 
Department. The analyses were successfully carried out in both cases on the 
assumption that copper and nickel were homogeneous metals at all temperatures 
under 200*^ C. In the case of aluminium, however, as reported in part III, the 
analysis was not successful, and the suggestion was there made that a transition 
temperature existed for aluminium below 180 C. 

Here we shall report analyses of the results announced previously in this series, 
showing that this new suggestion permits of a very satisfactory explanation of all 
values of the e.m.f. obtained in the experimental work on aluminium. 

§2. THEORETICAL BASIS 

In the preliminary tests made by Li and Band to determine the most suitable 
sensitivity of the Paschen galvanometer the aluminium wire was heated to about 
the average temperature subsequently employed. It was found that several hours 
were necessary before a good steady state was attained. During this time different 
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parts of the wire must have been at temperatures ranging between 25° and about 
150° C., but the precise distribution of the temperature was not mapped. 

The hypothesis which has been taken as the basis of the present analysis is 
simply that all those parts of the specimen which were, in this preliminary test, 
heated above a certain critical temperature were changed in form and acquired 
in consequence a slightly different thermoelectric power from that of the original 
cold form of the metal. This change of form is supposed to be essentially a low- 
temperature recrystallization; it will therefore persist for a finite time after the 
temperature has decreased. Thus there are throughout the rest of the work two 
discontinuities in the wire at the points P and Q which were at the temperature 
previously. 


Whereas a homogeneous wire will exhibit an e.m.f. E given by the formula E 

E=^a.A-^h,By Uyb 

where A and B are the integrated values j G.dT and J G^.dT, the present hypo- Ay B 
thesis will modify this formula thus 

E=a.A + h.B-he,DTy 

where DT is the temperature-difference between the two points and Qy and e is DT 
the difference between the thermoelectric powers of the two forms of metal. 


Neither the critical temperature nor the positions of P and Q are known. But 
in analysis, we note that the maximum temperatures attained in the i -kilogram 
tests were greater than those in either the preliminary tests or the zero-load tests. 
This means that the positions on the i-kg. curves which are at are the dis- 
continuities for the 2-kg. tests. This gives a limiting factor in the choice of P 
and Q ; in analysing the 2-kg. tests the choice of fixes the positions of P and Q 
by reference to the i-kg. tests. 

The best method is by trial and error; possible values of are chosen and 
from these the positions of P and Q and the values oi DT are deduced. 

If it is then possible to find values of a, b and e to give agreement between 
observed and calculated values of P, then we have a possible solution of the problem. 
Considering the variety of the temperature curves and values of e.m.f. observed, 
the discovery of even a single satisfactory solution would be a very convincing 
circumstance. 


§3. RESULTS OF ANALYSIS 

The integrals A and B were first worked out as described in the previous papers ; 
they were tabulated with the observed values of E for all loads. Trial values of Tc 
were then selected, and the quantity DT was found for each temperature map 
occurring in the 2-kg. tests. The temperatures 130°, 120°, 110°, 100°, 90®, 
and 75® were used; the positions of P and Q on the i-kg. curve of highest tem- 
perature were then found, and from these the values of DT for each curve of the 
2-kg. tests. These were tabulated along with the values of Ay B and E. 

Simple inspection was enough to eliminate most of these choices; only the 
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last three gave approximate correlation, and of these, on more careful analysis, only 
80° gave more than a few cases of good agreement. 

For the next approximation, slight variations were made in the value of T'o, and 
hence in the positions of P and Q and in the values of DT, Owing to the steepness 
of the temperature-gradient at one of the points it is impossible to fix that point 
very precisely by the value of this permits an independent variation oi DT 
by as much as a few degrees in most cases. It was thought that if within these 
latitudes a good correlation could be obtained, the choice of constants Tg, a, A, 
and e would be very effectively limited and therefore rather precisely determined. 

Table i shows the results which were first worked out on the 2-kg. tests. The 
values of the constants are given in the third row of table 2, and the value of 
was found to be 79° for best agreement. 


Table I. 2-kg. load 


Curve 


B, io~* 

DT 

E experi- 
mental 
(/^V.) 

E 

theoretical 

(/-V.) 

I 

0-7 

1-7 

7 

0*048 

0*047 

2 

1*4 

S-9 

3 

0049 

0*047 

3 

0*9 

2-3 

15 

0094 

0*091 

4 

1-2 

6*9 

6 

0050 

0*053 

5 

2-3 

7*5 

22 

0*152 

0155 

6 

2*6 

13*3 

10 

0*109 

o*ii6 

7 

4-6 

30*5 

— 6 

0*103 

0*104 

8 

4*3 

21-8 

31 

0*265 

0*263 

9 

4*3 

28-3 

27 

0*263 

0*263 

10 

5*9 

48-0 

0 i 

o*i8i 

0*203 


In tabic I and those which follow, positive values oi DT refer to cases where the 
point Q on the small temperature-gradient is at a higher temperature than the 
point P on the steep gradient. 

With these values of 6, and e of the i-kg. and 3 -kg. results, analysis was 

next attempted, and it was found that only reasonable changes in the latter three 
constants were required to give equally good agreement for the same value of Tq, 
The analysis of the results for zero tension have not quite as much significance, 
because the positions of P and Q are not fixed by no previous temperature- 
distribution having been mapped. P and Q were assumed to be the same as those 
used for the i-kg. tests, and good enough agreement was then obtained. The values 
of the three constants are given in table 2, and the agreement is shown in the fol- 
lowing tables. 

Table 2 


Load (kg.) 

a. 10'^ 

ft. 10^3 


0 

+ 0*6 

+ 2*2 

+ 0*0067 

I 

0*5 

2*0 

0*0051 

2 

1*0 

3*0 

0*0050 

3 

1*2 

3*4 

0*0052 
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In every case, a change of one significant figure in the values given for the 
three constants destroys the good agreement, unless unreasonably large latitude or 
error is permitted in the positions of P and Q as determined by the critical tem- 
perature Tq, 

Table 3. Zero load 


Curve 

A . io~^ 

B.10-* 

DT 

E 

experimental 

(/xV.) 

E 

theoretical 

(mV.) 

I 

0*3 

0-65 

4*5 

0*032 

0033 

2 

3-3 

20*50 

-3*0 

0045 

0045 

3 

1*9 

8*00 

30*0 

0*243 

0*230 

4 

60 

54*50 

- 130 

0066 

0068 

5 

s-i 

41 00 

230 

0*253 

0-254 

6 

31 

i8*6o 

i6*o 

0*156 

0*155 

7 

50 

38*00 

8*0 

0*165 

0*167 

8 

3*8 

23 00 

130 

0*159 

o*i6i 


Table 4. i-kg. load 


Curve 

io-=» 

B.io-« 

DT 

E 

experimentah 

(^V.) 

E 

theoretical 

1 

1*2 

10*5 

19*0 

0*126 

0*129 

2 

1*2 

11*0 

20*0 

0133 

0135 

3 

;*7 

500 

— 6*0 

0*097 

0*099 

4 

:*7 

7-8 

170 

0*119 

0*112 

5 

1*6 

23 0 

4*0 

0*085 

0085 

6 

1*5 

24*0 

~ 3*5 

0*044 

0*044 

1 L 

;*2 

43*0 

230 

0*229 

0*229 


Table 5. 3-kg. load 


Curve 

A. 10-^ 

0 

1 

' 1 

DT 

E 

experimental 

(mV.) 

E 

theoretical 

(mV.) 

I 

1*3 

5*0 

4*0 

0*054 

0*054 

2 

2*2 

12*0 

3*5 

0*085 

0*084 

3 

3*2 

21*0 

— 2*0 

0*098 

0*098 

4 

1*7 

7*3 

21-5 

0*158 

0*158 

5 

2-5 

10*4 

42*0 

0*288 

0*284 

6 

2*9 

20*7 

24*0 

0*231 

0*230 

7 ! 

^*6 

47*0 

0*0 

0*222 

0*226 


The load was not increased beyond 3 kg. because at 4 kg. the wire would 
approach closely to its elastic limit and the specimen became spoilt after a short 
time. 

Positive values of e here obtained indicate that electrons flow in the recrystallized 
portion (between P and Q) from the hot end to the cold end — i.e. from Q to P, 
where DP is positive in the above tables. This indicates that the thermoelectric 
power of the recrystallized metal is greater than that of the normal metal by the 
value of e. 
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§4. EXPERIMENTAL TEST OF DISCONTINUITY AT 79° C. 

The above indirect evidence of a discontinuity dependent upon temperature, 
which looks like a recrystallization of aluminium at 79°, permits of a simple experi- 
mental test. This was carried out as follows, after the foregoing analysis had been 
completed. 

A new sample of the same aluminium wire was taken and mounted in much 
the same way as for the previous work, except that two thermocouples were 
attached to the wire at fixed points P and Q and a single travelling heater sur- 
rounded the wire between these points. The two copper-constantan couples were 
of the paper-insulated probe type previously used; they were adjacent to the 
specimen, and their junctions were bound to it with no. 40 s.w.g. copper wire tied 
around several times to improve thermal contact. Their free ends were connected 
with a galvanometer through a key so constructed that they were never connected 
electrically, except through the specimen. 

The same Paschen galvanometer was used to detect the e.m.f. produced and, 
as before, full shielding was used to protect it against stray fields coming from the 
resistances controlling the heating-current. Sensitivity was set at about 100 mm./jitV., 
at which value the zero is perfectly stable. 

First the whole length of wire between P and Q was heated to about 70° C. 
for half an hour, and a test was made to see whether nearly symmetrical heating 
over P alone would produce an e.m.f. Temperature-differences of over 50° C. were 
tested between P and Q, and any discontinuity at these points of the kind postulated 
would have caused a measurable e.m.f. No indication of such an e.m.f. was found 
in this case except small deflections explicable as due to slight disturbances of the 
symmetry of temperature-distributions. 

The process was repeated, P to 0 being above 80° C. while P and Q were 
kept as nearly as possible at 80° C. This condition was maintained for about 
15 minutes, and after a few minutes of cooling tests were again made at P and Q 
with the heater carrying only a small current. When P was at 60° and Q at 30° a 
definite voltage of the order of 0-2 /xV. was found. It vanished when the heater 
was placed symmetrically between P and and which reversed sign when Q was 
heated and P allow^ed to cool. 

Next, the heater was placed so that the thermocouple at Q just entered the end 
of the axis of the heater , and the couple P was shifted and remounted in a sym- 
metrical position at the other end of the axis, say at P'. In this way the whole of 
FQ could be heated without moving the heater, while the original point P was 
not heated by more than a few degrees. 

The current was turned on, and what must have been an almost symmetrical 
temperature-distribution caused a smoothly increasing e.m.f. as the temperatures 
at O and P' rose. Both temperatures remained equal to within 0-5® C. The e.m.f. 
steadily increased until the temperatures reached 78°, when its value remained 
constant while the temperature rose to 84°, It then suddenly became irregular, 
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increasing by a deflection of several millimetres and decreasing suddenly to the 
value which it had at 84°. These jerks continued until the temperature reached 90° 
when a steady increase again set in. At 95° the heating current was cut off and a 
curve of cooling was obtained; it was quite smooth except for a small lag at the 
commencement, and did not show any discontinuity at 80®; see A in figure i. 



Figure i.* Hysteresis cycles of thermo-e.m.f., showing the transition temperature at 79° C. (a) after 
15 minutes local heating at 80® C. ; (6) after 3 hours local heating at 80*" C. ; (r) after 6 hours 
entire heating at 80° C. 


The part between P' and Q was now heated above 80° symmetrically for 3 hours, 
the two thermocouples being kept at about 80° throughout that time. After several 
hours of cooling the heater was shifted so that the point Q came to the middle of 

• 12 hours later a cycle similar to A was obtained, showing partial recovery from reciy'stallization 
by the entire specimen. 
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the axial bore in the heater, and the cycle shown at, B in figure i was obtained. 
Here, as before, the heater carried a current sufficient to give a final temperature 
around and the rate of change of temperature with time was of convenient 
speed and quite steady. Temperature at the point Q and the e.m.f. were recorded 
every half-minute except at the last part of the cooling curve below 6o®. It is to 
be noted that there was no increase in e.m.f. at temperatures above 79° where the 
steady value was reached ; instead, a decrease was observed which continued when 
the heating current was cut off at 95°. That this was not due to a shift of the galvano- 
meter zero is shown by the satisfactory return to the same zero after the apparatus 
had acquired room-temperature again. The whole cycle was completed in i hour. 

h'inally the specimen was completely removed from the apparatus, immersed 
in an oil bath and kept at a temperature slightly above 80° C. for 6 hours. Re- 
testing at the same points P' and Q as before gave the curve C in figure i ; from the 
facts that there is no sudden break in the gradient at 79° C., and that the hysteresis 
loop has almost vanished, it is evident that the uniformity of the wire had been 
restored. 

The fact that after treatment the wire gave a bigger e.m.f. than before is 
difficult to explain, since the heater was placed symmetrically between the thermo- 
couples just as for the test A. The only directional physical property that could 
cause any e.m.f. under such symmetrical heating, other than a sudden discontinuity, 
would be an internal tortional strain. The results of Terado, Tsutsui and Tamano 
should be compared here^^\ 


§5. DISCUSSION 

The change of form at 79° C. The direct tests described above are convincing 
evidence for a distinct change of form at 79*^ C., and the simplest explanation of 
this would be a recrystallization theory. Alternative explanations present them- 
selves. A reaction between the aluminium and some metallic impurity in the wire 
may cause a heterogeneity at some critical temperature, or else an oxide coating 
may develop at a fairly definite temperature and produce its own thermo-e.m.f. In 
the latter case, since the oxide coat would become thicker with time, it is difficult to 
explain the quite definite value of e found in the analysis ; also the temperature at 
which the oxide formed must depend on the rate at which the metal is brought to 
that temperature — a perfectly critical temperature is practically impossible. The 
other alternative hypothesis would also seem too improbable,, because chemical 
changes would be far too slow at such temperatures, and the reverse change would 
take place as easily on cooling; again, the actual temperature of transition would 
depend on the rate of change of temperatures and no true critical value would be 
possible. 

The recrystallization theory seems therefore the most probable; but since 
commercial aluminium usually contains as much as o* i per cent of impurity,f it is 

It is also known that a very thin oxide film exists always at foom-temperatures. 
t Chiefly graphite and silica. 
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just possible that recrystallization of a metallic impurity like aluminium carbide is 
responsible for the present results. It would obviously be desirable to repeat the 
direct test on loo-per cent pure metal, if such could be obtained in a practically 
useful form ; but Peltier effects between junctions of the pure specimen with the 
less pure wire connexions would offer a considerable difficulty. Also, to avoid the 
criticism regarding oxidation, the specimen would have to be in vacuOy a provision 
which would make it almost impossible to avoid local heatings that would destroy 
the homogeneity of the specimen. 

Methods of increasing precision. Assuming that our hypothesis is accepted as a 
working basis, probably the indirect analysis of the e.m.f. produced by mapped 
temperature-distributions is the most precise method of obtaining the change of 
thermoelectric power at recrystallization. It is almost impossible to get a perfectly 
symmetrical temperature-distribution so as to eliminate the e.m.f. due to the 
homogeneous effect and thus to isolate the exceedingly small e.m.f. due to contact 
between the two forms of the metal. Thus the direct test described in this paper, 
while precise enough for the critical temperature, is not capable of giving more than 
a rough estimate of e. 

In order to get precise determinations of a and h, either all temperatures should 
be kept below 80°, which would make voltage-measurements more difficult, or else 
the whole specimen should be annealed at a temperature a little above 80° C. for 
several hours before each test. Preferably a and h should be found for both forms 
of the metal separately by both of these methods, and then e could be determined 
by using temperature maps in which both forms are present. 

Throughout the quantitative work reported in this series of papers, reliance has 
been placed on the movable thermocouple and fixed junction in gentle contact with 
the specimen. The precision of the probe method has been discussed in part (I) ; 
but the present results for aluminium lend further support for that method. 

Thus, it might be thought that a direct measurement of the temperature 
actually within the wire at several points would be a desideratum of precision ; this 
has in fact been suggested to the writer by one competent critic. However, it is 
at once obvious that any attempt to use solder or welding to get real thermal 
contact betsveen the junction and the specimen would heat the wire above the 
critical temperature here discovered, and so ruin the homogeneity of the specimen 
in an unmeasurable way. Further, any mechanical deformation of the wire required 
to insert a junction through its surface would again vitiate the claim that the wire is 
a homogeneous circuit, and would put our work back into the crude constriction 
class to which most previous work belongs 

It is therefore felt even more certainly that the only method of increasing 
precision is to increase the sensitivity of the voltage-measuring apparatus so that 
quite small temperatures and temperature-gradients can be used. By properly 
designed shields the space around the wire could be brought reasonably close to the 
temperature of the wire itself. While the probe obviously introduces a disturbance, 
no better method seems available ; and such disturbance can be averaged out fairly 
completely in practice. 
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§6. CONCLUSION 

In conclusion one may say that results for aluminium have been analysed and 
show excellently precise agreement with the homogeneous theory, if we also admit 
of a discontinuity of structure with a transition temperature at 79° C. The evidence 
that this discontinuity is due to the element aluminium is not perfectly conclusive 
until further tests have been made on 100 per cent pure metal. That the dis- 
continuity is in the nature of a recrystallization seems the most probable explanation. 
It is obvious that ordinary methods of investigation such as recalescence during 
cooling would fail to detect such a slight change as appears to take place according 
to the present work. It is also doubtful if X-ray analysis could do so, because that 
method has given, until recently, somewhat inconsistent results when applied to 
the much greater recrystallization that occurs above 500° 

ADDITIONAL NOTE 
by Dr W. BAND, received October 10, 1934 

The three figures show typical results obtained on similar wire specimens. 
Symmetrical heating between two points A and B above 80° C. was maintained for 
several hours, no e.m.f. being observed. Immediately after cooling the heater was 
shifted over Ay and a heating-cooling cycle of e.m.f. against was obtained, 
figure 2. Immediately after this cycle had been completed, a second heating-cooling 



Temperature (°C.) 
Figure 2. 
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process gave an entirely different curve above 79^^, figure 3. Sample curves (e.m.f. 
against obtained when the heater was over B are shown in figure 4. 

From these data we can see that the e.m.f. produced in the newly recrystallized 
parts of the wire depends for its direction upon the direction of the temperature- 



gradient in those parts, viz. : the difference between figure 2 and figure 4. But it is 
difficult to explain how a curve like that of figure 3 could follow the cycle shown 
in figure 2. 

The magnitudes of the voltages obtained in these tests seem to depend upon the 
mechanical treatment of the wire during mounting in the apparatus, and thus 
presumably upon small internal strains. Such strains would only even out after a 
considerable time. This would explain w^hy, during the original measurements 
previously reported, it was found necessary to rhaintain a steady temperature- 
distribution for 4 hours or more before a steady e.m.f. could sometimes be obtained. 
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That the so-called transition at 79° C. may be connected with slight re-adjust- 
ments of internal strain rather than with recrystallization is an interesting possibility. 
It is felt, however, that further speculation had better await the results of more 
refined methods of investigation suggested by the experiences of the present 
exploratory work. 



Figure 4. 
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THE DISINTEGRATION OF BORON BY NEUTRONS 
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ABSTRACT, The tracks of the particles which result from the disintegration of boron by 
neutrons have been recorded by impregnating the emulsion of a photographic plate with 
borax. It is shown that there are two modes of disintegration, corresponding to the re- 
actions : 

Blo + «l->LP + He^ 

Photomicrographs of the tracks, showing both modes of disintegration, are reproduced. 

§1. INTRODUCTION 

A brief report has already been published recording the discovery of 
tracks corresponding to the disintegration of boron and lithium when bom- 
^barded by neutrons. The purpose of the present paper is to give a fuller 
statement of the results obtained in the case of boron. 'Fhe tracks of the fast particles 
which are liberated in the nuclear reactions are recorded directly in a photographic 
emulsion. I'he technique employed has been fully described in a previous paper 

§2. METHOD OF EXPERIMENT 

Briefly stated, the method consists in impregnating the emulsion of a photo- 
graphic plate with a suitable salt of the element to be examined. The plate is then 
exposed to the neutrons, and developed in the usual way. The tracks of the heavy 
particles which result from the disintegration are registered in the emulsion ; each 
track is visible, under a high magnification, as a row of developed grains in a straight 
line. For satisfactory work special emulsions free from background and of very fine 
grain are required.* Ilford R plates have been specially prepared to meet these 
requirements, and have been used for the present experiments. 

The source of neutrons for most of the experiments consisted of a quantity of 
radon sealed in a tube with powdered beryllium. The initial amount of radon varied 
for diflFerent experiments, the maximum being about 200 millicuries. Some experi- 
ments were also done with a polonium-beryllium source, but this was found less 
satisfactory on account of the comparative weakness of the polonium sources 
available. Exposure to fast neutrons was effected by placing the plate as near as 
possible to the source, but with some 6 cm. of lead interposed, in order to reduce the 
direct effect of the y rays on the plate. To expose the plate to slow neutrons, both 
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source and plate were surrounded by a large quantity of paraffin. Under these 
conditions, however, fast neutrons are still present in the radiation reaching the 
plate. Conversely, some slow neutrons are present even in the absence of paraffin, 
on account of scattering which takes place in the table and other surrounding objects. 

§3. THE DISINTEGRATION OF BORON 

Boron is introduced into the emulsion by soaking the plate in a strong solution of 
borax and allowing it to dry in the dark. It is only possible to make a rough estimate 
of the amount of boron thus introduced, but it is of the order of 0*05 mg. per cm? of 
plate-surface. This is only i per cent of the amount required, for slow neutrons, to 
reduce the intensity of the radiation to one half of its initial value The treatment 
of the plate with borax was found not to affect the photographic properties of the 
emulsion seriously. The borax was generally washed out before development, but 
this seems unimportant. 

Disintegration by slow neutrons. With slow neutrons the probability of disin- 
tegration is relatively high, and exposures of the order 1000 millicurie-hours were 
found to be ample. The best plates show as many as 50,000 tracks per cm?, sensibly 
straight, and with the number of grains per track varying up to ten. The mean 
length of the tracks is 7*6/x. Photomicrographs of typical tracks are shown in 
figures i and 2. Most of the tracks are very clear and well defined, but it is difficult 
to determine the equivalent range in air exactly, for the following reasons, (i) The 
measured length (i.e., the distance between the extreme grains of a track) shows, as 
one would expect, large fluctuations owing to the random distribution of grains in 
the emulsion, (ii) The true range will in general exceed the measured length by an 
unknown amount, since the end grains need not be at the extreme points of the 
range, (iii) The conversion factor to reduce the range in gelatine to the range in air is 
subject to some uncertainty. The uncertainties can, however, be partly allowed for 
on the basis of previous experience and the best value for the equivalent range in 
air which can at present be deduced from the measurements is 

i*i ±0*1 cm. 

These tracks must be interpreted as being due to the disintegration of the boron 
nucleus into two particles. As the momentum of the neutron is small these particles 
move in sensibly opposite directions, giving rise to an apparently single track. 

With our present knowledge of nuclear masses, the only reaction which appears 
to fit these observations is 

Bi^ + w^-vLP-fHe^ (i). 

The release of energy, corresponding to the observed range, is 2 x 10® electron-volts. 

Until recently, the accepted masses of the neutral atoms of Li’ and He* and of 
the neutron have been as follows : Li’ = 7*0146, He* = 4*0022, «* = i *0080. With these 
values reaction (i) requires the value B*®=io-oii, disagreeing markedly with 
Aston's value B*®= 10*0135. 

Recently, however, the available evidence has been reviewed and it 
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appears that the accepted masses may require some modification. At the moment 
the most probable values are^"^^ 

«i= 1*0083 
He^= 4*0034 
Li'^= 7*0170 
BIO — 10*0143. 

These masses fit reaction (i) within the limits of error. 

Disintegration by fast neutrons. Boron under fast neutron bombardment gives 
many disintegrations of type (i), some of which are due to the slow neutrons always 
present in the radiation. In some cases the tracks of Li’ and He^ can be separately 
seen, as the angle between them is less than 180°. This is an indication that a fast 
neutron, with considerable momentum, has been responsible for the disintegration. 
Figure 3 shows an example of this. 

Several examples of what appears to be a different type of disintegration have 
been found. The best example is reproduced in figures 4 and 5. Three tracks diverge 
from a single point, two shorter ones denoted by a and and a longer one denoted 
by c. Track c does not lie in the plane of the photograph, but ris^s steeply from the 
point of disintegration. The horizontal component of c may be denoted by c'. 

The ranges and angles are as follows : 

« = o-7 cm. in air, angle a^h ~ 102° 

/>==o*5 cm. in air, angle h, d ~ 120” 
c = 3*o cm. in air, angle c\ a= 138*^ 
angle c, c' = 35°. 

The angle c-d in the vertical plane is subject to an uncertainty of about 5". 

One might advance the hypothesis that two of the tracks, a and r, represent a 
disintegration of type (i), whilst the third track is independent and situated at this 
point purely by chance. On this hypothesis the resultant momentum of the two 
particles can be worked out, and this must be the same as the momentum of the 
incident neutron. The energy of the incident neutron calculated in this way is found 
to be 13 X 10® eV., of which half must have been absorbed in the reaction. It is 
evident that the hypothesis breaks down, even when allowance is made for very 
considerable errors in the measurements. There can thus be little doubt that we are 
really dealing here with a disintegration into three particles. It appears that the 
only reaction which agrees with the observations is 

Bi« + + He^ + (2). 

With the masses recently proposed^"^^ (H^ = 3*0161), it will be seen that the reaction 
requires an energy of 3 x 10® eV. to be supplied, which explains why it does not 
occur with slow neutrons. In this example the combined energy of the three 
particles is 3*3 x 10® eV., so that the energy of the incident neutron must have been 
3*6 X 10® eV. 

The resultant momentum of the three particles can be calculated, but the un- 
certainty in the angle c-d affects the value obtained. This resultant momentum 

PHYS. SOC. XLVII, 5 56 
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should be the same as that of the incident neutron, and within the limits of accuracy 
of the measurements no discrepancy is found. 

Several other examples of what are apparently similar cases of triple disintegra- 
tion have been found, but no other which is so well placed for measurement. This 
type of disintegration is clearly much rarer than type (i), the relative frequencies of 
occurrence, in the plates exposed to fast neutrons, being of the order i ; 1000. 

§4. ACKNOWLEDGMENTS 

My thanks are due to Mr Goldhaber, who suggested some months ago that 
lithium and boron might be amenable to investigation by this method, and who has 
also helped in making the exposures. I also desire to thank Lord Rutherford and 
Dr Chadwick of the Cavendish Laboratory, where the experiments have been done, 
for their interest and encouragement. I am greatly indebted to Mr Bloch and his 
staff, of the Ilford Company, for producing the special photographic material. 
Finally, I must express my thanks to the Senatus of Wilson College, Bombay, for 
extended leave of absence. 


REFERENCES 

(1) Taylor and Goldhaber. NaturCy Lond., 136 , 341 (March 2, 1935). 

(2) Taylor. Proc. roy. Soc. 150 , 382 (1935). 

(3) Amaldi, D’Agostino, Fermi, Pontecorvo, Rasetti, and Segr£. Proc. roy. Soc. 149 , 

522 (April 10, 1935)- 

(4) Oliphant, Kempton, and Rutherford. Proc. roy. Soc. 150 , 241 (May i, 1935). 

(5) Bethe. Phys. ReiK 47 , 633 (April 15, 1935). 

(6) Aston. Nature, Lond., 149 , 522 (April 10, 1935). 



877 


535 - 375 - 54 : 538-221 

A NOTE ON THE RAMAN SPECTRUM OF A 
FERROMAGNETIC OXIDE 

By L. F. bates, D.Sc., Ph.D., Reader in Physics, 

University College, London 

AND 

H. E. HOGWOOD, B.Sc. 

Received April 4, 1935. 

ABSTRACT : An attempt has been made to determine whether the ferromagnetic oxide 
Cr509 exhibits a Raman spectrum. No trace of such a spectrum was found. 


I N recent years our knowledge of the ferromagnetism of metals has been con- 
siderably increased, but our knowledge of the nature of ferromagnetism in the 
metallic oxides is still very meagre. Now% it occurred to one of us (L. F. B.) 
that valuable information might be obtained if it were possible to examine the 
Raman spectra of such oxides, for changes in the Raman spectrum with rise in 
temperature might show whether a particular grouping of atoms was responsible 
for the observed ferromagnetic properties, and might also indicate the nature of 
the coupling between the atoms. A perusal of the literature showed that the oxide 
of chromium, Cr^O^, would probably be the best substance with which to make an 
attempt. The magnetic properties of this oxide have been studied by Dr H. 
Sachse^*^ who found that it possesses a ferromagnetic Curie point at about 108° C. 
We are deeply indebted to Dr Sachse and to Fraulein Lorentz for the gift of 
samples of CrgOo , which we were able to compare with those prepared for our work. 

The oxide, CrgOg , was prepared by passing a stream of chromyl chloride vapour 
over hot glass or silica maintained at a temperature of about 370^" C. Suitable 
heavy deposits were usually obtained in a few hours, although thin, translucent 
deposits were formed on the inner walls of tubes in a few minutes. The preparation 
of crystals of CrgOg as large as those obtained by Dr Sachse requires much time 
and patience, especially as glass becomes brittle after being in contact with hot 
chromyl chloride vapour for some time. The oxide shows a pronounced violet 
surface colour and appears green by transmitted light. It is difficult to determine 
the thickness of a layer unless it is deposited on a previously weighed piece of 
glass, for it is extremely difficult to remove. 

In a preliminary survey the light from a powerful quartz mercury vapour lamp 
was concentrated upon and passed through a thin oxide deposit formed on the 

56-a 
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inner surface of a bulb of transparent silica, about 2 cm. in diameter, so as to enter 
a quartz Raman spectrograph of great light-collecting power, manufactured by 
Messrs Hilger. Direct light was carefully excluded, and with an exposure of 
150 hours it was found that little beyond the 3132 lines was transmitted, and no 
new lines appeared. 

A more thorough survey, particularly in the ultra-violet, was made by concen- 
trating the light upon a thick coating of the oxide inside a tube which had been 
cut obliquely at one end, the light falling upon the projecting portion. The light 
was then scattered from the deposit many times before it reached the collimator 
slit. The result of a lOO-hour exposure to the scattered light was compared with 
that of a lo-sec. exposure to the direct beam. The chief difference between the 
two spectrograms was the appearance of some fluorescence on the long-wave sides 
of the more intense lines, but no evidence of new or Raman lines was found. 

This method of attack was less satisfactory for the visible region of the spectrum, 
where the following procedure was adopted. Heavy deposits of Cr609 were made 
on two strips of fused silica 12 cm. long and 2*5 cm. wide. These were mounted 
parallel, with the deposits facing each other, but so displaced laterally that the 
incident light could be concentrated upon the one plate. After being scattered 
several times, the light was finally scattered from the other plate into the spectro- 
graph. The result of 300 hours’ exposure with this arrangement, when compared 
with that obtained with one hour’s exposure with the deposits covered with white 
blotting paper, again showed no Raman lines to be present. 

It is therefore concluded that no Raman lines can be obtained in experiments 
on light scattered from the upper layers of this ferromagnetic oxide. It must be 
recorded, however, that the experiments here described were made under very 
adverse conditions of scattering, and the main purpose of this note is to report 
the attempts made, in the hope that other workers may possibly discover a ferro- 
magnetic compound more suitable for Raman investigations. 

In conclusion, we desire to thank Professor E. N. da C. Andrade for the facilities 
placed at our disposal, especially for the loan of the Raman spectrograph, and 
Mr H. Terrey for help in preparing the oxide deposits. 
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THE ABSORPTION FACTOR FOR THE POWDER 
AND ROTATING-CRYSTAL METHODS OF X-RAY 
CRYSTAL ANALYSIS 

By A. J. BRADLEY, D.Sc., Royal Society Warren Research Fellow 

Communicated by Prof, W. L. Braggs F.RS.y June 17, 1935. 

ABSTRACT. A method has been devised for calculating the absorption factor for the 
powder method. It maybe used for all values of /xr, where /a is the linear absorption co- 
efficient and r the radius of the specimen. It is, however, especially suitable when /xr 
exceeds 2. For smaller values of jiVy for which the calculations are tedious and become less 
accurate, it is better to use Claassen's graphical method. By such a combination of the two 
methods a set of data was calculated for which the absorption factor may easily be obtained 
for any value of /xr and for any angle of reflection, with an error not exceeding i per cent. 

The data may also be applied for the calculation of the absorption factor in the lines 
belonging to the layer of zero order in rotation photographs. 

§1. INTRODUCTION 

I N the Debye-Scherrer method of crystal analysis a beam of X rays bathing a 
cylindrical specimen of powdered crystalline material gives rise to a diflPraction 
pattern. The relative intensities of the lines in this pattern are very much in- 
fluenced by the absorption of the X rays in the specimen, but hitherto no entirely 
satisfactory method has been devised for calculating the numerical value of the 
absorption factor. Solutions for particular cases have been given by different 
authors while Claassen^"^^ has devised a graphical method which is of general 
application. Rusterholz^^^ has shown that for very highly absorbing specimens it 
is possible to calculate the absorption factor, which is in this instance a fairly simple 
function of the glancing angle 6 . ff 

It is, however, possible to calculate the approximate absorption factor by a new 
method which gives results accurate to at least i per cent, except for very small 
absorptions where the Claassen graphical method is entirely satisfactory. The chief 
importance of the new method for calculating the absorption factor is that it gives 
accurate results in the region where Claassen’s method is less reliable. Results are 
here tabulated for all values of /xr, where /x is the linear absorption coefficient of the 
specimen and r is its radius. Only a limited number of angles have been considered, r 
but the absorption factor for intermediate angles is quickly found by graphical 
interpolation. 

For either a single crystal or a mass of crystalline powder the intensity of re- 
flection, in the absence of absorption, is proportional to the total volume V of the V 
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specimen which is immersed in the incident X-ray beam. Thus for a cylindrical 
h specimen the intensity is proportional to 7rr*A, where h is the height of the specimen 
in the beam. This statement does not hold good where there is finite absorption of 
X rays in the specimen, the contribution of different portions of the specimen being 
no longer equivalent. In many cases the absorption effects are so great that only a 
small portion of the periphery of the specimen makes any appreciable contribution 
towards the intensity of reflection. The contribution of a tiny fragment of crystal 
^ of volume dV i^ reduced by the fraction where is the linear absorption co- 
a efficient of the whole specimen and a is the total length of path of the ray through 
the specimen before and after reflection from the fragment. In order to evaluate the 
total strength of the reflection, the value of e~f^dV must be integrated throughout 
the volume of the specimen. The resulting expression then replaces the factor V in 
the intensity formula. For a cylindrical specimen nr-h is replaced by the expression 
d(T kjje'f^^^day where da is a small element of the cross-section of the specimen, and the 
integration is carried out over the whole cross-section. The intensity of the reflection 
is, therefore, cut down by absorption in the ratio 

A A=^JSe-i^da. 

A is termed the absorption factor. It may be expressed in the alternative fonn 



X where x — ajr and ds — dafTTf^. 

To evaluate equation (i) it is necessary to obtain the value of dsjdx for all 
s possible values of x. The first step (described in § 2) is to calculate the value of Sy 
the proportion of the cross-section of the specimen for which the absorbing path 
xr is less than a given value — e.g. the area XSX' Y in figure i . This gives 5 as a func- 
tion of Xy which may be differentiated to give dsjdx. The problem is made more 
complicated because the same formulae are not applicable to all portions of the 
cross-section of the specimen. In figures 3 to 8 different portions are distinguished 
according to the formulae which arc applicable. The arguments used in § 2 are 
based primarily on figure i, which is typical of the front areas of figures 3 to 8. 
Figure 2 is typical of a back area. No direct method could be found for calculating 
the corresponding formulae for the centre areas. Suitable corrections can, however, 
be made for the latter. Except for small absorption, the formulae deduced for the 
front areas are the most important, and for large values of fir the rest may be 
disregarded. 

The calculations in § 2 give 5 as an ascending-power series in Xy which is con- 
vergent for x:!^ 2 . This is quite satisfactory since, as will be seen later, x cannot 
exceed 2 in the front areas of figures 3 to 8. Claassen has suggested that such a series 
might be used to calculate the absorption factor for large values of fir in the fol- 


lowing way. 

Putting s^<xx+Px^-{-yx^+... (2), 

ds 

we find that ^=a+2j3*+3ya:*+... (3). 



The absorption factor in crystal analysis 88 1 

Then according to Claassen equation (i) for large values of /^r gives approximately 


faj=oo 

' = 


dx 


= a . 4 . 3*7 , 

fJLT 


It will be found, however, that if one substitutes for a, / 3 , y, etc. the coefficients 
obtained in § 2, the above series becomes divergent for all values of fxr and is there- 
fore invalid. This difficulty is avoided by replacing the upper limit Jc=oo by the 
exact maximum value of x for the front portion of the specimen. Then, unfortunately, 



Y 


General case 
Figure i. 


equation (4) becomes considerably more complicated, and since the maximum value 
of X is to some extent a function of 6 it is necessary to consider separately the cases 
of reflection at different angles. 

The value of A found from a series such as that in equation (2) represents the 
contribution of either the front or the back portion of the specimen. For the centre 
portions an estimate must suffice, since it is not possible to obtain a series for them. 
The complete absorption factor is the sum of the values for the front, back and 
centre portions. However, the contribution from the front portion usually far out- 
weighs the others, which are really in the nature of correction terms. 
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§2. THE AREA OF THE SPECIMEN FOR WHICH THE 
ABSORBING PATH IS LESS THAN A GIVEN VALUE 

In figure i AO and OB indicate respectively the directions of the incident and 
reflected beams. The incident beam is supposed to be parallel and completely to 
y, Z bathe a cylindrical specimen of radius r. 0 is the glancing angle. FOY' and ZOZ' 

X are respectively normal and parallel to the reflecting crystal planes. XSX' is the 

locus of all reflecting points for which the sum of the incident and emergent paths 


z 

X' 


Figure 2. 

is equal to xr. For a ray reflected from S the incident and emergent paths are each 
equal to xrjz. Let P be any point along XSX' such that the emergent path is pr 
and hence the incident path is (x -p) r. 

According to Claasen, the position of the point P is given by the following con- 
struction. Along AO produced mark off OR equal to {x ~p) r. Along BO produced 
mark off OQ equal to pr. Then QP=RP=^r, the radius of the specimen. The posi- 
tion of all other points along XSX' may be found by varying the value of OQ 
between zero and xr, while that of OR is varied between xr and zero. 

It is required to find the area of XSX'Yy which is that portion of the specimen 
in which all particles are situated for which the sum of the incident and reflected 
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paths is less than x. It is first necessary to determine each of the areas OXYX' and 
OXSX' separately. 

The area OXSX'=r^\ ydz-rU zdy (5). 

It is necessary to evaluate y and z in terms of a common parameter, for which 
purpose the following relation is used : 

PQ=.PR=.r. 

The yy z coordinates of Q are — p sin 0, —p cos 0. 

R are —{x—p) sin 0, (x-p) cos 0. 

Hence PQ'^ = (y +p sin 0)^ + (z+p cos 0y = ) 

PR^:=r^ {y+(^x—p) sin 0}^+r^ {z—{x—p) cos 0y^ = r^ I 
On subtraction, x (zp — x)-{-zy (zp ~ x) sin 0 + zzx cos 0 = 0, 
z = {i— zpjx) tan 0 {\x cosec 0 +j^). 

Let (i—zplx)tzn0 = q or p = \x{i—q cot 0) (7). 

Then z=q{\x coscc0’\-y) (8). 

Substituting for z and p in equation (6), we have 

{y-\-\x{i—q cot 0) sin 0Y + {q (^x cosec 0 +y) -hlx{i—q cot 0) cos 0}^=!, 

(i +q^)-\‘Xy (1 +q^) sin 0 + (i +9^)- i =5rO, 

y = — lx sin 0 — {IxY cos^ 0], 

Let ±V{i/(i cos* 0} = t (9). 

Then sin ^ + ^ (10), 

and z=q (lx cos* 0 cosec 0-^t) (i i ). 

For the locus XSX\ x is constant, and p {q) is the variable. Hence 

dy dt dz ^ ^ dt X „ ^ ^ 

j =^ ; , =f+a j +- cos* ^ cosec 0, 

dq dq dq ^ dq z 

dz X , ^dz , ^dt X ^ ^ ^ 

y r= — sm 0 -j- + P-{-qt , + ^ cos* 0 cosec 0, 
dq z dq ^ dq z 

dy .dt X 2 . ^dt 
^ j =Qi j - Q cos* 0 cosec 6r , , 
dq ^ dq z^ dq 

lydz= — \x sin ^/dsr +/ Pdq+ / qtdt + lx cos* 0 cosec 0 / tdq , . 

\zdy= Iqtdt+lx cos* 0 cosec 0f qdt. 

The required area may now be found from equation (5), inserting the ap- 
propriate limits. For the case shown in figure i, we have 

at Sy p=lxy q = o\ at X\ p = Oy q = t2in0. 

f(Z=tan0 

Hence Area OXSX' = r* (ydz — z dy) 

Jq=0 

f" f^^tand rq=>=‘tan0 f</«tan» 

= r^ ~^A?sin0 dz-\-\ /*d^ + Ja? cos* ^ cosec <9 {tdq — qdt) 

L Jq-(i Jq—Q Ja=0 

(I2)- 



884 A. J. Bradley 

The above integral can be expanded from equations (9), (lo), (ii). The 
ambiguity in equation (9) leads to two solutions. Since figure i shows a positive 
value for jy, the positive sign must be taken for t. This rule applies throughout the 
front areas of figures 3 to 9. For the back areas of figures 2, 3 and 4, y is always 
negative. These areas correspond to negative t in equation (9). The two cases will be 
considered separately, and finally a reference will be made to the centre areas of 
figures 3 to 8 which do not fall into either class. 

Case I. Front Areas only, as in figure i. From equations (9), (10), (ii), (12), 
taking the positive sign in equation (9), 


Area OXSX =r- ^m2e-\xy/{i-{\xY) + e 


+ X COS'* d cosec 6 


Villi 


I + q^) — (Ix)'^ cos’* 0 } dq 




Area OXYX' is found from figure i as follows: 


Let 


OU=xr\ OT=\xr, 


Then X, the end of the locus XSX\ is given by 

UX=OX=r. 


Since T is the midpoint of OU, XTO is a right-angled triangle. Hence 

cos TOX=\x^ 

XOS = 7r/2 - XOZ' = 7r/2 - Z'OT = siii-i i^x) + e. 

Hence area OXYX' = r^XOS=^r^- (sin-i (U) + ^} (i4«). 

From equations (i^d) and (14^), in figure 1 
Area XSX' F= area OXYX' - area OXSX' 


= r- j^sin"* (|jr) + sin 26/ + Jjc \/{i — (ijr)’*} — x cos’* 6 cosec 0 

X \/{ i/( I + ~ ( 2'^)“ cos^ 8} dq 

Jf/^o 

Case 2. Back Areas only, as in figure 2. From equations (9), (10), ( 1 1), (i 2), taking 
the negative sign in equation (9), 




Area OX^S^X^ = r* 

— X cos^ 8 cosec 8 


- sin 28 -f lx ^/{l - (U)’*} + 8 

■(/— tanfl 

+ q^) - iixy cos’* 8} dq 


J<z-o 


•(13*)* 


I'his formula gives a negative value for the area, because it lies completely on the 
negative side of the z axis. 

Area OX^ Y'X^' from figure 2 by the same construction as that used in figure i 
gives - 

XiOSi = 7 tI 2 — XiOZ' = 7 rl 2 —Xi 0 T—Z' 0 T=sin~^ (lx) — 8 , 

Hence area OXj^ Y'X^' = r^X^OS^ = r^ {sin-i (^x) - 8 } (146). 

From equations (13^) and (14^) we may deduce the area XiS^Xi'Y' in figure 2. 
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Since the area given by equation (13^) is a negative quantity, it is necessary to 
change the signs before subtraction. 


Area Y' = area OX^ Y'X^' - area OX^S^X^^ 

= r*-® j^sin-i (Jjic) - ( J sin 2 d-^^x\/{i- (\xY} — x cos'** 0 cosec 0 


f(Z=*tan0 

VUI(^+9^)-( cos® 6} dq 

Jq^O 


•(15*). 


It will be seen that equations (15 a) and (15^) differ only in the sign of the 
second term. These equations may be expanded in the form of a power series in x. 
With the exception of the term ± sin 20 the series contains only odd powers 
of X. 

The expansion for s is found by dividing by Trr®. In order that the unique 
character of the second term may be indicated in equations (15 a) and (156) this 
term is placed first in the following series: 

±^*[Jsin 26] 

7T 



TT 


[■ 



TT 


L 


+ 



*9? ( sec ^4 - tan BY 
sec 0 tan 0 


2 2** 2^ 


1 ^ I log (sec 0 4 - tan 0) 

2 2 sec 0 tan 0 


I 

5 


I 

2'^ 


I . ^ I 

rCOS 

2^ 2^ 2^ 




- 4” ^ cos“ 0 


4 4 


fi I log (sec ^ + tan 0)]^\ 
(2'^ 2 sec 0 tan 0 ]/ 


+ to infinity (16a) and (166). 

The positive sign for the first term in equation (16) applies to the front of the 
specimen (16 a) and the negative sign to the back of the specimen (166). The above 
series are convergent unless x exceeds 2. It will be shown in the next section that 
X never exceeds 2 in the front and back portions of the specimen. 

Case 3. Centre Areas. If figure i be modified to correspond to reflection from a 
centre area, it is found that the locus XSX' does not always terminate on the cir- 
cumference of the circle. In such cases the limits of integration in equations (5) 
and (12) are clearly invalid. In other cases equation (5) is valid but not equation 
(12). In all these cases series (16) is invalid. An alternative series cannot be found 
except for the case of ^=90°, to which special consideration will be given. In other 
cases, the centre areas are relatively unimportant. Indeed for all values of ^r 
exceeding 5 no correction need be applied for them. 


§3. CHANGE OF ANGLE 

It is necessary to define the areas within which equation (16) is valid at different 
angles. In figures 3 to 8 the areas indicated by the words “front** and “back** both 
conform to this equation, but the sign of the term {\xY sin 20 is positive for 
the front area and negative for the back area. The essential conditions for both 
front and back areas are that the locus XSX* in figure i should terminate on the 
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circumference of the circle at points X and X\ at which points q=^ ±tan 0. The 
limits of integration which lead to equation (i6) depend on this assumption. In 
figure 3, which corresponds to ^ = o°, all the loci are parallel to AB and the back is 
merely a replica of the front. The maximum path is 2r, so that x does not exceed 2 
and there is no central area. 

In figures 4 and 5, corresponding to 0~22^° and ^ = 30° respectively, the boun- 
dary of the central area is marked by the loci corresponding to x = 2. Inside this 
area the loci fail to reach the circumference and the conditions of figure i are not 



Figure 3. 

fulfilled. In figure 5 a small area is shaded. Here the loci reach the circumference 
but are not terminated at g = tan0, so that again equation (16) is inapplicable, 
although here x is somewhat less than 2. 

In figure 6 (^ = 45®) the boundary of the central area is marked by the locus 
UOWy corresponding to x = 2. The incident ray is tangential at U and the reflected 
ray is tangential at W. Thus from ^ = 0° to ^ = 45'' the boundary of the front area is 
given by ^ = 2, but beyond 45'' this is no longer true. The boundary locus is now 
displaced towards lower values of x, as may be seen from figure 7 (0 = 67^°)- The 
boundary locus is now UTW, which is fixed by the condition that the incident ray 
is tangential at U and the reflected ray tangential at W. It is clear that x is less 
than 2 for the locus UTWy but at all higher values of x the incident ray must intersect 
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the specimen before reaching its point of reflection, so that the condition /> — o, 
^=tan ^ is invalidated. At 90°, figure 8, the whole of the specimen is included in 
the central area, since it is impossible to satisfy the condition 5= tan 0 except on 
the locus x==o. 

From ^ = 45° to 0 = 90° the boundary locus between the front and centre areas 
is ^ = 2 sin 26. 'Fo understand what happens if x exceeds this value we may refer 



to figure 6 (^ = 45°). A locus such as MNP ends at M and P on the circumference. 
At M and P the following equation is satisfied : 

I, 

where jy and z have the meaning of equation (6). From the above equation together 
with equation (6) it can be shown that 

{xy sin 6 + (ixY) {q^ cot^ ^ — 1} = o. 

Thus either (a) q— ± tan 0 , the limit of integration in equation (12); 
or (b) y = — lx cosec 0, whence q= ±\/{(4/^)^ sin^ i}. 

Solutions (a) and (b) are equivalent if x = 2 sin 20 , i.e. at U and JV, in either figure 6 
or figure 7. It is therefore clear that condition (a), which holds at the end of a locus 
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in the front region, is replaced by condition (ft) on crossing from the front region 
to the centre region. 

It is not possible to deduce an alternative to equation (i6) which can be applied 
to the central area except for ^ = 90®. Equation (16) for 90° would give 


r- [sin-1 + 

V 



r 


e=3o° 

Figure 5. 

Replacing the limit 9 = tan ^ at -Y in figure i by the limit appropriate for the 
central area, q— ±\/{(4/jc)‘^ sin- i}, we obtain the following value for the area 
MNPY in figure 8: 

Area MNPY=r^ [2 sin-i lx\/{i (17). 

This formula replaces equation (16) for the special case in which ^ = 90°, and may, 
of course, be expanded in a similar manner. 



Limiting values of x for front, back and centre areas 


Front 

Back 


Centre 

Min. 

Max. 

Min. 

Max. 

Min. 

Max. 

0 

2 

4 sin 6 

2 

2 

2 sec 0 

0 

2 

— 

— 

2 

2 sec 0 

0 

2 sin 20 

— 

— 

2 sin 20 

4 sin 0 
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§4. THE ABSORPTION FACTOR: CONTRIBUTION OF 
FRONT AREAS 

(a) 0 < 4 S°. 

Let be the absorption factor calculated for the front area only. 

When ^<45°> dx, 

where s is given by equation (16 a). 


y' 



Writing equation (16) in the form 
ds 

we have ^^=ai + 2a2Jr + 3a3Af2+... . 

On integration by parts and suitable rearrangement, 

+ 


Put 


2iir=p, 


P 
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Then 


(. 8 ). 

n-l«fc ^ / n-l pk\ 

I -f-P S may be written e^f* S ^jj , 


or by expansion of ePy 


00 

^ h- 

ik=n « 1 


y ' 



It is convenient to write equation (18) thus: 

^ 2^n^0L / °° 2"wla ^ 

S 2 + S ^ S (19). 

n-l P V ft=0^!/ n=» P fc=n^J 

The order of summation may be reversed in the second or remainder term Ry 

which becomes ^ « 1 1 

S I 2" «!«„/>' 

« , i\r-- 
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This lies between S and 2 S • 

n=9 l»0n»9 (9 + 0* 

A convenient approximation is 



0 = 90 *" 

Figure 8. ^ 

The value of is calculated from equation (i8) by substitution for aj, Og, etc., 
from equation (i6a) up to the term containing Since a4, ae, etc., are zero, this 
involves five terms only. The series either converges so rapidly that no further 
terms are required (when inr > 5), or so slowly that it would be tedious to calculate 
sufficient terms (when /xr<5). In the latter case an estimate is made of the re- 
mainder after the term containing a,, using equation (20). 

(b) 6 >45^. 

r;e— 2Rln2d^f 

When (9 > 45" ~ dx, 

Jx^Q ax 

where s is given by equation (16 a). 
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On putting 2/*rsin 20 =p, we find that equation (18) still holds good but 2" is 
replaced by (2 sin 2^)". The calculations are with this exception the same as for 

0 < 45 '>. 








§5. THE ABSORPTION FACTOR— CORRECTIONS FOR 
BACK AND CENTRE AREAS 


(^?) Back areas : o <6 < 30'’. 




Jx-4 8in« 

where s is given by equation (166). 

As before, ^ = ajA; + -f (x^x^ 

ds 


ds 

- dXy 

dx 


and 


dx 


^(Xi + 2(X,^ + 2^iX^+ ... . 


Integrating by parts and rearranging, we have 
Ab = ® + ^2^ {e- ® (i + 4/ir sin ^) - g-'f*'' ( i + 2/tr)} + . . . . 


Put 

Then 


P-^i^+P)} 


2 fir=p, 4 /xrsin 0 = T. 

- /4 sin 0 ^ 2 _\ . (42 sin^ 6 , , , v 

< 2 .,. 

The value of for angles o to 30° is calculated from equation (21) by sub- 
stitution for aj, Og, etc., from equation (16^) up to the term containing Suc- 
cessive terms get more and more equal to those for the front area obtained by using 
equation (18), so that the remainder may easily be estimated from equation (20) 
when a slight allowance based on the lower terms has been made. 

(b) Centre areas : 6 < 30°. 

The area not included in the previous calculations is grouped together under 
the heading “centre area”. The total area nr^ consists of front F, back B and 
centre C. When ^<30^^, the front and back areas are given by putting x = 2 into 
equation (16). On subtraction of the values of F and B so found from Trr^ the 
central area is found to be 

B r<z~tdn0 

L„ V{i/(i +9‘)-cos» 6} dq. 

The length of path in this area varies between x-2 and x=2sec6. As an 
approximation put 

Af=(i +sec 0). 

The contribution Ac of the central area is then given by 

A cos^ 6 

n v'{i/(i+9“)cos“e}d5e-»‘’'<‘+“®*' 


,{22). 
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This elliptic integral has already been evaluated in series form, as part of 
equation (16). 

(r) Centre areas : 30° <0< 90°. 

Equation (22) is suitably modified to allow for the difference in area and length 
of path. As d approaches 90° this procedure becomes unsatisfactory, owing to the 
increasing variation in length of path throughout the area. Fortunately it is not 
necessary to make any calculations for angles just below 90° as the absorption factors 
may be found by interpolation. When ^ = 90"" a special exact formula, which re- 
places this estimate, is applicable. It is also possible from a modification of the 
formula used for the front area to make an independent estimate of the correction 
for the centre area at angles above 45°. 

{d) ^ = 90°. 

At 90° the former centre area includes the whole specimen. The absorption 
factor is deduced from equation (18) but instead of 2/xr=p, we have 4/Ltr = p and 
4" replaces 2”, while aj, Og, etc., are deduced from equation (17) by an expansion 
similar to equation (16). 

§6. THE ABSORPTION FACTOR: SPECIAL CASES 

In general the absorption factor is found by adding together the contributions 
of the front, back and centre areas, thus: 

A = Aj!> -h Ajf -i- A^. 

Ajr is calculated as in equation (18), Ag as in (21) and Aq either as in (22), or 
by a modification of this formula. Ab is only operative when 0° < ^ < 30°. For the 
special case of 0 = o°, equation (21) becomes identical with equation (18), so that 
we have 

when (9 = 0°, A^zAjf. 

For the special case where 0 — go°, equation (18) is sufficient, but the constants 
ai, 0C2, etc., are obtained from equation (17) and not equation (16). 

When /xr > 5 it is found that except when ^ = 0° and 0 = 90°, Ab and Ac may be 

neglected in comparison with A^, Further, the remainder term in equation (19) is 

( n -1 pfc\ . 
i—e~P ^ j is approxi- 
mately equal to unity. 

This is not the case for the higher terms. Hence it is important to conclude the 
series at w = 7, thus : 

when /if >5 (23), 

where ai, Og ... ay are given as coefficients of x, ... x"^ in equation (i6a). 

Equation (23) differs from Claassen’s equation (4) because it is a finite series, and 
therefore the question of convergency does not arise. Equation (23) does not hold 
for ^ = 0° and ^=90°. 
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cos® 6 , 

^ ^ 2 sin ^ i 
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For extremely large fir only the first term of equation (23) need be considered. 
From equation {16 a) 

- I 1 lo g (sec ^-ftan 0 ) 

~ TT sec 0 tan 0 J * 

Hence for extremely large fir 

j It l og (sec 19 + tan ^) | . 

IT fir I sec 0 tan 0 ] 

Equation (24) is virtually equivalent to Rusterholz’s formula for the case of 
great absorption. According to Rusterholz, the expression in brackets is 

cos® 0 I cos 2^ + sin 0 ] 

^ ^ 2 sin ^ (i + sin 5 ) (i + 2 sin ^)J 

This can of course be simplified to the form given in equation (24). 

When fir > 10 three terms of equation (23) are sufficient for i per cent accuracy. 

- _ I f _ log ( sec ^ + tan ^)) sjn 20 1 

~~TTfir( sec^tan(? j ZTTfi^r^ 7 r/x®r® 

(jj), 

4 4 (22 sec 0 tan ^ j J 

At 0° this expression must be doubled, and for angles just above 0° a certain 
correction is required, to allow for the contribution from the back of the specimen. 
This contribution shows itself on the film as a doubling of the line and only occurs 
at extremely low angles. At 90® equation (25) is not applicable, the correct value 
being, however, only slightly different from that given by this equation. The true 
formula is as follows: 

^( 0 = 90 ”) 1677^ -V® 

The important point to realize is the steady increase in the complexity of the 
formulae as fir decreases. When 5</xr<io it is necessary to add two terms to 
equation (25), but the calculations are still not very complicated. When fir<^ 
complications immediately ensue at low angles. It is then necessary to bring in 
corrections for the higher terms of the series and for the contributions of the centre 
and back of the specimen. Finally, these corrections become so important that the 
method of calculation becomes less reliable. When fir <2 the Claassen graphical 

I'able 2. Values of absorption coefficient 
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method supersedes the calculations, and the graphical method can be employed 
successfully down to ^r-o. Between /xr= i and it is possible to compare the 
results obtained by the two methods. It will be seen from table 2 that the agreement 
is perfect when /xr==2. The calculated values are more correct when fir >2 and the 
graphical values when /xr < 2. 


§7. TABLES OF ABSORPTION FACTORS 


The two tables of absorption factors were calculated from the formulae given 
in the present paper except for the range below /xr=2, where Claassen's graphical 
method was used. The table given in Claassen’s paper (table i, p. 59), which formed 
the basis of the calculations for this method, was checked and in some instances 
corrected. The values when 0 = o° especially required emendation. With these 
changes it has been shown that the graphical method gives exactly the same results 
as the present formulae for the case where /xr=2 so that there is some reason to 
suppose that the calculations are accurate for still smaller values of /xr, for which the 
graphical method is even more reliable. 

The values when /xr<5 are absolute values of A. When /xr>5 the values are 
expressed relative to the value for 90°. If it is desired to find the absolute value, it 
is only necessary to calculate the value of A when ^=90° from equation (26), which 
is applicable for all values of /xr above 5. The tables are used by plotting the values 
of A (absolute or relative), as given, against the appropriate value of sin^ 0 . It will 
be found that the curve obtained is so nearly linear that it can be easily and accurately 
drawn. For values of 6 intermediate between those given in the tables the absorption 
values can easily be estimated by interpolation. An example is given of the curve 
for /xr = s. 

I'he values given in these tables are directly applicable to the lines belonging to 
the layer of zero order in rotation photographs, if the specimen is cylindrical about 
the axis of rotation. To apply them to powder photographs some modification is 
required if the specimen is diluted. In place of /xr the following substitution is 
made: 


/xr = 


/X m 
p * irrh * 


where /x/p is the mass absorption coefficient and m is the mass of powder in a 
specimen of height h and radius r. 

It is assumed that the particles are uniformly distributed in the specimen and 
that each particle is so small that absorption inside it is negligible. If the diluent 
has no appreciable absorption coefficient it is only necessary to know /x/p, m, r 
and h. The following technique has been successfully employed by the author. The 
specimen is diluted with Canada balsam, which also serves as adhesive. It is then 
mounted on a hair in the form of a cylinder about 0*4 mm. in diameter. After the 
exposure has been made, the specimen is removed from the powder camera and the 
average cross-section in the portion exposed to X rays is measured by means of a 
microscope. It is then placed on a weighed microscope cover slip and the length 
h is measured, after any irregular portions at the top and bottom have been cut off 
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Table 4. Relative values of A for large values of /xr 
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with a razor blade. The Canada balsam is dissolved away by means of toluene, 
which is afterwards soaked up with blotting paper. The hair can then be removed 
and finally only the powder is left on the cover slip, which is reweighed, the weight 
of powder being obtained by difference. If necessary, where the absorption co- 
efficient of the powder is small a correction may be made for absorption in the 
Canada balsam. This proceeds as for a powder containing ingredients of different 
absorption coefficients. 

Suppose that the powder contains two ingredients, a mass xm of an ingredient 
with mass absorption coefficient fti/pi and a mass of a second ingredient 

with mass absorption coefficient /X2/P2 • The value of fxr is then given by 



Evidently only the value of x is required in addition to the previous data. It 
must be emphasized that the particles of the two ingredients need to be perfectly 
mixed, so that no portion of the specimen contains enough of one material to cause 
an abnormal absorption. 

Finally, a word of warning is necessary with regard to the utility of the absorp- 
tion factor. The observed intensities are attributed to a number of factors. Some 
depend on the structure of the crystals while others depend on the angle of reflec- 
tion, changing steadily as the angle passes from small to large values. Amongst the 
factors concerned must be included the temperature factor, which causes a steady 
decrease in the intensities as 0 increases. This is the opposite of the absorption 
factor, which reduces the intensities at low angles much more than those at high 
angles. In many instances the effects of the absorption factor and the temperature 
factor almost cancel one another. Consequently a comparison of observed in- 
tensities with calculated intensities will often show better agreement if no allowance 
is made for the absorption correction, unless at the same time the values are cor- 
rected for the temperature effect. 

The absorption factor is calculated on the assumption that the whole specimen 
is bathed in a homogeneous parallel beam of X rays. Actually there is no such thing 
as a parallel beam of X rays. Satisfactory results are obtained, however, if the beam 
diverges from a distant point. Provided the radius of the specimen is small in com- 
parison with this distance the validity of the calculations is not seriously affected. 
Trouble will certainly arise if narrow slits are introduced between the source of 
X rays and the specimen, for they have the effect of producing variations in the 
intensity-distribution at different points of the specimen. In other words, the 
specimen must be completely bathed in the incident beam. 

Slight irregularities in the shape of the specimen are to a large extent com- 
pensated by continuous rotation of it during the exposure. It is essential to use a 
specimen containing a large number of particles in order to obtain a sufficiently 
uniform distribution of scattering matter at all angles. If the powder is packed in 
Lindemann glass tubing, this must be so thin-walled that absorption in the glass is 
negligible. 
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ABSTRACT. The incomplete circuit formed by a single turn ABC of a helix of pitch/), 
which lies on a cylinder of radius is completed by a straight link CAy of length />, 
parallel to the axis of the cylinder. Through any point O on this axis are taken rectangular 
axes OXy Oy, Oz. Of these, Ox is the axis of the cylinder, and Oz is parallel tO'the shortest 
distance between Ox and CA. The components //j, //g, II ^ of the magnetic force at O, 
due to a current in the circuit, are found for the case when/)/fl is small. 

§1. MAGNETIC FORCE AT ORIGIN 

L et the helix ABPCy figure i, lie on a cylinder of radius a\ let it be right- 
handed, with pitch p. The circuit is completed by a portion CD Ay of length />, 
of a generator of the cylinder. The axis of the helix is the axis of jc, and right- 
handed axes are used. We will take as origin O the point on the axis of x at which 


B 



the magnetic force is to be found. The mean plane of the helix, parallel to OyZy 
cuts the helix in B and the axis in Ny where x = hy and bisects CD A in D. The point 
P lies on the helix, the plane POx has turned in the positive direction through 
angle 6 from the plane zOxy and OP=r. The link CDA is in the plane zOx. If the 
coordinates of P be f, rjy and if /)/27r=g, we have 

i-h+pdlziT^h-^-qdy rj=— a sin dy J = acos^. 
d^ldS = qy drjld 6 = — a cos dy dJ^ldd= — a sin 6 , 


Then 
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If ds be an element of arc, dsldd=y/(q^ + a^) = b. If A, /a, v be the direction cosines 
of the forward direction of ds, 

X — qjb, fjL= —a cos djb, v^—asmSjb, 

Let dH^, dH^^ dH^ be the components, along Ox, Oy, Oz, of the magnetic force at 
O due to the element ds, or bdd, at P, Then 

dHx = ibdBf-^ ~ /^O = ia^dOr-^, 

dH^ = ibdSr' ^ (A^ — = iaddr-^ {h sin 8 -\-q (cos ^ 4- ^ sin 9)}, 

dH^ = ibddr~^ — Xrj) = iaddr-^ { — h cos 9-\-q (sin 8 — 8 cos ^)}. 

We have = ^^ + (^ 4- qBy, 

If q8 be small compared with /, where we have 

where = - 3 ^//^ ^2 = “ I <^3 = 5 ^ ( 3 «^ “ 4 ^^)/^®- 

For we have, as far as q^, 

I' ^ ^ (i +c,q9+...) 46=^^^ (i + \c^nY) 

- /» 1 2/" “ I ^ 

The axial component //j of the magnetic force equals, accurately, that due to a 
uniform cylindrical current sheet, of radius a and strength ijp, extending from the 
plane x — h—\p to the plane x = h + ip. Accurately 

- I 

‘ P l{(A + ^/>)* + a*}i {{h-\pY+a^}^]' 

When we expand as far as/)^ we obtain (i). 

We next consider ifg. As far as q^, 

{h s\n8-\-q (cos ^ 4- ^ sin 8)} r-^ = {/o + fq + f 2 q^ + fsq^} l~ ^ 
where f^ — h sin 8, f = cos 0 4- ^ sin 0 ( i + Cxh), 

/a = €^8 cos 8-\-8^ sin 8 {c^ + cji), cos B-^-B^ sin 8 {c 2 4 c^h). 

When the following integrations extend from — tt to tt, we have 

J sin 8d8 = o, '/ cos 8d8 = o, / ^ sin 8d8 — ztt, / 8 cos 8d8 = o, 

J 8^ sin 8d8 = o, j8^ cos 8d8 = — / 8^ sin 8d8 = 277 ^ — i ztt, / 8^ cos 8d8 = o. 

If H 2 be the part of H 2 which is due to the helix ABC, 




_ 2 rnaq \ 

~ /» [ Y 
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The current along CA from C to A produces at O magnetic force H 2 '' along Oy, 
We have 


rip 
J -ii 


dt 


in 

(i+Cit+Ctt»+...)dt 

I . —trtf 


i -ip{a’* + (A + 0®}* 

_ ziriaq ( (a® — 4/1®)] 

- -75 - 2 /I [• 

If H 2 be the total magnetic force at O along Oy, H 2 = ^ and 

We now find As far as we have 

{ - A cos ^ ^ (sin 0-8 cos 0)} r-^ = {g^ -{-g^q'^ -hg^q^} /" ^ 

where gQ= —h cos 8, gi = sin 8 — 8 cos 8^i-\~ c^h), 

g^=zc^8 sin 8 — 8^ cos 8 (ci -f CgA), g^ — c^O'^ sin 8 — 8^ cos 8 {c^ 4- cjt). 
On integration from — tt to tt, we have 

/^o^^ = o, lg^d8=-o, Ig^O^o 
J (3^1 + 2r2A) = - 67rA (4^2 - A-) 


...( 2 ). 


Hence 


= {g^+giq+ ■■■) de 

( 3 ). 


§2. MAGNETIC FORCE NEAR ORIGIN 

If we wish to find the components of the magnetic force at a point Qy of co- 
ordinates Xy yy Zy ncar O, we must, in place of the value of dH^ used in § i, write 

dH, = ibdO {p {rj -y) z)}y 

where ..,=r^ {i —2 {ix-hrfy-}- t,z)/r^ + -h...)/r^}. 

Similar expressions hold for dH^y dH^. We first expand Tq-^ in powers of Xy jy, z 
and of r~^ and then expand r“®, ... in powers of q8. We then insert the values 

of $y 7]y A, fXy V lu teHTis of 8 and integrate with respect to ^ as in § i. 

§3. A PAIR OF HELICES 

If the helix be turned about its axis through iSo*^, the signs "of and are 
reversed. Hence we obtain the following accurate result: 

Let equal currents flow in the same direction in two equal coaxial helices ABCy 
A'B'C'y each of one turn, with their mean planes coincident. If the angle between 
the two planes containing (i) the axis and the link ACy ( 2 ) the axis and the link 
A'O be TT, the magnetic force at any point on the axis has no component at right 
angles to the axis. 
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§4. COMPUTATION BY MAGNETIC SHELL 

It is, perhaps, surprising that the leading term in H2 should be of the first order 
in q. We can, however, verify the result. The helix ABC (figure i) and the link CA 
form the edge of a magnetic shell of strength i. We take the shell to have a cylindrical 
part and a plane part. The cylindrical part has Ox for axis and extends from the 
helix in the positive direction of x. The plane part, which closes the positive end of 
the cylindrical part, is a disk of radius a with Ox for axis. The part of the shell on 
the positive side of the plane x = h + ^p is symmetrical about Oxj and the magnetic 
force at O due to it has no component along Oy. The remainder of the shell is a 
strip of width where 

k^lp(l-0l^) = q(7r-0). 

With the direction of the current employed in § i, the magnetism on the outer side 
of the shell is positive. If da be the thickness of the shell and if a be the surface 
density of magnetism on the outer surface, ada — i. 

The magnetic force at O, due to a pole m at a point 17, ^ on the cylinder, has 
a y-component 

mrf _ ma sin 0 

If a be increased to a -h da, the y-component due to m becomes 

Hence, if dH2 be the y-component of the magnetic force at O due to an element of 
shell of area dS at 17, we have 

dH., = adS sin e ^ da = idS sin 0 . 

If we do not go beyond the first power of q, we may put f - r‘^ — l^ — a^-\- and 

dS — kad 0 . Then, to the first power of q, 

sin 

as found in § i . 
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ABSTRACT. Improvements in technique are described by means of w^hich the experi- 
mental results become more consistent than before, and the analysis becomes simpler to 
carry out. The homogeneous thermoelectric constants for silver are found, and their 
dependence upon longitudinal tension is shown. A critical temperature near 200® C. for 
zero tension is found at which the thermoelectric constants suffer an abrupt change. 
Reasons are given for supposing that there is an intimate connection between this transition 
and the ordinary elastic limit of the wire. 

§1. IMPROVEMENTS IN TECHNIQUE 

T he general method and idea of this work can he learned from the previous 
papers under the present general title thermoelectric e.m.f. in 

this case was measured with the Paschen galvanometer previously described 
in part 3, but the thermal regulator was similar to that described in part 2. The 
chief improvement over the method used in part 3 was to surround the heating- 
system with a cylindrical metal jacket containing a water-cooled cavity: this cylinder 
was closed at both ends except for small apertures at the axes for the specimen and 
thermocouples, and it maintained the outside conditions for the heating system at 
a definite known temperature throughout. 

To improve the probe method of investigating the temperature-distribution, 
the probe elements were led into the axial hole from opposite ends of the axis and 
joined in the middle to form the thermojunction. Although the two elements have 
not quite the same thermal properties, yet this device, when made to slide to and 
fro along the axis in exploring the temperature-distribution, certainly creates much 
less disturbance of the temperatures than did the previous probe entering entirely 
from one end. As has previously been pointed out, the probe, while for obvious 
reasons not as precise as could be wished, is the only practicable means available 
for the purpose in view. The mechanical and thermal maltreatment of the specimen 
involved in the welding of a thermo-junction on to or into it, most decidedly has to 
be avoided if any significance is to be attached to the e.m.fs. as due to a homogeneous 
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metal. However, to check errors arising in the positions of the temperatures given 
by the travelling junction, it is necessary to have one or more junctions fixed in 
position along the axis; these also suffer the same temperature error due to their 
superficial contact with the specimen, but it is assumed that the axial hole has an 
almost uniform temperature-distribution in planes perpendicular to the axis. 

These fixed thermocouples also served to check the constancy of the tempera- 
tures at fixed points while the travelling couple was moving through the system 
during the mapping process. 

In the previous work the analysis was carried out by trial and error; in the 
present work a graphical device eliminates the necessity for this. The integrals of 
the temperature-distribution in the equation: 

E=^alG,dT^hlGKdT 

are found as before for each temperature-distribution, and then the straight lines 
are plotted against the axes a and b as the two variables. The common point of 
intersection of the whole set of lines gives, theoretically, the required values of a 
and b. Actually, the weighted centre of the smallest area containing all these lines 
will in practice be the point accepted. A visual picture of the precision of the result 
is thus very nicely obtained. 


§2. RESULTS 

In figure i are shown seven typical temperature-distributions split into straight- 
line sections for analysis. For each temperature- distribution the specimen was 
carried through the set of tensions investigated, and the resulting e.m.fs. were 



Distance (cm.) 

Figure i. Typical temperature-maps. 

recorded. It was early noted that after a certain tension had been passed the 
changes in e.m.f. ceased to be reversible and a permanent alteration of the {e.m.f., 
tension} curves took place. The wire was therefore replaced and the observations 
were repeated, care being taken always to keep the tension below this critical value. 
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In figure 2 is shown the graphical analysis of the data for zero tension on the 
first specimen. The common point of intersection of all the lines is well defined, 
indicating a satisfactory precision for the resulting values of the thermoelectric 
constants. The values indicated are 

fl=: — 6*1 X 10-^®, 

and 



Figure 2. Graphical analysis for thermoelectric constants a and b. 

In table i are given the e.m.fs. in microvolts for three temperature- distributions 
for the second specimen. It is to be noticed that the e.m.fs. drop quickly from a 
maximum initial value at zero tension to approximately a saturation value near 
300 kg./cm? 

Table i 


Curve 




S (kg./cm?) 





100 

200 

300 

400 

500 

600 

700 

I 

o*i66 

0*129 

0*105 

0*080 

0*080 

O'oSo ‘ 

o*o8o 

0*080 


0*270 

0*221 

0*180 

0173 

0*169 

0*1 66 

0*170 

0*172 


0*295 

0*229 

0*230 

0*225 

0*241 

0*252 

0*247 

0*252 


The values obtained for zero tension are, in this case 

6-2.io-ioV.-cm./(°C.)? 
6= 14-5 . 10-^2 v..cm?/(° C.)? 
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In figure 3 are given the values of the constants as functions of tension. The 
curves are drawn from the empirical formulae : 

— a . 10^® = 3*4 -f 2*8 X exp ( — 0*00625 • 
b, 10^^ = 5 * 0 + 9*5 X exp ( — 0*00369. *S). 

The asymptotes, unlike those found in the case of copper^*\ appear to be practically 
parallel with the S axis as in normal saturation curves. 

It will be noticed that the two specimens gave almost identical values for the 
constant a but that the two values for b are quite different. It was observed that 
the general behaviour of the e.m.f. with changing tension was the same for the two 
specimens. Since both specimens were taken from the same piece of wire it is not 



Figure 3. Dependence of a and b upon longitudinal strain. 

possible to explain the difference in ^ as due to a difference in the metal or its im- 
purities. However, in view of the experience gained with the first specimen, the 
second specimen was not heated to so high a maximum temperature. It may be that 
there is a rapid variation of b with temperature as we pass from the range of tem- 
peratures used in the second set to the higher temperatures of the first set of 
readings. But in that case it is difficult to see how the analysis can give definite 
results on the assumption of a constant value for b throughout the temperatures 
existing in the specimen (from about 20® C. up to the maximum used, say 150® C.). 
Slight twisting of the wire may account for the change in 6, which must in that case 
be very sensitive to the twist, for care was taken not to twist the wire during 
mounting in the apparatus. 

These effects require further detailed investigation of the dependence of the 
e.m.f. upon temperature-range, and upon state of torsion of the material. 

The afore-mentioned transition was next investigated, use being made of several 
different specimens in turn as each was carried over the transition temperature. 

pHvs. soc. xLvii, 5 58 
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The specimen was heated to a temperature as near under the transition as possible 
without actually passing it, the normality being checked by carrying the specimen 
through a tension cycle. The process was repeated at a slightly higher maximum 

7 



S (%./fw?) 

Figure 4. Discontinuity produced at elastic limit in {e.m.f., tension} curves. The arrows indicate 
the tensions S at which the hysteresis first appeared in the two specimens. 

temperature (at the peak of the distribution curve) and an entirely different 
{tension, e.m.f.} curve resulted; see figure 4. The initial heating was carried out 
while the wire was kept at the maximum tension to be used in the cycle. It was 



.0 500 1000 1300 

Figure 5. Thermoelectric discontinuity and the elastic limit. The full line and rectangles show the 
thermoelectric data, the dotted line and circles the mechanical data. 

found, first, that if this maximum tension was increased, the maximum temperature 
required to produce the transition was not so high. If the wire was stretched beyond 
its elastic limit at room- temperature its behaviour corresponded with the phe- 
nomena found after the change at higher temperatures and smaller tension. 
Figure 5 shows how the transition temperature depended upon the maximum 



Longitudinal thermoelectric effect: (5) silver 909 

tension. It seemed most probable that this curve followed the course of ordinary 
elastic limit as it changes with temperature. A direct test of this suggestion gave the 
dotted curve in the same figure. Evidently the correct explanation is that the part 
of the wire heated above the critical temperature is stretched beyond its elastic limit 
and so behaves abnormally, either in that it forms a thermocouple with the normal 
wire, or in that its stretching allows bodily motion of the rest of the wire through 
the temperature-field. 

§3. NOTE ON CONVENTIONS AS TO SIGNS 

In the International Critical Tables the sign convention for the Thomson co- 
efficient is that when the electrons have positive specific heat the effect is positive. 
This convention is modified as follows, in the present work, to include the new 
e.m.f. ; If a temperature-gradient tends to cause a spontaneous flow of electrons 
down the gradient from hot to cold, the effect is to be taken as positive. This con- 
vention includes the above convention for the Thomson coefficient, and also enables 
a definite sign to be given to the two homogeneous coefficients studied in the present 
work. 'I'hus if, as in the effect for silver, the spontaneous positive current flows out 
of the specimen at the end where the steeper temperature-gradient terminates, the 
electrons must be flowing up the steeper gradient and dow n the flatter gradient ; the 
effect is then negative. With this convention, the formula used for analysis in 
previous papers on this subject, has been written 

F=-^G + «(G.G)iG-|-6(G.G) G, 

because when the coefficients are positive the positive current, supposed to be 
driven by the field F, is in the same sense as the temperature-gradient G, the tem- 
perature increasing with positive displacement. The electrons flow down the 
temperature-gradient, or opposite to the direction of G. 
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ABSTRACT. The thermomagnetic e.m.f. in a nickel wire of diameter i-o mm. is pro- 
duced by longitudinal magnetic fields and by longitudinal stretching in one-half of each 
of a set of various temperature-distributions. The hysteresis is examined as dependent 
both upon magnetism and upon tension. It is found that for zero tension the results agree 
with those of Broili^*^ to a first approximation, although there is still a measurable increase 
in e.m.f. not detected by Broili when the maximum temperature is raised above the Curie 
point. This is interpreted as due to the so-called Benedick e.m.f. depending on the tem- 
perature-gradient. The Curie-point increase is still greater in the results for stretched wire. 
I'he form of the hysteresis curve also becomes anomalous in that the e.m.f. reverses sign, 
relative to the original value, in two quadrants of the loop. The change in Thomson 
potential-gradient produced by various magnetizing fields, at different tensions, is shown 
graphically as a function of temperature, to a first approximation obtained by neglecting 
the Benedick e.m.f. 

§1. INTRODUCTION 

T he thermomagnetic properties of nickel wire have been studied by Heinz 
Broili The specimen was centrally heated to a uniform temperature while 
the ends were maintained at a constant lower temperature. The part of the 
wire in the temperature-drop at one end was subjected to a magnetic field, while 
the part of the wire in the other temperature-drop was outside the magnetic field. 
The electromotive force produced in the wire by this arrangement was studied and 
found to show positive hysteresis. The e.m.f. was also found to vary with tempera- 
ture-difference, but when the temperature-gradient was changed without change of 
the temperature-difference, no detectable change in the e.m.f. occurred. 

Work of somewhat similar nature was done by Chang and Band^*^ on iron wire. 
Here the hysteresis was found to be negative, and a qualitative theory was proposed 
to explain this result. This particular theory, however, would demand a negative 
hysteresis even in nickel, contrary to Broili*s results. More work was therefore 
planned on nickel wire to check this point. 

In the work of Pi and Band^^^ nickel was first examined for the Benedick effect, 
which according to Broili’s results either did not exist or was masked by the larger 
modification of the Thomson e.m.f. in the magnetic field. The work gave positive 
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results ; the e.m.f. was however of a smaller order than that observed by Broili, the 
maximum change produced by a magnetizing field of about 200 gauss being only a 
few microvolts. In this work all the e.m.fs. were considered as being due respectively 
to the magnetic modification of the Thomson potential-gradient and of the two new 
thermoelectric constants a and 5 , which were associated with the square and the 
cube of the temperature-gradient 

In the work reported in the present paper, nickel* has again been examined in 
an arrangement essentially similar to that of Broili. A uniform magnetic field was 
superposed on a part of the wire also suffering a temperature-gradient, while the 
parts of the wire which had varying magnetization were kept approximately at a 
uniform temperature. In addition to this, the wire could be stretched on one side 
to a different tension from that on the other, by means of a mechanical clamp 
electrically insulated from the specimen. Thus the pure thermomechanical e.m.f. 
caused by the modification of 'Fhomson potential-gradient under longitudinal strain 
could be investigated. Also, as a further improvement over Broili^s work, not only 
could the temperature-difference be obtained by a fixed thermocouple, but the 
whole temperature-distribution could be mapped throughout the system by means 
of thermocouple probes made of platinum against platinum-rhodium alloy. This 
mapping permits an estimate of the small e.m.fs. due to the Benedick effect pre- 
viously ignored. Since our values of e.m.f. are precise to 0*5 /ixV. we find it quite 
obvious that the Benedick effect does produce detectable values of e.m.f. If we 
want to get the pure modification of the Thomson gradient alone, this Benedick 
effect should be calculated and accounted for, at least approximately. 

This is particularly marked in the phenomena near the Curie point. According 
to Broili*s results, any increase in the maximum temperature after it has already 
passed the Curie point (near 350° C.) is accompanied by no further increase in 
thermomagnetic e.m.f. This indicated that the Thomson potential-gradient is no 
longer modified by the magnetic field in those parts of the specimen which lie above 
the Curie-point temperature. In the present work the same is true, but only 
approximately. Under zero tension, for instance, as the maximum temperature is 
increased from 320° C. to 380° C. there is already an increase of i*o /xV., w’^hile a 
further increase of temperature to 500° C. produced a further e.m.f. of about 
5*0 ftV. The results when the tension was 8 kg. were much more marked; the 
change from 320 to 380 being accompanied by an increase in e.m.f. of 4*5 ftV. We 
might explain these results as due to a shift of Curie point with tension, but the 
known dependency is in the opposite direction and much smaller than that re- 
quired for the present problem. We prefer to explain the e.m.f. as due to the tem- 
perature-gradient changing as the maximum temperature is raised. The Benedick 
e.m.f. on the two sides of the temperature map — one e.m.f. occurring in wire at zero 
tension and zero magnetic field, and the other in magnetized strained wire — will 
both be changed by increase in the temperature-gradient, and not in general by the 
same amount. Judged from the results of Pi and Band already mentioned, the effect 
is of the right order. 

• Pure nickel wire manufactured by Schering-Kahlbaum AG. 
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§2. PROCEDURE AND APPARATUS 

Figure i shows the arrangement. The test wire was stretched between two spring 
dynamometers, the clamps being simple screws with rubber washers bearing on the 
test wire. Microscope micrometers at either end, focused on two marks on the 
wire, permitted measurement of the elongation of the specimen and a check on its 
stability of position. The set-up was mounted on a heavy wooden stand which 
supported also the two water-cooling tubes and the heating-system symmetrically 
on either side of the central clamp. This clamp was rigidly made of brass casting 
with milled beds for the jaws, which were of snug fit; this eliminated all detectable 
shift in their position when they were subject to horizontal forces. The jaws were 
0*5 cm. in width along the direction of the wire, from which they were electrically 



Figure I. Arrangement of apparatus. 

A, A'y ammeters. C, C', water-cooling tubes. Ey E'y microscope micrometers. H, H', electrical 
heaters. /, insulated clamps. Jy Jf'y shielding tube round specimen. T, thermostat for 
standard cell. Vy special switching device for hysteresis loop. K, central clamp. L, water- 
cooled solenoid. P, K-type potentiometer. Q, oil bath with stirrer. P, resistance control to 
stopping point in hysteresis loop. Sy S' y spring dynamometers. 

insulated by mica sheets. The slate heaters abutted immediately upon both sides of 
the clamp jaws. They were non-in ductively wound with eureka wire to the same 
total resistance and were connected in series. An actual test of the eureka wire gave 
its composition as copper 5 5 per cent, nickel 40 per cent and zinc 5 per cent. This 
was the least magnetic resistance-wire available; a check on its permeability in- 
dicated even less magnetism than would be expected from the percentage of nickel 
present in it, but it is admitted that this may be a source of error, particularly in 
regard to the form of the hysteresis loops obtained, and in partially disturbing the 
uniformity of the magnetic field about the specimen. 

The temperature-distributions produced by different working currents were 
approximately mapped by thermocouple probes used in preference to couples 
annealed to the test wire for reasons thoroughly discussed elsewhere The element 
platinum and an alloy, platinum (90 per cent) -+- rhodium (10 per cent), gave a linear 
calibration curve to above the maximum temperature to be observed. One such 
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couple was kept at a fixed position in the centre of each heater to check the constancy 
of the temperature- distribution during both the mapping and the subsequent 
thermomagnetic work. During the thermomagnetic observations continual control 
of the heating-current to a constant value was employed to ensure constancy of the 
temperature-distribution, the probes being removed from the apparatus after the 
mapping. Four temperature-distributions actually used are shown in figure 2. 

The magnetizing solenoid of the Moullevigen form was so placed that the uni- 
form field was superposed on that part of the wire which was subjected to the greatest 
temperature-gradient; it extended from the minimum temperature in the water- 
cooled part to the point of maximum temperature. 

The magnetizing cycle was controlled by a switching-device made after the 
design of A. W. Smith which carried the current through a complete cycle and 



Figure 2. Temperature-distributions. The numbers correspond to those referred to in later diagrams 
of thermomagnetic hysteresis, etc. A—B is the extent of the uniform field. 


Stopped it at any desired point ranging from the maximum (10 A.) to as small a value 
as we pleased ; actually o* i A. was the minimum used for the hysteresis work. This 
device is of fundamental usefulness, permitting as it does complete elimination of 
errors due to zero-wander and departure from the cyclic state of the specimen 
during measurement of the hysteresis loop. The loops actually obtained were per- 
fectly symmetricali never departing from symmetry by more than the 0*5 ftV., 
which was the minimum difference detectable with certainty on the potentiometer 
used. By a few rapid oscillations of the switch between individual readings the 
specimen was maintained in the cyclic state as long as was required. 

The specimen wire extended from the tension-clamps at either end to an oil 
bath kept at uniform temperature by gentle stirring. Copper-wire connections to 
the K-type potentiometer completed the essentials of the electrical circuit. 

In spite of all care in the construction of the apparatus, the temperature-distribu- 
tions actually obtained were not perfectly symmetrical, although they were nearly 
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so. Usually it was found that even when no tension and no magnetic field are 
applied, a small but definite e.m.f. was measurable on the potentiometer, pre- 
sumably on account of the lack of symmetry. This e.m.f. was usually of the order of 
2 or 3 ’/xV., and was observed to vary in magnitude so long as the heating-currents 
were not kept exactly constant. It was found possible, however, by constant watch 
over the heating-system, to maintain this initial e.m.f. constant after the steady state 
had been reached. Since it had proved quite sensitive to slight changes in the 
temperature-distribution, it was therefore assumed that the temperature had re- 
mained constant throughout a set of observations if it was reproduced after the end 
of the set. If the initial e.m.f. varied by more than 0*5 /txV. during a set of observa- 
tions in spite of constant watch over the heating-system, then the set was rejected. 
Only seldom did this occur after the equipment had been brought into proper 
working order. 

From the very beginning doubt was felt about the effect of the central clamp on 
the homogeneity of the specimen and the subsequent e.m.fs. to be studied. Runs 
were therefore taken of e.m.f. against magnetic field with the clamp both in action 
and entirely removed. No real difference was found. Runs were then taken of 
e.m.f. against tension on one side of the clamp and were followed by similar runs 
with tension on the other side. Here it was observed that slight differences occurred 
which may have been due to either of two factors: {a) the clamp may have intro- 
duced asymmetrical pressures at the clamped part which were not reliably dupli- 
cated when the tension changed in direction; or {b) since the temperature-distribu- 
tion was known to be not quite symmetrical, the Benedick e.m.f. would change 
differently on the two sides. We believe that the last-mentioned is the real cause, 
chiefly because after returning to zero tension on both sides the initial e.m.f. was 
satisfactorily reproduced even though the clamp had not yet been released. 

Finally, hysteresis runs were taken of e.m.f. against magnetizing field at different 
tensions, both with and without the use of the central clamp. In almost all cases the 
results were less consistent when the clamp was not in use ; but otherwise there was 
no real difference between the two sets of results. The lack of mutual consistency 
among the results when the clamp was released must be due to slight shifts of the 
specimen permitted by the somewhat non-rigid clamps at the dynamometers. It 
was therefore decided that the use of the central clamp was justified for the purposes 
of (i) investigating the e.m.f. produced by a difference of tension in the two parts of 
the specimen and (ii) keeping the wire fixed mechanically during other observations 
in which tension was required in the part of the wire suffering magnetization. 

The chief drawback to the use of the central clamp was that it necessarily caused 
a considerable dip, which could not be measured very precisely, ih the temperature 
curves. This point must be considered when the distribution is analysed for the 
Benedick correction terms. 


§3. RESULTS 

Thermomechanical e.m.f, and hysteresis. The results shown in figure 3 were ob- 
tained by keeping the magnetic field zero and the tension on one side of the central 
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clamp zero. The e.m.f. is plotted as a function of the tension on the other side; it is 
to be regarded essentially as due to a modification of the homogeneous thermo- 
electric constants in that part of the wire which is subjected to the longitudinal 
strain, which thus destroys the balance of the complete circuit. The total e.m.f. 
obtained was of the order of 20 ftV., most of which must be due to modification of 
the Thomson potential-gradient. However, from results not yet published we 
estimate that several microvolts will be due to modification of the other constants 
a and b mentioned earlier. In particular there is no true saturation of the e.m.f. as 
the maximum temperature passes the Curie point, and the increase is not negligible 
in comparison with the total e.m.f. 



Figure 3. Thermomechanical e.m.f. and hysteresis. The inter\'als on the horizontal S axis represent* 
tension- increases of 2 kg. in every case ; the hysteresis loops are drawn with their origins displaced 
for the sake of clarity. Curve (5), as in succeeding diagrams, corresponds with a temperature- 
distribution (not shown in figure 2) whose maximum was about 500 ’ C. 

The hysteresis observed is normal in form, and seems to increase with increasing 
temperature — a circumstance which is probably of some significance for the ex- 
planation of the hysteresis. If the latter were simply elastic lag, it would be expected 
to increase with rising temperature. 

Thermomagnetic e.m.f. and hysteresis. The initial rise of e.in.f. against increasing 
magnetizing field is shown for the different temperature-distributions studied, in 
figure 4, for zero tension (and for a tension of 8 kg. for comparison later). Their lack 
of saturation as the temperature passes the Curie point has already been mentioned ; 
otherwise they are saturation curves very similar in form to the known curve for the 
square magnetization plotted against field for nickel. 

The hysteresis found for zero tension is shown in figure 5. There is very little 
difference between the various curves at different temperature-distributions. They 
are also similar to the curves obtained by Broili referred to previously. It is to be 
noted however that at no point in the cycle could the e.m.f. actually be brought back 

* A tension of i kilogram corresponds to 127*3 kg./cm? 
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to the initial zero value, until of course after the final demagnetization. For the 
highest three temperatures the curves might be extrapolated to intersect near the 
zero axis, but the actual experiment failed to reveal such a point; the minimum 



Magnetizing current {A.) 

Figure 4. Thermomagnetic e.m.f. Initial rise of e.m.f. against magnetizing field //, for the five 
temperature-distributions indicated for tensions of o and 8 kg. respectively. 

e.m.f. obtainable at this inverse peak of the cycle was always about 2 /xV. This may 
have been due to a really non-vanishing minimum, or it may have been due to a zero 
minimum that was too sharp to be detected. 



Fi^re 5. Thermomagnetic hysteresis loops. The intervals on the horizontal *H axis represent 2 A. 
in every case*. The loops have been drawn with their origins displaced horizontally for clarity. 

MechanicaUmagnetic equivalence. From the above it will be seen that the e.m.f. 
produced by longitudinal strain is opposite in direction to that due to longitudinal 
magnetization. This is in harmony with the known fact that longitudinal strain 
produces radial magnetization in nickel. It was thought worth while to take a few 
* A magnetizing field of 10 amperes corresponds to 303 gauss. 




Thennomagnetic hysteresis in nickel wire 917 

runs of tension against magnetic field so balanced that the e.m.f. produced should 
remain at the initial zero. The results are given in figure 6. It is possible to assume 
that the two disturbances, because they annul one another, are essentially equivalent 
in magnitude, and this may furnish us with a good method of finding quantitatively 
the magnetizing effect of longitudinal strain. It is pointed out, however, that there 
is probably a skin effect in both the longitudinal and the transverse magnetizations : 
the former is already well-known, and the latter must exist to prevent infinite con- 
centration of polarity down the axis of the wire. If the two skin- depths are almost 
equal, no magnetization will be produced when the tension and magnetic field are 
balanced in the above manner, and they can be truly considered as equivalent. If 
the skin-depths are different no such conclusion can be drawn. 



Figure 6. Mechanical-magnetic equivalence. Cur\'e8 of magnetizing field H against tension S 
balanced for zero thermo-e.m.f. A complete hysteresis curve is shown in the case of lowest 
temperature-distribution; the numbers refer to temperatures previously mentioned. 

The hysteresis curve shown in the same figure is of a form which evidently in- 
dicates that the radial magnetization follows the tension-change with less hysteresis 
than that with which the longitudinal magnetization follows the magnetizing field*. 

Effect of strain on thermomagnetic hysteresis. Not only is the magnitude of the 
e.m.f. produced by magnetization changed when the wire is subjected to tension, 
but also the form of the hysteresis loop is greatly modified. This phenomenon is 
shown in figure 7. The variation of initial e.m.f. under zero field appearing in this 
diagram is of no significance ; it arises merely from the fact that only half of the wire 
is stretched, the half not in the magnetizing solenoid being free from tension. The 
dotted curve passing through the initial points is simply the pure thermomechanical 
e.m.f. for rising tension already shown in figure 3. Had the other half of the wire 
also been stretched to the same tensions in each case this e.m.f. would have been 
* See additional note on demagnetization phenomena. 
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eliminated, but obviously no change would have thereby been made in the form of 
the hysteresis loops. As regards this hysteresis itself it will be noticed that the area 



Figure 7. Thermomagnctic hysteresis and tension. Intervals on the horizontal II axis are in steps 
of a A. A refers to zero tension ; JS to 2 kg. ; C to 4 kg. ; Z> to 6 kg. ; to 8 kg. ; and F to 10 kg. 
Only the lower part of one-half of each cycle is shown here to permit the use of a sufficiently 
large scale. Temperature-distribution (3) obtains in each case. 



0 2 4 6 8 10 

Tension {kg.jcnff) 


Figure 8. Retentivity of thermomagnctic e.m.f. The values of the retained e.m.^. relative to the initial 
e.m.f. at the beginning of the magnetizing cycle are shown for the four temperature-distributions 
indicated. I he vertical axis shows inter\'als of 2/iV. and the zero axis for each curve is shown 
by the correspondingly numbered horizontal line. 


of the loop seems to increase a little for greater tensions, but the most obvious change 
is in the general shape of the curves. For quite small tensions the point of minimum 
e.m.f. in the hysteresis becomes greatly negative, but the minimum flattens out for 
greater tensions. In figure 8 are shown curves of retentivity against tension for the 
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different temperature-distributions ; in every case the retentjvity changes from the 
normal positive anomalous negative values for small tensions returning asymptoti- 
cally towards zero for high tensions. 

§4. INTERPRETATION OF RESULTS 

To a first approximation only, the electromotive forces observed in the present 
work can be considered as due to modifications of the Thomson potential-gradient 
in that part of the wire which is subject to the disturbances considered, namely 
longitudinal magnetization and longitudinal strain, or a combination of both. This 
approximation, as. has already been emphasized, ignores the homogeneous e.m.f. 
associated with the square and cube of the temperature-gradient. The present re- 
sults are quite precise enough to proceed with the second approximation in which 
these new e.m.fs. are included. This analysis is reserved for a later paper, pending 
completion of an exhaustive study of the constants a and h* on the lines begun in the a, b 
work of Pi and Band already quoted. 

To a first approximation, therefore, all the curves here obtained are really curves 
of Thomson potential-gradient against magnetizing field or tension as the case may 
be, except that the initial undisturbed value remains unknown or the position of the 
true origin of the curves is not determined. 

Now the Thomson e.m.f. E produced in a wire between two points A and B will E 
be given by 

E= adT. a 

J A 

If the wire is in two sections AB and BC in which a has different values ctj and ag, 
and if the temperature-distribution is symmetrical with respect to the point B, then 

rli fC 

E— cr^dT 4- 02dT 
Ja Jb 

In general a will be a function of both //, the magnetizing field, and S the tension. //, S 
Also, if we write a (HS) to indicate this functional relation, we shall have 

-<7(//i.9i) + <7(^A) = A(7, 

also a function of temperature. In other words, the modification of the Thomson 
potential-gradient produced by a given AH or by a given AS will depend con- 
siderably upon the temperature T. Thus in setting the e.m.f. £*, since T 

£= j” {<7 {HA) - {HA)) dT 

rB 

= J Aa.dT, 

where and Hi are usually both zero in our particular work, we cannot assume that 
E will be directly proportional to the temperature-difference Tb—T^. However, 

• See page 905. 
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since Aa is supposed to be a function only of temperature, and not of position in the 
wire (if the magnetization and tension are uniform), we can consider J? to be a 
function only of — T^), and independent of the temperature-gradient in the wire. 

In particular if the temperature Tj^ is increased to Tb\ say, a shorter part of the 
wire now exhibits the previous total e.m.f. while the part of the wire between the 
temperatures Tb and Tb will now contribute a further e.m.f. given by 

[ir 

AadT. 

Turning to the curves shown in figure 4, we see that the temperature-difference 
Tjt' — Tji as between adjacent curves is not too great to prevent an average tempera- 



Figurc 9. 'I'homson-potential susceptibility. The average change of Thomson potential-gradient 
due to fields (A) of i A,, (B) of 2 A., (f') of 5 A., and {D) of 10 A., with the wire under zero 
tension*. Vertical dotted lines indicate temperature-ranges over which averages were taken, the 
latter averages being shown by horizontal dotted lines. 

ture from being adopted for the range 7"^^ to Tb\ and then an average value Act 
of Ao- for that range. We may then consider the change of e.m.f. as w^e pass from 
one temperature-distribution to the next, keeping H and S the same, to be given by 

E'-E^i"" AadT=^(TB'-TB). 

JB 

By choosing successive steps we can thus obtain a curve of Aa against average tem- 
perature I (Tb'+Tb) for each value of H and S. The initial step for the whole 
temperature-range of the lowest temperature is too big to give reliable averages, but 
it can be treated in the way adopted above for the purpose of providing a rough 
guide as to the behaviour of Ao- at lower temperatures. The curves obtained in this 
way are shown in figure 8 for zero S, and in figure 9 when *S = 8 kg. 

It will be observed that Acr for any given H becomes zero near the known Curie 
point, at least for zero tension. There is an apparent shift of Curie point to higher 
temperatures when the tension is increased. This, as has already been mentioned, 
is interpreted as due to the Benedick effect ignored in this first approximation. 

* A magnetizing field of 10 amperes corresponds to 303 gauss. 
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Further analysis in an attempt to get complete and precise dependence of Aa on 
T and of <7 on // and S is therefore reserved until data on a and h are available. 

The change in Thomson potential-gradient Aa (and thus the e.m.f. observed) 
is taken as positive when the positive current would, were the outside circuit closed, 
flow up the temperature-gradient in that part of the wire where the magnetic field 
or tension is causing the change in a, 

§5. NOTES ON DEMAGNETIZATION PHENOMENA 
In the work on thermomagnetic hysteresis as aflfected by strain it was noticed 
that demagnetization destroyed not only the magnetism due to field //, but also that 
due to tension S» Thus, suppose to be the initial e.m.f. under zero field, so that 
i/=o, and zero tension so that S = o. The hysteresis loop against H is obtained for 
some definite tension, say and afterwards demagnetization is carried out while 
\ it is found that E becomes which is < E^. Releasing the tension, S o. 



Figure 10. Thomson-potential susceptibility. The constitutions are the same as for figure 9, but ilie 

wire is under a tension of 8 kg.* 

increases E.^ towards £■„, and a further demagnetization brings E back again to E^ 
precisely. For a single demagnetization to give a direct check of E^^ it is necessary to 
release the tension beforehand. 

The magnitudes of E^^ — E^ and Eq — E^, are of the same order as the values of E 
shown in figure 3 for the pure thermomechanical e.m.f. 

From the above facts we may deduce the following interesting conclusions. 
{a) The radial magnetism produced by is destroyed by the usual demagnetization 
even while is mechanically maintained, (fi) Even though this magnetism has been 
destroyed, stretched wire is still thermoelectrically dilferent from unstretched wire; 
• A tension of i kilogram corresponds to 127*3 kg. /cm? 
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otherwise and £*0 should be identical, {c) On releasing the tension in the de- 
magnetized wire radial magnetism reappears with sense opposite to that caused 
ordinarily by that tension: because the change to E^, is in the positive direction, 
whereas the e.m.f. produced by tension is negative. 

It was also noticed that the e.m.f. retained after a pure tension hysteresis cycle, 
figure 3, was removed by the usual demagnetizing process. This might be explained 
as due to magnetostriction vibrations during demagnetization if the hysteresis is 
regarded as purely mechanical in origin. 
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ABSTRACT. Previous papers have described the use of a laboratory method for 
investigating the electrical properties of soil under alternating-current conditions at 
frequencies ranging from 50 c./sec. up to 10 Mc./sec. The measurements have now been 
extended to 100 Mc./sec., and the results are described in the present paper. Substantially 
the same method has been used, but in order to provide an overlap with the previous work, 
the present measurements cover the frequency range of i to 100 Mc./sec. Check measure- 
ments carried out on small fixed resistors indicate that the overall accuracy at the highest 
frequencies is better than 20 per cent. As a result of this work it may now be stated that for 
normal samples of surface soil taken from the National Physical Laboratory, the conductivity 
is of the order of 10® e.s.u. at all frequencies up to i Mc./sec., rising to rather less than 
twice this value at 100 Mc./sec. Over the same frequency range, the dielectric constant 
decreases from about lo*'* at a frequency of 50 c./sec. to about 15 at 100 Mc./sec. 

An appendix to the paper draws attention to the electrical-resistivity maps of England 
and Wales and of Southern Scotland, recently published by the British Electrical and 
Allied Industries Research Association. These maps indicate in coloured form the apparent 
resistivity of the ground for a depth of 500 ft. A comparison is made between the values 
so indicate<l and those obtained by the author in previously described measurements 
on samples of soil obtained from various sites in England and Wales. 


§1. SCOPE OF INVESTIGATION AND METHOD ADOPTED 

C ONSIDERABLE attention has been given during the past few years to in- 
vestigations of the electrical properties of soil under alternating-current 
conditions. Previous papers^*’ have described the use of a laboratory 
method for measuring these properties and the results obtained on a variety of 
types of soil over a frequency range from 50 c./sec. to 10 Mc./sec. (wave-length 
30 metres). The prqsent paper describes the extension of these measurements to a 
frequency of 100 Mc./sec. (wave-length 3 metres). 

For purposes of clarity it will be an advantage to recapitulate briefly the prin- 
ciples of the method employed. A condenser of suitable size, shape and capacitance 
is filled with a sample of the soil under examination, and its capacitance and effective 
shunt resistance are measured at the required frequency. From the values so 
obtained and a knowledge of the capacitance of the condenser with air as the 
dielectric, the specific conductivity and dielectric constant of the soil can be 
ascertained. 
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§2. APPARATUS AND EXPERIMENTAL PROCEDURE 

The measurements at frequencies up to lo Mc./sec. were made by using a 
concentric cylindrical condenser, a section of which is indicated in figure i (a). The 
principal dimensions of this condenser are indicated in the figure, and its capacit- 
ance with air as the dielectric was found to be 2*5/x^F. For the higher frequencies 
the physical dimensions and capacitance of this condenser make its use difficult. 



Figure i. Diagrams of condensers used for soil measurements, (a) Large container used for 
frequencies up to lo Mc./sec. (b) Small container used for frequencies of lo-ioo Mc./sec. 

and the measurements at frequencies between lo and lOO Mc./sec. were accordingly 
made in the small parallel-disc condenser depicted in figure i (b). The capacitance 
of this condenser, with air as the dielectric, was calculated to be o*i5ftftF. ; and this 
value was checked by measuring the capacitance when the condenser was filled 
with distilled water. 

For measurements on soil the appropriate condenser was filled with the sample 
under examination, and was connected in parallel with a resonant circuit com- 
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prising a small inductance coil of a few turns and a calibrated variable condenser 
of maximum capacitance about 20 /x/liF. At the highest frequency of 100 Mc./sec., 
the dimensions of the resonant circuit were reduced as much as possible : a single- 
turn loop 8 cm. in diameter was connected directly across the variable condenser, 
with all leads reduced to the minimum. The supply of oscillatory current for the 
measurements was obtained from a valve oscillator of reasonably good frequency- 
stability. An oscillating detector-amplifier was used to provide, by the heterodyne 
beat method, a signal audible in a pair of telephones. It was found to be neither 
readily practicable nor necessary to employ the double-heterodyne-beat method 
which was used in the measurements at lower frequencies 

In carrying out a series of measurements, the tuned circuit alone was first 
coupled to the oscillator and adjusted to resonance. The variable tuning condenser 
was then altered on either side of the resonance position to ascertain the capacitance- 
change required to produce the maximum frequency-change of the oscillator. The 
effective shunt resistance of the circuit may then be calculated from the formula 


where ACq is the total change in capacitance for the maximum frequency-change 
and / is the frequency. 

The sample condenser full of soil was then connected across the circuit, and the 
above operations were repeated to find the new value of capacitance-change, ACj . 
The resistance of the condenser full of soil may then be obtained from the relation 


i?,= l/7r/(AC,-ACo). 


riu' change in the adjustment of the variable condenser in the two resonance 
conditions was due partly to the value of the added capacitance and partly, and to 
a smaller extent, to the effect of the resistance added to the tuned circuit. Allowance 
could be made for this latter effect so that the capacitance of the condenser full of 
soil was known, and from this the effective dielectric constant of the sample of soil 
under examination was obtained. 


ACo 

/ 

ACx 

Rs 


§3. PRECAUTIONS OBSERVED AND CHECKS ON METHOD 

It will have been noted from the previous section that the measurements are 
made in terms of capacitance-changes of a variable air condenser. It is therefore 
necessary to know with some precision the effective capacitance of the condenser 
between its terminals. If C is the static or low-frequency capacitance of the con- 
denser, and L is the residual inductance measured from its outside terminals, then 
the effective capacitance at any frequency wjzTT is given by the relation 


For most ordinary condensers used at low radio frequencies the quantity cd^LC 
is reasonably small, but at high frequencies even a good-class condenser with a 


C 

L 

C 
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reasonably low residual inductance may have an effective capacitance which differs 
considerably from its low-frequency value, particularly when the value of C itself 
is large. In the case of the larger of the two variable condensers used in these 
measurements, the value of L was found to be 0*04 /xH., so that at maximum scale 
reading the ratio of C^/C was 1-13 for a frequency of 60 Mc./sec. This error in the 
apparent or low-frequency capacitance was allowed for throughout the measure- 
ments. The other condenser had such short leads to the inductance coil that their 
effect was considered to be negligible even at the highest frequency employed. 

For the purpose of accurately locating the soil condenser, small mercury cups 
were provided in the stout leads connecting the variable condenser to its inductance 
coil. These cups were arranged to receive the very short leads from the terminals 
of the soil condenser, or alternatively from small fixed resistances used for checking 
purposes. Care was taken throughout the measurements to avoid the influence of 
stray capacitances and the effect of any body movements of the observer. 

In order to obtain some check of the accuracy of the resistance values obtained 
by this method at very high frequencies, measurements were made on a number of 
small fixed resistors of the right order of magnitude. These resistors were of com- 
mercial pattern and of four different types, varying from a thin film deposited on a 
tube 8 mm. in diameter to solid rods of material of from i to 10 mm. in diameter. 
Table i shows the results of a series of measurements on these resistors by the 
method described above. In a few typical cases the values of the resistance measured 
at I Mc./sec. are included. 


Table i. Measurement on four types of resistors at various radio frequencies 


Resistor 

Measured values of resistance at frequencies (Mc./sec.) 1 

type 

d.c. 

I 

30 

60 

100 

I 

1020 

— 

930 

990 

860 


2060 

— 

1730 

1930 

1900 

2 

1000 

99 S 

940 

970 

840 I 


2070 

— 

i860 

2080 

1900 

3 

1030 

1030 

950 

970 

820 


2150 

— 

1790 

2250 

2100 j 

4 

1030 

1030 

970 

990 

910 1 


The largest error in these measurements is 20 per cent, and in the majority of 
cases the discrepancy between the d.c. and a.c. values is less than 10 per cent. This 
discrepancy includes both the error of the measurement and any change in value of 
the resistor at high radio frequencies from its direct current value. Since, as has 
already been remarked, the resistors were of very different types, they would not be 
expected to show a consistent change in their values at the higher frequencies, which 
might influence the above results in the same direction for each typt. As it was 
considered that an accuracy of 20 per cent was adequate for the measurements on 
soil, the above discrepancies were not investigated in any great detail. 

It is to be observed in the above table that there is a tendency for the radio 
frequency value of the resistance to be less than the direct current value« In the 
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case of a resistor of type 4 having a direct-current resistance of 1990 H., the value 
obtained at the high radio frequencies was about half this figure. This discrepancy 
was traced to the fact that a resistance film was deposited on both the inner and 
outer walls of a porcelain tube, but that conductive connexion from the terminals 
was made only to the outer film. At very high frequencies, however, the effect of 
the capacitance between the films was to connect them in parallel with each other, 
so as to give an effective resistance approaching half the value obtained in a direct- 
current or low-frequency measurement. On removal of the inner film, the value of 
the resistance was found to be 1930 Q. at the frequency of 60 Me. /sec. It is possible 
that some of the other errors recorded in the above table are due to parallel- 
resistance effects of an analogous type. 

§4. MEASUREMENTS ON SOIL 

By means of the experimental procedure outlined above, measurements were 
made on samples of soil taken from a site at the National Physical Laboratory, 
which had been used as site i in previous work^*\ Some check measurements were 
carried out at a frequency of 10® c./sec. in order to establish continuity with the 
results recorded in previous papers. In these cases the measurements were made 
both in the small condenser used for the present frequency range and also in the 
larger condenser used in all the previous work. Some care was necessary in packing 
the smaller condenser to the required degree, but the agreement obtained between 
measurements at the same frequency in the two condensers indicates that this 
packing was satisfactorily accomplished. As in the previous work, the moisture- 
content of the soil was determined from the loss of weight on drying it out at a 
temperature of 100° C. The values of the moisture-content included in table 2 are 
referred to the weight of the dry soil. 


Table 2. Summary of measurements on soil from site no. i at the 
National Physical Laboratory 


Sample 

No. 

Moisture- 
content 
(per cent) 

Frequency 

(Mc./sec.) 

Conductivity* 

Dielectric 

constant 

In small 
container 
(e.s.u. X 10“*) 

In large 
container 
(e.s.u. X io~®) 

In small 
container 

In large 
container 

A 

24 

1*0 

0-9 

1*0 

55 

55 



10 

1-3 

— 

25 

— 



60 

1-3 

— 

18 

— 



100 

1*5 

— 

15 

— 

B 

25 

I'O 

0*9 

0-9 

40 

50 



10 

i-i 

— 

21 

— 



30 

1*3 

— 

21 

— 



60 

1*5 

— 

20 

— 



100 

1*9 

— 

15 

— 

C 

30 

1*0 

0-8 

0-8 

45 

50 



10 

fO 

— 

1 25 

— 


" - . • 

30 

1*2 

— 

20 

— 



ipO 

1*3 

1 

20 



• 4* reaistivity (ohm-cm.). 
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These results show that for the samples of soil selected the conductivity 
increases progressively from about 0*9 x 10® e.s.u. at a frequency of i Mc./sec. to 
a value of from 1*3 to 1*9 x 10® e.s.u. at 100 Mc./sec. Over the same frequency 
range the dielectric constant falls from about 50 to a limiting value which appears 
to lie between 15 and 20. The agreement between the results obtained with the 
two condensers at a frequency of i Mc./sec. is considered to be quite satisfactory 
and to justify the linking up of the present results with those previously obtained 
at low frequencies. These showed that the value of the conductivity remained 
practically unchanged for all frequencies from 50 c./sec. up to i Mc./sec., although 
the dielectric constant decreases steadily from very high values at low audio 
frequencies. 


§5. CONCLUSIONS 

It may thus be concluded that for soil of normal moisture-content from the 
particular site selected at the National Physical Laboratory, the conductivity is of 
the order of 10® e.s.u. at all frequencies up to i Mc./sec., and then rises to rather 
less than twice this value at 100 Mc./sec. Over the same frequency range the 
dielectric constant decreases from about 10® at a frequency of 50 c./sec. to about 
15 at 100 Mc./sec. The abnormally high values experienced at the lower frequencies 
have been discussed briefly in a previous paper they are probably attributable 
to the formation of a polarization film over the surface of the electrodes. In the 
case of soil, these high values of dielectric constant are of no practical importance 
at the frequencies at which they are obtained. It is only at frequencies above 
I Mc./sec. that the dielectric constant need be taken into account in most radio 
problems. 

The variation of these electrical properties with the nature of the soil as obtained 
from different localities, with moisture-content and temperature has been previously 
investigated in some detail at frequencies up to 10 Mc./sec. It has not been 
considered useful at this stage to extend this study to the higher frequencies now 
covered. 
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APPENDIX 

NOTE ON THE ELECTRICAL RESISTIVITY OF GROUND 
IN THE UNITED KINGDOM 

The British Electrical and Allied Industries Research Association have recently 
published**" electrical-resistivity maps of England and Wales and of Southern 
Scotland. These maps indicate in coloured form the apparent resistivity of the 
ground for a depth of 500 ft., and they have been prepared by Mr A. Broughton 
Edge for the above Association. During the past year or two the author has been 
investigating by a laboratory method the electrical properties of soil for alternating- 
current conditions at various frequencies from 50 c./sec. up to high radio frequencies. 
The results of such measurements made on samples of soil taken at various depths 
down to 10 ft. (in one case 300 ft.) from some 16 different sites in England and 
Wales were published in i934f . It is interesting to compare these results with 
those indicated on the electrical-resistivity map referred to above. 

The following table shows such a comparison for the 16 localities in question. 
The author has utilized the results obtained by him at a frequency of 1000 c./sec., 

Electrical resistivity (kD.-cm.) of soil in different parts of England 

and Scotland 


Site 

Value according 
to the map by 

A. Broughton Edge 
for depth of 500 ft. 

Values obtained 
by R. L. Smith-Rose 
for depth of ro ft. 

Rugby, Warwick 

Baldock, Herts 

Tatsfield, Kent 

Brookmans Park, Herts 

Daventry, Northants 

Washford Cross, Somerset 
Brendon Hills, Somerset 
Merrivale, Devon 

Dousland, Devon 

Moorside Edge, Yorks 

Westerglen, Falkirk 

Teddington, Middlesex 

Droitwich, Worcester 

I to 3 

3 to 30 

3 to 30 

3 to 30 

I to 3 

I to 3 

30 to 300 
>300 
>300 

3 to 30 

3 to 30 
< I 

I to 3 

1*5 

6*9 

6-0 

6*0 

35 

2*1 

3*5 X 10* 

6 X lo® 

3 X 10® 

29 

4'3 

7*5 

V 2-4 

Slough, Bucks 

1 I to 3 

40:1: 

Banstead, Surrey 

3 to 30 

4-51 

Pulham, Norfolk 

3 to 30 

3 * 51 : 


X Soil taken within 1 foot of surface and measured at 100 kc./sec. 


and it is understood that the measurements by Mr Broughton Edge were made 
under direct-current conditions or with alternating-currents of various frequencies 
up to about 3000 c./sec. Measurements published in the paper referred to above 
have shown that, except in the case of the higher-resistivity samples of stone and 

• Shown at the Physical Society’s Exhibition, January 1935. 
t See reference (z) above. 
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slate, there is no substantial change in resistivity of soil in changing the frequency 
from 50 to ICXX3 c./sec. 

The table shows that in 12 cases out of the 16 cited there is good agreement 
between the two sets of measurements. In these 12 cases, moreover, the author’s 
results show that except for surface soil, the values of resistivity obtained at various 
depths from i to 10 ft., all lie within the limits specified by the map. The note on 
the map stating that “it is unsuitable for obtaining the resistivity corresponding 
to shallow depths” may thus need some qualification. 

The cases in which there is a discrepancy between the two sets of results are 
discussed individually below. 

Daventry. There is a 10 : 1 discrepancy in the values of resistivity indicated 
in the table. It may be remarked that the ordinary geological map* shows streaks 
of middle and upper lias through the Daventry and Northampton region, as distinct 
from the lower lias at Rugby. This is reflected in the author’s measurements, which 
show that the resistivity at Daventry, where the subsoil is sandy, is over 20 times 
as great as that at Rugby, where the subsoil is clay. No similar streaks appear on 
the B.E.A.I.R.A. map, which shows a large belt of the midlands in the same 
resistivity range. 

Brendon Hills. In this case the author’s measurements on all samples taken 
from depths of i to 10 ft. showed a resistivity greatly in excess of 300 kD.-cm., the 
maximum value ascribed to this region by the B.E.A.I.R.A. map. The samples 
comprised a mixture of loam and slate, the slate-content and resistivity increasing 
with the depth. It may be noted that for this part of the country the resistivity 
map follows very closely the geological map to which reference was made above. 

Teddington. Measurements of the resistivity of the ground within a few feet 
of the surface at the National Physical Laboratory, Teddington, have been carried 
out for several years past by a variety of methods and at various frequencies from 
50 c./sec. up to 10® c./sec. In all cases the results have indicated a resistivity in 
excess of 2 kQ.-cm., and generally above 5 kD.-cm. The probable explanation of 
the much lower value obtained by Broughton Edge is that it is due to the influence 
of the relatively low-resistivity clay bed which would be encountered at greater 
depths. 

Slough. A similar effect may be influencing the results at Slough, although to a 
lesser extent on account of the proximity of this locality to the edge of the clay bed ; 
for here again measurements of the ground resistivity for small depths at the Radio 
Research Station, Slough, have consistently given values in excess of 3 kD.-cm. 

Conclusion. From this survey it appears quite definitely that the electrical 
resistivity map compiled by A. Broughton Edge and recently* published by the 
B.E.A.I.R.A. is a valuable contribution to our knowledge of the resistivity of the 
ground in this country. It is possible that a reference to the detailed observations 
from which the map was compiled might elucidate one or two of the discrepancies 
pointed out above. Further, the available evidence shows that the map forms a 
safe guide to the resistivity values for alternating-currents of all frequencies from 

• Geological Map of England and Wales by Sir Archibald Geikie. 
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50 c./sec. into audio range. Although the map is intended to indicate the resistivity 
corresponding to depths of about 500 ft., it would appear in many localities to be 
fairly representative even for depths of only a few feet. Further work on an extended 
scale would, however, be necessary before a definite recommendation could be 
made that the map should be used as a reliable guide to surface conditions. 


DISCUSSION 

Mr G. D. Pegler. The author’s observation on resistors should be of value to 
workers at high frequencies. Since a comparison is made between the values of 
soil-resistivity measured by him for depths down to 10 ft., and the results indicated 
on the map for a depth of 500 ft., it would be interesting to know if he has made 
any investigation of the variation of soil-resistivity with pressure. 

Dr L. Hartshorn. I am inclined to think that the low values of resistance ob- 
tained for the fixed resistors at very high frequencies are not altogether due to 
experimental error. I have observed such an effect even in resistors of the solid-rod 
type, and it is to be expected in all composite materials since they may be regarded 
as consisting of a complicated network of resistances and capacitances. The con- 
ductance of any such combination must increase with increasing frequency. The 
effect is well known in solid dielectrics. The soil and the composite resistor may be 
regarded as special cases, in which the effect becomes considerable in the range of 
frequencies used in this investigation. 

Author’s reply: In reply to Mr Pegler: I have in the course of my investigations 
on the electrical properties of soil made certain measurements on the effect of pres- 
sure on these properties. These measurements were, however, carried out merely 
with the object of ensuring that the laboratory tests should be representative of the 
actual conditions of the soil at the site under exploration. In the case of all results 
published, the sample condensers have been packed to a density approximately 
equal to that of the soil in its natural state. 

Dr Hartshorn’s comments are gratifying in suggesting that the experimental 
error is possibly somewhat less than that indicated in the paper. 
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Received January 29, 1935. Read in title May 3, 1935. 

ABSTRACT, The paper refers to determinations of the dispersion of F-values in the 
range of the L absorption levels, in which powder methods were applied to measurements 
requiring a high degree of accuracy and discusses the conditions determining quantitative 
measurements made with microcrystalline powders. 

The absorption in a powder layer and the effect of the size of the crystallites on the 
evaluation of intensities are discussed. Indications are made as to the preparation of 
suitable particles and as to the use of spacing materials for avoiding the formation of larger 
units. A detailed discussion is given of the factors determining quantitative measure- 
ments by the method of the flat powder layer and by the method of mixed powders. The 
conditions determining the accuracy of the microphotometric photometry of reflections 
obtained from a flat layer and the absorption effect in a mixed layer in relation to the 
absorption in the individual particle are considered. Expressions are derived for evalua- 
ting the absorption effect for particles of different absorbing-power. 

Reference is made to a recent paper by Brindley and Spiers on a development of 
the method of the flat powder layer and of the method of mixed layers. It is shown that 
this particular procedure which had been described by the writer in an earlier paper is not 
advisable for accurate measurements. 

§1. INTRODUCTION 

R ecently a series of measurements have been made on the dispersion of 
X-ray scattering in the region of the L absorption levels by Baxter and the 
^ author leading to the establishment of an /^-dispersion curve for tungsten 
for the wave-length range from 0*49 A. to 2*3 A. The evaluation of the dispersion, 
which was derived from the differences of F-values obtained for different wave- 
lengths, required a high degree of accuracy ; on the other hand particular difficulties 
were presented by the absorption in the tungsten, which is considerable for some 
of the wave-lengths used, and by the fact that the measurements had to be made 
for strong reflections in the range of small values of sin OjX where extinction effects 
are particularly large. 

The measurements were made upon powders by determining photographically 
the intensities of the reflections scattered from a flat layer and using a mixture of 
powders so as to obtain relative measurements in terms of a reference substance. 
These two methods, introduced by the writer in 1928 for quantitative evaluations 
from powders, have since been used in a number of instances. Intensity-measure- 
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ments from powders present considerable difficulties ; on the other hand they are 
the only way of approach to a number of determinations where large single crystals 
cannot be used, and we believe that a remarkably high degree of accuracy can be 
obtained if due precautions are taken. Discrepancies in particular with the method 
of powder mixtures in the hands of different observers seem to be due to the fact that 
proper regard had not been given to the conditions requisite to such measurements. 

A more comprehensive analysis should therefore be given, as the conditions deter- 
mining the accuracy of powder measurements have only been discussed in an 
incidental way. 

Brindley and Spiers have recently discussed in these Proceedings^^^ a particular 
development of the methods. This had been described by the author in an earlier 
paper that probably escaped their attention ; reference to this arrangement, which 
is not advisable for accurate measurements, will be made in the course of this 
paper. 

§2. EXTINCTION EFFECTS IN POWDERS 

One particular difference between the use of fine crystalline powders and single 
crystals for measuring the intensities of X-ray reflections depends on the fact that 
the size of the powder particles determines an upper limit to the size of the regularly 
spaced crystal units or crystallites. In this way by using a sufficiently fine powder 
the extinction effect of large single crystals, which Darwin describes as primary 
extinction and which in the first place impairs the interpretation of the intensities 
of reflections from large crystals, can be avoided. These conditions have been 
discussed by Darwin and Ewald^^^ and need not be recalled here. 

Further, the coefficient of absorption enters into the expression for the scattered 
intensity. This has a different character for a fine powder and for an extended single 
crystal of mosaic structure. For the latter the absorption coefficient for a given 
wave-length in an angular range near the angle of reflection contains a term for 
secondary extinction, which increases as the setting for a strong reflection is 
approached in a manner depending on the angular spread, of the blocks constituting 
the particular mosaic. For a powder of sufficiently small crystallites oriented at 
random an effect analogous to secondary extinction takes place in so far as the 
beam of wave-length A going through the powder encounters crystallites so oriented A 
as to satisfy the reflecting condition 

sin0-A/2£/(Afct) (i), 

where 6 is the glancing angle of incidence and of reflection with respect to a set of 0 

lattice planes {hkl) with the spacing All lattice spacings for which the spacing 

contribute to this effect, which we have shown to be a discontinuous 
function of the wave-length; with powder particles oriented at random it is 
however the same for all directions and independent of the particular reflection 
we observe. The powder offers thus the advantage that the same absorption 
coefficient enters into the intensity expression for all reflections and further that a 
greater number of reflections can be observed than with a single crystal, where the 
measurement is dependent on the presence of sufficiently well-developed crystal faces. 
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On the other hand the numerical value of the absorption coefficient varies 
greatly with the individual powder specimen; it depends on the closeness of the 
packing and on the extent to which the interspaces between the powder particles 
are filled with binding or spacing material; further the appearance of the full 
number of reflections leads to superpositions. 

These points largely determine the procedure to be adopted in the interpre- 
tation of intensity-measurements from powders. 

§3. SCATTERING FROM VOLUME ELEMENT OF POWDER 

In discussing the X-ray scattering from a micro-crystalline powder it is con- 
dV venient to refer to the intensity of reflection from a volume element dV sufficiently 
small to produce no appreciable absorption and containing an adequate number of 
crystallites oriented at random so as to present no preferential orientation of lattice 
planes with respect to any direction. 

The intensity of scattering is then given by 

(hki) = \Jpihki) P^ihki) cos 6dV ( 2 ), 

P{hki) where Pihki) is the total energy scattered in unit time for the reflection (hkl) out of 

I a parallel incident beam for which / represents the intensity, i.e. the energy per 

Fijiki) tinit time through unit cross section. is the scattering factor per unit cell 

(often the letter S is used for this term to distinguish it from the scattering factor 
N of the atom) and N is the number of scattering cells per unit volume of the powder. 

6 6 is the glancing angle relating to the particular reflection and wave-length. 

P(hki) Pihki) is the multiplicity factor of the reflection, that is, the number of times the 

particular lattice appears with different orientation in the crystal form. The quantity 
q Qy where 

A» J+COS^2e 

tn^c^sinzd' 2 ’ 

collects those quantities which establish the numerical link between I and dP^^ki) 
on the basis of classical theory, in accordance with the usual definition of the scat- 

tering-factor F. The exponential term e ® relates to heat motion. No indices 
are given to B and but they also refer to the particular reflection. 

The scattering- factor which defines in the traditional way the scattering 

from the cell in terms of the scattering from a single free electron depends on the 
atomic scattering-properties of the atoms constituting the cell and on their spacial 
arrangement within the cell, leading to additive and subtractive interference effects. 
It takes account of the fact that only the coherent part of the scattered radiation 
contributes to the reflection and of the dispersion of X-ray scattering, by which the 
scattering from any atom depends on the relation between the wave-length and its 
energy levels. F considered as an experimental quantity has no intrinsic value 
unless it is related to a certain wave-length. 

In the case of crystals constituted oi one kind of atoms only, as, for instance, 
metals, F can be introduced as the scattering-factor of the atom,, when N becomes 
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Loschmidt's constant, the number of atoms in unit volume. Only those reflections 
of the simple lattice will appear for which the scattering contributions from the 
different atoms are additive according to the type of unit cell of the crystal. In our 
paper in 1928 the expression was applied to reflections from gold, silver and 
aluminium and was used in this sense. 


§4. ABSORPTION EFFECTS IN FINE POWDERS 

The scattering from an extended block of powder is obtained by integrating 
over its volume after multiplying the contributions from each volume-element by 
an absorption term 

exp(-/w^) (3), 

where is the total distance which the incident and scattered beam traverse in 5 (a;v*) 
the powder as determined by the position of the point xyz within the powder. 
fji is the linear absorption coefficient of the powder; it acquires a definite value /n, 
only when the specimen is constituted of such small particles distributed at random 
that it can be regarded as homogeneous for dimensions in which absorption be- 
comes appreciable. We can then introduce a general coefficient of absorption jx 
which is related to the absorption coefficient of the constituents according to the 
volume they occupy. 

It can easily be shown that for two constituents i and 2 with the coefficients of 
absorption /xj and /xg we have 

^ W1P2M2P1+1 

where mi/mg is the ratio of masses and pjpz the ratio of densities. 

The value of /x differs considerably from the absorption coefficient of the 
individual crystal measured within or outside the reflecting position and varies 
considerably with the constitution of the layer; for a giv6n wave-length it will, 
however, have the same value for all reflections. The coefficient of absorption /x 
comprises any secondary extinction effect of the crystalline powder particles, to 
which we have referred. 

When the intensities of scattering for various angles for one kind of crystals 
are compared, for instance when an F curve expressing the change of F with 
smOjX for a given wave-length is being determined, the uncertainty about the 
numerical value of p, f6r the powder can be overcome by choosing such conditions 
that for all angles of scattering the absorption term enters into the intensity expression 
as a constant multiplicative factor. This condition is not generally satisfied with the 
thin powder rod used in the Debye-Scherrer camera, where the scattering in 
different directions depends on the extent to which the deeper layers of the rod 
contribute to the scattered intensity. Definite conditions are obtained with the 
powder rod only when the absorption in the rod either is negligible or is so great 
that scattering is confined to a thin layer near to the surface. In the latter case for a 
given shape of rod the geometric location of the scattering volume becomes definite. 
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so that the intensity-distribution can be calculated or established experimentally in 
a general way. This procedure, which is particularly adapted to very heavy atoms, 
has been introduced by Claassen^^\ and has been discussed in detail by Ruster- 
holz^’\ When the depth of penetration into the layer has to be considered, 
approximate expressions apply, which depend, however, on the numerical value of 
the absorption coefficient. 




a 


§5. THE FLAT POWDER LAYER 

The writer has discussed the reflection from a flat powder-layer^*’ and has 
shown that it can be used in a general way to obtain measurements of relative 
intensities independent of the absorption coefficient fx. 

For a flat layer sufficiently thick to absorb fully the incident radiation, placed 
so that its normal is in one plane with the direction of incidence and with the 
direction in which the scattered beam is observed, 


STTfi (i + sin a/sin j8) 


is). 


where is the quantity of radiation scattered for the reflection (hkl) in unit 
time into the small azimuthal angle near the plane in wffiich scattering is observed, 
when the parallel beam of intensity I and cross-section f falls on the layer, a, are 
the glancing angles of the incident and scattered beam with respect to the surface 
of the powder, so that 

j8 = 2^~a (6). 

To meet the actual experimental conditions we consider a beam diverging 
from the anticathode or from a slit Ay figure i, situated at a distance a from the 
centre of the layer. The scattered radiation is recorded on a photographic film in 



Figure i 
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By placed on a circle with radius by having O as centre, so that the X-rays fall 
normally on the photographic film. For this arrangement 


.( 7 ), 


P _ Y ^ X sin P 

^ 1 bn t sin^ ^ p cos J (/9 - a) 

is the total intensity of the line representing the reflection {hkl) on the film, when 
a beam subtending the solid angle x intensity X per unit solid angle is incident 
on the layer.* The absorption coefficient enters into equation ( 7 ) in i//x and is 
therefore a constant for all reflections from the particular layer. The quantities 
Xy X and h have common values for the exposure or are constants of the instrument 
and N is a constant for the particular type of crystal. The link between relative F 
values and observed values is thus given by 

p _ pnn-t ^{hkl) sin ^ 

const. 


•( 7 ')- 


cos^(/3-a) 

The values of />, q and 6 are particular to each reflection and depend on crystallo- 
graphic data of the lattice only, while the effect of the orientation of the layer with 
regard to the angles of incidence a and of scattering j3 is determined by the factor 
i where 

sinp 

cos^(^-a) 

which by introducing equation ( 6 ) can be written 

s in {20-7 .) 

■cos( 0 -a) ^ 

It will be seen that with other conditions equal the intensity for a given reflection, 
i.e. for a given angle dy increases with jS and with the difference (jS-a). For small 
angles the intensities are approximately proportional to /?. 

§ 6 . THE TECHNIQUE OF INTENSITY MEASUREMENTS 
WITH A FLAT LAYER 

Expressions ( 7 '), ( 8 ) and ( 8 ') can be applied in different ways to the evaluation 
of intensities. 

One way is to make use of a focusing condition of the flat layer, which is 
established for sin a/sin ^ = a/by when sharp lines are obtained on the film in B, 
A method based on this property in which the powder layer is rotated and a 
rotating screen is used in front of the photographic film, so as to satisfy the focusing 
condition over an extended angular range, has been described by the author in 
earlier papers^*’ For this case we can write equation ( 7 ') in the form 


p _ yP{hkl)I^Oikl)^^^(nkl)X ^ 


Sirb sin 6 /x i -f sin a/sin jS 


.( 9 )‘ 


• Expression ( 7 ) can be derived from 


Snb sin 9 ft i +sin a/sin jS 
introduced in an earlier paper by considering that 

I sin j3 
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The term 1/(1 + sin a/sin j8) in (9) takes the place of the term i in the previous 
expression and is constant so long as the focusing condition is satisfied for a given 
ratio ajb. This term is thus eliminated in relative measurements. 

To obtain the gain of intensity derived from an increase of angle P over a as 
given by equation (8), and at the same time satisfy the focusing condition, the 
distance a should be made smaller than 

The other way is to set the powder at a certain angle a with respect to the 
incident beam and to associate with each value of the appropriate i term intro- 
ducing in equation (8') the angle 6 belonging to each individual reflection. This 
method is particularly suitable for comparing lines situated within a small angular 
range. The angle a is then so chosen as to satisfy the focusing condition for an inter- 
mediate point of the range. This procedure has been adopted in the measurement 
on the dispersion of the scattering-power of tungsten. By choosing the focused 
angle to be nearer to one or the other line, the sharpness and density of one line can 
be increased as compared with another. This effect can be used within limits to 
adjust the densities of unequal lines. 

The arrangement making use of a fixed angle a can also be used to compare 
lines comprising a wider angular range of B outside the focused angle, and we have 
discussed this as applied to measurements on aluminium in a paper published 
in 1931^*°^ Measurements were then made comprising the same reflections, with 
the powder set at the fixed angles a = 25-0° and a = 35*5° in order to make possible 
an internal check by comparison of corresponding reflections in each case. Reference 
may be made to these exposures in order to indicate some points which arise in 
this connexion. Figure 2 a is a reproduction of a film and of its microphotometric 
recordf with the powder set so that a = 25-0°, figure 2h relates to an exposure with 
the powder set so that ol = 25 ' 5 °- With a = b the focused angle was 50° for the first 
and 71° for the second. Different reflections were therefore near the focused angle 
in each case and this accounts for the different broadening of the lines. For the 
purpose of examining more closely the sharper lines in both exposures, the relevant 
data are collected in table i . Column 5 gives the relative /-values of corresponding 
lines for the two settings, to which the intensities of the reflections should be 
proportionate. When these are compared with the observed values in column 6, 
expressed in similar relative units, the agreement is reasonably good, having regard 
to the quality of some of the lines. It will however readily be seen that the lines are 
not suitable for exact comparisons owing to the varying spread and intensity dis- 

* It should be noted however that the focusing condition introduces a geometric-optical relation 
between the entrance slit in A and the line in B, so that for a given reflection a linear magnifleation 
between slit and line exists in the ratio a : b. By this relation the specifle intensity of the reflections 
on to the film is reduced when b increases over a. This does not, however, apply when the actual 
width of the line is determined by factors other than the magnification of the slit, such as the pene- 
tration of the rays into the layer or the imperfection of the crystallites. Whether it is of advantage 
to make b larger than a depends thus on the particular conditions. In some of the measurements on 
tungsten a large distance b of the film from the powder was required in order to obtain sufficient 
separation of the lines, and the width of the lines was essentially determined by the broadening re- 
sulting from the smallness of the crystallites. Here it was found of advantage to make a smaller 
than b. 

t The dense films chosen for better reproduction are not those actually evaluated by scattering^ 
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tribution, according to their distance from the focused angle. This is shown more 
distinctly by the photometric records, in which the ratios of the peak values differ 
considerably from the ratios of /-values in column 5, indicating that focusing plays 
a predominant part in determining the peak values and the density-distribution 
of the lines. 


Table i. Values of i or sin (20-a)/cos ( 0 -a) for the settings a =25*0° and a =35-5° 
and various reflections from aluminium. Ratios of i and of Pj, for the two 
settings (relative values). 


Index 

9 

* 25 ° 

* 85 * 5 ” 

*v 

* 36 * 5 ° 

P l) 35 * 5 ° 

200 

22*2° 

0-333 

0*159 

2*10 

2*10 

220 

32 * 4 ° 

0*646 

0*490 

1-32 ’ 

1*39 

311 

38*8^’ 

o*8i8 

0*673 

1*21 

1*10 


§7. THE EFFECT OF FOCUSING 

The distribution of the density across the line has a considerable bearing on the 
accuracy of the measurement when photographic methods are employed. The 
accuracy decreases when large and small densities have to be photometered side by 
side and it is desirable that the lines to be compared should have similar densities. 
Errors do not arise so much in the evaluation of levels of different density, re- 
presented by steps of adequate area when a blackening curve can be introduced 
with a high degree of certainty, as in the evaluation of an area of varying density 
when the density of each element has to be associated point to point with 
the appropriate intensity-value. This is particularly felt when relevant parts 
of the line extend through a range of widely varying densities. It is therefore 
desirable to obtain lines with a central part of approximately uniform density and 
a steep falling off on both sides to the density of the background. With crystallites 
giving sufficient definition an approach to this type of line can be obtained with a 
flat powder layer by satisfying approximately the focusing condition and using a 
wide entrance slit in A ; the line will then be an image of this slit. Figure 2d \s the 
microphotometric record of the aluminium (220) reflection obtained in this way, with 
an entrance slit 0*8 mm. wide. Figure 2r is a microphotometric record at equal 
magnification of the (220) and (3 1 1 ) reflections as in figure 2 a. It will be seen that in 
this case the gradual decrease of density is not suitable for accurate measurement. 
It is for this reason that when we are recording a group of lines simultaneously 
with one fixed setting a of the layer we prefer to embrace only a limited angular 
range of about 20° for small angles and of 50° for large angles of deflection, and to 
use the rotating screen for larger angular ranges, when high accuracy is required. 

Brindley and Spiers recently described and discussed the use of a flat layer 
for quantitative intensity-measurements without having apparently noticed our 
earlier work on the subject. They deduce an intensity expression similar to our 
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term (8') and apply this to a layer set at a fixed angle a, observing the lines for 
different reflections in the same way as we have done in the measurements on 
aluminium to which we referred. They also discuss again the method of powder 
mixtures, which we described and used throughout in our earlier work. 

It is very welcome to see the method of flat powders discussed from various 
points of view and the paper of Brindley and Spiers has the special merit of giving 
prominence to the effect of the angular term, which they call the absorption term,. in 
determining the relative intensities of reflections at various angles. They indicate 
in a graph the change of it with angle a and refer to this as a means for controlling 
the relative densities of lines situated at different angles. It should be noted however 
for practical application that the i term affects the total intensity of the line 
as represented by , while the varying broadening of the lines according to their 
position with regard to the focused angle (which is a distinctly different effect) 
is the major factor in determining the peak values and the density-distribution of 
the lines. We differ from Brindley and Spiers in considering that this broadening 
is not favourable for good measurements when it leads to considerably enlarged 
lines. The broadening outside the focused angle is reduced and i becomes the 
deciding factor when very narrow beams are used. This however reduces not only 
the intensities, but also the area of powder used for scattering, which impairs the 
averaging and is a disadvantage, particularly when the powder is held stationary 
as suggested by Brindley and Spiers. 

With very small particles or with particles constituted of light atoms, when the 
X-rays penetrate to a greater depth and a greater number contribute to scattering, 
a stationary layer can be used ; and such a layer can also be used with comparative 
immunity for large angles of deflection 6, when the penetration in the layer is again 
increased and a greater number of particles contribute to scattering. We have 
shown that the broadening of a line outside the focused angle is proportional to 
€7] cot a/{a-^b), where € is the angular width of the incident beam in the plane 
AOB and rjjz the angular distance of the reflection from the focused angle. This 
broadening effect due to departure from the focusing condition is thus very much 
reduced for large angles and lines situated over a much wider range can be com- 
pared under conditions of approximate focusing. Measurements at large angles 
are generally undertaken under much more favourable conditions. Their use is 
limited because of superposition effects due to the crowding of many reflections 
when mixtures of different substances are used, so that it is difficult to determine 
the correct background. In many cases also the evaluation of /'^-values for small 
angles is of particular interest. 

§8. THE EFFECT OF THE SIZE OF CRYSTALLITES 

Another factor which affects the density-distribution depends on the limited 
resolving power of small or distorted crystallites comprising only a limited number 
of regularly spaced lattice planes. Broadening of the lines becomes noticeable when 
the number of regularly spaced planes is less than looo and increases with decreasing 
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number. The intensity-distribution of the lines depends then on the size-distri- 
bution of the scattering elements. Side by side with the condition that crystallites 
must not be too large, imposed by extinction, we have thus the requirement that 
the crystallites should not be too small. Particularly unfavourable conditions are 
found for a powder containing a mixture of larger and smaller crystallites extending 
into the range of very small units, which we described as a vanishing size-dis- 
tribution; this has been discussed in another paper^*®^ But apart from this case 
a powder consisting of small crystallites gives an unfavourable falling ofi of 
intensity which is undesirable for accurate evaluations. 

This is not the place to discuss the preparation of suitable powders in detail ; it 
may be recalled from previous papers^*’*’ however, that the process of mechanical 
grinding is generally inadequate : the particles obtained are too coarse, at the same 
time they embody, particularly in the case of ductile metals, a certain number of 
highly deformed crystallites presenting all the characteristics of a vanishing size- 
distribution. Chemical precipitation and controlled processes of chemical reduction 
have proved successful in a number of instances, and here it was often found useful 
to introduce a spacing material to avoid the formation of larger units. This was, for 
instance, done in the measurements by Baxter and the author on tungsten. Four or 
five volumes of silica had been mixed with one volume of tungsten trioxide powder 
prior to reduction. This method has been proved effective to avoid the formation 
of larger particles. 

The angular range through which a certain reflection is scattered in so far as it is 
due to the limitation of the scattering crystallites can be taken as inversely pro- 
portional to the number of regularly spaced lattice planes*, while with crystallites 
extending uniformly in all directions their number in unit volume is inversely 
proportional to the third power of the linear dimensions. With powder particles 
oriented at random the number of particles which contribute to the scattering for 
any reflection for a given setting of the powder layer and a given aperture of the 
incident beam is thus inversely proportional to the fourth power of the linear size 
of the crystallites. This accounts for the rapid variation of this number with the 
size of the scattering units. The actual numbers depend on experimental conditions, 
and in particular on the volume from which scattering takes place and on the 
angular aperture of the beams. For average conditions the number of crystallites 
taking part in the scattering of a narrow incident beam with crystallites of lO"* cm. 
is of the order of 10^ to 10*, which is more than adequate to give good averages. 
For a size of io~® cm. the number of scattering crystallites would be 10'* to IO^ 
while larger crystallites give distinct unevenness of the reflected intensities. 

In order to improve the averaging, when reflections are recorded simultaneously 
without rotating screen and with the powder set at a certain angle a, we give a 
small rocking motion to the layer extending through approximately 0-2° to o- 6 ® 
about an axis vertical to the plane AOB^ figure i. This is particularly effective in 
reducing the unevenness due to the presence of a limited number of larger units. 
Such crystallites even when they represent only a small fraction of the total mass 

• This refers to an arrangement with an approximately linear source. 
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and bring no appreciable extinction error, produce accidental inequalities which 
aft'ect the photometric evaluation. For such units the range of reflection as deter- 
mined from the dynamical theory of scattering is of the order of 5''. Thus a 
rocking motion of 30' increases the number of reflecting elements with regard to 
any particular direction of incidence about 300 times. The rocking should be 
limited to a sufficiently small range, so as not to affect the intensity ratios as given 
by (8) and (8'). For large values of a and the change of this expression with a 
for a small displacement to either side of the prefixed value is linear, so that the 
effects of symmetrical displacements to both sides cancel out. For small values 
of a and ^ this is not the case and the range of rocking should be made small 
accordingly. The treatment given to the deviations from the correct setting in an 
earlier paper can be applied to this case. 

§9. THE METHOD OF MIXED POWDERS 

When the absolute value of F is being determined from the reflections of the 
powder layer we have to refer to expression (7) in the case of a flat layer or to a 
similar expression for other cases which require side by side with the measurement 
of the scattered intensity the measurement of the incident beam and of the 
coefficient of absorption. It is difficult to introduce accurate numerical values for 
these quantities. 

To meet these conditions we have resorted to the method of the quantitative 
powder mixture, which consists of using a powder layer containing a mixture of 
two kinds of crystals in the mass ratio If both types of particles are so 

small as to conform with the conditions of a uniform layer as discussed in §§ 3, 4 the 
same absorption coefficient applies to the reflections from each type of crystallites 
and we obtain P^-values for each of them related to a common intensity of the 
incident beam and to a common absorption coefficient /x. The quantities X and /x do 
not therefore enter into the expression for relative values and we have for the ratio 

^ bihkDi _ ^1 P2p0ikl) P^ihkD i siu^ 62 Uhkl) / ^ 

^b(h’k'V)i ^2 Pi Pih'k'V) ^2^ Q2 sin^ 6^ ^ 

where the suffixes i and 2 refer to the two kinds of particles and the suffixes {hkl) 
and {h'k'V) mark two particular reflections. 

The densities py and of the two types of particles appear in this expression, 
as in equation (4), to account for the fact that the ratio of the masses per unit 
volume enter into P5. 

By this method the measurement of the ratio of the scattered intensities inter- 
links the values Py and 7^2* An unknown F can be related to a value* of F which is 
known from measurements on single crystals or for which calculated values are 
available. 

§10. ABSORPTION EFFECTS IN COARSE POWDERS 

The introduction of expression (10) implies that a common absorption term 
applies to both types of crystals. This is satisfied when the absorption in the in- 
dividual particle produces a negligible reduction of intensity of the transmitted 
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X-ray beam and when the particles are sufficiently well mixed to conform with the 
requirement indicated in discussing the absorption coefficient of a powder in § 3. 

These points have been overlooked in some cases and Schafer^* refers to the error 
which arises when the method of powder mixtures is applied to larger particles. He 
refers to this as accounting for discrepancies which appeared between measurements 
by Glocker and Schafer^**^ and the results of subsequent calculations by Honl^*^^ In 
discussing the error introduced by absorption he considers in the first place the 
effect of defective balancing of the absorption in a column of particles of a mixture 
containing a limited number of elements. 

A different treatment may be given here, which considers in the first place the 
absorption in the individual particle and is applicable in the most direct way to the 
conditions of a powder layer. 

In considering particles which possess appreciable absorption two distinct cases 
have to be distinguished. In the first case the particle consists of one single crystal- 
lite. In this case in general (but with the exception of very heavy atoms like 
uranium and very long X-ray wave-lengths of 2 A. or more) it can be shown by 
introducing numerical values that primary extinction begins to affect the measure- 
ments for a particle-size smaller than that for which absorption becomes appreciable. 
The requirement of negligible extinction thus sets a limit to the particle-size at 
which absorption can be neglected, so that no consideration need be given to an 
absorption effect in the individual particle. In the second case the individual 
crystallites are sufficiently small to conform to the condition that extinction and 
absorption be negligible, but the particles are formed of larger aggregates which 
may possess appreciable absorption. This is the case which needs more detailed 
consideration. 

We assume, as the simplest model of a layer, particles of two microcrystalline 
substances i and 2 forming cubes of equal size arranged in strata parallel to the 
surface of the powder, as indicated by figure 3. Let s be the side of the cubes and 



Figure 3. 


and /X2 the absorption coefficients for the two types of particles. If we consider 
radiation incident and scattered in directions near to the normal to the surface 
so as to leave out oblique transitions from one particle into adjacent particles of 
different type, the Scattering for the first stratum is given by the integration of 
equation (2) for a fiat layer of thickness z. Thus we obtain 


X / J _ g-fiz (I/Sln a+l/siniS) \ j \ 

and for the ratio Pj,JPb^ of two reflexions (hkl) and {h'k'I), changing as from (9) to (7) 

/ PtOkih \ ^ PiPm) Ni* qi 8in» g, ^ sin^i cosi(Pt-a^) 

"hPiPm v) gt sin* sin fit cos J (^, - a,) ' arH/staft) 

(I2)- 
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This value has to be compared with the value scattered from an in- 

timately mixed layer, to which the coefficient of absorption as given by equation (4) 
applies, and containing the two constituents i and 2 in the same mass ratio. We as- 
sume the same scattering volume in each case and do not consider the absorption 
in the interspaces, which is not relevant. 

We obtain a measure for the absorption error R by comparing these ratios 



Introducing the above values this becomes 

/Ag I — n/slii a^+l/sin Pi ) 

^ * j _ ^ (l/sln a^+l/sln P2) 

j __ /A2 (l/ 8 in oti+l/slnPi) 

I _ (l/sln tta+l/sin j8/) 


(13)- 


(13')- 


R expresses how much the ratio of the intensities scattered from the first 

stratum is modified by the fact that the two types of particles present different 
absorption compared with the ratio of these intensities if the same absorption 
coefficient applied to both. If /i'2 > i^i > term R is the factor by which the 
intensity P{,. should be multiplied to correct for the greater absorption loss. 

The correction is definite when the directions of incidence and scattering arc 
normal to the layer. Considering this case more in detail when a = j8 = 9o'" the 
expression simplifies thus 


R- 


(14). 


JLlg 

' /Aj \ —e- 

We see that this becomes unity when — 

When and arc both small, i.e. when the absorption in the 

individual particle is large, expression (14) becomes /x2//^i> which indicates the 
maximum error with coarse particles. When the absorption in both types of particles 
is small, i.e. when and e are both nearly unity, the limiting value of 

expression (14) becomes equal to unity, as we should expect. 


Table 2. Term (14) for scattering in stratum I for various ratios of absorption 
coefficient and various values of absorption. The absorption is expressed 
by the intensity loss i—e for transmission in the more absorbing particle. 


1 - ^->*22 




■ 




r - - - 


005 

o-i 

0-2 

0-3 

0*4 

0*5 

0-7 

0*9 

1-5 

I-OIQ 

1-034 

1-072 

III3 

1*158 

I -208 

1*318 

1-442 

^ i 

1-022 

1-052 

1 I-III 

1-178 

1-249 i 

1*334 

1*540 

1-818 

4 1 

1-047 

1-078 

1-170 

1-281 

1-410 

1 1*560 

2*405 

2-760 

. i 

1-058 

I-I03 

1-223 

1*350 

1-520 

! 1*7^7 

2-350 

3*725 


Intermediate values are illustrated in table 2, in which are plotted values of 
expression (14) for different values fjujjxi and different values of which 

quantity measures the absorption of radiation in passing through the particle with 
greater /i. With great disparity between /xg and fxi the error is appreciable even 



Intensity of X--ray reflections from crystalline powders 945 

when the individual particles absorb little. Thus when 10 with an intensity- 

loss of only 5 per cent in the more absorbing particle the error is 5*8 per cent. 
When /x2/^ti= 1*5 with a corresponding loss of 10 per cent the error is only 3*4 
per cent. 

Successive strata give decreasing contributions to the scattered intensity owing 
to the absorption in the strata in front. When the absorption in the front stratum 
is very large, the successive layers will not alter appreciably the intensity- ratios as 
scattered by the front stratum and the discrepancy as compared with the intensity- 
ratio obtained from a finely subdivided powder is given by the ratio of the 

absorption factors. Such a case is of no practical interest. 

In considering successive strata with particles having little absorption in each 
individual stratum, we have to distinguish the case in which corresponding 
particles in adjacent layers are of the same type figure 3 (a)^ and that in which they 
are of different type, figure 3 (h). In the first case the absorption error introduced 
by the size of the particles will be increased owing to the exponential character of 
the absorption law. In carrying out any closer estimates it will be necessary to take 
account of the shape- and size-distribution of the particles of each kind and of their 
numbers. It can however be seen that for the scattering from a greater number of 
strata the increased absorption effect due to the superposition of a large number of 
particles of the same type decreases. 'Fhe probabilities of definite distributions arc 
determined by terms in which the number n of the elements enters as a factorial, 
while the absorption is determined by terms in which n enters as an exponential. 
With increasing n the factorial terms gain over the exponential terms, w^hich means 
that irregularities in the grouping of the particles become of lesser significance in 
determining the intensities. When we consider the case of oblique incidence the 
effect of the incident or the scattered beam passing through adjacent blocks can be 
referred to the case of transition through successive strata. Any more detailed 
treatment depends on the introduction of definite assumptions as to the shape and 
size of the particles and as to their relative numbers for which no actual data are 
available. The schematic treatment shows however that the absorption error of 
large particles as given by table 2, for one stratum, offers a criterion for estimating 
with a certain margin of safety the magnitude of the possible absorption error for a 
thicker layer.* 

The practical question as to how far particles consisting of large aggregates of 
crystallites can actually be used for intensity-measurements depends not only on 
the absorption effect we have discussed, but also on the extent to which the particles 

• When the layer consists of particles which satisfy the condition of negligible absorption in the 
individual particle and which are intimately mixed, the chance must be considered of several particles 
of the same type being placed close together when we obtain what is equivalent to an aggregate. 
Again, it is not possible to evaluate the irregularities introduced by such groups without introducing 
specialized assumptions as to the distribution with regard to sizes and numbers of particles. We 
can, however, obtain some estimate of the differential absorption effect which may arise from such 
groupings, by referring to expression (14) and introducing into it a small multiple of the mean 
particle- size. Large chance irregularities are very rare and chance groupings resulting from particles 
at larger distances being placed in line for any particular direction can be neglected when the layer is 
rotated or rocked. 
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can be considered to be free of larger crystallites. We have observed not only that 
in the case of ductile metals like gold, silver and platinum does the tendency exist 
for microcrystals to unite to larger crystallites, but also that in the case of brittle 
metals with a high temperature of recrystallization like tungsten some larger 
crystals are found embodied in the microcrystalline powder when no steps are 
taken to avoid the formation of large particles; the same thing was found with 
binary compounds like rock-salt. In such cases the intensity-measurements are 
aflfected by extinction. We consider therefore that in general, so far as the presence 
of larger crystallites is not eliminated, extinction effects are a potential cause of 
error and that with aggregate particles it is not safe to rely on their subdivision 
into uniformly small micro-crystallites. The best way for avoiding these errors is 
to limit the maximum extension of the crystallites by the actual size of the particles 
to a value for which extinction is small. In this case, as has been indicated above, 
the absorption error in the individual particle is negligible. 

§11. ACCURACY OF INTENSITY-MEASUREMENTS WITH POWDERS 

As to the accuracy obtainable with these methods, it must be considered that 
when reflections are compared by means of expressions depending on the intensity 
relation (8) the intensities depend on introducing the correct angular values. For 
large angles a and P the expressions are not sensitive to small angular deviations, 
so that the accuracy with which the angular setting can be measured scarcely 
affects the results ; when one of the angles is small the limits of error within which 
the correct setting can be established and in particular the limits of truencss of the 
powder surface make themselves felt and the error is found to be about 2 per cent 
for glancing angles of 15^^, but increases rapidly for smaller angles. 

A certain intrinsic error is attached to the photographic photometry. 'Fhis is 
mainly expressed by the deviations found when repeated measurements of the same 
group of lines taken under similar conditions are compared. The limits of error 
introduced from this source with measurements of suitable lines, i.e. lines repre- 
senting a well defined intensity-step, showing a flattened peak with rapid fall 
of density to both sides, is about i per cent, which is mainly determined by the 
local inequalities of the photographic emulsion. When lines with a gradual decrease 
of density are measured the accuracy is less. With measurements of the reflections 
from platinum black, which gives broadened lines, an accuracy of 6 per cent was 
found and the accuracy found with lines situated at greater distance from the focused 
angle, like the broader lines in figure 2, is similar. The error depends then very 
much on the distribution of the density through the line. With lines corresponding 
to a vanishing size-distribution much larger errors are observed. Lines of this type 
are unsuitable for quantitative measurements. 
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DISCUSSION 

Messrs G. W. Brindley and F. W. Spiers. In reading this paper our attention 
has been directed to a previous paper by the author in the Zeitschrift fur Phystk 
70 (1931) which had escaped our notice. In our previous paper we discussed and 
gave references to the author’s previous work and very much regret not having 
seen his 1931 paper in which the use of a flat stationary plate of powder was de- 
scribed ; we oflfer him our sincere apologies. In putting forward, our own paper 
we wished to emphasize particularly the method of controlling the intensities of 
X-ray lines by the variable focusing and absorption obtained with a flat layer of 
powder, a method to which the author raises certain objections in § i of his paper. 
In our own work we have found the method simple to use and reliable. 

Author’s reply. I regret if my note conveys the impression of a too strong 
criticism of the paper by Messrs Brindley and Spiers. Not only in the 1931 paper, 
but also in later work, as in that of Baxter and the author where use was made of 
a stationary or quasi-stationary layer, the lines were of necessity not equally in 
focus and the weaker lines were then placed nearer to the focused angle so that 
their peak values were enhanced. We found it better, however, to confine ourselves 
to a small angular range and to observe the lines near to the focused angle using 
at the same time a wide entrance slit, in preference to placing the lines far outside 
the focused range, where the change of the i factor becomes important enough to 
constitute actually a controlling factor of the intensity ratios. In the present paper, 
the object of which is to set forth the conditions for obtaining the best accuracy 
with powder methods, these various aspects had to be discussed. As has been 
indicated in the paper certain conditions are more suitable for greater angular 
ranges than others; they are found in particular with light atoms and large deflec- 
tions, where the loss of accuracy in comparing lines at a great distance from the 
focused angle is less marked. 
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ABSTRACT, This paper describes an investigation of the reflection of light from a plane 
grating illuminated by a cylindrical wave diverging from a Huyghens line source. It is 
shown that for pencils sufficiently narrow the isophasics (properly parabolas) become 
circles with a virtual focus as centre. The position of this virtual focus is found. A formula 
is given for the intensity of the light along the reflected isophasic. It has a Fresnel integral 
as a factor. It is shown that if the dimensions of the grating are chosen so that the modulus 
of the Fresnel integral has its maximum value, the intensity along the isophasic varies after 
the fashion of an Airy image and the maximum possible intensity occurs on the axis of the 
reflected pencil — in other words, the reflected light is automatically focused. The critical 
(optimum) length of the grating for automatic focusing is determined by the condition 
that the quadratic term in the expansion for the optical path in powers of distance measured 
along the grating face from its centre must be three-eighths of a wave-length. Formulae for 
the dispersion and resolution of an optimum grating are given and the resolution turns out 
to be exactly the same as for an ordinary grating, namely the total number of lines on the 
grating multiplied by the spectral order. Some numerical examples are given. Third-order 
effects have been considered and it is shown that in the conditions contemplated in the use 
of these optimum gratings, the third-order term affects the length of the optical path by 
something like one 650th part of a wave-length, and is consequently negligible. 

F or some time past plane gratings have been successfully used for photographing 
soft X-ray spectra, from say 10 to 75 A., without lenses. These gratings are 
lightly ruled on glass and are used at grazing angles of incidence. Glass is 
chosen instead of a metal because of its high resistance to corrosion in soft 
X radiation. The grating operates by means of the flats between the grooves and is 
lightly ruled to keep the width of each flat roughly half the pitch— the best pro- 
portion. It must be used at grazing angles to ensure a high reflecting-power^*\ 
The gratings are ruled with a band a few hundred lines only, instead of the usual 
several thousand. The precise width of the band is a point of considerable import- 
ance. That such a grating if ruled with the right number of lines does possess 
remarkable automatic focusing power — much as a concave grating does — is proved 
by the excellent photographs of spectra reproduced in papers by Siegbahn and 
Magnusson and J. A. Prins^"^^ for instance. 

Prins gives a rough rule for determining the proper number of lines: The 
quadratic term i^i the expansion for the optical path in powers of distance measured 
along the grating face from its centre must not exceed half a wave-length. It may 
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be of interest to examine the theory of this automatic focusing in some detail, in the 
hope of obtaining definite information as to {a) the optimum width of the band of 
lines ; {b) the nature of the images formed — in particular the nature of the isophasics 
and the distribution of intensity along them; and (f) the positions of the centres of 
these images and consequently the validity of the usual formula giving the directions 
of the lines. 

Siegbahn and Magnusson’s apparatus is sketched in figure i. The whole 
apparatus is contained in a vacuum chamber which can be attached to a vacuum 
pump. The X-ray generating apparatus is on the left, 'rhe target is made of a 
chosen material, such as tungsten, and the electrical pressure used was some 
5000 V. Two slits are provided, the first being an ordinary mechanical slit some 



0*01 mm. wide while the second is formed by a wedge placed very close to the 
face of the grating, on the plane originally used by Seemann in his crystal grating 
work. The photographic plate is at P and is at right angles to the central axis of the 
slits. I'he back of the grating is not parallel to the front face on which the lines are 
ruled, so that light reflected from the back of the grating is thrown into what is 
usually a harmless direction. The bands of lines used by Siegbahn on different 
gratings ranged from it to 3 mm. He built a special ruling-machine and ruled a set 
of gratings with from 300 to 1800 lines per mm. and bands of r to 3 mm. The best 
results appeared to be got with a i-mm. band having 1800 lines, a slit-width of 
about 0*01 mm. and an incidence grazing angle of about "I’he paper does not 
state the wedge slit-width ; glancing angles of incidence from 0*5^ to 3® are mentioned. 

The use of two parallel slits with an extended source of radiation secures {a) a 
narrow band of the source as the illuminant; {b) narrow pencils of light from the 

• From Siegbahn and Magnusson, Z. Phys. 62 , 443 (1930). by the courtesy of Julius Springer, 
Berlin. 
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elementary Huyghens sources constituting the active source-band; and (c) that the 
axes of these pencils shall be all very nearly coaxial with the centre-line of the slits. 

The angular aperture of the pencils is probably less than i minute of arc with 
the actual dimensions of the apparatus and slit-widths used. At all events, they are 
of this order. 

We are thus led directly to a study of the screen image formed when a very 
narrow pencil of light from a Huyghens source is reflected from a plane grating. 
'Fhc actual image will be the sum of these elementary (non-coherent) images coming 
from the Huyghens sources forming the exposed active source-band, as defined by 
the pair of slits. We assume that the angular aperture of the incident Huyghens 
pencil, as controlled by the slits, is sufficiently wide to overlap the grating slightly, 
so that any diffraction ripples on the edges of the incident wave-front do not actually 
reach the grating. 



We shall treat the problem as a 2-dimensional one. I .et (J, figure 2, be a Huyghens 
source, P a point (X, F), and P' a neighbouring point (AT+f, F+i^). Let O be 
the centre of the grating, assumed to be at the centre of a reflecting strip. 

P^f, Let pQ, ^0 define the position of Q in polar coordinates, the positive direction 

Pof 00 of the angle being as shown in the figure; and let po, 0 o define the position of P, 
again with 0 o positive in the direction of the arrow in the figure. 

The coordinates rj fix P' relative to a set of rectangular axes through P and 
parallel to the main rectangular axes, viz. the grating-face and the normal at O, as 
shown in the figure. 

L The grating extends a distance \L on each side of 0 . 

X Let T be any point on one of the reflecting strips whose coordinates are jc, 0. 

P, p Let R be equal to QT and p to FT. 

We suppose the light to be polarized in the plane of incidence, so that the 
P/ incident electric vector EJ is wholly along the Os axis, i.c. it is perpendicular to the 
plane of the figure. It is given by 

(l). 

TT yK 

B where P is a constant, this being a convenient asymptotic form for the exact Bessel 
function representing a divergent cylindrical wave from a line source. The quantity 
a, A, ^ a is iirjX where A is the wave-length, and p is 2it times the frequency of the light. 
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It can be shown that the value of the electric vector E^ p- of the reflected field 
at P' is given by the integral, taken over the reflecting surface of the grating, 



provided the reflecting power of the surface is unity. Consequently this is a suitable 
limiting form for both metals and glass if these are used under conditions where 
the reflccting-power is approximately unity. If this condition is not satisfied no 
such formula as equation (2) is available and the problem becomes much more 
complex. We can therefore take equation (2) as a guide, at all events, to what 
happens provided the reflecting surface has a reflecting-power sufficiently near to 
unity. 

When Eg" p> has been determined, the whole reflected electromagnetic field 
follows at once. A simple calculation shows that 

cos^ 6 

R = Rq-\-x sin 6 q-{-x^. - + higher terms in x. 

2i\q 

If the incident light were parallel the expression would end exactly with a; sin 
Also p"-^iX+i-xY + {Y+ ri)\ 

p^p^-V{^-x) sin 00 + ^? cos 00 + ^^ cos sin 

where X — pa sin ipQ and Y—po cos i/sq . 

Hence R + p ^Rq -^pn + x (sin 0 ^ - sin j/tq) + f sin ^0 + cos i/r„ 

+ J [(f - cos ipo-V ^ 0 ]^ + I, cos2 + . . . 

as far as the second order in x^ i and r). 

Now R + p occurs in our integral as 

g tO£(Rip)^g-i(27r/A) 

SO it is only the excess of (R + p) over any multiple of A that determines the value of 
this expression. 

Let us put X equal to nh + x^ where w is a positive or neg^^tive integer, b is the w, h 
grating-pitch and | x | r^alz^ where a is the width of a flat strip. | .r 

Also put q equal to (sin 9 ^ — sin tpo). 'Fhen q 

qx = qnb + qx 

and, if qb = rX, where r= ± i, 2, 3, ... r 

qx — (a multiple of A) + qx. 

We can therefore replace qx in the expression for P+p by qx^ where 



and X is now comparable to A whereas x itself is not. 
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P 


A 




h 
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But the condition qb = rX is the ordinary grating formula 
h (sin ^0 — sin ^o) = rX, r= ± i, 2, 3, .... 
The integral in equation (2) becomes, approximately, 

V?® e '«»+/>"> . f . e air, 
V(J<oPo) 


where 


P=(^ sin >l)„ + ri cos W + [(^-*) cos sin ^ 0 ]* + ^^ cos* 6^^+. 

=^{$s\nili„+rjCostli„) + A j^JC — ^ 


(I cos >p a-i ) sin ipa ) cos ^0 

2 Ap„ 


cos* cos i/ig - 7 ] sin i//„)* ^ {$ cos ^0 “ sin ^jr„)* ^ 

2Po 


and 


•( 3 )- 


4^Po^ 

A = ^ |c<)s*i/f„^cos*0J 
2 1 Po ^0 ) 

Now choose f and •>} so that 

- , , ; \ , (f cos^/o-t; sin ( COS*l/r„) 

(fsm.A„ + ,,cos« + ^- \^— 2 Ap^'r°- 

I’hc term {i - (cos* ijij 2 Ap„)} is (^cos* i//„ + ^ cos* 

and the equation becomes 

I \ , (f cos j/tq — 17 sin cos2 

2 (fs.n^„ + ,cosW + ^ «„cos*vUp«cos*^« =°- 

Now change the axes at P from t] to rj', where the figure 3. 



'rhen f f cos i/sq ~ Tj sin » 

77' = ^sin^„-fT7COs0o, 

so, if {Po C 0 vS“ 0(, + po cos-' ^^„}/cos“ Oo = hy the equation becomes 

r + 2/iV = 0 ^ (4), 

which is a parabola, concave towards O. 

So far as the radius of curvature at P is concerned this is indistinguishable from 


the circle 

i'^ + rj'^ + 2h7)' ~o. 

The centre of curvature is therefore at Q" (^' = o, 77'= —h) i.e., is on PO pro- 
duced, where 

Og" = R,cos^^Jcos^e, (5). 
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Along the locus defined by equation (4) we have, then, for P 

|2 


1 . 2^#>0 . 
say. 


f+al2 +7n 

je~i0LQx e-iotPdx^ I s dx, 


-a/2 n~-m 


Hence 

where ^2== ^oj 

Since n enters into only, we can put the integral into the form 


f + fl/2 _ { 

J -nl2 


+w 

S .e 


dx. 


The sum is the sum of the values of the function 

^-tccA [X-C]a 

where C = f cos ^„/2i4p„ , 

at X=x — mh, x-th—ib, ...x+mb, 

* 

all at distances h apart. 

These are close enough (as examination in detail shows) to allow us to replace 
the sum by the integral, 


J . 


^ - nib 


where 


and 




.( 6 ). 


C = f COS^o/2i4po 


We can therefore put the sum as 

F (.t) is a limited Fresnel integral from j to k and involving x through its limits. 
Consequently we liave 




n^/X b 


/--.r 

b V 2 olA J_, 


a/2 

a/2 


e-'^^*.F{x) dx ...(7). 


This result of course includes all diffraction effects due to the limitation in the 
range of the Fresnel integral. It is only in quite exceptional cases that the presence 
of X in j and k affects the value of the Fresnel integral appreciably, for x is a very 
small quantity comparable to A, whereas j and k are comparable to the grating- 
length. 


F{x) 



j 

k 

c 
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As a rule, then, ? {x) can be taken outside the integration sign. 

We then have 

— , 

J-«/2 

so that 

. Ttra 

• 71/1 / sin , 

_ cos6>o -,oi(K„i/)„) / ^ ^ F * 

7 r\/A‘\/(PoPo)’ V 2Cf.A'h' * TTta 

h 

where 

li 



and 

cosi/ig/zApo 


This formula shows that the phase of p/' is constant, except in so far as it is 
modified by the single factor F, the appropriate Fresnel integral. 

We have localized P' so that it lies on the parabola through P, defined by 
equation (4) and having its centre of curvature at whose distance from O is 
Rq cos^ j/f„/cos‘^ by equation (5). 



This parabola is therefore an isophasic in the same sense as that in which a 
straight line is an isophasic for a fragment of a plane wave; it is an isophasic except 
for phase-ripples coming from varying values of the Fresnel integral, i.e. except for 
the diffraction that accompanies every wave-fragment at its edges. We have thus 
determined the basic isophasic for the reflected field, the central point of which is 
fixed by the grating formula 

b (sin ^o-sin = ± 2, 3 (8a). 

Special case, 'Fhe field at P itself can be easily got. At P, f = o, hence C = o 
and the range of F is from 


\ 7r 2 \] IT 2 


( 86 ). 
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If each of these limits is sufficiently large to enable us to replace them, in the 
Fresnel integral, by + 00, we get and 






cos dn 


. nra 
sm -T- 
a 0 


TT ■ \/(^ cos^ H- pq cos* ^0) ^ 

~~r 

the time factor being omitted. 

When r = o, = and if ajb^ i, 

i.e., when the grating is unruled, we get at once 


^ iot (/to+Pii) 


( 9 ). 


E. 


g-iQL{Iiu+Po) ^ ^tpt 


(10), 


_ 1 

TT W(Eo + Po)' 

a result agreeing exactly with equation (i). The source is now at the reflected image, 
Q' in the mirror, and there is a reversal of phase of n at reflection. Our formula (8) 
is therefore confirmed in this simple limiting case. 

This result, at the centre of the image, applies only if the mirror is long enough 
to give us asymptotic Fresnel integrals. 

I'o draw the isophasic, we find i/jq from the formula 

h (sin 6Q — sin i/j^) = rXy r= ± i, 2, 3, ... (ii) 

and set oflF OP, figure 4, equal to the given value po • 

Produce PO backwards to Q" where 

OQ" = R^^ cos* i/jq/cos^ . 


Q"' is the virtual image. Rule lines and Q"D2 through the ends of the grating, 
cutting the parabola defined by equation (4), in Di and Dg* Phen DiPD^ is the 
fragment of the isophasic that interests us and we propose now to discuss the 
diffraction effects at the edges of this fragment. 

Now k —j ^y{ 20 LAl 7 r) L hence as we give C in equation (8) an increasing value, 
we merely decrease the upper limit and the lower limit. We therefore throw the 
arc of the Cornu spiral (of constant length k—j) towards one or other of the 
asymptotic points. If L is sufficiently large for {k —j)l 2 to give approximately the 
asymptotic value of the integral at the centre of the image (C = o), then as we 
proceed along the isophasic from the central point P there will be little change in 
modulus or phase until j (or k) is zero, i.e., from equation (8), 

= ApqL SQC i//o (12). 

when the amplitude will be halved. 

Now the length of the arc figure 4, cut off by the rays from Q" to the 

ends of the grating is easily seen to be given by 

DiD2f^2ApQ sec 00 . ^ (13) ; 


hence the breadth of the image (defined as the width between half-maximum values 
of the amplitude) is the geometrical image. 

We shall thus get the usual rectangular image flanked by ripples of phase and 
amplitude as sketched in figure 5, and the film will record a broad band of width 
D1D2 . 
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These remarks apply when the image is received on a film normal to the beam. 
If the film is perpendicular to the plane of the grating, then the pencil is cut 
obliquely by the film and this obliquity may have to be allowed for. This image 
shows no focusing property at all. The light is merely spread out over a band which 
is the projection of the grating from the virtual focus Q'* on to the film. 



Figure 5. 

optimum (or focusing) conditions. Suppose now that instead of the upper limit 

of the integral I du being large enough to give asymptotic values, it is 

Ju 

chosen just large enough to give the maximum modular value of this integral (not 
its asymptotic value). The upper limit will now have quite a small and perfectly 
definite value, viz., r/— \/p> 


f hfi 


-d 


^ clu = 2x 0*945 


instead of 


[ (Ju = 2x 0*707 e 

J — CO 


so that the central amplitude is now increased by 34 per cent and the intensity by 
80 per cent. 

If then we limit the length of the grating to secure this condition, we shall 
materially increase the central intensity of the image and modify the whole structure 
of the image; in fact, as we shall now show, we get an Airy type of image, instead of 
the rectangular pattern. 

To secure this critical optimum condition, we get at once from equation (86), 

/zxA L _ /3 
TT ' 2 V 2 

a = 27r/A, 




or, since 




where + 

2 \ Kq Pq / 

= the coefficient of the second-order term in the expansion of (R + p) for the central 
image point P, figure 2, in powers of x. 


* This is not exactly the value of a but it is within i per cent of the true value and is used in this 
form for arithmetical convenience. 
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Hence -4 .(L/2)^ is the maximum value of this second-order term and we get the 
rule: The extreme value of the second-order term, in the expansion of R+p in 
powers of measured along the grating face from its centre, should be exactly 
three-eighths of the wave-length. If it is either more or less than this value, the 
central intensity and sharpness of the image will be impaired. Prins has given this 
critical value as A/2, which appears to be rather on the high side. 

In figure 6 the dark line shows the range of integration for the point at the 
centre of the image. As we move from the centre of the image outwards the arc of 
integration AB moves in one or other direction, remaining constant in length. 
Suppose it moves in the direction of the arrows in figure 6. 

Then, clearly from figure 6, oscillations of modulus and phase in F begin 
immediately, so that changes of amplitude and phase in the image begin at once. 
In other words, diffraction effects begin at once. 

The effect is to give an amplitude-band as illustrated roughly in figure 7, while 
the phase-ripple begins, very feebly, at the centre of the image. This type of image 
clearly does show a focusing effect. The range of integration is . 




The amplitude will, then, be proportional to jy, where 

f (14), 

|.'r-2V(;i/2) I 

where VI at the centre of the band. 

Differentiating the integral in equation (14) with respect to x and equating to 
zero, we get turning-values of y (but not all of them), where 

Vf + Vi-w» «==!» 2, 3 * ••• (^ 5 )- 

The first occurs at « = o, i.e., 2Xx~ Vi, the central line of the image. 

Since ■ (f ~ 

L'= ±^Po sec ^0 

But if L is the optimum length, 

ALVA=|,by(86) (i6a), 

L'=±p<MILcos>h (i?)- 
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If we denote by zV the angle subtended by the grating at the centre of the 
image, 

Lcos<liJpo=2V, 

(I7«). 

which is precisely the same as the half-width of the Airy image formed by a lens of 
angular aperture 2 V. 



Figure 8. 


where *= V»[i -f 

and Oq is angle of incidence ; 
ifio is angle of diffraction ; 


Ly length of grating; 

Rq, distance of source from grating; 

I fcos^^o . COS^^o) . 

^-2V/?r^ PO 

Po) distance of centre of image from grating; 
co-ordinate of field point. 


A graph of as a function of plotted from equation (14) is given in figure 8. 
It will be seen that the turning value given by equation (15) for «=i is a 
maximum, with one minimum very close on the left of it. There is almost an 
inflection at 


Vi + V§» i-e. w=i. 
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The values of x for w = 2, 3, 4, are all definite minima with maxima following 
them. There is no turning value for a value of x between Vt + Vf Vi > so the 
central Airy band is of almost exactly the same width as in the ordinary telescope 
theory, viz. A/F. 

Phase-swinging, When x-\/\ the phase of the Fresnel integral is -42° 33'; 
when x= Vi + VS it is —22° 49', so that in passing across the central band from 
the centre to the minimum there is a phase-swing of about 20°, corresponding to 
y’g of a wave-length. The parabola defined by equation (4) is thus not strictly an 
isophasic. The effect of this is that the true isophasic over the first band is not the 
parabola hut a curve very close to it and differing from it at the first inflection 
by A/i8. 

Now under the conditions in which these gratings are used at grazing angles, 
the actual half-breadth of the central image is some 6000 to 7000 wave-lengths. For 
example, if ^0 = 87°, L = o-y 2 $ mm. and pQ=io% 

2 L cos = 0*000147, 

and hence f 1 = A/o*ooo 1 47 == 6800A. 

Consequently the parabola and the true isophasic are very nearly identical, in spite 
of the phase-swing. 

The Poynting vector at any point of a (true) isophasic is orthogonal to it. If then 
we suppose the parabola to be the true isophasic, the error involved is that of 
neglecting the cosine of the angle between the normals to the parabola and the true 
isophasic at the point in question, as a factor. Since the two curves are so close to 
each other, the error in taking this cosine is obviously quite negligible. 

We are therefore justified in squaring the ordinates of the curve in figure 8, and 
taking these numbers as proportional to the intensity of the field at different values of jc. 

Resolution. A very simple calculation now shows that if we place the images 
so that the maximum of one falls on the first minimum of the other, the combined 
intensity between the two maxima falls to 82 per cent of either maximum. From 
figure 8 we see that the values of y (the amplitude) are given by : 

3;= 1*01 when .x: = 2*04, 

3; = I *89 when X = i *225, 

3^= 1*37 when x= 1*63. 

The combined intensity-maxima are (1*892-1-1^), which = 4*57; and the combined 
intensity-minima are 2 x 1*37^, which =3*76 = 82 per cent. This value corresponds 
to the 81 per cent ‘of the Rayleigh rule. Consequently the conditions are almost 
exactly the same as those defined by the Rayleigh rule, and the breadth of the 
central band is the same as that of the Airy band; consequently we must have the 
same, the ordinary, resolution limit, Mr \ in fact 

— ^ cos ^0*^00 

i.e., h cos 00* j — I =^SAo, by equations (17) and (17a), 

Li cos 

i.e., KI^K=rM (18), 

where M is the total number of lines on the grating. 


M 
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It is rather remarkable and unexpected that the central band formed by such a 
grating should have the same width as the usual Airy band, and in spite of not being 
zero at the edge of the band should give the same resolution formula. The explana- 
tions are as follows, (i) Both bands are diffraction bands and hence depend on 
Fresnel integrals, in spite of the fact that the Airy image theory is most easily given 
as a first-order theory. (2) Since intensity is not zero at the first minimum, the 
combined maxima are considerably increased. Spectroscopists* do not anticipate 
so high a resolving power as Mr. It must be carefully borne in mind that theory 
only anticipates it provided the grating-length is chosen to comply exactly with the 
condition that the range of the Fresnel integral, for the centre of the image, shall 
be exactly zVf . 

Minimal conditions. Just as there is an optimum length so there is a worst 
length — in fact, it would be just as easy to design the grating-length to give a 
minimum at the centre and brighter bands on either side, an image that might be 
mistaken for a double line. The conditions for this are obvious from figure 6. The 
choice of the proper length for optimum conditions depends on equation {16 a\ and 
to secure this either the grating must be ruled with the proper number of lines or 
the two slits must be chosen so as to pass the required very narrow pencil of light 
only. 

Dispersion. ^ (ig\ 

dX h cos ijjQ ^ 

the upper or lower sign being taken according as ifi„ is less than or greater than 
T he dispersion is unusually high when <Iiq is nearly 90°, as it is in actual cases, but 
it still falls far short of the dispersion of a crystal grating. 

Numerical examples. The figures for three cases are given in table i. 

The second column in table i is calculated for a grating of moderate pitch 
(1/15000 ), an angle of incidence equal to 89°, and a wave-length A equal to 20 A. 
The grating is very short, only 0725 mm. in length, and the number of lines is 427. 
The third column shows what happens if this grating is used at A = 40 A., in 
which case of course the grating is not of optimum length. The central intensity is 
almost the same; the width of the central band increases by 43 per cent but the 
resolution is the same as before. The dispersion falls off by 27 per cent. The 
structure of the band does not alter radically over the range A = 20 to 40 A. Conse- 
quently a grating designed for optimum conditions at A = 30 A. might be expected 
to work satisfactorily between A = 10 A. and A = 50 A. The fourth column is calculated 
or a very fine pitch (p ~ x/45000"). Comparing this column with the second, we see 
the glancing angle of reflection is nearly doubled ; the angular aperture of the pencil 
IS much as before; the length of the grating is 0-445 mm., 6i per cent of its former 
value; the number of lines goes up by 84 per cent; the central band hardly changes. 
But the dispersion goes up by 90 per cent and the resolution by about the same 

Overlap of images. The intensity-band.s we have discussed arise from a Huyghens 


For example, Siegbahn<3>, p. 2. 
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Table i 


Pitch, b . 

i6,95oA. or 
1/15000'' 

16,950 A. or 
1/15000"' 

5650 A. or 
1/45000'' 

Data 

Order, r 

I 

1 

I 


Dimensions, R, and f, 
(in.) 

10 

10 

10 


Grazing-incidence angle, 
yo (deg.) 

I 

I 

I 


Wave-length, A (A.) 

20 

40 

20 

— 

Grazing-reflection angle, 

80 


4"4' 

4'’56' 

By Eqn. (8 a) 

Angular aperture, u (sec. 
of arc) 

30 

40 

31 

(i7<») 

Length, L (mm.) 

0725 

0-725 

0'445 

,, (3) and 
(i6a) 

Number of lines, M 

427 

427 

'~78r ~ 


Width, 2^1, of central 
band (A.) 

27*3 X lo-* 

39-2 X 10* 

26-5 X 10^ 

(17) 

Resolution, A/8 A 

427 

427 

78s 

(■8) 

Dispersion per angstrom, 
d^/dX 

1-145x10-3 

0-831 X 10-3 

2-06 X 10 3 

(19) 

Range of Fresnel integral 

±Vior 
± 1-225 

± ri6 

±1*225 


Relative intensity 


0-99 

I 



source on the extended source of radiation. The slits must be chosen so that the 
exposed line of the radiant source is sufficiently narrow to prevent serious displace- 
ment of the images formed by the elementary Huyghens sources of which the 
source line consists. It would be easy to destroy the whole advantage of this type 
of band by permitting too wide a line on the source to be exposed simultaneously. 
The exact conditions required will be evident from the calculations already given. 
The extreme Huyghens sources should be near enough to ensure that their re- 
spective images shall not be relatively displaced on the film by more than say 
5 per cent of the central band-width. It may be impossible to secure this; but any- 
thing more will clearly lead to the production of a more diffuse band on the film. 

Validity of the fundamental grating formula. It has been suggested that wave- 
lengths determined from the formula 

b (sin ^o~sin ^o)= 

by plane-grating methods in the soft X-ray region are not quite correct. We have 
found no evidence for this view. We have shown that the centre of the image lies 





y 

3 
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exactly in the direction given by this rule and it is the angular position of the centre 
of the image that it is the object of experiment to determine. 

Third-order ejfects. Our theory includes only second-order terms in the ex- 
pansion of (R-hp) but we can readily show that, in the conditions contemplated in 
table I, the third-order term is negligible. The third-order coefficient is ag, where 

[ sin iff cos^ 0 __ si n 0 cos^ 

Po“ J 

The maximum length that this term contributes to (R + p) is where x is the 
half-length of the grating or, in terms of the wave-length, (a^x^/X) A. 

Now b (sin 6 - sin i[f)^-rX; hence, if ^ = 90"" - y 

and 




If 


iff = 90° — 3 , 
lb ( 82 -y 2 ).-^rA. 
Rq^Pq 

I 

rX/bp,^ 


a. 




and 


a^x^lX 




'hpr 

r 

8\p„J b 

VPo/ 




where M is the total number of lines. This formula is true whether the grating is of 
optimum length or not, provided that Rq^Pq- 
If po= 10", L< 1 mm. and Mr <800, then 

I 

A ^645 ’ 

SO that the maximum error in omitting this term is only some 645th part of a wave- 
length. It is difficult to see how the inclusion of this term could materially affect 
our results. 

Note added July 20, 1935 

In the July (1935) number of the Proceedings of this Society, Petrie^^^ gives 
very interesting details of a single-slit plane spectrograph. In this apparatus a very 
obliquely inclined X-ray target is used as the source slit, and the width of the beam 
of light leaving the grating is limited by an adjustable slit placed very close to the 
end of the grating and at right angles to the grating-face. The grating itself is not 
ruled for optimum conditions — if it were, the beam leaving the grating would be 
already focused so that the slit would be superfluous. The image photographed with 
this instrument is the diffraction image of the slit used. 
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ABSTRACT. An alternating potential-difference is applied to the terminals of two 
parallel circuits, one of which contains the fixed coils of a reflecting electrodynamometer, 
the inductance to be measured and a known variable resistance, while the other contains 
the moving coil of the dynamometer in series with a condenser of capacity K and a second 
known variable resistance. The former resistance is fixed during a determination, while 
the latter is varied until the phase- difference between the currents in the two branches 
is exactly Jtt, in which case there is no deflection of the moving coil. The inductance is 
then given by L -=KR]^Rj^y where and Rj^ are the total effective resistances of the 
capacity and inductance branches respectively. A second balance is now obtained with 
the value of the first resistance altered by a suitable and known amount, the second 
resistance being altered accordingly. From the data of the two balances both the effective 
resistance (which is included in Rj^) and the inductance may be calculated. The method is 
equally applicable when direct current is allowed to flow through the inductance. It is 
accurate over a range of inductances from a small fraction of a henry to that of the largest 
chokes. Examples of measurements are given. 


§ I. INTRODUCTION 

I N the discussion which followed a paper published in these Proceedings^'^ y a 
null or no-deflection method of using an electrodynamometer for measuring 
the inductance of iron-cored chokes was suggested. The present paper carries 
out this suggestion, and provides thereby an extremely simple means of accurately 
determining the inductance of a choke in terms of resistance and capacity, and also 
its simultaneous a.-c. resistance with or without the superposition of direct current. 

The change of zero due to imperfect elasticity of the suspension, inherent in a 
deflectional method, is absent, and the absence of a deflection also dispenses with 
errors introduced by mutual inductance between the fixed and moving coils of the 
electrodynamometer. The balances necessary for a determination may be approached 
by the adjustment of a single variable. Since the frequency is not involved in the 
fundamental equation, the method is independent of the wave-form of the alter- 
nating current used, in so far as the quantities measured are themselves independent 
of frequency. 



Measuring inductance and resistance of iron cored chokes 965 

§2. THEORY 

If alternating currents of the same frequency are flowing in both the fixed and 
moving coils of an electrodynamometer there will be a deflection of the moving 
coil unless the phase-difference between the two currents is exactly 90°, the sign 
of the deflection changing as the phase-difference passes through that value. The 
absence of a deflection signifies that the two currents are in exact quadrature and 
this fact may be applied to the measurement of inductance in the following way. 



Figure i a. Diagram of circuits. F.C. is the fixed coil and M.C. the moving coil of the electrodynamo- 
meter; LR is a choke, /C is a condenser, and Ri and R^ are variable resistance boxes. Ri and 
Rjt denote the total resistances of the branches BC and EF. A and D are a.-c. and d.-c. milliam- 
meters respectively, V is an a.-c. voltmeter; 81,8^,83^ are switches, and B is an h.-t. battery. 

An alternating voltage is applied, figure la, to two circuits in parallel, one 
containing the fixed coils of the dynamometer in series with the choke of inductance 
Ly to be measured, and a known variable resistance; the other circuit including 
the moving coil, in series with a condenser of capacity K and a second variable 
and known resistance. The current will lead the applied volts in the capacity 
branch by the phase angle and will lag in the inductance branch by the angle 
Assuming simple harmonic currents and voltages, and denoting the total resistances 
in the inductance and capacity branches respectively by Rl and Rk and the r.m.s. 
values of the currents by h and /j^, we shall have figure 1 6 as the vector diagram 
representing the phases of the currents and the applied voltage. 
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When, by the variation of Ri or Rkj quadrature between Ii and Ir is obtained, 

wc have ^ if ^ iff 

tan^ tan0 =i. 


Since = ijpKRfc, and <j!>"=tan“^/)L/i?x, the condition for no deflection 
of the moving coil is therefore 

pLjRiXijpKRK^i 

or L = KR,Rk (i), 

a simple relation requiring no measurements of frequency, current, or applied 
voltage. 



Figure ih. Vector diagram representing the relative phases of the currents through the branches 
BC and EF of figure i a. OP represents the phase of the condenser current leading the applied 
voltage y by ((>', OQ the phase of the choke current lagging by <f>\ while + = 




Rif R<i 

ruh 

R 

Po 


R,' 


If, when the balance is being obtained, the phase defect from perfect quadrature 
is 8, the torque on the moving coil may be written klj^ sin 8, where k is an 
instrumental constant. The differential coefficient of sin 8, has its maximum value 
when 8 is zero, with the desirable result that the instrument will be most sensitive 
to phase-differences at the null point. If R^ and R 2 denote the values of the re- 
spective box resistances in the inductance and capacity branches, and rj, the 
resistances of the fixed and moving coils of the electrodynamometer, R the a.-c. 
resistance of the choke, and if further we denote the sum of R^ and ffhy R^y we have 

RL = Ri+ri+R==R^-yR and 
The formula in greater detail thus becomes: 

L = KRr (Rq + /?) ( 2 ). 

To find Ry the value of Rq is changed by altering R^y and Rr is correspondingly 
altered until a new balance is obtained. Denoting the new values by Rr and Rq^ 
we have 

L=KRr'{R,' + R) ( 2 '), 
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and the effective resistance is given by 

R=(R^R,-R^'R')I{Rk-Rk) ( 3 ). 

R having been determined from equation (3), the inductance L may now be cal- 
culated by substituting this value in equation (2). The value of L so found includes 
the inductance of the fixed dynamometer coils, which is quite negligible when 
iron-cored chokes are being measured. 

If the alternating voltage is supplied through a transformer with a secondary 
of low d.-c. resistance, direct current may be injected into the branch containing 
the choke without affecting the moving coil. 

§3. EXPERIMENTAL CIRCUIT 

To investigate the method experimentally, a reflecting electrodynamometer 
was constructed having two vertical parallel fixed coils of 500 turns each, of mean 
diameter 2*5 inches, and about 2-5 inches apart; and suspended centrally between 
these a moving coil of 300 turns, of mean diameter i inch, carrying a small mirror 
of about 1 metre radius. The number of turns in the coils is only limited by the 
heating effect, which must not be permitted to generate convection currents 
sufficient to disturb the zero of the suspended system. With the coils specified this 
effect was undetectable, while the accuracy of measurement secured was ample 
for the purpose, see table i . 

The suspension was a phosphor-bronze strip of length 3 in. and cross-section 
0-007 X 0-0005 in., and a similar nearly-taut strip led the current out to the lower 
contact. The period of swing was about 6 sec., and a damping vane of mica attached 
below the coil rendered the movement nearly deadbeat. The resistance of the 
moving coil including the strip was 35 and that of the two fixed coils in series 
was 60 il. 

K taken from a calibrated, decade, i-/xF. condenser subdivided down to 
o-ooijLtF., and R^ and R^ were taken from non-inductive dial resistance boxes 
giving 0 to 10,000 n. 

The alternating voltage V was taken from the secondary of a transformer of 
low d.-c. resistance, the supply to the primary being regulated by a potential- 
divider, preferably non-inductive, connected across 220-volt 50-cycle mains. 

By the aid of the double-pole throw-over switch Si, figure ja, direct current 
can be injected into the choke circuit from a battery of small accumulators, this 
current being read on the d.-c. milliammeter D. The thermal milliammeter A 
registers the r.-m.-s. value of the total current. Alternatively it is possible, by 
means of a thermionic voltmeter, to read the alternating current component 
separately. Both the inductance and capacity circuits can be broken independently 
by means of the switches S^, and S^. 

§4. EXPERIMENTAL PROCEDURE 

The electrodynamometer is set up with the plane of its moving coil at right 
angles, as judged By eye, to that of the fixed coils., The terminals of the moving 
coil are short-circuited, while alternating current is passed through the fixed coils. 
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The suspension is adjusted until there is no change of zero of the moving coil 
when the current is switched on or off. The mutual inductance between the coils 
is now zero. 

To test a choke with alternating current alone, the switch is closed to the 
left, V is set at a low value, Sj, is closed and ^3 left open to prevent needless deflection 
of the moving coil. V is increased until the alternating current at which the test 
is to be made is registered by the milliammeter A. is then closed momentarily 
and /?2 is adjusted, and this process is repeated until the position of the spot on the 
scale remains unaffected by the opening or closing of S.,. After the values of the 
box resistances Ri and have been noted, R^ is increased by a suitable amount and 
the foregoing procedure is repeated. From the data of these two successive balances 
both the inductance and the effective resistance of the choke may be calculated. 
Of course, the increase in Ri should be of the same order as the effective resistance 
of the choke as found by a preliminary determination. 

The switching necessary for a determination with direct current superposed is 
evident from the circuit diagram. The required direct current, registered by the 
d.-c. milliammeter D, is obtained by adjusting the wanderplug connexion to the 
battery, a small completing adjustment being made by varying Ri. V is altered 
until the r.-m.-s. sum of the required d.-c. and a.-c. currents is registered by Ay 
S3 is closed, and the procedure for two balances is followed as before, save that the 
value of the direct current must be kept unaltered by a readjustment of the battery 
connexion when R^ is altered for the second balance. Preferably the a.-c. component 
is measured separately with a grid-leak type of thermionic voltmeter connected 
across a known resistance in the choke circuit. 

If the currents through the choke are kept constant during a series of tests, and 
the values of Rq and ijKRj^ for each balance point are plotted as ordinates and 
abscissae respectively, a straight-line graph intersecting the Y axis —R will 
result. The slope of the graph gives the value of L, so that the values of both L 
and R may quickly be obtained. They may also be calculated, of course, from the 
data by applying equations (3) and (2). 

§5. EXPERIMENTAL RESULTS 

Figures za and zb represent a series of graphs plotted as described above for 
two chokes, and indicate the degree of dependence of their inductance and effective 
resistance on the value of the superposed direct current. The graphs in figure za 
refer to a choke of good design, rated at 20-30 henries, with a direct current- 
carrying capacity of 50 mA. and of which the d.-c. resistance was 387 ^1, The 
graphs in figure zb appertain to a choke of inferior quality rated by its manufacturers 
at 20 henries, the d.-c. resistance in this case being 340 £2. From figure za it will 
be observed that the effective resistance, as shown by the intercept on the vertical 
axis, varies slightly with the superposed direct current in the same way as the 
inductance, showing first an increase followed by a decrease. Both the inductance 
and the effective resistance of the second choke when no direct current is passing 
are seen to have very high values (117 H., 16,700 f2.), which however fall rapidly 
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when direct current is superposed. Thus when 12 mA. is flowing the values 
become 22*19 H. and 1400 Q, The very large drop in the effective resistance shows 



Figure 2«. Results for a choke of good design. Frequency of supply 50 c./sec. K was constant 
and equal to i /xF. The a.-c. was in all cases 3 m A. 


how considerable may be the effect of a polarizing current on hysteresis and eddy 
current losses, to which the resiatance is mainly due. A typical set of results, from 
which one of the graphs in figure 26 is drawn, is given in table i. 


Table i. 

M 

II 

a.-c. = 3 mA., d 
ri = 6o II., 

-c. = 8mA., frequency 
'- 2=35 

= 50 c./sec. 

~ V~ 

R^ 



Rk 


(V.) 


m 

(O.) 

(n.) 

ijKRs 

31 

1 190 

9570 ± 10 

1250 

9605 

1031 

34 

4280 

4842 ± 3 

4340 

4877 

204*9 

39 

6600 

3550 ±3 

6660 

3585 

278*3 

42 

8150 

3023 ± 2 

8210 

1 

3058 

322 0 


Hence, from the graph, R — igoo and Zr = 30*68 H. when the superposed d.-c. 
is 8 mA. From column 3, showing the accuracy of setting, it is seen that the 
individual value of L can be regarded as correct to about i part in 1000. 

To illustrate the applicability of the method to the measurement of small 
inductances, the choke was removed from the circuit and the inductance of the 
► fixed coils of the electrodynamometer alone measured. In this case was kept 
constant, balances being made by giving K different values and varying R2 until the 
deflection of the moving coil in each case was zero. 
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The graph connecting values of K with the corresponding values of iIRlRk 
proved to be very closely linear and to pass through the origin. The value of L 
deduced was 0 049 H.ii per cent. A determination by a bridge method gave 
0-0505 II. 



Figure zb. Results illustrating the properties of a choke of inferior design. Frequency of supply 
50 c./sec. The slope of the straight lines is a measure of the inductance; the intercept below 
the origin on the axis of ordinates is the effective resistance of the choke. 


§6. RANGE AND ACCURACY 

The method serves for a wide range of values of inductance. For chokes 
having very high impedance the voltage V must, of course, be correspondingly 
increased in order to provide the alternating current required for the test. To keep 
the current in the moving coil within suitable limits, the impedance of this branch 
must likewise be increased, and this may be effected by decreasing K and, at the 
same time, increasing Conversely, when small inductances are being measured 
V must be small, and to maintain high sensibility the impedance of the moving- 
coil branch must be correspondingly decreased by increasing K and decreasing Rn . 
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Errors may arise from two sources: (i) the inductance of the moving coil in 
the capacity branch, and (ii) the self-capacitance of the choke itself. The importance 
of both effects will depend on the frequency of the alternating current used, and 
on 50-cycle mains both effects will be negligibly small. In regard to (i) the in- 
ductance of the moving coil was 0-0032 H. and the largest value of K used was i 
The exact formula for balance is 

p (L + /,)//?^ X I, 

where If and are the respective inductances of the fixed and moving coils of the 
electrodynamometer. 

Thus (L + /,) = KRMi -pH^K) (4), 

so that, at a frequency of 50 c./sec., the error in the measurement of L due to 
neglecting the term is less than i in 3000. For smaller values of K the error is 
correspondingly less and in all cases at this frequency it may be neglected. 

In making a measurement at the higher audio frequencies a knowledge of the 
frequency is required and the correction, as shown in equation (4), must be applied 
when the inductance is calculated. The linearity of the graphs drawn with co- 
ordinates I IKRk and Rq is unaffected by frequency, and the effective resistance of 
the choke under test may be found from the graph or by equation (3) without 
correction. The choke for which the graphs in figure za were drawn, at a frequency 
of 50 c./sec., was tested at frequencies of 768 and 1000 c./sec., a valve oscillator 
being used as a source. The effective resistance was found to increase considerably, 
becoming 11,000 at 768 c./sec., and 18,000 Q. at 1000 c./sec. 

The large value of effective resistance of some chokes in comparison with their 
d.-c. resistance has been already remarked. It is clear that the frequently-employed 
method of calculating the impedance of a choke from its inductance and d.-c. 
resistance is unjustifiable. 

In regard to (ii), if the self-capacitance of an inductance be regarded as a small 
condenser C in parallel with it, the effective value L' of the inductance will be 
given by L' ^ Ll{i —p^CL) and the effective resistance R' by /?'=7 /?/(i — 2/)*CL), 
where L and R are its values at very low frequency. 

In the measurement of inductance we are not, however, directly concerned with 
the self-capacity term, since it is the actual effective inductance and effective re- 
sistance under the known applied frequency that are required. 
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DISCUSSION 

Dr D. Owen. I believe the method will prove its value, serving as a quick and 
accurate means of measuring not only the self-inductance of large inductances, but 
also their effective resistance to alternating currents. The dynamometer is an instru- 
ment whose merits deserve the attention of engineers interested in accurate measure- 
ments, providing as it does an indicator applicable over the full range of audible 
frequencies and even beyond it. Its construction, suitable data of which for the 
measurements under present consideration are given by the author, offers no serious 
difliculty, nor is any special care needed in its adjustment for use. 

It may be noted that, as the formula indicates, a null reading may be attained 
not only by varying the resistances, but also by varying the capacity. Now that 
accurate decade mica condensers are available at prices comparable with those of 
resistance boxes this consideration might be applied also to many bridge methods 
for the measurements of inductance or capacity. For instance, the use of a variable 
capacity eliminates the usual objection to iVIaxweH’s inductance-capacity bridge, 
and should result in a return to that method, so is desirable otherwise on account 
of its fundamental simplicity. 

Dr L. Hartshorn. In comparing methods for the testing of choke coils carrying 
both alternating and direct current, perhaps the most important consideration in 
practice is the possibility of making the test with the choke working at full load, 
i.e. carrying the largest possible direct current. It was this consideration which led 
me to choose Hay’s bridge for such measurements some years ago, since this bridge 
satisfies the condition to a remarkable degree. The measurements mentioned in the 
paper are limited to chokes carrying very light loads, and some modification of 
procedure would probably be required for measurements under actual working 
conditions. It would be of interest to hear what are the capabilities of the method 
in this respect. 

Mr A. Campbell. If the current in the condenser branch contains no harmonic 
components, then any such components as may occur in the L branch have no effect 
on the wattmeter reading; in this case the equation L= KRj^Rk is quite valid, and 
the results obtained should be the same as if a method with a tuned detector were 
used. But if the supply voltage is not purely sinusoidal, in general both the branch 
currents will contain harmonics; and although a setting to give zero deflection can 
always be made, it seems impossible that the same equation should still hold. The 
author might find it interesting to explore such a case by testing ironless coils with 
a supply voltage of much-distorted wave form. 

Author’s reply. The only modification of the present method for the testing 
of chokes under full load conditions is that which was employed by Dr Hartshorn 
himself, namely the inclusion in the choke circuit of a fixed resistance specially 
wound to dissipate the heat generated at large values of direct current. In this case 
the ♦^wo necessary balances would be made first with no other resistance than that 
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of the choke itself in the inductance branch, and secondly with the fixed resistance 
included. 

In the dynamometer method there is only one condition of balance to be satisfied, 
and this gives a distinct advantage over a bridge method with its two necessary 
balance conditions which are often not independent. The Hay bridge suffers from 
the latter disadvantage and also from the fact that its balance equations include the 
frequency, a fact of fundamental importance when the measurement of a choke 
with a core of variable permeability is to be made, since in this case the choke cur- 
rent will contain a high percentage of harmonics. Another advantage of the present 
method is that, when a balance point is being approached, the current need only be 
switched on for long enough to observe the direction of deflection of the moving 
coil, which indicates the sense in which the variable is to be altered. By this means 
the heating-effect in the resistance is reduced to a minimum. 

I am obliged to Mr A. Campbell for pointing out a source of possible error due 
to harmonics in the supply voltage. It was shown in Mr Willoughby's paper, in 
which the dcflectional- method of using the electrodynamometer for such measure- 
ments was introduced, that to a first approximation the presence of harmonics 
cancelled out. In the null method, however, harmonics in the capacity branch will 
certainly tend to affect the accuracy of the observed readings, the amount depending 
on the permeability of the core, the value of the alternating current used, and the 
percentage of harmonic content in the supply voltage. I am indebted to Mr Camp- 
bell for his suggestion. 
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THE BREAKDOWN OF DIELECTRICS UNDER HIGH 
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ABSTRACT. Provided a sufficiently wide range of external conditions can be applied, 
dielectrics exhibit both a thermal and non-thermal type of breakdown. The electric 
strength for thermal breakdown can be calculated from the stable electrical properties of 
the dielectric and a simplified theory is given in the paper which is shown to agree with 
experiment for a number of dielectrics for different conditions of temperature, time of 
application of stress, etc. A theory of ionization coefficients is developed to explain 
conductivity phenomena with a.-c. and d.-c. and ionization potentials are deduced. It 
is, however, shown that these phenomena do not appear to bear a direct relation to the 
possible types of non-thermal breakdown and that the ionization potentials have not the 
same physical significance as the corresponding quantities in gases. Experimental results 
relating to the type of non-thermal breakdown which occurred in the present investigations 
are given. 


§ I. INTRODUCTION 

Origin of the investigation. The theory of the breakdown of dielectrics through 
thermal instability has already been studied fairly extensively but mainly by 
means of breakdown tests in which only the field-strength, at which a marked and 
usually sudden instability occurs, has been noted and its variation with temperature, 
for example, has been compared with the corresponding variation of the con- 
ductivity. The absolute values of electric strength have often not agreed very 
closely with theory, while the materials examined and the ranges of temperature 
employed have been of a rather special character. In the work here described the 
behaviour of a number of well-known dielectrics was studied both before and during 
breakdown, at temperatures at which they are normally sufficiently stable to be 
employed for insulation purposes. 

The main objects of the investigation were to determine whether the processes 
occurring before breakdown are compatible with a simple theory of thermal 
instability and whether the electric strength can be calculated frojn a knowledge 
of these processes in the stable range, even though other processes may occur at 
the instant of breakdown. In addition, it was desired to study the limiting features 
which determine the range of application of the theory with respect to tem- 
perature, time of stress and other factors. 

General thermal instability: simplified theory. The energy- losses which occur in 
a dielectric under electric stress cause a temperature-rise distributed in a certain 
way. If the energy-losses increase with temperature and electric stress, a condition 
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may occur when the generation of heat rises more rapidly with temperature than 
the thermal dissipation, and the temperature at some point or region will rise more 
and more rapidly, eventually causing a loss of insulating properties or an electric 
discharge. One of the simplest cases is that of a sheet of dielectric of thickness d 
in a uniform field with plane electrodes which cool the dielectric surface at a 
constant rate of A watts per degree C. per cm? Suppose also that the energy-losses 
PF at C. above the ambient temperature are given by 

W—E^Pq watts/cm? ( i ), 

where />o is the specific energy-loss (a.-c. conductivity) at the ambient temperature, 
E the electric field and y a constant. Utilizing Fock*s^^^ analysis, we find that the 
maximum voltage V which can be applied to the dielectric without causing thermal 
instability is as follows : 

V = Vi^lpQyp) sin a exp [ — a cos^ a/(a -f sin a cos a)] (2), 

where p is the thermal resistivity of the dielectric in degrees C. per watt and a is 
given by == sin a sec® a (a + sin a cos a) (3). 

We observe that Xdpjz is PijPey where Pi is half the thermal resistance of the 
dielectric and P^ is the thermal resistance of an electrode. In other words, a is a 
function of Pi/Pe or the ratio of the internal to the external thermal resistance of 
each symmetrical half of the arrangement. We also observe that if the internal 
thermal resistance is negligible, then the maximum voltage for stability is 

V„=VQ^I^PoVe) ( 4 ). 

whence - - = / 1 U). 

wnence ^ V L sec“ a+(a/sin a) sec’ a J ^5;- 

Equation (5) shows that VjV^^ or the effect of the temperature-gradient in the 
dielectric, is a function of PijPg- We may distinguish two extreme cases. When 
PijPe is great the critical voltage V finally depends only on the electrical and thermal 
properties of the dielectric and is independent of its thickness, so that a certain 
maximum voltage is associated with a given dielectric for a > Trjz and V ViPoyp!^)- 
The calculation of this limiting voltage is usually fairly easy, but is difficult to 
verify experimentally owing to the high voltages involved and the intervention 
of extraneous effects, while in practice it is important only with very high-voltage 
equipment. Accordingly, if we consider the other extreme when Pi/Pe is small we 
observe from figure i that if jP,/Pg<o-i the error which arises from neglecting the 
temperature-gradiertt in the dielectric will not exceed 1-5 per cent, while \f Pt = Pg 
the error is about 12 per cent. Although equation (5) is strictly true only when 
W oc E^ or the conductivity is independent of field-strength, yet the values when 
Pe>Pi do not vary greatly if forms differing from equation (i) and of the more 
usual type occur. Neglecting Pi we then find the following simple equations for 
the limit of stability : 


W==f(E^,d), E„,=^VJd 

apF/a^-A, 

6 being the temperature of the dielectric. 


.( 6 ), 

•(7). 


d 

A 

WyS 


Po 

E.y 
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Pi 
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In the present paper, in addition to equation (i) which gives the solution (4), 
two general forms are considered: 

WIEJ^p, + aE^ exp {{y^ + yE^) { 8 -^ 6 ,)} (8.1), 

and <7= WIE„,^==pQ-\-{aQ-\-aE„,) exp {y^ { 8 - 8 ^)} (8.2). 

These lead to 8 ^ = 8 ^ log^ (9)> 

where is the ambient temperature, ^0 ^ constant, ^1= i/(yo + y^7n) (8.1) or 

i/yo for (8.2), 8 ji = daE^^jX for (8.1) or (ao + a£^nO E^^^djX for (8.2), hp^^E^^dpojX. 
Generally a sufficient approximation is obtained by writing 

AV W=PoEJey^^-^^> (10), 

whence E„^ = {XJedypf^ ^ (ii). 

Pi/Pe 



(>f)^ 0-1 0*2 U-5 >•() 2-0 3-0 lU-O 

:>0 \m 200 300 10(X) 20(K) 3()()(» 100<ji 


The ratio of internal to external thermal resistance 
Figure i. The effect of thermal resistance in the specimen on the thermal instability. 


or Ejn corresponds to the limit of thermal stability and therefore to the 
electric strength corresponding to a theoretically infinite time of application, since 
a slight disturbance would only cause the temperature to rise at an infinitesimal 
rate. If a greater electric stress is applied, the temperature will rise more rapidly 
and a critical temperature will be reached in a limited time. We might also con- 
sider that there is an intrinsic electric strength which decreases with temperature so 
that the temperature will rise until this electric strength is equal to the applied 
field. However, it is usually more in accordance with the facts to consider a limiting 
temperature 6 ^ at which, say, some chemical or physical change occurs. The time t 
for breakdown corresponding to a stress E greater than E,^ is given by 








(«+!)* 




where f is the specific heat of the dielectric, fi = eW„JWa, ^ = and 
and W^^ are the energy-losses at 8 ^^ for field-strengths of Em. and E respectively. 
For equation (i), ^ - e and for equation (lo) p^e(EmlE)\ so that 

Xtjds—f {Em^jE^) and/(£,„ 3 /^ 3 ) in the two cases respectively. Thus the ratio of the 
electric strengths for two given times of breakdown is independent of the tem- 
perature at which the ratio is taken. 
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In actual fact, equation (12) may usually be simplified to 

Xtlds^^ (n- I) ! (13). 

1 

If the ambient temperature is low compared with 6 ^ a further simplification 
is possible, thus Xt/ds = ^(i-e-^) 

or (E/E,„r = eds (i - e-r«^)/A/ (14), 

where « = 2 or 3 according to the material. Equation (13) becomes, when Qq is 
made very large 00 

Xt\ds^Y.(n^i)\{^lnY (13.1). 

1 


This is identical with an equation given by Wagner for a rather different type 
of breakdown. 

Experimental methods. The square law, or constancy of conductivity with respect 
to field-strength applies to few dielectrics at high field-strengths, and if moisture 
is present the departures are greater, while the effect of temperature is different at 
different field-strengths. Accordingly, for simplicity in interpretation of the results, 
it was necessary to ensure that the thermal resistance outside the specimen should 
be sufficiently great in comparison with that of the specimen. In addition, pre- 
cautions had to be taken to ensure that concentrations of stresses and discharges 
in the ambient medium should not occur, while at the same time satisfactory 
contact had to he provided so that power factor and permittivity results should be 
valid, or at least repeatable. The first two of these conditions were fulfilled in one 
apparatus, figure 2 (a), by using rounded edges with oil immersion and a thermal 
backing of oak discs with cotton- wool packing; and in another apparatus, figure 2(^), 
by using a very narrow gap between inner plate and guard ring and protecting 
the outer edge with mycalex, which is arc-resisting. A thermal backing of varnish- 
paper discs was used. The first apparatus was used in an oil* bath kept at uniform 
temperature, and the latter in an air thermostat. Contact with cellulose materials, 
such as ebonite, was made by painting graphite (aquadag) films on the surface; 
these give satisfactory contact under oil as well as in air. Plain brass electrodes 
were used for papers which, if flat, give repeatable values on the application of 
a suitable pressure, though these values cannot be taken as characteristic of the 
material. The external thermal resistance per specimen was 1*9° C./W. for figure 2 (a) 
and 3 '2° C./W. for .figure 2(Z>)f . It was determined by replacing the specimens by 
flat eureka heaters made so that the energy-inputs under the inner plate and guard 
ring were proportional to their respective areas. 

Such a test condenser formed one arm of a Sobering bridge. A voltage was 
applied and maintained until stability of temperature, power factor and permittivity 
was approached; the voltage was then raised in successive steps until instability 

* The oil, Wakefield’s superforma, was colourless and the power factor was generally less than 
0*001. 

f Preliminary tests on varnished cloth were made with a simpler apparatus having a thermal 
resistance of 5® C./W . 
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occurred with eventual breakdown, unless breakdown occurred first. A frequency 
of 50 c./sec. was used throughout. 

Separate power-factor and permittivity measurements were made with similar 
electrodes, but with the thermal packing absent. D.-c. conductivity measurements 
were made under oil with electrodes similar to those shown in figure 2(0), but 



Specimen 


(a) Oil-immersed apparatus. 



(b) Apparatus for use in air thermostat. 


Figure 2. Main forms of apparatus. 


insulated with mica and glass and carefully screened to avoid leakage and stray 
charges. Short-time tests of electric strength were made with E.R.A. standard 
brass electrodes in view of the number of samples needed. The upper electrode is 
I J in. in diameter with its edge rounded to a diameter of J in., the lower electrode 
being a disc 3 in. in diameter. In such tests the time for breakdown is observed 
for a number of different field-strengths and the value for the given time interval 
is interpolated. 


§2. PHENOMENA PRECEDING BREAKDOWN: 

ENERGY-EOSS FORMULAE 

A,-c. conductivity phenomena. Cellulose acetate’*'' and cellulose ethyl ether appear 
to have a species of ordered lattice structure, but behave, when they contain slight 
traces of moisture, as if two phases are present. The first is associated with a con- 
ductivity appreciable at lower temperatures but having a small temperature co- 
efficient; the second has a negligible conductivity at lower temperatures, but a 
large positive temperature coefficient. This combination forms a well-known case 
of the Wagner-Maxwell theory of heterogeneous dielectrics and gives a total 

• The cellulose acetate contained a plasticizer such as tricresyl- phosphate or triphenol-phosphate, 
but from tests made with pure films (prepared by A. M. Thomas) the plasticizer appears to have 
only a minor effect on the electrical properties considered here. 
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conductivity or specific energy-loss curve which has an inflection with respect to 
temperature as illustrated in figure 3*. At higher temperatures the conductivity 
is mainly determined by the second phase and increases linearly with electric stress 
and exponentially with temperature as shown in figure 4*, and in agreement with 
equations (8.1) and (8.2). The second phase, which gives the exponential term, is 
associated with the moisture present, as is shown by the decrease of this term as 
the moisture is progressively removed. This is illustrated in figures 5 and 6, the 


laws for which are similar to the equations quoted, namely 

O' =/>o + oE exp y(p — for cellulose acetate ( 1 5 • ^ )» 

and cr=pQ-\-aE exp {y^ — yE) {6 — Bq) for cellulose ethyl ether (15 .2). 



Field strength {kV.jmm.) 

Figure 3. Effect of field -strength and temperature on cellulose-acetate lilms containing moisture 
at lower temperatures. (Conditioned i hour at 30° C.) 


Approximately it may be said that with all these materials equation (10) was 
obeyed, the departures from this simpler form increasing as the moisture was 
removed. 

A similar conclusion applies to thicker papers (grease-proof paper) and to the 
thin ebonite illustrated in figure 7, except that in the latter case the variation with 
electric stress was small so that for ebonite E should be deleted from equation (15.1). 

• In the diagrams the product « tan 8 is plotted, where € is the permittivity and 8 the loss angle. 
This product is proportional to the conductivity a since 

a=/ e tan 8 X 10V2C* mho /cm., 
where /is the frequency and C the velocity of light. 


e, 8 


a 


AC 
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Thin dry papers such as condenser tissue gave no appreciable effect of electric 
stress up to the breakdown range and only a slight variation with temperature. It 
will be mentioned later that with paper there is the possibility that the electric 
field may induce ionization in the pores of the material. This possibility does not 
probably extend to condenser tissue owing to its thinness*. A condenser tissue 
experimentally impregnated with a paraffin wax showed a variation similar to that 
denoted by equation (15.2). 



Figure 4. Effect of stress and temperature on specific loss of cellulose acetate, 0-193 nim. thick. 

(Conditioned i hour at 30"* C.) 

D.~c, conductivity. D.-c. conductivity decreases with time, and two hypotheses 
are commonly proposed in this connection : the polarization theory which considers 
the initial conductivity, before polarization has developed, to be the true value, 
and the absorption theory in which the final conductivity gives the normal 
conduction. Since from other investigations the polarization potential appears not 
to exceed a few volts and since the initial values of conductivity were found in the 

? Ward^s) found a sudden increase in the conductivity of condenser tissue at a 

field ot 8-5 kV./mm. The difference may be due to the differences in the form of the electrodes or in 
the materials employed. 
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Lines calculated 
Points ob8er\'cd 

Cellulose acetate o z mm. thick 
dried at 90'' C. for 24 hours 

A stress 19-7 kV/mm. 
Const. =0-13 B stress 17-3 kV/mm. 

C stress 14-9 kV/mm. 

D stress 9-86 kV/mm. 

— ~<S>- — Cellulose ethyl ether 0-134 mm. thick 
dried at 90'’ C. for 3 days 

At stress 18-9 kV/mm. _| 
Const. o- 1 1 5 Bi stress 15 2 kV/mm. 

Cl Stress 9 4 kV 7 mm. 
stress 7-6 kV/'mm. 

X Cellulose aceUte 0 092 mm. thick with 

matt surface dried for 3 days at 90'" C. 

A2 stress 20-1 kV/mm. 
Const. »o i45 i&a stress 15-0 kV/mm 

Cz stress t2-o kV/mm. 

Oa stress 9-1 kV/mm. 


30 40 50 60 70 80 90 100 

Temperature (® C.) 

Energy-losses of cellulose compounds with slight traces of moisture. 
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Temperature C'C.) 


Figure 6. Effect of temperature and stress on the energy-loss of cellulose acetate, 
0 265 mm. thick. (Dried for 14 days at 90° C.) 



10 ^-^20 30 40 50 60 70 80 90 100 

(y" 


Temperature (®C.) 

Figure 7. Energy-losses of special thin ebonite and grease-proof paper with 
slight traces of moisture. (Conditioned at 90° C.) 
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present tests to be variable and uncertain, while the final values could be repeated 
over a cycle of electric stress, the absorption theory was adopted and the value for 
100 minutes’ application of stress was taken as the true conduction. Previous 
electrification was discharged from a specimen by the application of an alternating 
field which was gradually reduced to zero. 

These conditions being employed it was found that the conductivity of cellulose 
acetate increased linearly with stress and logarithmically with temperature. The 
effect of temperature was somewhat complicated. The best expression was found 
in one fairly extensive series of tests to be as follows : 

a^Aey^^-\-{B-B^)yaE ( 16 ). 

This law is illustrated in figure 8. Thus the d.-c. conductivity also obeys the law 

(7 = o'o + fl^ (iba), 

but (To, in addition to a, is a function of temperature. 

As with a.-c., slight traces of moisture have a very great effect; variations of 
the order of 10^ to i may be produced by varying the time and temperature of 
conditioning. For example, one specimen after being dried for i hour at 30° C. 
gave, when tested at 90° C., values for qq and a of 5*07 x io“^^ mho/cm. and 
0*445 ^ mho/cm. per kV./mm. respectively. When the same dielectric was 
dried for 97 hours at 75"" C. the corresponding values for <Tq and a Were 1*84 x 
mho/cm. and 0*14 x iO“^* mho/cm. per kV./mm. respectively. 

It is, therefore, reasonable to conclude that the large effect of stress and tem- 
perature is mainly due to the presence of moisture, although such effects still appear 
to a limited extent in dried specimens. 

Unconditioned specimens show the hysteresis effect observed with ascending 
and descending electric stress for moisture-absorbing dielectrics. Metastable 
equilibria with the ambient medium seem to occur which are liable to move sud- 
denly to new equilibrium values as the test is continued. Conditioned specimens 
are in internal equilibrium and do not show a hysteresis effect. The decay with time 
of the absorption current seems to be exponential. 

Application of the theory of ionisation coefficients. Many of the phenomena 
mentioned can be explained qualitatively on the theory that ions may form others 
by their motion in an intense field in a manner analogous to ionization by collision 
in gases, although the precise mechanism cannot be suggested at the moment. 

It is of interest to consider the quantitative application of this theory and some of 
the possibilities and difficulties which arise in connexion with it. 

For the sake of brevity only one case is taken, namely that in which the ioniza- 
tion per unit path of an ion is /aE, where jtt is a constant and E the electric field. /x, E 

Let u be the mobility, € the ionic charge, n^ the volume density of spontaneous «, 

ionization, assumed to be constant, Hq' the ionic density produced at the electrodes, 
and Wo'" the ionic density from other sources. Suppose also that only ions of one nf 
sign have an ionization coefficient. Then solving Townsend’s continuity equations 


for ionization by collision in gases, we have, V being the applied e.m.f., V 

uelfxE) «« (i?)* 



tO/cm.) 
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which has been encountered experimentally above. We observe that a depends on 
the thickness, but with the materials under consideration other variations with 
thickness mask such phenomena. It is probable that the third term may be neg- 
lected in most dielectrics, particularly if they are moist. 

With a.-c. the corresponding conductivity a' is given by 

V 2 .h{tiyV 2 )+ i (2«+2)!(2n + 3)! 

Tr / rr / ^ 1 r / rr /-s , 8 « (n + I !)2 (2mFv'2)2"+> 

^/„(,*Fv'2) ^^^^/,(/4FV2) + ^S ^2n+iy:{2n + 2)\ 


+ U€ 


+ no"u€ 


(19)- 

E and V are r.-m.-s. values, /o and are Bessel functions of the first kind, with 
imaginary argument and of zero and first order respectively. The summation 
terms arise if the d.-c. relations are true for instantaneous currents and e.m.f.s 
independently of field-direction, i.e. for the symmetrical case. If, however, when 
the field is reversed, the d.-c. equations hold with E negative, then the summation 
terms are absent: this is the asymmetrical case. In either case, however, if only the 
first term is retained, we have 

a' — (Tq' + a'E (20), 

which has been encountered experimentally above. 

We note that experimentally the first term shows extremely wide variations 
depending on the moisture present. I'his is to be anticipated theoretically since this 
term depends on the initial ionization provided by electrolysis of the moisture. 
With a.-c. there is an additional term, due to absorption, which is fairly constant 
so that the variations are not very great and cannot be directly correlated with d.-c. 
values. It may be noted, however, that the difference is less at higher temperatures 
and higher moisture-contents where the absorption term is of less importance. 

The calculation of /x is determined by the ratio aja^ or ajdQ and depends on the 
relative importance of «(,, and Hq". The latter may usually be neglected, and in 
the cases considered the order of jx is affected in about the ratio of 2:1, according 
to whether Wq and Hq' is the determining factor. Since it is only desired to give the 
order of /x, is neglected in order to give a basis of calculation, as also are the 
summation terms with a.-c.* If /x is constant then an ion gives on an average one 


* It may be remarked that this type of conduction causes harmonics in the current wave. These 
have been observed by Gemant^^^ when Ohm’s law is departed from, but quantitative application 
cannot be made. If the field is taken as £'\/ 2 *sin oir, then the current i for the case considered is 
given by <» 

• i = 6o + 2 sin + cos Hwt. 

1 

P'or the symmetrical case , 

fc=oo -1 

For the asymmetrical case 

4*0 = ^ h (x), 6an = ('- l)” ax/'an (x), = 2X (x), 

where x= fiV\/2, i.e. x is the peak applied potential divided by the ionization potential. PhilipoflF^'^^ 
has given oscillograms showing the development of harmonics during thermal breakdown of the 
type ending in an explosive discharge. 



986 S, Whitehead and W. Nethercot 

additional pair of ions in falling through a constant potential-difference of i//x. 
This may be considered as a species of ionization potential and is so defined in 
table I. 

Table i 




Type of 
current 

Tern- 

Ionization 

Experimenter 

Material 

perature 

r c.) 

potential 

(V.) 


Cellulose acetate : 




Present authors 

0 0086 mm., dried at 30“ C. 1 hour 

d.-c. 

51-5 

260 



a.-c. 

51*5 

3*5 

,, 

0 0086 mm., dried at 30" C. i hour 

d.-c. 

90 

480 



a.-c. 

90 

190 


o*oo86 mm., dried at 75° C. 8 hours 

d.-c. 

90 

310 


0 0086 mm., dried at 75“ C. 73 hours 

d.-c. 

90 

435 


0 0086 mm., dried at 75® C. 97 hours 

d.-c. 

90 

550 


0*01 18 mm., dried at 30“ C. i hour 

d.-c. 

14 

500 


0*01 18 mm., dried at 30“^ C. i hour 

d.-c. 

30 

98 


O'Oi 18 mm., dried at 30'^ C. i hour 

d.-c. 

51*5 

no 


0 01 18 mm., dried at 30“ C. 1 hour 

d.-c. 

70 

220 


0*01 18 mm., dried at 30^^ C. i hour 

d.-c. 

90 

370 

Hartshorn and Rush ton 

0-0 1 18 mm., unconditioned 

d.-c. 

21 

180 


0*01 18 mm., dried at 90° C. 

d.-c. 

25 

130 

Present authors 

0-0191 mm., dried at 40° C. i hour 

d.-c. 

90 

95 


0-0191 mm., dried at 30*^ C. i hour 

d.-c. 

90 

120 


0-0 19 1 mm., dried at 20*^ C. i hour 

d.-c. 

90 

1 10 


0-0 1 9 1 mm. , dried at 1 1 C. 1 hour 

d.-c. 

90 

65 


0-01 9 1 mm., dried at 30'" C. i hour 

Varnished cloth: 

a.-c. 

90 

210 

Hartshorn 

L, 105, dried at 90” C. 

50 c./sec. 

20 

510 

9 9 

L 105, dried at 90"" C. 

100 c./.sec. 

20 

200 

99 

L 105, dried at 90^^ C. 

d.-c. 

20 

650 

9 9 

L loi, dried at 90° C. 

100 c./sec. 

20 

950 


L 101, dried at 90“ C. 

800 c./sec. 

20 

200 

99 

j L loi, dried at 90° C. 

d.-c. 

20 

830 


The results indicate that the ionization potential, though variable, does not 
change characteristically with moisture-content and with type of current, though 
there may be an increase with temperature. Furthermore the variation, though 
large on an absolute scale, is small compared with the very wide range of variation 
of the conductivity in the same conditions. It may be noted that the results 
obtained with varnished cloth by Hartshorn were fitted to a curve of the form 

a' = a^' + a'E^ + h'E^ (21), 

although the last term was not appreciable with cellulose acetate. This result is in 
favour of what we have called the asymmetrical case. 

The linear variation with stress or a variation of the kind indicated by equation 
(21) has been found by other experimenters such as Poole and Schiller and also in 
radio-frequency experiments carried out for the E.R.A. In many cases, however, 
an alternative form 

+ ^E^ 

proposed by Hartshorn, also agrees with experimental results. 


(22). 
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The variation with temperature might be expected to follow the law 
rather than where T is the absolute temperature. 

Over small ranges there is not very much difference, but the latter form was 
found on the average to agree better with experiment. 

One may conclude that there is a case for the application of the theory of 
ionization coefficients, since such correlations as are effected by it between the 
results for a.-c. and d.-c. and between those for other variable conditions represent 
an advance. Such correlations have hitherto only been possible to some extent for 
absorption energy-losses and for poor conductors obeying Ohm’s law. It is clear, 
nevertheless, that the phenomena require further analysis in order that various 
factors may be separated. For instance, with a.-c. the absorption loss must be 
subtracted while with d.-c. other forms of conduction are present besides those 
envisaged. The conception of an ionization potential will be considered later in 
connection with electric strength. 

§3. PHENOMENA OF INSTABILITY 

Breakdown processes. Many materials, particularly if unconditioned, become 
chemically unstable under prolonged high electric stress, so that although thermal 
instability may occur the phenomena cannot be predicted from a* theory based on 
stable properties, since the electrical properties do not persist. The materials for 
which formulae were developed for the stable electrical properties in § 3 were, 
however, stable in so far that, when they were exposed to prolonged electric stress 
in the apparatus of figure 2, their electrical properties agreed with the formulae 
already given, provided the temperature of the specimen, as measured by the 
thermocouples, had approached fairly close to the final value corresponding to the 
applied stress. 'Fhis agreement was also exhibited, to a somewhat lower degree of 
accuracy, for all electric stresses such that the rate of temperature-rise decreased to 
a point at which it did not vary greatly during a given measurement, even though 
subsequently the specimen became unstable under the same electric stress. Further, 
the energy-losses determined from the temperature-rise when thermally stable, 
agreed with the electrical measurement of a.-c. conductivity within the accuracy 
of the thermal determinations which, owing to the low temperature-rises, was about 
10 per cent. Thus it may be assumed that substantially all the electrical energy 
is converted into heat. 

I'hree types of behaviour at breakdown can be distinguished, (i) The tem- 
perature-rise, if appreciable, is either stable or increasing slowly at breakdown, 
which takes the form of an explosive discharge. The conductivity is also stable or 
else increasing slowly in dependence on the temperature. This type of behaviour 
was shown by all materials at low temperatures and by dried materials at all the 
temperatures employed. With ebonite and paper the temperature-rise was very 
small owing to the very low conductivity. Figure 9 illustrates the behaviour of 
cellulose acetate containing moisture at an ambient temperature of 15° C. For dry 
ebonite, paper, and cellulose compounds only a slight temperature-rise and a 
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slight variation of conductivity occurred right up to breakdown, (ii) The con- 
ductivity and temperature become unstable beyond a certain electric stress, but an 



Time (min.) 

Mean temperature rise of I.-v. plates . Temperature rise of h.-v. plate . 

Figure 9. Sustained test. Cellulose acetate, 0*26 mm. thick, containing moisture. 

explosive discharge occurs while the conductivity and temperature are still of 
normal magnitude. This is illustrated in figure 10 for cellulose ethyl ether, (iii) The 



Time (min.) 

Figure 10. Sustained test on cellulose ethyl ether containing slight traces of moisture. 

conductivity and temperature become unstable and the former rises to values such 
that insulating properties are lost. The temperature may reach the limit of chemical 
stability or a discharge may occur. An exaggerated case is shown in figure 1 1 which 
occurred at a high ambient temperature. 






Figure 12(e) 
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Figure 12 shows photomicrographs of punctures, (b) and (c) were taken with 
air and oil immersion respectively, and indicate that the blackening is due to 
internal reflection and not charring, (a), (b) and (c) correspond to type (i) above, 
the discharge in (a) being of very short duration. In (b) the initial circular puncture 
spread because the discharge was allowed to continue for a short time, (d) and (e) 
correspond to types (ii) and (iii). Similar results were obtained with short-time 
tests of electric strength ; punctures similar to figure 1 2 (a) or (d) occurred according 
as thermal instability did not or did take place. The shorter the time of discharge 
the smaller does the non-thermal puncture become, down to the point where it is 



Time (hours) 

Figure ii. Instability of cellulose acetate 0*05 mm. thick, containing moisture. 

(Conditioned i hour at 30° C.) 

scarcely visible. Type (a) was often situated at the edge of the electrode, but type (d) 
was nearly always inside. A. M. Thomas has shown that punctures of type (a) 
appear to occur when extraneous discharges are eliminated. In the present instance 
excessive precautions such as were used by him were not employed. Nevertheless, 
the appearance is similar. 

Variation and limits of thermal electric strength. The theory given in § i shows 
that for sustained tests the thermal electric strength should be calculable and should 
follow approximately a logarithmic law with respect to ambient temperature, while 
short-time tests should give curves parallel, on logarithmic paper, to the curve for 
sustained tests, the height of the curve increasing with decreasing time of stress. 
Figure 13 illustrates this from experiments on partially dried cellulose acetate. The 
curves mainly consist of two portions, one of which shows little variation with tem- 
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perature and refers to lower temperatures, shorter times, and drier and thicker 
specimens, while the second portion refers to higher temperatures, longer times, 
and moister and thinner specimens. The second portion obeys the principles of 
thermal instability set out above and gives quantitative agreement for the sustained 
tests. 'Fhe first portion we can relate to a non-thermal type of discharge. Thus the 
la\vs of thermal instability are obeyed provided the thermal electric strength is less 
than the non-thermal electric strength for the conditions of the test. The non-thermal 
electric strength will be considered later. 

The thermal range is associated with instability phenomana of types (ii) and (iii) 
described above, and with the corresponding micrographical appearance of 
punctures. The latter applies to short-time as well as sustained tests. The effect of 



Figure 13. Electric strength of cellulose acetate. (Conditioned i hour at 30° C. 
except where the contrary is stated.) 

decreasing the time of stress is to move the transition point to higher temperatures, 
'rhe same result applies to decrease of moisture-content as is shown in figure 13 
for tests on films 0*19 mm. thick. Thermal instability did not come within the 
range of the experiments with the completely dried specimen. Owing to variations 
in method of manufacture for different thicknesses, the effect of thickness with 
cellulose acetate films does not follow a simple law. A similar. complexity was 
found with varnished cloth in consequence of increase of energy-loss with the 
number of layers. With cellulose acetate the thermal electric strength should be 
inversely proportional to the cube root of the thickness. Actually, owing to the 
greater energy-loss in thin specimens, the thermal electric strength increases with 
thickness. With varnished cloth the thermal electric strength should normally be 
inversely proportional to the square root of the thickness, but actually it decreased 
more rapidly than this owing to an increase of energy-loss with number of layers. 
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We have neglected the maximum and minimum of energy-loss which occurs 
below 30° C. — the so-called V curve. It has no influence on the present results and 
thermal breakdown can only be realized at higher temperatures. A detailed dis- 
cussion has been given elsewhere and it need only be remarked that a slightly 
anomalous electric-strength curve is produced, the anomalous curve giving appar- 
ently lower values of electric strength than the normal curve. 

Cellulose acetate with a matt surface and cellulose ethyl ether conditioned at 
90^^ C. gave results similar to those given by cellulose acetate, the transition tem- 
peratures being different owing to differences in the energy-losses and to a smaller 
degree in the non-thermal electric strength. Thermal breakdown occurred above 
63"" C., in agreement with theory for the matted material with sustained tests. For 
cellulose ethyl ether, the theoretical transition temperature was 54^ C. on the 
assumption that the non-thermal electric strength was 39 kV./mm. The specimens 
were not, however, very uniform in this respect and in some sustained tests a non- 
thermal electric strength of 29 kV./mm. was indicated. In such circumstances the 
theoretical transition temperature was 84*5° C. The majority of the tests, however, 
confirmed the theoretical value of 54^^ C. 

With dried ebonite the theoretical transition temperatures in sustained tests fell 
outside the range of the experiments, being 94, 97-5 and loi '’ C. with thicknesses of 
0*52, 0*385 and 0*275 respectively. Owing to the low non-thermal electric 
strength of dried grease-proof paper, the transition temperature is very high, being 
206"" C. for 3 sheets and 143*5'' ^5 sheets. Condenser tissue paper when dry 

is very slightly affected by stress or temperature up to the non-thcrmal electric 
strength, and accordingly thermal breakdown cannot occur except with very great 
thicknesses where the thermal resistance of the paper itself is much greater. In all 
these cases it was verified that breakdown through thermal instability did not occur 
at the lower experimental temperatures. 

Non-thermal electric strength. It is of interest to consider the nature of the 
electric strength which limits the application of thermal laws, although this in- 
vestigation did not form part of the original programme and is being pursued by 
other means. There is an initial difficulty in determining the influence of edge 
effects and extraneous discharges. According to A. M. Thomas it is necessary to 
utilize a penetrating ambient medium of high electric strength, such as xylene 
under pressure, to eliminate these effects, and in such circumstances the electric 
strength of, for example, cellulose-acctate film is three or more times the values here 
observed. On the other hand the type of puncture resembles the type which 
Thomas considers characteristic of the elimination of edge effects. Figure 14 shows 
the effect of thickness for non-thermal and thermal breakdown with cellulose 
acetate. The former follows the parabolic law, the thickness being inversely pro- 
portional to the square of the average electric strength ; this is the law arising from 
a constant limiting maximum field-strength applied to the field between two thin 
discs. The effect of introducing a graphite contact film is to increase the electric 
strength by about 10 per cent. In the sustained tests breakdown occurred more 
often within the guard ring than at the edge, following a similar law. With ebonite, 
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breakdowns fell into two groups according to whether the puncture was at the edge 
of the electrode or within it. In both groups the electric strength was independent 
of thickness. 1 ests on different numbers of layers of paper, both tissue and grease- 
proof, gave a constant electric strength. It is not clear, therefore, how far these 



Figure 14. Electric strength of cellulose-acetate films of various thicknesses at 20° C. 

values are characteristic of the material or whether the field- distribution of ambient 
medium exert an important effect, and investigations are proceeding with respect 
to these questions. 


b:' 30 


I 
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20 


10 


Ebonite 0-275— 0-52 mm. thick 
n Breakdowns at edge of electrodes 

A Breakdowns inside electrodes 

Dense (grease-proof) paper, made up 

to thickness of 0-158 — 0*79 mm. 

Tissue paper made up to thicknesses 

of 0-065—0-075 mm. 



Temperature (^C.) 


Figure 15. Non-thermal breakdown in sustained tests. 


100 


From figure 13 it is seen that temperature has not a very great effect on the non- 
thermal electric strength of cellulose-acetate films. A slight increase with tem- 
perature appears possible, but usually it is not great in comparison with the 
inherent variability of this quantity, higure 15 shows that for ebonite the electric 
strength for internal breakdowns is constant, while for edge breakdowns it decreases 
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with temperature. The results of sustained tests on grease-proof paper and condenser 
tissue paper were also unaffected by tenq^rature, but short-time tests gave some- 
what different results. The electric str^gth of condenser tissue was constant, 
while the electric strength of grease-proof'paper decreased slightly with temperature 
whether tested in air, figure 16, or in oil, figure 17, although impregnation with oil 
increases the electric strength considerably to approximately the same value as 
when the tissue paper is impregnated with paraffin wax. The electric strength of a 
layer of air of the same thickness as a single sheet of tissue paper is of the order of 
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Figure 16. Short-time electric strength of paper in air. (Total time i minute.) 


30 to 40 kV./mm., while for a single sheet of grease-proof paper, it would be about 
10 kV./mm. Thus there seems reason to believe that the linear decrease with tem- 
perature is probabty associated with the intervention of the ambient medium at 
edges or at interstices in the structure. 'Fhe effect is difficult to separate from the 
inherent variations. 

The non-thermal electric strength is not much affected by small quantities of 
moisture, as for example in the experiments on cellulose acetate films. The effect of 
duration of test was not studied in detail except that it was noted, as is well-known, 
that the electric strength decreases with duration of test. This effect is, for durations 
greater than lo seconds, much less than the corresponding effect on the thermal 
electric strength. This finding is in agreement with more recent work on dielectrics 
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such as that of Inge and Walther, and it may be concluded that the non-thermal 
electric strength of dielectrics does not normally vary greatly with duration , of 
test in the absence of strong external ionization in the ambient medium. 

It is also to be noted that corrugation of the surface of cellulose acetate, as in 
matt films, had no appreciable effect on the electric strength. This is to be expected 
since the electric strength of fine channels when filled with air or oil would be 
greater than that of the solid material. 
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Figure 17. Short-time electric strength of paper immersed in transformer oil. 
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Tests made on paper with continuous voltages gave the same results as those 
made under the same conditions with alternating voltages having peak values equal 
to the values of the continuous voltages. 

Modern views of intrinsic electric strength » Although the prese/it paper deals 
only indirectly with the intrinsic electric strength, which enters as an upper limit, 
it is of interest to consider recent theories dealing with this subject since it appears 
likely that two or more groups of effects are involved. 

Joffe^^^ arrives at ionization potentials of the order of 100 or 200 volts, although 
he finds a decrease with field-strength not observed by the present authors. Such 
values, and those given in this paper, fit in with his theory of transition from ionic 
breakdown (about lo® V./cm.) to structural breakdown (10® V,/cm.) from thick- 
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nesses of iO“® cm. to those of lO'^ cm., since the voltage across the specimen has 
reached the minimum for ionization and cannot fall further until another type of 
failure occurs. This, however, is an over-simplification. Ionization can occur at 
small thicknesses at lower voltages than are possible with these values of ionization 
potential: ionization by ions of one sign does not become unstable without the 
intervention of some other factor, such as ionization by ions of opposite sign : ionic 
energies calculated from structure are very much less than these ionization potentials ; 
and finally some doubt attached to Joffe’s electric-strength values of 10® V./cm. 
Examination of actual discharge currents also supports the view that the high 
ionization potentials are not physically real, but are statistical and average effects 
due to energy-dissipation without ionization ; and although an ionic form of break- 
down probably exists, it is related to current-density phenomena and not directly 
to the structure. 

Calculations of ionization potentials of polar molecules usually give low values 
Wideroe^*®^ arrived at ionic energies from the heats of sublimation and dissociation 
for rocksalt, giving 2*8 electron-volts for the sodium ion and ii*6 for the chlorine 
ion. Hippel^"^ indicates a proportionality between the voltage-drop in a lattice 
element at breakdown and the energy-difference in electron-volts corresponding 
to the Reststrahlcn of different crystals. His view is that an electron raised to the 
highest level of an incomplete energy band by the electric field may, by falling to a 
lower level in the band, yield energy to an electron in a lower complete band, so 
that two free electrons are produced. The ionization potentials so deduced from the 
voltage-drop per unit element would be only of the order of a fraction of a volt, the 
figures for electric strength being between 10® and 10® V./cm. 

A calculation has recently been made by Zener^**^ of the rate of escape of electrons 
from a complete band through an energy-difference into an incomplete band under 
the action of an electric field. He finds that this rate of escape is so rapidly accele- 
rated as the field increases beyond, say, the order of 10® V./cm., as to constitute 
breakdown, assuming a lattice constant of the order of 3 x lO”® cm. and an energy- 
difference of, say, 2 V. If we take the equations for semi-conduction in crystals 
worked out by Wilson on the same basis of closed and open groups of electrons 
in solid lattices and then consider that a species of Stark effect occurs giving new 
intermediate energy-levels and thus inducing metallic conduction, we find that if 
the same order of constant occurs as in gases, conduction in a field of the order of 
10® V./cm. should occur if the energy-level displacement is to be of theorder of o*oi V., 
which is about the order of energy-differences exhibited with some semi-conductors 
which are insulators at low temperatures. This view however leads to an interaction 
of temperature and field-strength giving a term of the form exp {XEjkT) in the 
conductivity. Thus the lower the temperature the greater the relative effect of 
stress, so that although an exponential variation of conductivity with stress is very 
frequent, it can hardly be ascribed to such a mechanism since the corresponding 
temperature effect has not been observed. 

At present the general conclusion appears to be that the final limiting electric 
strength is probably nearer 10* or 10’ V./cm. than -the lo® V./cm. given by Joffe, 
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and is associated with energy-differences possibly as low as hundredths of a volt 
but probably not greater than a few volts. This structural breakdown should be 
sudden in character giving a phase of electronic conduction, at any rate initially, 
which is unlikely to be related to the conduction preceding breakdown or to be 
greatly affected by time or temperature over a wide range. An ionic form of break- 
down, comprising a kind of electrolytic decomposition with induced ionization, 
may occur at lower field-strengths and will be related to the conduction immediately 
preceding breakdown. The ionic type of electric strength should show time effects 
at longer times than the structural type but should not necessarily be greatly affected 
by temperature. 

In the present tests the times were too long to enable such distinctions to be 
made experimentally; the breakdown might have been of either type. In addition 
it is not yet completely known how to avoid external effects, imperfections in the 
material, or the effect of a mosaic structure if present. On the other hand the fact 
that electric strengths of lo® V./cm. and above can sometimes be realized with 
suitable precautions with many materials indicates that these difficulties may not 
be so great in the electrical problem as in the corresponding mechanical problem. 
Work is proceeding on the non-thermal type of breakdown at shorter times to 
attempt a further separation of breakdown types. 

§4. CONCLUSIONS 

(i) Provided that a sufficiently wide range of external conditions is available a 
dielectric will exhibit at least two types of breakdown — a thermal and a non-thermal 
type. In the case of thermal breakdown the electric strength corresponding to a 
long time of stress can be calculated with adequate accuracy from the conductivity 
under stable conditions, when the external thermal conditions and also the thermal 
properties of the dielectric are known. Provided the electric strength so computed 
is less than the non-thermal electric strength, the calculation will be valid whether 
breakdown takes the form of a progressive loss of insulating properties or the form 
of a sudden explosive discharge. The thermal electric strength depends on the 
electrical processes preceding breakdown only in so far as these processes contribute 
to the generation of heat in the dielectric. Joint electrical and thermal effects of the 
type suggested by Rogowski and others were definitely absent in the present work. 

(ii) If a stronger field is applied so that breakdown takes place in a short time 
the theory of thermal instability may be extended to give the electric stress corre- 
sponding to this time of application. The quantitative agreement between theory 
and experiment is not then so accurate, but if the variation of electric strength with 
time is known for a given temperature the variation at other temperatures can be 
theoretically deduced therefrom with sufficient accuracy. 

(iii) A transition temperature exists for any given time of application of 
electric stress and given external conditions. Below this temperature non-thermal 
breakdown occurs, above it the electric strength obeys the theory of thermal 
instability. The range of application of the latter theory is accordingly confined 
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largely to higher temperatures, thicker specimens, poorer dielectrics, longer times 
of application, or electrode arrangements of higher thermal resistance. 

(iv) Although there is evidence from the phenomenon of a.-c. and d.-c. con- 
ductivity to the effect that ionic effects occur, and although ionization potentials 
which give a fairly simple account of the phenomena can be deduced, yet it is 
doubtful whether these stable processes bear a direct relation to any of the types 
of non-thermal breakdown. The experimental methods employed showed no 
evidence of a factor which would be capable of producing ionic instability and also 
determine the conductivity at lower field strengths. 

(v) The ionization potentials deduced are much greater than those which can 
be obtained from considerations of solid structure, and they have not the same 
physical significance as the corresponding quantities in gases. On the other hand 
the electronic theory of intrinsic breakdown does not appear to be capable of 
explaining the stable phenomena. 

(vi) The electronic form of non-thermal breakdown should be independent of 
temperature, thickness of dielectric, time of application of stress, and humidity. 
The same appears to be true of the ionic form, except that this form is affected to 
some extent by the time of application of stress. 
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DEMONSTRATION 

The use of a liquid surface carrying ripples as a diffraction grating. 
Given by R. C. Brown, Ph.D., B.Sc. Lecturer in Physics, University of London, 
University College. 

Demonstration given on June 7, 1935. 

I T is well known that from measurements of the wave-lengths of ripples of known 
frequency the surface tension of the liquid upon which the waves are travelling 
can be calculated. The most usual method of arriving at the wave-length is that 
of direct measurement, cither of progressive waves viewed stroboscopically or of 
stationary waves. 

Kalahne^*^ showed that it was possible to use a rippling surface as a diffraction 
grating and by measuring the angular separation of the spectra he was able to cal- 
culate the wave-length of his ripples, i.e. the grating-space. Stationary ripples 
were used but, owing to the enormous disparity between the velocity of the ripples 
and that of light, progressive waves will provide an equally good grating. 

The following is a description of a very simple experiment designed to demon- 
strate the spectra produced. In figure r, C and T represent the collimator and 
telescope respectively of a small spectrometer. They are adjusted for parallel light 


Figure i. 

and arranged so that an image of the slit is seen in the telescope by reflection at 
almost grazing incidence from the surface of water contained in a half-plate de- 
veloping dish. D represents the dipper consisting of a small glass plate attached to 
the diaphragm of a loud-speaker unit so that when the loud-speaker is actuated by 
a small valve oscillator the dipper vibrates vertically while keeping parallel to its 
own plane. 

The position of the dipper should be such that no reflection of light takes place 
from portions of the water-surface which are near enough to it to be curved as a 
result of capillarity. In order to eflFect this adjustment, it is convenient to restrict 
the light leaving the collimator by means of a small piece of card. 

If the bench on which the experiment is being performed is liable to vibration, 
the dish may be held in a sling of rubber tubing in the way in which microphones 
are suspended. It may be necessary also to place a thickness of sponge rubber be- 
tween the bench and the stand which carries the loud-speaker unit and dipper, for 
irregular disturbances originate from the dipper if this is not done. 
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The production of standing waves by reflection from the sides of the dish gives 
rise to a continuous background of illumination and detracts from the clarity of the 
spectra. This can be avoided by using small amplitudes. 

Good diffracted spectra are seen in the telescope when white light is used and 
when the frequency of the ripples is between 50 and 500 c./scc. Above this range it 
is difficult to produce waves of large enough amplitude to give any observable effects. 

So far the author has not adopted this somewhat indirect method of measuring 
ripple wave-lengths, since it would not be superior to the direct method of measure- 
ment except at high frequencies, i.e., with wave-lengths too short to be measured 
accurately on a divided scale. For frequencies below 500 c./sec. wave-lengths are 
large enough to be measured directly with sufficient accuracy. 

REFERENCE 

(i) KalAhne. Ann. der Phys. 7 , 440 (1902). 
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The Principles of Quantum Mechanics^ by P. A. M. Dirac, Fellow of St John’s 
College, Cambridge. Second edition. Pp. xiH-300. (Humphrey Milford: The 
Oxford University Press, 1935.) 17^. 6<f. net. 

The first edition of this book, which was published in 1930, marked a new epoch in the 
development of the quantum theory. In this second edition considerable changes have 
been made in the method of presentation, and a certain amount of additional matter has 
been included. 

The earlier chapters, which built up the general theory of the representation of states 
by vectors and of observables by linear operators, have been almost completely rewritten 
and the method of presentation has been somewhat simplified. The theory nevertheless 
remains highly abstract in character and makes no concession to the physicist who wishes 
for an objective and realist interpretation of the fundamental axioms of this subject. 

In the chapter on the equations of motion Dirac has incorporated some of his recent 
work on the form taken by the principle of least action in quantum theory, together with a 
section, which is all too brief, on the theory of the statistical ensemble. 

The chapter on the relativistic theory of the electron includes Schrodinger’s exact 
solution of the equations of motion of a free electron, together with the theory of the 
positron, the existence of which, it will be remembered, was predicted by Dirac over a 
year before it was discovered experimentally. 

The last chapter in the book is entirely new and is devoted to the fascinating subject of 
field theory, due to Jordan and Pauli, Heisenberg and Born. The interest of this particular 
development is that it is concerned with the principal problem which so far has defied 
solution by the methods of the quantum theory. Indeed it appears that some essentially 
new principle is required to deal with the difficulties of micro-microphysics on the scale 
of electronic and nuclear dimensions. 

The book is beautifully printed and produced by the Oxford Press. The reviewer has 
discovered only one misprint, namely on page 74, line 4, where an accent is missing from 
the 8 symbol. x. 

The Measurement of Inductance^ Capacitance^ and Frequency, by Albert Campbell 

and Ernest C. Childs. Pp. xxiv-f 488. (London: Macmillan and Co.) 30.9. net. 

It is a fortunate thing that Mr Albert Campbell has been able to tear himself away from 
his laboratory for a sufficient time to enable him, with the assistance of Mr Childs, to write 
this book. Probably no man living has had greater experience in the matters of which it 
treats than he, and in this work he succeeds in handing on some of the fruits of this 
experience to other workers. 

The book may perhaps be said to be somewhat unbalanced inasmuch as the more 
modem work at radio frequencies is not presented in quite the same comprehensive and 
masterly manner as, say, vibration galvanometers, the construction, calculation and 
measurement of inductors, and condensers, the alternating- current potentiometer, and 
frequency- meters. But it must be a difficult matter to decide on the exact scope of such a 
work and incidentally to give it an adequate title. It gives much valuable information, not 
easily accessible elsewhere, on general electrical measurements. Almost the whole field 
of alternating-current measurements may be said to have been covered, including measure- 
ments at low, audio and radio frequencies, but there is no doubt that it will be found most 
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useful by the man who is concerned mainly with audio-frequency measurements. Many 
interesting details concerning the history of the subject are touched upon. For example, 
many physicists must have wondered who coined the terms inductometer and variometer, 
and what is meant by them. Mr Campbell is a safe guide on such matters. The book should 
be noted by all physicists who are concerned with measurements involving the use of 
alternating currents, including work on dielectrics, magnetic materials, and electrolytes, 
as well as the more obvious measurements on condensers, inductances, and laboratory 
standards generally. The book is very clearly and concisely written, conveniently arranged 
and indexed, and in every way well adapted to its purpose. l. h. 


Intermediate Physics, by C. J. Smith, Ph.D., M.Sc., A.R.C.S. Second edition. 

Pp. xii + 900 with illustrations and diagrams. (London: E. Arnold and Co.) 

i6^. Also published in parts. 

The original issue of this book was criticized for a certain lack of balance, but this has 
been corrected in this new edition. The section on electricity and magnetism has been 
thoroughly revised and amplified, and the opportunity has been taken of making small 
improvements and additions throughout. 

The text now provides a very suitable background for the usual type of intermediate 
course, especially for the abler students. It will be particularly useful for those preparing 
for more advanced work to come, or aiming at scholarships. Ostensibly no previous know- 
ledge of the subject is assumed , but the book does not appear to be suitable for an absolute 
beginner. It is mainly experimental in outlook, but does not profess to provide the detail 
which is looked for in a practical text-book. It pays little attention to the historical aspect 
of the subject — which is a pity, since this is too often under- valued. 

Those familiar with the first edition will be interested to learn that the book can now 
be obtained in separate parts, five in number, the dearest being that on electricity and 
magnetism at 6^. Short mathematical tables are included, but numerical data of a physical 
nature are still inadequately provided, and the student must glean what information on 
magnitude he can from chance numbers in the problems. The theory of dimensions occu- 
pies a more prominent place than in the previous edition, and there is more scope for the 
student with good mathematical equipment. The diagrams are even better than before. 

The general treatment is very sound, and pleasurably free from fallacies and doubtful 
“simplifications”. This does not mean that there are no errors at all. Indeed, the author’s 
ideas on laws, physical and penal, and on the physical meaning of negative magnification, 
for example, need revision ; and here and there an example or a phrase is used before the 
way has been prepared for it in the text. But the discriminating teacher will easily remedy 
these defects, and will probably find the book no worse in this respect than most others of 
its size and scope. It is certainly very good value for money, and can be strongly re- 
commended. A. j. w. 

Through the Weather House, by R. A. Watson-Watt. Pp. xi+192. (London; 
Peter Davies, Ltd.), ^s. bd. net. 

Probably many Fellows of the Physical Society listened with no less pleasure than the 
general public to the popular series of talks on meteorology broadcast by Mr Watson Watt 
early in 1934. These lectures are now published in revised and expanded form under the 
title Through the Weather House, recalling the picturesque imagery with which Mr Watt 
adorned his fascinating tale of our atmosphere, its beauties, its wonders, and its problems. 
The book deserves and will assuredly gain a wide sale. s.c. 
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Fine Structure in Line Spectra and Nuclear Spifiy by S. Tolansky. Pp. viii -f- 112. 
(Methuen’s Monographs on Physical Subjects. London: Methuen & Co., 1935.) 

3A'. net. 

In recent years optical spectroscopy has added much to our knowledge of the atomic 
nucleus. The magnitudes of the angular momenta and magnetic moments of a large 
number of nuclei have been derived from studies of hyperfine structure of atomic lines 
and of alternating intensities in the rotational structure of bands of homonuclear diatomic 
molecules, whilst for the recognition of stable isotopes and determinations of their 
relative masses and abundances the isotope effect in diatomic band spectra, especially, 
has supplemented the mass spectrograph method to a large and important extent. One 
of these fruitful branches of modern spectroscopy is lucidly described in this monograph, 
largely with the aid of vector and energy-level diagrams and reference to actual examples. 
An account of electron-spin structure leads up to that of nuclear-spin structure. Derived 
values of the nuclear-spin quantum number / and magnetic-moment factor g (/) are 
tabulated and discussed, and theories of nuclear spin are outlined. The reviewer ventures 
to express two hopes: (i) that nobody will use that “convenient unit” the millicenti- 
metre”^ (p. 86) — what advantage has, say, “72 incmT^” over the familiar “0*072 cmT^”.^ 
(ii) That a second edition will soon be called for, which will enable the author to correct 
a number of slips that have been found. It is usually stated that / is half-integer or 
zero according as the mass number is odd or even, except for and which have 
I equal to i. The author does well to emphasize that although this does describe the 
experimental results obtained up to the present, it should not be accepted as something 
in the nature of a law. It is true that lines of even-mass isotopes show no structure, and 
from this the spin is assumed to be zero in every case. But the nuclear masses for which 
the spin is known to be zero, from band-spectrum analysis, are not merely even but 
multiples of 4. So there is much to be said for the conclusion that I is half-integer or 
integer or zero according as the mass number is odd or an odd multiple of 2 or an even 
multiple of 2; to this there is no known exception. 


w. j. 
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ABSTRACT. In relation to Dr Jessel’s experiments two matters are discussed, (i) The 
effects of the liberation of dissolved air on the specific heat of water. ' It is shown that 
heat of solution, surface energy, and latent heat of vaporization contribute negligible 
amounts to the specific heat of water. A theory of the equilibrium of spherical air bubbles 
in fully aerated water is developed, (ii) The reliability of the existing evidence as to the 
value of the mechanical equivalent of heat. The conclusion is reached that Dr Jessel’s 
experiments do not invalidate the work of Jaeger and Stein wehr or of the writers on the 
mechanical equivalent of heat, and that the value as calculated by Birge, viz. 

4*1852 X ro^ erg/cal. at 15° C., is to be accepted. 

§1. INTRODUCTION 

D r R. Jesse finds experimentally that the specific heat of aerated water 
is greater than that of de-aerated water. He suggests reasons for this 
result, but does not discuss the theory exhaustively or quantitatively, and 
comes to certain conclusions as to the value at present to be accepted for the specific 
heat of water, i.e., the mechanical equivalent of heat. It is therefore desirable, as 
a guide to experiment, that the theory of the effect of aeration on the specific heat 
of water should be considered. 

§2. THEORETICAL CALCULATION OF THE EFFECT OF 
AERATION ON SPECIFIC HEAT 

As the following investigation shows, the calculated effect is very small. Aeration 
may affect the specific heat of water in three ways, (i) The heat of solution of the 
air. This has not been determined experimentally, though values have been 
obtained for some other gases. It can, however, be calculated from solubility data. 

If N is the mole fraction of the dissolved air, with an external pressure />, Henry’s n, p 
law may be expressed as ifeN=/>, k 

. PHYS. SOC. XLVH, 6 
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L and the heat of solution L cal./mole is given 

L _d\og^k ' 

Using the solubility tables of the International Critical Tahles^^\ we find that 

Lie = 3349 cal./mole. 

This gives for the 0-42 cm? of air liberated from a litre of water per degree rise, 
0*063 cal., and a consequent difference through aeration of the specific heat of 
water of the order of i in 20,000. This difference is not detectable by any experiment 
hitherto carried out. 

(ii) The latent heat of the water vapour required to saturate the air bubbles. 
This will have its maximum effect on the specific heat when all the air liberated 
from solution by the rise of temperature of the water is retained in the form of 
bubbles in the water. Taking the case of 15° C. : 

The volume of dissolved gas liberated per °C. is 0*42 cm? per litre of water 

The mass of water vapour per cm? of saturated air at 15° C. is 1*27 x io“® gm. 

The latent heat of vaporization at 15° C. is, say, 589 cal./gm. 

This gives 0*0031 calories per litre, an increase of specific heat of the order i in 
3 X I0^ 

(iii) The surface energy of the bubbles. The importance of this in its effect on 
the specific heat depends on the size of the bubbles, becoming greater as the 
average size of the bubbles becomes smaller. It is therefore necessary to obtain 
some evidence as to the relative stability of bubbles of different radii. Dr Jessel* 
gives ^^jzT for the smallest radius of a stable bubble; this appears to be a mis- 
quotation from Callendar^^\ who gives \/{2al2T) as the greatest radius of a stable 

P bubble for the case when P, the vapour pressure within the bubble, is greater 

p than/), the external pressure. In the case considered here, in which P</>, Callendar 

shows that stable bubbles may have any radius. He is dealing, however, with a 
bubble containing a fixed mass of air; the following discussion allows for the 
passage of air from the bubble into solution or vice versa. 

The equilibrium of a spherical bubble in air-saturated water at uniform tem- 
perature. Let the external pressure on the free surface of the water be p dyne cm:*, 
and suppose the water to be saturated with air at this pressure. The vapour pressure 

zT o 

r, Pt P in a bubble of radius r cm. will be PJi -n) where P# is the saturation 

r a 

t vapour pressure at temperature t as given in tables, N is the mole fraction of the 

a, dy T dissolved air, a, d are the densities of water vapour and water respectively, and T 

is the surface tension. 

/)' For mechanical equilibrium, the air pressure p' within the bubble must satisfy 

the equation ^ ^ 

/)'+P,(i-n)---.?=/)+</^+ 7- (i), 

v'here h is the depth of the bubble below the free surface at pressure p. 

• See reference (i), p. 758. 


h 
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The solubility of the air enclosed in the bubble is increased by the curvature, 
and for equilibrium in regard to solution 

( 2 ). 


p 


where p is the air-density at pressure p. 

From equations (i) and (2) the radius for equilibrium is given by 


Pe(i-N) = rf/i^ + ^(i+5+£ 



This equilibrium is unstable’**', smaller bubbles if in mechanical equilibrium 
according to equation (i) will lose air into the solution, and larger ones will gain air 
at the expense of the solution. But in either case the rate of change will increase 
the more r departs from its equilibrium value; so that bubbles of radii near the 
equilibrium value will predominate: The following table shows values of r in microns 
given by equation (3) at depths h below the free surface of fully aerated water. 


h (cm.) 

("C.) 

0 

0*5 

I 

2 

5 

15 

87 

90 

92 

98 

I 2 I 

20 

63 

64 

65 

69 

79 

30 

34 

34 

35 

36 

39 

50 

11 

II 

1 1 

1 1 

12 

100 

1*2 

1-2 

1*2 

1-2 

1*2 


Effect of surface energy on specific heat. The table above shows that bubbles 
formed in aerated water at 15° C. have a radius of about 9 x 10 ^ cm. when in equili- 
brium ; bubbles of radii near that value will change only slowly in size, so that we 
may assume that most of the bubbles present in water that is being heated will 
have radii of about this value. If the 0*42 cm? of air liberated per litre of solution 
per 1° C. rise remained in the form of n bubbles of this size, the surface energy 
would be given by /^irr^nT while j7rr2« = o*42. Substituting J'=74, r = 9 x io~®, we 
obtain for the surface energy 1*04 x 10^ erg or i in 4X 10® of the specific heat. 
This value may be exceeded through the temporary existence of smaller bubbles, 
but it leaves a wide margin before any effective contribution to the specific heat 
could be expected. 

* Bumping. The effect of dissolved air in facilitating ebullition is made clear by the above dis- 
cussion. If water contains sufficient air to saturate it at ioo° C., a bubble as small as i*2/x will be 
in equilibrium with the water at loo® C., and water vapour can evaporate steadily into the bubble as 
the water is further heated, however slow may be the excess supply of heat over that required for 
losses. On the other hand a bubble of water vapour of this size near the surface of de-aerated water 
under normal pressure would satisfy the equation 

P^==p-h2T/l- = 2/), 

and consequently it would be in equilibrium with the surrounding water only if the latter were at 
about 1 16” C. 
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It will be seen that none of the effects considered is sufficiently large to account 
for the experimental results obtained by Dr Jessel, and that the difference observed 
by him on aeration of the water requires further investigation. We observed that if air 
were liberated the rate of flow of the water was irregular, and this disturbed that 
steadiness in thermal conditions which is essential for accuracy in continuous- 
flow calorimetry. It is to be expected that the electrically heated wire used by Dr 
Jessel would be even more disturbed. 


§3. THE VALUE OF THE MECHANICAL EQUIVALENT OF HEAT 

Dr Jessel concluded from his experiment that “if exact and reproducible 
results for the specific heat of water are to be obtained, air-free water must be 
used” in calorimetric experiments. 

This conclusion, if true, means that de-aerated water must be used in a deter- 
mination of the mechanical equivalent of heat. There is no modem* determination 
of that constant in which de-aerated water was used, but a consideration of the two 
available experiments does not support the conclusion that aerated and de-aerated 
water differ in specific heat. 

Dr Jessel does not mention in his discussion the critical reviews which Birge^'^^ 
Henning and Jaeger have made of the determinations of the mechanical equivalent 
of heat. Both of these reviews reject all the electrical determinations made previous 
to 1908. The most valuable of the older determinations is no doubt that of Barnes, 
but neither the standard of resistance nor that of e.m.f. which hef used was suffi- 
ciently accurately known for the calculation of a value of J comparable in accuracy 
with that obtainable from the data now available. Birge, after a very thorough 
analysis of the two determinations, arrives at the conclusion that the electrical 
determination by Jaeger and Steinwehr is in close agreement with the direct 
determination by the present authors J. L. H. made 19 determinations of J 
between and i6''*74 C. and 4 at 20°-£0 C. Birge points out that in a re- 

duction of our observations which he has made, the mean residual error of the 
group of 19 observations is 0*0003, while that of the group of 4 is 0*0022. He 
adds that an observation with a residual from 7 to 10 times the mean residual 
should be rejected according to any of the well-known criteria of rejection, and on 
this ground he rejects the group of 4. He then obtains /i5 = 4*i8526. 10^ erg. A 
reduction by Callendar’s formula gives 4*18516, in good agreement, and we accept 
his exclusion of our summer experiments. 

* The view of several authorities on the electrical units is that to be satisfactory a determination 
of the electrical equivalent of heat must have been made since 1908, when the London International 
Electrical Congress was held, for it is not possible to convert into ergs with sufficient accuracy the 
electrical measurements made prior to that date. Thus “modem** is used here to mean since 1908. 

t Barnes’s standard of resistance was the British Association ohm, the absolute value of which is 
uncertain. His standard of e.m.f. was an old type of Clark cell for which in igoz he gave the value 
1*43325; in 1909 he corrected this to 1*4335, while Callendar, on King*8 experiments, gave 
1 4341 • 10“ e.m.u. The resulting uncertainty in J is greater than i in 1000. 

t J. S. will be used subsequently for the first of these pairs of authors, and L, H. for the second. 
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The present authors knew that this group of 4 experiments at 20°*5 C. gave a 
result for /jg, about i part in 2000 higher than the other 19 experiments, Callendar’s 
variation of specific heat with temperature being assumed, but as the 4 experi- 
ments agreed well together they were not rejected. 

gives the following values as a result of his calculations : 

J. S. (electrical determination) /ig = 4- 1850 ± 0*0009 x erg/cal. 

L. H. (direct determination) /15 = 4*1853 ±0*0008 x lo'^ erg/cal. 

Jessers observations give* 

Jessel (de-aerated water) /is — 4* 1852 x 10’ erg/cal. 

Jessel (ordinary distilled water) /i6=4’i905 x 10^ erg/cal. 

He states that his values are correct to i part in 2000/ that is to 0*0021. It will 
be seen that his value for de-aerated water agrees with the values found by J. S. 
and L. H., while his value for aerated water is about i part in 1000 greater. 

The above figures are evidence that the waters used by J. S. and L. H. have the 
same specific heat to an accuracy of possibly i part in 10,000, and the same as that 
of de-aerated water to an accuracy of i part in 2000. Now J. S. used 50,000 gm. of 
water in a calorimeter closed to prevent evaporation, and it is probable that this 
water was not sufficiently saturated with air for the latter to come out of solution 
when its temperature rose to the region of 15° C. Even if the water were saturated 
with air the vigorous stirring would prevent the formation of stable small bubbles, 
the effect of which has been discussed. We used ordinary distilled water under a 
pressure sufficiently above atmospheric to prevent air bubbles being formed as 
the water was heated in the 19 experiments at 16° C. The following is quoted from 
our paper (p. 77) ^"Steadiness of conditions. The most serious temperature 
variations arise from variations in the rate of flow of the water. At first the flow 
was regulated by a carefully designed tap placed where the water enters the apparatus. 
The flow slowly decreased, and was subject to constant small irregularities, the 
cause of which was not at first evident to us, but later we found these fluctuations 
in the flow to arise from liberation in the calorimeter of dissolved air. The remedy, 
moving the tap to the exit side of the calorimeter, was simple enough. The change 


♦ Jessel found the specific heats given in the following table : 

Jt in 10^ erg per calorie at C. 

Ordinary distilled water De-aerated water 


Temperature 

(°C.) 

Ji 


Temperature 

CC.) 

Ji 

Jm 

12*3 

4 * 1 944 

41914 

i6*8 

4*1858 

4*1874 

20*1 

4*1857 

4*1897 

22’X 

4*1780 

4*1830 


Mean 

4*1905 


Mean 

4*1852 


His values have been corrected to 15° by means of an expression of the fourth degree in t cal- 
culated by Birge to fit J. S.’s values. 
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increased the pressure of the water from about 6o to 90 cm. of mercury, and at 
this higher pressure the water is unsaturated with air until after it has left the 
apparatus.** 

A study of the solubility tables will show that the excess pressure of nearly 
half an atmosphere in the calorimeter would compensate with a wide margin for the 
tendency of- the rise of temperature of about 5"* C. to liberate air. It is to be noted 
too that the water passed before entering the calorimeter through a filter of very 
fine metal gauze which would remove bubbles larger than the mesh of this gauze. 

§4. CONCLUSION 

Neither the theoretical discussion which has been given nor the experimental 
results of Jaeger and Steinwehr and of the present authors support the conclusion 
that aerated and de-aerated water have different specific heats. The value of the 
mechanical equivalent of heat for both de-aerated and aerated water in which the 
air remains in solution is 4*1852. lo’ erg per 15° C. calorie. 
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DISCUSSION 

Dr R. Jessel. The authors seek to justify their determination of the mechanical 
equivalent of heat, carried out by the use of water containing a certain amount 
of dissolved air, by showing that my tentatively suggested theory is not correct. 
This does not, however, alter the experimental fact, viz. that the presence of 
dissolved air increases the specific heat, a fact which has been proved both for 
crude oils and for petroleum fractions as well as for water. They only show that 
the theory should be modified to suit the facts. 

The ideas expressed in figure 4 of my paper are still probably true. The con- 
tribution of the vapour molecules must be increased by the presence of air ; i.e. the 
formation of steam molecules is greatly facilitated. This increase means that the 
air in the water in some way unknown helps to break down the highly coaggregated 
water molecules into simpler coaggregations or even into single molecules. Another 
important point which has not been mentioned is that for aerated water the 
minimum value occurs at a lower temperature. Barnes and I find it at about 
37 ^ C*» Jaeger and Steinwehr at about 33® C. It appears from experiment that the 
liberation of air is not essential. Its presence seems to be all that matters. 
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In my paper I make no pretence at a standard determination of , but to the 
accuracy of my experiment I find that the results agree with the corrected values 
of Barnes, who used de-aerated water, and it is his curve that is plotted. The 
suggestion made is that his corrected value of 4-1842 should be accepted and not 
the value 4*1860 or even the corrected value of 4*1853 of Laby and Hercus. Laby 
and Hercus's results at 20° C., which were self-consistent, seem to have been 
thrown overboard for the simple reason that the deduced value of is too high. 
The presence of air seems an adequate reason for the high result. 

I would suggest that the authors settle the matter for themselves by repeating 
their experiments, after modifying the apparatus if necessary, at 20° C. with 
air-free water; and also at higher temperatures, say 30° C. and 40° C. where the 
effect is much more noticeable, with both air-free water and aerated water. The 
results obtained by Bousfield, who also claimed a high degree of accuracy, seem 
to indicate that air has a considerable effect. 

It is also suggested that the accuracy of the aerated-water experiments may be 
in some doubt, but this suggestion is entirely unfounded. Practically all the 
experiments were made with three or more rates of flow, so that the probable error 
is less than one part in 3000; moreover at temperatures below 35° C. the conditions 
were as steady as those for de-aerated water. 

Dr II. R. Lang. If the authors examine the results of our experiments on 
twenty-four samples of oil and petroleum fractions they , will surely agree that the 
increase in specific heat caused by dissolved gas is in general too large to be 
accounted for entirely in the manner they suggest. I would particularly refer them 
to the discussion of these results*. Dr JessePs recent experiments with water 
confirm our conclusions. The satisfactory nature of his experiments is proved by 
the close agreement of his results for de-aerated water with those of Barnes, over 
the whole range from about C. to 70° C. Using precisely the same method 
and apparatus he finds consistently higher values when the water is not de-aerated 
than when it is, a fact supported by Laby and Hercus’s results at 20° C. The 
authors* calculations seem to indicate that the air must have some effect additional 
to those they consider, in order to account for the large difference between the 
specific heat of water before and after de-aeration at temperatures above 20° C., 
say, where the curves begin to separate; for here the magnitude of the difference 
is several times too large to be accounted for in the way they suggest. The peculiar 
shape of the curve found by Liidin and the Bousfields at higher temperatures also 
requires explanation, and here again the magnitude of the difference between their 
results and those of Barnes is much greater, I believe, than can be accounted for 
by considering only the effects mentioned by the authors. 

I hope it will be possible for the authors to carry out some further experiments 
in the neighbourhood of 40° C. or some higher temperature, in order to test their 
theory under conditions familiar to them. 

* Lang and Jessel, J. Inst. Petr. Techn. 18 , 863 (1932) and Lang, y. Inst. Petr. Techn. 17 , 589 

(1931) 
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Authors’ reply. As the quantities in question appear to have the same value 
to an order of accuracy of o*i per cent, it is necessary to define them carefully to 
prevent the confusion which is present in important writings on the subject. This 
is done in the following table. 

Energy required to heat i gram of distilled water from 14*5 to I5‘5°C. 

Water saturated with air, heated at a pressure of i atmosphere, 

Sj, 5j' part of dissolved air liberated: erg s/ watt-sec. 

$2 Water with air in solution but no air liberated on heating: s* ,, ,, 

De-aerated water : S3 »» ^3^ » 

We showed thermodynamically that ^1 = ^3 to an accuracy of i in 10,000, and 
calculation along the same lines from the solubility data shows that between 15° C. 
and 20° C., $2 exceeds S3 by only i in 100,000. Using our own measurements and 
those of Jaeger and Steinwehr, we conclude that ^1 = ^2 = ^3 = 4*1852 x 10’ in terms 
of the erg. 

Dr Jessel measured and S3' and found that s/= 1-0013. S3'. In his discussion 
above he rejects our thermodynamic calculations, although he does not point out 
any error in them, and only offers in their place qualitative reasoning incompatible 
with their conclusion. He states that experiment shows that dissolved air increases 
the specific heat of water and that apparently the liberation of air is not essential 
to that increase. We deny that he is entitled to state anything about the specific 
heat S2 of water in which air is present but is not liberated, for in all his published 
experiments he used either de-aerated water, or water from which part of the air 
was liberated as the temperature rose. Assuming he has proved experimentally 
(though we are unable to reconcile this with our calculation) that = i-ooig.^g', 
that does not prove that ^2 is not equal to % to an accuracy of i in 10,000, which is 
an important issue. 

Dr Jessel reasserts that Barnes’s absolute value of J is to be accepted, and ignores 
the criticism, made by every authority on electrical units who has discussed Barnes’s 
experiment recently, that his electrical standards of resistance and e.m.f. are too 
much in doubt to make his result of value. We believe Jaeger and Steinwehr’s 
value, as an absolute determination, to have about ten times the accuracy of Barnes’s. 

Dr Lang discusses whether s^ > sf. He does not accept our thermodynamical 
calculation which gives Sy —sf to an accuracy higher than i in 10,600. He explains 
our disagreement with Dr Jessel’s experimental result =1*0013 by saying we 
must have left some effect out of account, but makes no suggestion as to what 
effect has been omitted. He considers the facts that (i) he and Dr Jessel found 
greater than 53' for twenty-four oils, and (ii) Jessel’s value of ^g' agrees closely 
with Barnes’s value over the temperature range 10° to 70° C. to afford additional 
evidence that 5/ >53' for water. Both these facts and our thermodynamic calcu- 
lations can be reconciled if it is assumed that the liberation of air in Callendar and 
Barnes’s calorimeter changes the temperature-distribution as compared with the 
distribution which obtains when no air is liberated, and that this leads to values of 
5 i which are too high by about i in 1000. 
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The mechanical equivalent of heat 

Preliminary experiments in our determination of J showed that Callendar’s 
elementary theory, which Jessel uses to reduce his observations, is very difficult 
to realize in practice. In order to avoid this difficulty, we abandoned Callendar’s 
method of eliminating heat-loss and devised a new method in which the loss was 
0*04 per cent, and could be determined certainly to ±10 per cent of its value. In 
Jessel’s experiments different calorimeters were used with the de-aerated and the 
aerated water. The heat-loss for the one used with de-aerated water was apparently 
I or 2 per cent, and for the other was higher. Our experience with this type of 
calorimetry makes us believe that an error of i in 1000 in the values of and ^3' 
might arise under such conditions. 

The magnitude of the effect under discussion can also be calculated from the 
heat of solution as obtained from solubility data. The specific heats of air-free and 
aerated water may be compared by considering a cycle in which water is saturated 
with air at 20® C., the water is cooled to 15° C., the air is drawn from solution at 
that temperature, and air and air-free water are heated separately to 20*^ C., com- 
pleting the cycle. The solubility data used above give 1,20 = 3120 cal. /mol., with a 
consequent difference of specific heats over the range 15 to 20° C. of 6 x io~® cal./gm. 
So, allowing for uncertainties in the solubility data, we may say that the difference 
due to this cause is not more than i in 100,000. 
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THE COLOUR- MATCHING OF TUNGSTEN-FILA- 
MENT LAMPS BY MEANS OF A SINGLE PHOTO- 
CELL AND COLOUR FILTERS 

By J. S. PRESTON, M.A., F.Inst.P., A.M.LE.E., 

National Physical Laboratory 

Communicated by H. F. Buckley^ M.Sc.^ FJnst.P.^ May 23, 1935 

ABSTRACT . A method for colour-matching tungsten light-sourccs is described, in 
which one photocell and two coloured filters are employed. The ratio of the total trans- 
missions of the two filters, as measured by the photocell, is used as an empirical measure 
of the colour temperature of the source, a tungsten-filament lamp. For certain lamps and 
photocell-filter systems the relation between this ratio and the lamp-voltage is approxi- 
mately linear. An example of the use of the method in checking the calibration of standards 
of colour temperature is described, reference being made to a set of N.P.I.,. colour 
standards. 

§1. INTRODUCTION 

AMETHOD of Using two photocells of different colour characteristics for the 
ZA colour-matching of tungsten -filament electric lamps has been described by 
X 3 L G. T. Winch^‘>. 

Its basis is as follows. The ratio between the energy radiated by the lamp- 
filament in one spectral region to that radiated in another spectral region depends 
on the colour temperature of the source. The spectral regions having been defined, 
the ratio may be used as an empirical measure of the colour temperature of the 
source. Two such regions are selected by the two photocells, and the colour tem- 
perature of the source then determines the ratio of the outputs of the two cells. For 
colour-matching in practice, the more sensitive cell is shuttered to give unit ratio 
when the cells are illuminated by the colour standard. The latter is then replaced 
by the test lamp, whose voltage is regulated until unit ratio is again indicated. By 
the use of a null method it is secured that attainment of unit ratio shall correspond 
to zero deflection of a sensitive galvanometer, and thus a high sensitivity is attained. 
This method entails the use of two photocells, which increases the cost of the 
apparatus above that of the simple photometer, and involves the use of a large 
diffusing window in the case of directional measurements, with some uncertainty 
as to the perfection of the diffusion unless the light-sources are of similar size and 
design. 

With these disadvantages in view, and also as a matter of theoretical interest, 
another method, in which the same principle is applied in a different way, is 
described in this paper. It has the advantage that an ordinary photoelectric photo- 
meter, with one photocell, can be used with the simplest of additions. 
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§ 2. THE METHOD 

The present method employs one photocell, of sufficiently extended colour- 
sensitivity, with two interchangeable colour filters to select the two regions of the 
spectrum. The ratio of the cell-outputs with the two filters successively in position 
can be used as a measure of the colour temperature of the light-source. In this case 
two separate readings are taken to determine the ratio, and a null method cannot be 
used; the procedure for colour-matching described below is adopted. 

This method is a particular case of a general method. If between a light-source 
and a receiver — e.g. an eye or photoelectric cell — various coloured filters are 
successively interposed, the corresponding outputs of the receiver, together with 
knowledge of the properties of the filters, give information concerning the relations 
existing between the spectral distribution of the energy radiated by the source and the 
spectral sensitivity of the receiver. The amount of information thus obtainable de- 
pends upon the number and properties of the filters, and the data available concerning 
them. In particular if either the quality of the radiation or the properties of the 
receiver remain unchanged, variation in the factor that is subject to change can 
be deduced from the readings on the set of filters. For instance, if a source of 
constant colour be used, the colour characteristics of various human observers can 
be classified according to the ratio (the “Y/B ratio”) which each obtains for the 
transmissions of two standard yellow and blue filters; or the performance of a 
photoelectric cell may be assessed by comparing the overall transmissions of a set of 
colour filters as measured with the cell with those determined on the visual basis, all 
the values being related to a source having a constant colour temperature (2). 
Alternatively if a receiver of constant properties, e.g. a photocell, is employed, the 
transmission readings for a set of filters will afford information as to the colour of 
the source. In the case of a tungsten-filament source, for which the energy- 
distribution bears a unique relation to the colour temperature, the transmission of 
a single filter will, in general, bear a unique relation to that colour temperature, and 
may be used as a measure of it. In certain cases the relation will not be single-valued ; 
and if the filter be strictly neutral, its transmission will of course be invariable. 

In the method herein described, however, two filters are employed for the 
practical reasons that a higher rate of change of the measurea quantity with colour 
temperature of the source is obtained for the usual cells and filters available, and 
that if the filters are suitably chosen the photoelectric photometer may always be 
used at nearly its full scale- reading, with advantage in regard to precision. 

The procedure for colour-matching two lamps is as follows. A photoelectric 
photometer is set up with the cell exposed to light from the colour standard, which 
is adjusted to the desired temperature. Two readings of the photometer are taken 
with, say, a red glass and a green glass in front of the cell. The green/red ratio 
is thus found. The colour standard is then replaced by the test lamp which is to be 
matched with it, and the procedure is repeated for two or more voltages on the test 
lamp. Appropriate interpolation gives the voltage on the test lamp required to give 
the same green/red ratio as the standard, i.e. to colour-match it. 
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§3. PRACTICAL CONSIDERATIONS 

The results quoted below were obtained with an emission photocell in the well 
known thermionic-valve bridge circuit. The photometer need not be described 
here, but the following considerations assume the use of such a photometer, 
although many of them are of general application. 

The photocell. The photocell should have a wide spectral sensitivity band and 
stable characteristics. A rubidium-on-silvei thin-film vacuum cell with central 
plate cathode is a suitable type. The cell may have an illumination-response 
characteristic of one of three types, namely (i) strictly linear; (ii) not linear, but of 
similar form for all wave-lengths and such that the cell will always give the same 
measured value for the transmission of a filter, no matter what illumination-value 
of given colour temperature is used ; (iii) not linear, and of different form for light 
of different wave-lengths. 

In cases (i) and (ii) the procedure outlined above is valid. In case (iii), however, 
the cell will exhibit the Purkyfie effect, and the green/red ratio for a given colour 
temperature will vary according to the degree of illumination employed. It will 
then be necessary to work always with the same reading for one or other filter. This 
is best done by having the light-source movable on a photometer bench and always 
adjusting its distance from the diffusing cell window so that a definite constant 
reading is given by the photometer for one of the two filters. The reading on the 
other filter will then have one definite value for a definite colour temperature, and 
so will the ratio. In practice it is useful to set the reading for the less dense filter at 
the maximum scale- reading of the photometer. 

A diffusing window in front of the photocell is a necessity, and is of particular 
importance in the case where the light-source is movable. 

The filters. Filters suitable for use with the rubidium cell are a selenium red and 
a signal green glass. These should be optically finished, of good uniformity, and 
carried in a mechanical slide to ensure accurate placing and replacing in the path 
of the light. It may be necessary to combine the selenium glass with a neutral filter 
to give it an effective density more nearly equal to that of the green glass, so that 
both readings shall fall near the upper end of the photometer-scale, with consequent 
improvement in precision. 

The main source of error likely to be encountered in respect of the filters is 
change in temperature, with a corresponding change in transmission. To keep the 
error small, a change of temperature exceeding 1*^0. should not be tolerated. 

§4. RESULTS 

The following description of results obtained by the above method will illustrate 
its application. 

(i) The method was used to investigate the mutual agreement, at a nominal 
colour temperature of 2360° K., of a set of six colour standards, and to readjust 
individual lamps to the mean of the group. 
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The lamps used were N.P.L. working standards 87G-L vacuum squirrel-cage 
lamps of nominal rating 100 V., 60 W. and had been calibrated visually. The set-up 
was as described above with a rubidium cell showing Purkyfie effect. The measured 
transmission of the red filter was reduced by cementing it to a neutral filter. The 
photometer was mounted on a bench and fitted with a diffusing window. 

Lamp 87 G was selected for use as a reference lamp against which to check the 
other five. Its stated voltage for the colour temperature of 2360° K. was 85*9. 



Figure i. 

Its green/red ratio was measured at 85, 85-9 and 87 volts, the red reading being the 
greater throughout and so being set at a constant (full-scale) value. The relation 
between voltage and green/red ratio, figure i, is seen to be a straight line over this 
range. 

The green/red ratio was then measured for each of the other five lamps, run 
respectively at the voltages stated in the calibration charts to give a colour tempera- 
ture of 2360° K. ; see the table, column A. If the stated voltages had been exactly 
the correct ones these five ratios should have agreed precisely with that for 87G at 
85*9 volts. This agreement did not occur, the observed ratios being as in the table, 
colunm B. 
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Table. 


Lamp 

1 Nominal 
' voltage for 
2360" K. 

B 

G/R ratio at 
voltage in 
column A 

C 

Voltage on 
87G to 
give ratios 
in B 

D* 

Deviation 
from mean 
of 

column C 

E 

Corrected 
voltages for 
colour tem- 
perature of 
2360° K. 

87G 

85 -9 

0*6963 

85-9 

0 

85-9 

87H 

8S-S 

06957 

85-8 

— 0*1 

85*6 

871 

8s -6 

0*7020 

86-5 

4-0*6 

85*0 

87J 

85-3 

0*6968 

859 

0 

85*3 

87K 

853 

0*6961 

85-9 

0 

85*3 

87L 

852 

0*6940 

8s-6 

-0*3 

85*5 



Mean 85*9 




* A deviation of o*i volt corresponds to a deviation in colour temperature of K. 

If now we pick off from the graph for 87G, figure i, the points corresponding 
to the ratios in column B, we obtain as abscissae the voltages at which 87G would 
colour-match the various lamps at their nominal settings for 2360° K., column C. 
The spread in these voltages represents the spread in the original calibration of the 
group, plus divergences due to subsequent use. The mean of these voltages, given 
at the foot of column C, is the voltage at which 87G operates at a colour temperature 
of 2360° K. as based on the present mean calibration of the group of six lamps. This 
voltage happens to be 85-9, the stated value for 87G. This agreement is fortuitous, 
and arose from the fact that 87G happened to represent exactly the mean of the 
group. 

Column D of the table gives the deviations of these voltages from the mean, 
i.e. the departure, in terms of the voltage applied to 87G, of the colour of each lamp 
from the mean of the group at 2360"" K. Now since all the lamps were of the same 
type, operating at very nearly the same voltage, a small variation in the voltage on 
87G will correspond almost exactly, as regards range of colour temperature, with 
an equal voltage-variation about the same fixed value on any other lamp in the 
group. We can thus readjust each lamp to the mean of the group. For instance, 
87I at a nominal colour temperature of 2360'' K. gave a high green/red ratio, 
figure I, indicating that the stated voltage was too high by an amount equivalent 
to an increase of o-6 volts on 87G. The stated voltage of 87I should therefore be 
reduced by a like amount. By such a process we arrive at the values in column E, 
which are the voltages at which all six lamps accurately match in colour, and at which 
they represent the mean 2360'^-K. point for the group, on the basis of the present 
calibration. 

A second complete redetermination of the values in column E led to the same 
figures within o-i volt in every case, showing that the precision of the method 
corresponds to a colour- temperature range of about + K. at 2360'' K. 

(ii) The form of the relation between green/red ratio and lamp voltage was 
found in case (i) to be linear over a range of 2 volts for 87G.. As a matter of interest 



ColouT-matching of tungsten-filament lamps 1017 

this range was extended to 40 volts, and the measurements of the ratio were made 
at intervals of 5 volts with two entirely different cell-filter systems. The results are 
shown in figure 2. Curve A was obtained with a rubidium cell which showed the 
Purkyfle effect. The filters were a selenium red glass, attached to a neutral filter, and 
a signal green glass. The conditions were not precisely as in case (i). 



Figure 2. 


Curve B was obtained with a thin-film potassium-on-silver cell. The filters in 
this case were a dark-orange-plus-orthogreen combination, and a signal green glass. 
The relations are no't precisely linear, but so nearly so that linear interpolation over 
ranges of a few volts does not involve errors as large as the experimental errors. In 
colour-matching a pair of lamps, therefore, the green/red ratio for the standard 
having been determined, measurement of the ratio for two voltages only on the 
test lamp gives sufficient data to enable the colour-match voltage to be found by 
interpolation, provided it is close to the measured points. 
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§5. CONCLUSIONS 

The photoelectric determination of the ratio of the transmissions of two 
coloured hlters gives a convenient and precise method for colour-matching tung- 
sten-filament electric lamps. The method has been successfully used to ascertain 
the spread in the performance of a group of colour standards of the vacuum lOO-V., 
6o-W. squirrel-cage type, and to readjust them to the mean of the group. 

For lamps of this type the relation between the transmission ratio and the lamp 
voltage was found to be practically linear over large ranges, for two different 
photocell-filter systems. 

The results of the experimental work show that the precision and reliability of 
the method are such as to justify consideration of its extension to the establishment 
of a scale of colour temperature on the basis of a set of calibration points inde- 
pendently derived. 
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SPECTROSCOPIC OBSERVATION OF RECURRENT 
PHENOMENA IN DISCHARGE TUBES 

By R. H. SLOANE, M.Sc. and C. M. MINNIS, M.Sc. * 
Department of Physics, Queen’s University, Belfast 

Communicated by 'Prof. W. B. Morton^ May 21, 1935 

ABSTRACT. A method for the synchronous photography of irregular moving striations 
is described. It consists in forming an image of the positive column of a discharge along 
the slit of a spectrograph and covering and uncovering the latter with a mechanical shutter 
made to synchronize with the striations by a photoelectric device. The spectra obtained 
show variations in intensity along each line, corresponding to the intensity of the line in 
the bright and dark phases. Direct photography also of the actual striations is described. 

The photographs obtained for pure argon show that there is no appreciable recom- 
bination in the dark phase, while those for argon-mercury mixtures show excitation of 
only the mercury lines in the dark phase. These results have been expkiined by assuming 
that in the dark phase the electron energies are high enough to excite the mercury lines 
and are therefore too high to permit of recombination taking place. It is only in the 
bright phase that the energies are large enough to excite the argon lines. The optical 
results described are in accord with data obtained by Pupp by an electrical method. 
Their bearing on the work of Ladenburg is also discussed. 


§1. INTRODUCTION 

S troboscopic observations of regularly occurring phenomena are usually 
made with a synchronous slotted rotating disc. The aim of the present in- 
vestigation has been to devise a method applicable to phenomena which do not 
occur with constant frequency and to which, therefore, the ordinary method is not 
applicable. This has been achieved by arranging to have a mechanical shutter 
opened and shut in synchronism with, and directly controlled by, the individual 
events. Although primarily designed for an investigation of moving striations in 
low-pressure discharges, the method is general and could have wider applications 
than those indicated here. 

Briefly, the method consists in applying (for example by means of a photocell) 
voltage impulses caused by the individual events to a thermionic valve amplifier 
which feeds an output stage capable of giving a large current ; this current is passed 
through a modified form of Einthoven string galvanometer, so that when the fibre 
is deflected it uncovers a slit through which direct observations of the events are 
made. 
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§ 2. CIRCUIT 

The circuit is shown in detail in figure i. Light from the discharge tube T, in 
which moving striations were present, was admitted to a vacuum photocell P 
through a fine slit in an earthed metal box. The slit could be either vertical or 
horizontal and its dimensions could be varied to control the intensity of the light 
incident on the photocell. The current through the photocell developed a potential 
difference across a resistance in such a way that each striation, as it passed the 
photocell, gave rise to a negative voltage impulse which was applied to the control 
grid of a screen-grid valve F, with variable amplification factor,* The output from 



the latter was passed into a three valve resistance-capacity coupled amplifier RCA 
of conventional design, which in turn fed an amplifier, consisting of two pentodesf 
in parallel, through a transformer and a potentiometer device R^ which regulated 
the input to the pentodes. The anode current of the pentodes operated the electro- 
magnetic shutter. 

Since it was desirable to have the current in the shutter unidirectional, the two 
pentodes were used with a large steady negative voltage applied to their control 
grids so that the anode current could only flow during the positive half-cycle of the 
input voltage from the previous amplifier. When the shutter was being operated, 
the average anode current to these valves, measured on a moving-coil milliameter 


* Osram VS 24. 


t Osram PT 16. 
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mA, was adjusted to be between 70 and 90 mA., varying in extreme cases by no 
more than 5 per cent, while the quiescent current never exceeded 3 mA. 

It was often necessary when photographic records were being made to leave the 
apparatus working continuously for several hours, and during this time the in- 
tensity of the light from the discharge tube was liable to vary considerably. The 
special function of the valve with variable amplification factor was to keep the 
output current constant in spite of such changes. This was accomplished by having 
its control grid connected to the output of the three- valve amplifier by a rectifying 
circuit A. This well-known circuit was so adjusted that when the output from the 
amplifier exceeded a certain voltage determined by a battery the control grid 
voltage of V I began automatically to be made more negative by the voltage developed 
across a copper oxide rectifier O, and hence the amplification produced was decreased. 
This system was more flexible than any utilizing the rectifying properties of the 
pentodes. 

The pentode output current was adjusted initially to the required value by 
varying the input to the pentodes by a potentiometer device which while it 
controlled the amplitude had a negligible effect on the phase. 

§3. CONSTRUCTION AND OPERATION OF SHUTTER 

The design of the magnet and shutter is shown in figure 2 ; it applies the principle 
employed in the Einthoven string galvanometer. The pole pieces were bored as 
shown and were mounted at the centre of two end plates which were held together 
by the bobbin cores. The two field coils were wound for operation on the 220-volt 
d.-c. mains and were cooled by passing water through two spirals of copper tubing 
which formed the ends of the former of the coil, as shown. The inner ends of these 
spirals were soldered into a brass cylinder which was spaced from the iron core by 
a watertight brass ring at either end, permitting water to flow from one spiral to the 
other. Efficient water cooling was necessary to ensure constant temperature of the 
fibre mechanism during operation. As a further precaution, a small shield of copper 
foil was placed over each winding and soldered to the copper spirals on the side of 
the coil adjacent to the fibre. 

The width and horizontal position of the spectrograph slit could.be varied by 
means of thumb-screws A and B\ these controlled two long levers, not shown, 
which in turn operated the slit. The fibre was stretched over two ebonite bridges C 
mounted on a brass carrier which could be withdrawn by slackening two thumb- 
screws D. Connexions were taken from the ends of the fibre to the terminals E, 
When the thumb-screw F was slackened, the rod G could slide freely in the ebonite 
terminal block, allowing the tension of the fibre to be adjusted as described in § 5. 

The fibre could be set accurately parallel to the jaws of the slit by rotating its 
holder about a pivot K by means of the screws L, Horizontal movement of the 
fibre holder was effected by means of bevel gears //, which in turn were controlled 
from the back of the spectrograph by a long rod with a universal coupling. 

Since oil damping of the fibre would have been impracticable, the motion was 
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damped electrically by an Irwin resonant shunt^*\ In this method the fibre is 
shunted by a series tuned circuit LC, figure i, with a frequency closely equal to that 
of the fundamental mode of the fibre. By means of the auxiliary resistances 
the amount of damping could be varied within wide limits. This system worked 
admirably. 


§4. CONSTRUCTION OF DISCHARGE TUBES 

Tube I, figure 3, was used for discharges through argon-mercury mixtures 
and had nickel electrodes in the form of hollow cylinders, mounted on valve pinches. 
It was permanently fused to the pumping train and was baked for several hours 



under high vacuum before use, after which the electrodes were degassed with an 
eddy-current heater. Since only very small traces of mercury vapour were re- 
quired, the tube was isolated from the mercury diffusion pump by a liquid air trap. 
Mercury vapour was admitted from a side-tube, which contained a drop of dis- 
tilled mercury, by opening a tap for a few minutes at regular intervals. The tap 
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was lubricated with apiezon grease, and apart from mercury lines the spectrum was 
entirely that of argon. 

Tube 2 was intended for work on pure argon and on the auroral line of oxygen. 
It was similar in shape to tube i, but had thick degassed tungsten plates for 
electrodes. Before the admission of argon the gas was first purified by means of 
a misch-metal arc, and in tube 2 a final treatment was given in the tube itself by 
heavy sputtering of the tungsten. 

Tube 3 was a straight commercial tube, 50 cm. in length and 1*5 cm. in bore. 
It contained neon, and had hollow electrodes of sand-blasted steel in short T-pieces 
at the ends. 


§5. APPLICATIONS 

Spectra of moving striations. The magnet described in § 3 was designed to rest 
on an extension of the base of a glass-prism spectrograph, so that the electromagnet 
slit was almost in the position of the original spectrograph slit. By means of thumb- 
screws the position of the electromagnet was then adjusted so that the slit was 
accurately at the focus of the collimator lens. V-shaped stops into which the 
levelling-screws of the electromagnet fitted were provided, allowing the electro- 
magnet to be removed when required and replaced accurately in position. 

For spectrographic work, there are two possible positions for the discharge 
tube, (i) The tube may be connected horizontally to the pumping train and an 
image of it focused on the slit so as to cross it at right angles. By suitably adjusting 
the phase-shift in the amplifier with a phase-shifter it would then be possible to 
obtain spectra of either the bright or the dark periods of the moving striations. 
This method was not used, (ii) When vertical, the tube may be focused longi- 
tudinally on the slit. Spectrograms obtained in this way show regular variation in 
intensity along each line, corresponding to the varying intensity of the line in the 
bright and dark periods. A typical example for neon is shown in figure 4; the broad 
lines are due to the use of a wide slit. This method has the advantage that the 
spectra of both periods can be photographed simultaneously and direct comparison 
of the intensities can be made on the same plate. It has therefore been used 
exclusively. 

Before each exposure, the fibre was given a known tension by inverting the 
holder and suspending weights from it. The loaded fibre was then replaced in the 
shutter, the water flow was started and the field current was switched on. After 
allowance of about 30 minutes for steady-temperature conditions to be attained, 
the fibre was allowed to resonate at its natural frequency, a separate .valve oscillator 
being used as the source of current. With the phosphor-bronze strip, 6*3 cm. long 
by 0-17 mm. wide, under a tension of 70 gm. weight, used for most of the work, the 
frequency was about 1700 sec:^ The Irwin shunt was then connected and the 
inductance was varied until the vibration of the fibre, as seen in a microscope, was 
completely suppressed. After this, the fibre was oriented until it was accurately 
parallel to the jaws of the slit. The width of the slit was always adjusted with the 
magnet in position by observing the spectrum of the discharge in the back of the 
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spectrograph. Then, with only the quiescent pentode current flowing, the fibre 
was moved over so as just to cover the slit. Finally the photocell was placed close 
to the discharge and exposed to it, when the striations could be seen in the back of 
the spectrograph in the various monochromatic wave-lengths emitted by the tube. 

Direct photography of the striations. The apparatus was also used to obtain 
photographs of moving striations in the positive column of a discharge in neon. 
Tube 3 was first of all focused on the ground-glass screen of a camera. After the 
adjustment described in the previous paragraph, the shutter was interposed between 
the camera and the tube, so that only light which had passed through the shutter 
from the tube could reach the camera. Figure 5 was obtained in this manner with 
an exposure of 20 minutes on a fast panchromatic plate, and represents about 
9 cm. of the tube. A photograph of this length is obtainable only when the velocity 
of the striations is constant throughout the region photographed. The dark line 
at X is due to a small appendix on the discharge tube. 

Visual observations of the positive column made with tube 2 in pure argon 
showed that although the contours of the individual striations were very similar to 
those of figure 5, they were more widely spaced from each other. It should be 
noticed that the striations are actually less elongated than appears from such 
photographs, since they move during the time that the shutter is open. The fractional 
distortion depends on the conditions of adjustment. Its chief drawback is that it 
prevents us from observing accurately how the spectrum varies just at the edge of 
the bright part of the striation. I'he spectra of the main bright and dark periods 
can be recorded faithfully. 

§6. DISCUSSION OF OBSERVATIONS 

By means of the procedure described in § 5, spectrograms were obtained with 
tube 2 containing pure argon at pressures of 2-3 mm. The tube was run at 740 V. 
with currents of 40-80 mA. A careful examination was made of the spectra of the 
dark periods but there was no visible trace of high series lines or series continua, 
such as might be expected if recombination took place in that region. 

It has been shown by Kenty^"*^ that recombination of electrons with positive 
ions of argon in the gas phase is negligible when the electron temperatures exceed 
about 0*5 e-V. Hence we may conclude that the electron temperatures in the dark 
phase exceed this value in our tubes. This conclusion is in accord with the work of 
Pupp^^\ who by an, oscillographic method has made probe nieasurements in moving 
striations in the positive columns of discharges through argon. Since the current- 
densities were of the same order,* in this work and in our own, we are probably 
justified in assuming that Pupp’s results can be applied with fair accuracy to our 
discharges in pure argon. The results obtained in his tubes show that the minimum 
value of the electron temperature in any phase of the striation is not less than 
1*5 V. Energies of this value preclude any possibility of appreciable recombination. 
Pupp’s work also shows that the values obtained for ion-concentration repeat 

♦ The range of Pupp*8 current densities was o*05--o*io Axm:*, while ours was 0*03-0 06 A.cm:* 
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themselves very closely through several striations. Since the ions do not recombine 
in the gas, it follows that the average rate at which they are generated at any part 
of the positive column is equal to the rate at which they are lost from it (ultimately 
to the walls) under the action of the electric fields and concentration-gradients. 

Curve (i), figure 6, gives the number of ions generated sec:^ cm:^ along the axis 
of the positive column. It was obtained by substituting the numerical values for 
electron-concentration and temperature as given by Pupp,* in the kinetic-theory 
expression of Killian for the rate of ionization by collision. In order to calculate 
the rate of diffusion to the walls, it would be necessary to consider an expression of 


the form^^^ 


e dV I dn 

Wl^'^nJry 



Figure 6. Curves illustrating the variation through a striation of (i) the rate of generation of positive 
ions; (ii) the electron temperature; (iii) the concentration; (iv) the light intensity. The abscissa 
scale is identical with that used by Pupp. 


where D is the diffusion coefficient of the ions. Now the value of D is extremely 
sensitive to such factors as purity of the gas and temperature^^\ and the conditions 
are unfortunately not well enough known to enable a reliable value of D to be 
estimated. Thus it is not at present feasible to make an exact estimate of the rate 
of diffusion of ions to the walls, but it is certain, from the optical indications, that 
were such a calculation possible it would be found that both the ionization and 
diffusion curves, when integrated over a complete striation, would give the same 
value. In other w^ords just as many ions pass to the walls as are generated. 

Figure 7 was obtained with tube i filled with argon at a pressure of 2 mm., and 
just sufficient mercury vapour to give the lines of both elements with comparable 
intensities — probably less than 0*03 per cent. This photograph, again obtained as 
described in § 5, shows the spectrum of a dark period along the centre and that of 
a bright striation on either side. The outstanding feature is the persistence of the 


* We assume, as usual, that the electrons have a full Maxwellian distribution. 
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mercury lines A 5461 and A 4358 through all phases, although argon lines of equal 
and greater intensity in the bright phases are relatively very weak in the dark phase 

The question arises as to the cause of this selective excitation. In the dark 
phase the excitation of the mercury lines could be due either to the persistence of 
excited systems from the bright period, or to direct excitation by direct electron 
collision in the dark period. If persistent excited systems were to be important, 
they would have to possess a lifetime of more than about S’lo '* sec., since the 
frequency of the striations is of the order of 10^ sec:^ The persistence of ordinary 
excited states for this time is obviously out of the question, and even if either of the 
metastable argon atoms, with excitation potentials of 11*50 and 11*67 were 
present in the dark period, the probability of their exciting the mercury atom to 
the 7®Si state, with an excitation potential of 7*6 V. by a collision of the second 
kind, with consequent emission of A 5461 and A 4358, would be negligible owing to 
the large energy-difference involved. There is a slight possibility that metastable 
mercury atoms, if present, could be excited to the 7®Si state by electron impact, 
since Pupp’s data for electron temperatures show that energetically this is possible.* 
However, apart from energy considerations, the concentration of these metastable 
atoms is hardly likely to be sufficient to account for the intensities of the observed 
lines, since a cumulative process is involved. The main excitation process then 
appears to be by direct collision of electrons with neutral mercury atoms.f 

Curves (ii), (iii) and (iv) in figure 6 were derived from diagrams given by 
Pupp, and represent the variation of electron temperature, concentration and light- 
intensity through the striations.I They show that the region of maximum electron 
temperature precedes the front boundary of the bright striations, a result which 
appears at present to be inexplicable. We are therefore forced to the conclusion 
that either this result is spurious, or some fundamental fact bearing on the mechanism 
of moving striations still remains to be discovered. However, Pupp’s results 
definitely show that throughout a cycle sufficient electrons are present with energies 
large enough to excite the mercury lines observed, although it is only in certain 
regions that strong excitation of the argon is possible. 

It must be emphasized that precautions must be taken in work on intensities 
in spectra to ensure that the positive column shall be uniform, although this has 
not always been done. If the positive column is not uniform, great care is needed 
in interpreting the results obtained, for the presence of moving striations is liable 
to lead to large errors. For instance, the fact that large concentrations of atoms in 
many of the excited states are present only in the bright region indicates that in 
transverse absorption experiments, without synchronization of the source of light 
with the striations, one cannot hope to get more than about 50 per cent absorption 
when these states are involved. It is only when metastable atoms with fairly long 
lifetimes are responsible for the absorption that it will be appreciable in all phases, 
since the long lifetimes of these states will tend to maintain a reasonably high con- 

• Since in the Maxwellian distribution there will be an appreciable number of electrons with 
energies twice that of the mean value. 

t Although Pupp’s data refer to discharges through pure argon, we can probably apply them 
to our case without appreciable error. 

J The curves shown refer to the axis of the tube. 



1028 R. H. Sloane and C. M. Minnis 

centration through the striation. When the emission spectrum of a discharge 
showing moving striations of this type is examined laterally without any strobo- 
scopic device, it is also obvious that the spectrum obtained may show an anomalous 
distribution of intensities among the observed lines due to the preferential emission 
in the dark period of some lines of the type which we have found. Finally, in the 
case of measurements of longitudinal absorption, as in the work of Ladenburg^®^ 
the same kind of averaging elfect is present. It is only to be expected, in accordance 
with his results, that electron temperatures deduced from data obtained in this way 
will not give anything better than order-of-magnitude agreement with results 
obtained by electrical methods, such as those of Seeliger and Hirchert^’^ in which 
the probe is used continuously, and not intermittently in synchronism with the 
striations if such are present. Used intermittently, the probe will give true tem- 
peratures for the particular phase of the striation during which it is in circuit^^’^\ 
but used continuously it will merely give an average temperature which is not 
necessarily the same average as that yielded by the optical method. 

§7. CONCLUSION 

It is possible that the circuits employed here could be improved in detail; 
those used were found quite satisfactory for this investigation and permitted the 
use of apparatus already available. With modern high-efficiency valves, adequate 
amplification could be obtained with fewer stages. Further development could 
apparently be effected by application of the method to the observation of plasma 
oscillations by modifying the circuits and using a Kerr cell or other shutter 
suitable for very high frequencies. 

The results for discharges through argon-oxygen mixtures will be discussed in 
a forthcoming publication. 
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MANGANIC ION 
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ABSTRACT, The magnetic susceptibility of manganic acetylacetone has been measured 
for a powdered specimen from 292° to 16*9° K. The law x + 5 * 5 ) = ^ constant is obeyed 
down to about 75"^ K., below which the susceptibility increases somewhat more ra’pidly 
than is indicated by this law. The magneton number for the Mn^ ion, for which no reliable 
data were previously available, is 4*98 as calculated from the above relation. This is in 
good agreement with the requirements of the Bose-Stoner theory. 


§ I. INTRODUCTION 

T he available data on the magnetic properties of substances containing the 
manganic ion Mn+^ + arc very meagre on account of the fact^that these com- 
pounds are generally very unstable. They are practically restricted to Weber’s 
measurements on solutions of certain manganic salts and Honda and Sone’s^^^ on 
manganic oxide MngOa. The former measurements were made at room- temperature 
only and, on the assumption of the validity of Curie’s law, the most reliable data, 
those on manganic ortho-phosphate, MnP04, lead to a magneton number of 5*03. 
On the other hand, when Honda and Sone’s values of the magnetic susceptibility 
X are plotted on the customary {i/x, T) diagram, it is seen that the curve is concave 
to the temperature axis over the whole range of the observations, and therefore only 
an effective magneton number which varies considerably with the absolute tem- 
perature T can be calculated. 

The metallic acetylacetones of the general formula M(CH3.CO.CH.COCH3)3, 
in which M is any tervalent metal, form a series of stable readily crystallizable 
compounds. Although these compounds cannot be regarded as simple salts, on 
account of their non-ionizability and their solubility in organic solvents, the metallic 
ion seems frequently to possess the same ground state as in the corresponding 
simple salts. Thus ferric acetylacetone has the same magneton number 5-94 as 
the simple ferric salts, and it seemed worth while to investigate the magnetic 
properties of manganic acetylacetone over a wide range of temperature in the hope 
of obtaining a reliable estimate of the magnetic moment of the Mn+++ ion. 

§2. METHOD AND MATERIAL 

The susceptibilities were measured by the Faraday method with the aid of an 
apparatus fully described in a previous paper The specimen was sealed in a 
small spherical phial of pyrex glass and occupied the place of the crystal and carrier 
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shown in figure i of the paper in question. The low temperatures were obtained by 
means of baths containing liquid ethylene, oxygen, nitrogen and hydrogen boiling 
under atmospheric or reduced pressure, and of a mixture of solid carbon dioxide 
and acetone. The temperatures were determined by means of a copper-constantan 
thermocouple, or in the case of liquid oxygen and hydrogen, which were adequately 
pure, from the vapour pressure of the liquid in the bath. 

The manganic acetylacetone was kindly prepared for me by Dr R. C. Menzies 
of the Chemistry Department of Bristol University. It was further recrystallized 
from acetone and a phial filled with the finely ground material. The substance was 
apparently in its monoclinic form^"^^ but this observation was not checked by actual 
goniometric measurements. 

§3. EXPERIMENTAL RESULTS 

The specific susceptibility of manganic acetylacetone was measured from room- 
temperature down to 1 6° *95 K. with the results given in the accompanying table. 

The reciprocal of the molecular susceptibility corrected for the diamagnetism 
of the organic groups in the molecule, is plotted against the absolute temperature 
in the figure. It will be seen that the substance follows the Weiss law x (T+ A) = a 
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constant with A equal to 4- 5-5 down to about 70° K. Small deviations from this 
law occur at lower temperatures, the susceptibility increasing more rapidly with T 
than is given by (7*4- 5*5) = a constant. 

Table. Manganic acetylacetone 


0 

xx io« 

Xm 

l/Xm' 

2.f)Z‘2 

28*8 r 

0*01036 

96*66 

196*0 

43*io 

0*01536 

65*10 

172*7 

48*18 

0*01714 

5^*34 

135*2 

6i*9o 

0*02197 

45*52 

90*2 

92*15 

003263 

30*66 

82*3 

I 100*0 

0*03539 

28*26 

77 - 4 - 

1 105*4 

0*03729 

26*82 

1 72*7 

113*6 

0040 I 8 

24*89 

67*4 

123*5 

0*04367 

22*9o 

63*9 

129*6 

0*04581 

21 *83 

20*3 

425*5 

0*1500 

6*66 

i6*95 

510*5 

0*1799 

5*56 


§4. DISCUSSION or RESULTS 

The magneton number calculated in the customary way from the straight part 
of the curve is 4-98 Bohr magnetons. It is thus quite comparable with that given 
by Weber’s work on solutions. 

According to the theory of Bose-Stoner as worked out in detail later by Van Vleck 
the magneton numbers of the ions of the elements of the first transition group 
should lie between \/{4S{S+i)} and \/{^S {S-h i)-hL (L+i)}, that is to say 
between the value for spin only and that for spin and orbital moment both effective 
but uncoupled from one another. In the first half of the group the L contribution 
is almost completely suppressed and the observed magneton numbers agree closely 
with the spin values. For the Mn^++ ion, the ground state of which is ^Dq from 
Hund’s rules, the magneton number should lie between 4-90 and 5-48 but approxi- 
mate closely to the first of these values. It will be seen that this is the case for the 
value deduced above from manganic acetylacetone. 
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ABSTRACT. The colour of the “cylindrical” acetylene flame depends on three factors, 
namely the gas-pressure, the rate of consumption and the height of the flame. Discordant 
statements in the literature are believed to be due to lack of uniformity in these particulars. 
The flame specified by Dr Jones of the Kodak laboratory is 50 mm. high and consumes 
0-25 ft?/hr. at 90 mm. (water) pressure. A i-cm. section of a flame conforming closely 
to this specification, burning on a Bray Vika tip, is found to have colour temperature 
2520'' K. The flame on a Bray Ota tip at 90 mm. pressure is 58-60 mm. high and consumes 
0*29 -0-30 ft?/hr. One cm. sections of two such flames were found to have colour tem- 
peratures (in round figures) 2380° and 2400° K. We have not been able to test a large 
enough number of burners to say what limits of variation may be expected, but we believe 
that if the three particulars mentioned above are closely adhered to, either flame is repro- 
ducible within a maximum range of ± 20° from the mean. 

The colour temperature of the Hefner flame is found to be 1910° K. • 

Alt HOUGH now somewhat out of fashion the Hefner lamp is still for many 
/ \ purposes a useful photometric standard and the cylindrical acetylene flame 
X V. has been repeatedly recommended as a secondary standard The spectral 
distribution of the light is however subject to doubt in both cases, as the following 
summary of published work shows. 

The Hefner flame. Tumlirz^^^ made a spectrophotometric comparison over the 
range 0*43 -0*7 /x. between the Hefner radiation and sunlight, for which he assumed 
Langley’s data. The resulting Hefner spectrum corresponds very roughly with a 
Planckian curve for 2100"^ K. Angstrom found by bolometric measurements 
from 0*50 to 0*75 /X. that the colour temperature was 1830° K., and Leder^"^^ by 
spectrophotometric comparisons against black radiators at 1452° and 1616° K. 
confirmed Angstrom’s result. Hyde and Forsythe by comparison of tints on a 
Lummer«Brodhun head against standard filament lamps of known {voltage, colour- 
temperature} characteristics ascribe to the Hefner flame a colour temperature of 
1880"^ K. Valentiner and Rossiger^^^ by means of a monochromator and photo- 
electric cell made a spectrophotometric comparison of the brightest part of the 
Hefner flame and the electrode of a tungsten arc lamp, and concluded that the 
spectrum could be represented by a Wien equation for 1840° K. Dziobek and 
Hoffman compared the Hefner flame with a black radiator both spectrophoto- 
metrically and by matching tints, and found its colour temperature to be 
1900120” K. by the first method, and 1910! 5° K. by the second. The value 
most generally accepted appears to be 1875-1880” K. 
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The acetylene flame. According to Coblentz and Emerson the flat (fishtail) 
acetylene flame is not sufficiently reproducible to be standardized, but the cylindrical 
(or rather cigar-shaped) flame gave “sufficiently concordant results to warrant its 
use as a standard in spectrophotometric work not requiring the highest precision”. 
Guild gives it a similar qualified approval. For photometric purposes Mees and 
Sheppard and Jones used a Bray burner consuming J cubic foot of acetylene 
per hour with a flame 35 mm. high (Mees) or 50 mm. high and 3 mm. thick (Jones). 
Variation of the gas pressure from 8 to 10 cm. of water caused only z-y-per-cent 
change in the photometric intensity of Jones’s flame. Coblentz and Emerson 
examined radiometrically the spectra of the middle sections of two acetylene flames 
each consuming \ cubic foot per hour ; the first, on a Crescent Aero tip, measured 
35 mm. by 3 mm. under 7-5 cm. pressure; the second on a Bray tip was 50 mm. 
high at 9*0 cm. pressure. The spectra were identical throughout the visible region 
as far as 0*7 /x., beyond which wave-length the Bray flame began to show the higher 
intensity. Subsequent calculations^*®^ showed that the experimental values agreed 
within the limits of error ( ± i to 2 per cent) with a Wien curve for 2360® K. except 
in the blue and violet beyond 0-48 /x., where they began to grow higher. Hyde, 
Forsythe and Cady^**^ sent tungsten filament lamps, which had been standardized 
against black radiators, to the Eastman Kodak laboratory and lo the Bureau of 
Standards, with a request that they should be colour-matched with an acetylene 
flame. The Kodak laboratory using a Bray tip at \ ft?/hr. found a matching voltage 
which gave a colour temperature of 23 5 K. ; the Bureau of Standards using the 
Aero tip found at first 2434"", and on re-test 2450° K. Hyde, Forsythe and Cady 
themselves made both colour-match and spectrophotometric comparison with their 
standardized lamps, and concluded that the Bray tip operating at 9 cm. pressure 
gave a flame of colour temperature 2360+10® K. Lowering the gas pressure to 
7-5 cm. changed this figure only a few degrees. Davis and Gibson^*^^ found that 
“a perfect colour-match between the acetylene light and the unfiltered electric 
light could not be obtained at any colour temperature ”. The nearest approach was 
somewhat over 2400" K. They point out that Coblentz’s spectral energy values 
correspond, by the correlation method of Davis with a colour temperature of 
2413° K. ; and by that of Priest by way of the spectral centroid, with 2388® K. 
The value 2360® recommended by Hyde, Forsythe and Cady is commonly accepted, 
but the above discrepancies clearly need an explanation. The confusion confronting 
inquiry into the literature of this subject is no doubt responsible for a misleading 
table on p. 401 of volume 19 of the Handbuch der Physik of Geiger and Scheel, 
which purports to give the spectral-energy ratios of the acetylene flame to black 
radiators at 2360® and 2450® K. The figures in this table were in fact calculated by 
Hyde, Forsythe and Cady to show that the uncorrected radiometric results first 
published by Coblentz did not correspond with the spectrum of a black body at 
any temperature. 

During the past two years we have compared a cylindrical acetylene flame with 
a Hefner flame on a Hilger-Nutting spectrophotometer. In all seven sets of 
readings, each duplicated by two observers, have been taken. Corresponding sets 
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of readings of the instrumental constants were taken, and it may be remarked that 
the flame is very suitable for this purpose on account of its axial symmetry. The 
procedure was that one observer made at least four optical settings at each wave- 
length, starting at 0-57 /x., progressing alternately towards the red and the violet 
by steps of 0*02 /x., and returning similarly by way of intermediate wave-lengths, so 
as to give a complete set of readings at o-oi-/x. intervals from 0*45 to o^yofi. The 
settings were read oflF by a second observer in order to preserve the sensitivity 
of the main observer’s eye. 

The acetylene was generated from commercial carbide (in accordance with the 
practice of Jones, Coblentz, Davis, etc.) and between 98 and 99 per cent of it was 
absorbed by bromine water. It was passed through towers containing respectively 
copper-sulphate crystals and anhydrous calcium chloride. Hydrides of phosphorus 
are always present in carbide-generated acetylene, but not in sufficient amount to 
affect the spectrum appreciably. No change could be detected in spectrograms 
from acetylene to which quantities of phosphine up to i per cent by volume had 
been added. The gas was stored overnight before use in a 5-ft? holder over water, 
and was burnt on a Bray Vika tip taking J ft?/hr at a pressure of 9 cm. of water. The 
holder bell had compensating weights whereby the pressure was automatically kept 
within a range of ± i mm. The flame was from 49 to 50 mm. high and about 3 mm. 
thick in its central portion. A hood of the form described by Jones shielded from 
observation all except the central section from 15 to 25 mm. up the flame. The 
whole Hefner flame was observed in the other pupil of the spectrophotometer. 
The collimator slit was 0*5 mm. wide. The precision attainable with the Hilger- 
Nutting instrument has been considered in detail recently by Twyman and 
Lothian^*'^^ and our experience leads us to think that they have certainly not over- 
estimated it. The average deviation of a single density reading from the arithmetic 
mean of its group was from 0-005 to o-oi for wave-lengths from 0-48 to o-66/x., and 
increased to about 0-03 at 0*45 /x. Introduction of filters to stop stray light at the 
extreme wave-lengths made no detectable difference to the settings. The wave- 
length scale of the spectrometer was checked at a number of mercury and neon 
lines, and the density scale of the photometer was checked by means of a sector 
reading to i min. of arc. 

The mean experimental values of the spectral ratios acetylene. : Hefner, adjusted 
by a constant factor to unity at 0-57 /x., are given in column (2) of table 2, page 1038, 
and their logarithms are plotted in figure i alongside those calculated from the 
accepted colour temperatures 1875'' 2360° K. The slight inflections in the 

experimental curve at wave-lengths 0*49, 0-54-0-55 and 0-58-0-60 fx. are reproduced 
with great fidelity in all the tests. They do not appear to be an instrumental effect 
because, apart from the fact that they remain after allowing for the instrumental 
constant, they are not altered when the two flames are interchanged in the set-up. 

The clear discrepancy between experimental and calculated ratios led us to 
compare each flame separately with the anode of a tungsten arc lamp which could 
be kept at a constant determinable temperature. 

The arc was a pyrometric Pointolite having a bun-shaped anode about 8 mm. 
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in diameter, and the temperature of the outer surface of the anode was read on a 
Cambridge disappearing-filament pyrometer immediately before and after each 
comparison, the current being held constant within narrow limits by manual 
adjustment during the whole period. It was first necessary to see if the temperature 
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© experimental comparison. 

of the tungsten surface varied locally, and therefore an extension, was fitted to the 
pyrometer tube so that different portions of an enlarged image could be observed. 
Table i gives uncorrected pyrometer readings taken (a) in the centre of the en- 
larged image ; {b) about ^ of a radius above the centre ; (^:) and {d) at similar dis- 
tances along horizontal radii towards the sides nearest respectively to the lighting 
coil and the main cathode rod. 


Table i. Temperature-distribution over surface of tungsten anode 


Position of arc on anode 

Side 

Centre 

Current (A.) 

0*95 

i-oo 

Temperature K.) observed at (a) centre 

1459 

1477 

(b) top 

1458 

1469 

(c) coil side 

1484 

1472 

(d) rod side 

1442 

1467 

Weighted mean 

1462 

1474 

Temperature observed on normal unenlarged image 

1462 

1479 


The arc strikes at the side of the anode nearest the lighting-coil, and occasionally 
at small currents it fails to move over into the centre. The first column of figures 
shows that in this position there is a temperature-gradient from the coil side to the 
rod side. A vertical central strip of uniform temperature with hotter and cooler 
areas at its respective sides being assumed, a mean value, weighted as to area and 
brightness, was calculated and was found to agree with temperatures read from the 
small image when the extension tube of the pyrometer was not used. By temporarily 
increasing the current the arc could be made to travel to the centre of the anode, 
but there was a tendency to wander when the arc was run for long periods at a low 
current, and therefore the results at lower temperatures are considered less reliable 

PHYS. SOC. XLVII, 6 66 
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than those at higher temperatures. When the arc was central on the anode the 
slight radial temperature-gradients were within the limits of reproducibility from 
day to day of the pyrometer readings. In actual working, therefore, the arc was 
always manoeuvred so as to settle in the centre of the back of the anode and the 
pyrometer was used without extension tube. A stop was fitted close to the bulb 
enclosing the arc, whereby all radiation from the lighting-coil and cathode rod 
(which project from behind the anode at the two sides) and from the lower edge of 
the anode where its supporting rod is connected, was shielded from the spectro- 
meter. The pyrometer, which had been checked at the National Physical Laboratory, 
had a red glass filter, the transmission of which was determined. Its effective wave- 
length was 0-6475 /X. 1910° K. The readings were corrected by means of Wien’s 

equation for loss of brightness due to the glass of the bulb. For this purpose the 
bulb was broken at the end of the experiments and spectral transmission factors, 
given in column 6 of table 2, were determined on the area which had been exposed 
by the stop above mentioned. In calculating the overall loss, re-reflection at the 
surface of the anode was taken as 56 per cent from consideration of data by Coblentz 
for cold tungsten and by Langmuir^*^^ for molten tungsten. The actual brightness 
temperature of the anode surface having been thus determined, the corresponding 
colour temperature was calculated from the tables of Forsythe and Worthing^^^\ 
Forsythe has shown that the emission of tungsten is very nearly that of a black 
body at the same colour temperature, and we therefore assume, as the basis of 
our comparisons, energy curves calculated by Wien’s equation for the determined 
colour temperatures. 

The comparisons of the two flames against the tungsten arc were made in two 
ways, (a) photographically with spectrometer alone, and (6) visually with spectro- 
photometer. 

(a) With exposures suitable for the blue end of the spectrum, the green and 
yellow are so over-exposed that the spectra can only be compared over a small 
range. We therefore inserted in the camera just in front of the plate a filter covering 
the spectral region from about 0-54 ft. onward, whereby the intensity of that part 
was reduced to about the same photographic intensity as that of the blue end. 
Suitable filters were, for the acetylene flame, Wratten No. 78 AA ; and for the Hefner 
flame, Wratten No. 37 in double thickness. The method of making the comparison 
was then the following. A series of equal exposures of the flame were made, so that 
the spectrograms were spaced at equal intervals from top to bottom of the plate. 
This was easily done by means of a graduated rack motion fitted to the camera. 
The flame was then replaced by the tungsten arc running at some selected current. 
A rotating sector was interposed whereby the illumination was reduced to an 
intensity rather greater than that of the flame in the previous exposures. A series 
of spectrograms of the arc was then taken in the intervals left on the plate between 
the flame spectrograms, and at each exposure the intensity of the illumination 
reaching the spectrometer was reduced in 5-per-cent steps by means of the sector. 
Under these conditions, if the arc happened to have the same colour temperature 
as the flame the first pair of spectrograms would show the arc spectrum uniformly 
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deeper than the flame spectrum ; the last pair would show it uniformly lighter than 
the flame spectrum ; and there would be some intermediate pair which would match 
each other exactly throughout the spectrum. If, however, the arc had a colour 
temperature differing from that of the flame, one end of its spectrum would be 
reduced to equality with the flame spectrum sooner than the other, which would 
require one or more further stepwise reductions of the sector aperture before it 
matched. The number of steps between the matching of the two ends of the 
spectrum is thus a measure of the difference in colour temperature between arc 
and flame. Such sets of paired spectrograms were taken with the arc held at a 
series of temperatures, and for each temperature the number of steps measuring 
the difference between the matching pair for the red and that for the blue end was 
noted. The differences were plotted against arc temperatures, figure 2, and the 
point at which the best-fitting line cut the temperature axis was taken as that at 
which the two colour temperatures were identical. 




ft 



171“ I7W) 1810 2190 2240 22‘)0 

Arc-temperature (°C.) 

Figure 2. Curve I, Hefner; curve 11, acetylenv.. 

In this way the Hefner flame was found to match the arc running at a pyro- 
meter reading of 1752° K. This, corrected for the effect of the glass bulb, gives the 
brightness temperature 1758° K. which, from Forsythe’s tables, corresponds with a 
colour temperature of 1913° K. The acetylene flame was found similarly to match a 
colour temperature of 2519° K. 

{h) The above photographic method takes no account of any possible selective 
transmission by the glass of the arc bulb. Such selectivity is very slight, as may 
be seen from the transmission factors in table 2, column 6, and its effect is allowed 
for in the following visual comparisons of each flame against the arc, made on a 
Hilger-Nutting spectrophotometer. The settings were made as already described 
by each of two observers, the other meanwhile controlling the arc current and 

66-2 
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taking down the instrumental readings. The arc was run at a current corresponding 
with a colour temperature of 2520° for the acetylene flame, and 1925‘^K. for the 
Hefner flame. The spectral factors averaged from four sets of readings by each 
observer were corrected in respect of the transmission factors of the bulb glass and 
then applied to spectral-energy values calculated from Wien’s equation for the 
appropriate temperature. The results giving the spectral distribution of the radiant 
energy from each flame are tabulated in columns 3 and 5 of table 2, while column 4 
shows the Hefner spectrum calculated by means of factors obtained from direct 
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comparison of the two flames, on the assumption that the acetylene flame radiates 
as a black body at 2520° K. At the foot of each column is the black-body temperature 
having the same centroid over the range o-45~o*69ft, as the tabulated spectrum. 
In figure 3 the experimental values from columns 3 and 4 have been plotted 
alongside Wien curves for 2520° and 1910° K. respectively. The figures in column 5 
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lead to a slightly lower colour temperature than those in column 4, and they are 
considered to be less reliable on account of the tendency of the arc to wander 
occasionally when run at low currents. 



Figure 3. Curve I, black body at 1910'^ K. ; x Hefner flame. Curve II, black body at K. ; 

@ acetylene flame. 


The values given in table 3 for the colour temperature of the entire Hefner 
flame are higher than the accepted value 1875-1880° K. ; they agree with the 
estimates of Dziobek and Hoffmann referred to above. 


Table 3. Summary of colour temperature determinations 


Method 


Hefner Acetylene 

CK.) CK.) 


Photographic comparison against tungsten arc 
Spcctropnotometric comparison against tungsten arc 
Spectrophotometric comparison against acetylene flame 


1913 ! 2519 

1897 i 2520 

1912 I — 


The colour temperature of the central section of our acetylene flame is much 
above any other published value, and we sought an explanation of the discrepancy 
by examining th^ flames produced by various burners. The burners are manu- 
factured by Geo. Bray and Co. Ltd., of Leeds, in two types under the trade names 
Ota and Vika, and in sizes consuming i and J cubic feet per hour. The makers 
state that the consumption figures stamped on the sockets show the hourly con- 
sumption of gas at a pressure of 3 in. of water. Previous workers have used pressures 
of 75 and 90 mm. of water, and we therefore tested the consumptions of several 
burner tips at these pressures and compared some of the flames spectrophoto- 
metrically with that used in the tests described above, using always the central 
portions of the flames at heights of 1*5— 2*5, 2*5“3’5 1*5 cm. respectively 
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above the bases of the Vika J-ft?, Ota J-ft? and Vika J-ft? flames. Table 4 contains 
the results. The consumptions were measured by means of a water-sealed meter 
passing revolution and calibrated with the bottle, as prescribed by 

the Gas Referees. They are given in cubic feet per hour measured at 60° F. and 
30 in. of mercury. The heights of the flames were measured in a darkened room 
since otherwise the faintly luminous tip might be overlooked. 


Table 4. Details of Bray burners 



Consumption at 

Flame height at 

Colour temperature at 

description 

75 mm. 90 mm. 
(ft?/hr.) 

75 mm. 90 mm. 
(cm.) 

75 mm. 90 mm. 

("K.) 

Vika f-ft? (a) 

0*22 

0-245 

40 

48-49 

2535 

— 

(*) 

0-22 

0-25 

41 

49-50 

— 

(2520) 

Vika ^ft? (a) 

o-ii 

0-127 

18 

22 

— 

2670 

(b) 

O'll 

0-126 

19 

21-22 

— 

— 

Ota i-ft? (a) 

0*27 

0-30 

5^-53 

60 

— 

— 


025 

0-28 

48-49 

54-55 

— 

— 

(b) 

0-26 

0-29 

52 

59-60 

2377 

2407 

(c) 

0*26 

0-30 

; 52 

59 

— 

— 

(/) 

— 

0-29 

1 — 

58 

— 

2377 


The results show that the small (J-ft?) Vika flame is whiter, and the Ota ^-ft? 
flame is yellower, than the |-ft? Vika flame. The differences are clearly attributable 
to differences in primary aeration. An acetylene burner must admit enough primary 
air to stiffen the flame and prevent carbon-deposition. It is well known that as 
the primary aeration is increased the flame-temperature rises, so that the flame grows 
continuously whiter although its total luminosity soon reaches a maximum and 
begins to fall. Thomas has shown that, other things being equal, the volume of 
air entrained per unit volume of gas delivered increases as the size of the jet 
diminishes ; and the colour temperatures found are in fact in reverse order of the 
consumptions, thus; Vika J>Vika J>Ota. Thomas also showed that air-entrain- 
ment increases with delivery pressure, and this is exemplified in the case of Ota 
burner {b), the colour temperature of which is raised by increasing the pressure 
from 75 to 90 mm. 

The majority of previous workers used burners consuming J-ft?/hr. at a pressure 
of 90 mm., with a flame 50 mm. high. The Vika tip which we have used as our 
standard conforms nearly to this specification. If these three easily measured 
magnitudes — gas-pressure, consumption and height of flame — are fixed, it appears 
that the flame is sufficiently reproducible for use as a spectral standard when the 
highest accuracy is not required. It is however necessary to select the tips carefully. 
For example, the Vika J-ft? tip (a) in table 4 is slightly under size, and has a slightly 
but distinctly higher colour temperature than the standard (b). Some tips are not 
quite truly set in the socket, and give flames which are not vertical. The dimensions 
of the primary airholes are not very critical, at any rate within certain limits. Our 
standard Vika tip has four holes each of diameter 1*2 mm. We selected two tips 
having the same consumption and flame height, closed up one of the four holes of 
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Pi^urc 4. UncnlarKcci synchronous spcctroKrani of 
moving striations in neon in orange and red regions. 



Figure 5. Moving striations in neon. 
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Figure 7. Synchronous spectrogram of striations 
in argon-mercury mixture. 
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the first, and enlarged those of the other to 1*3 mm. diameter. On spectrophoto- 
metric comparison with the standard the former gave a colour temperature of 
2522° K., which was indistinguishable from that of the standard, and the latter 
2527° K. Variations so great as these intentional changes of size would not be met 
with in practice. The airholes can in any case be easily gauged by means of standard 
drills. 

The Ota tips approach their rated consumption only at the lower pressure. 
Hence their flame, as has already been stated, is larger, less aerated and cooler than 
that of the Vika tip. Their airholes are also slightly smaller. The Ota tip (a) in the 
table possessed two definite consumption-rates. This phenomenon is possibly due 
to some irregularity in the bore causing instability of flow, but as the temperature 
of the gas in the bore is unknown it is impossible to say definitely that its velocity 
falls within the critical range. The tip (/) was kindly lent by Dr Forsythe from his 
own apparatus. Our value for the colour temperature of this flame is slightly 
higher than that given by Dr Forsythe, which was 2360° K. Ota tip (b) gave a 
flame of 2407° K. when tested over a length of i cm. With slot reduced to expose 
only about 4 mm. the result was 2402“^ K. The difference is within the limits of 
variation of individual tests. 
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ABS 2 RACT, To investigate the characteristics of electron oscillations generated under 
simplified conditions, an experimental plane-electrode triode has been constructed. Its 
plane emitting surface is 25 mm. in diameter. The cathode-plate distance can be con- 
tinuously varied while the valve is in operation. External circuits may be connected to the 
electrode leads in such a way that the resultant oscillating circuit is effectively continuous 
from the electrodes to the terminating condenser. With no external circuit connected to 
the valve, oscillations are maintained whose wave-length varies with grid voltage exactly 
according to the Barkhausen equation A 2 F = constant. Their mechanism appears to be 
confined to the grid-cathode space. They are produced only when the grid current is 
space-charge-limitcd. When an external circuit is used, oscillations are maintained at 
very low emissions. Their wave-length is always identical with some resonant wave- 
length of the circuit. Their mechanism may be confined to the grid-plate space, or may 
extend over the cathode-plate distance. First and second-order dwarf waves are observed. 
It is shown that much more complex experimental results can be analysed on the basis 
of the conclusions drawn from the simplified experiments. A brief discussion of the 
applicability of existing theories to the simplified experiments is given. 


§ I. INTRODUCTION 

I N recent years a very large amount of experimental work^‘^ has been carried 
out in the investigation of the mechanism and characteristics of electron 
oscillations. A satisfactory solution of the problems involved has not, however, 
been found. The phenomena observed have been so complex and so diverse that it 
has not been possible to penetrate through them to common fundamental laws. 
The many theories which have been advanced are based on a wide variety of 
mechanisms and, while each has had some degree of experimental justification, there 
have been numerous instances in which investigators have been unable to duplicate 
the results upon which others have founded such theories. 

Consideration suggests that this confused situation can only be due to the facts 
that, with a few minor exceptions, the experiments have been made entirely with 
commercial valves, and that different experimenters have used different types of 
valve. Valve-construction parameters play a very critical part in the generation of 
electron oscillations. Potapenko^*^ and others have shown that even valves super- 
ficially identical may have quite different oscillation characteristics. Further, the 
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structure of the electrodes and the electrode leads in commercial valves is not 
amenable to simple theoretical treatment. Hence the results that have been 
obtained cannot in general be compared directly with one another or with theoretical 
results based on simplifying assumptions. 

In the present investigation an attempt has been made to reduce the problem 
experimentally to its simplest terms. A plane-electrode experimental valve has 
been designed to approximate as closely as possible to the theoretically simplest 
arrangement, and to eliminate indeterminate geometrical parameters. The aim has 
been to see whether the phenomena observed under these idealized conditions are 
explainable by any simple theory. 

In this paper there are described only the basic results that have been obtained, 
with the number of critical variables reduced to an absolute minimum. Much more 
complex effects are observed when other variables are allowed to become important. 
Operating values for these minor variables have been so chosen as to make their 
influence either negligible or easily calculable. The results described have all 
been reproduced several times in essentially the same form, if not in exact detail, 
and it is claimed that they can be repeated by any experimenter. 

* 

§2. THE EXPERIMENTAL APPARATUS 

The details of the experimental valve used are given in figure i («). The Pyrex 
envelope P is sealed by white wax into a circular slot a few millimetres deep in the 
brass ring B, A circle of copper tubing soldered into another slot in the ring 
permits water cooling of the wax seal. The square of plate glass /), through which 
the leads to the electrodes pass, is sealed with tap grease to the polished face of the 
ring B, Plasticenc around the circumference of the ring completes the seal. 

The electrode leads are nickel rods 3 mm. in diameter. They are threaded for 
2 in. of their length at the ends nearest the electrodes, and are fastened to the glass 
Z) by a washer and nut on either side. White wax is used as seal. Two leads are re- 
quired for the cathode^heating coils and one each for the three electrodes. The grid 
lead has two adjustable joints, so that the grid-cathode distance can easily be varied 
on dismounting the valve. 

The plane anode (which will be referred to henceforth simply as the plate, 
since it is not in this work a positive electrode) is fixed to a short length of Pyrex 
tubing which slides vertically in the tube T. A silk-thread suspension allows the 
vertical height of the plate to be varied by rotation of the rod R through the ground 
joint. Motion through a distance of 2-3 cm. is possible. The plate lead consists of 
a short length of nickel tube 3 mm. in inside diameter, pivoted at the plate, and 
telescoping on to a piece of 3 -mm. rod pivoted just inside the glass D. With this 
construction the glass D carrying the grid and cathode can be dismounted, leaving 
the plate in position. Inter-electrode distances are measured with a microscope 
sliding on a vertical rod outside the envelope. 

The constructional details of the indirectly-heated plane cathode are shown in 
figure I {h). The component parts are all mounted oh a small soapstone base which 
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provides the insulation between the heating supply and the cathode surface. There 
are two heating-coils, each requiring about 15 cm. of tungsten wire 0*5 nun. in 
diameter, wound into 20 turns 2-5 mm. in mean diameter. The box containing the 
heaters is circular, 25 mm. in diameter, and formed from nickel sheet of thickness 
0*5 mm. Similar sheet is used for the two radiation shields. The upper edge of the 
cathode box is spread to form a flange, and a circle of 0*1 -mm. nickel foil is spot- 
welded to this flange to form the emitting surface. A suspension in water of finely 


To pump 



Figure i (a). The experimental plane-electrode valve. 



Figure 1(6). Constructional details of the plane cathode. yJ, soapstone base; tungsten heating 
coils ; C, emitting surface ; D, non-emitting guard ring ; F, radiation shields ; F; current leads. 


ground barium hydroxide painted on to the foil, and dried in air, gives emission 
very easily and quickly, provided that the surface is clean and the system well 
sealed. The 5-mm. flange around the actual emitting surface serves as a guard ring 
to eliminate any possible distortions of the electrostatic field that might be caused 
by the electrode leads, or other edge effects. 

The grid used throughout the experiments described in this paper consists of 
parallel o-5-mm. nickel wires spaced at 1*5 mm. between centres, spot-welded at 
either end to a i*5-mm. nickel wire frame. The frame is 4 cm. square. Grid- 
transparency (67 per cent in this case) has been found experimentally to be a very 
important parameter, and the results described here are not in every case char- 
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acteristic over a wide range of this variable. The plate used throughout consists of 
a circle of sheet nickel 3-5 cm. in diameter. 

The parallel-wire external circuits which can be connected to the valve are all 
constructed of brass telescope tube, of intermediate diameter 7 mm. Connexion to 
the electrodes is made by threading the smaller brass tube over a short length of 
brass rod which in turn threads over the nickel electrode leads. The spacing between 
the two conductors is always the same as that between the electrode leads where 
they pass through the glass plate Z), whichever pair of electrodes is being used. The 
terminating condensers are Sangamo o*ooo5-/xF., and are fastened to very short 
lengths of brass strap soldered to the ends of the brass tubes. 

With this arrangement the resonant circuit in which oscillations may occur 
consists effectively of parallel rods extending continuously from the electrodes to 
the terminating condenser. It can thus be accurately analysed and the indeter- 
minacy introduced by the electrode-seal in commercial valves is eliminated. The 
change in circuit constants just outside the glass plate is not serious, and no in- 
dication of spurious reflection from this point has ever been obtained. 

The leads carrying the heating-current to the valve from the transformer are 
connected by a o ooi-/xF. condenser immediately outside the plate D, and by two 
other similar condensers spaced at 15 cm. along the length oF the leads away 
from the valve. This effectively prevents the leads from acting as a resonant circuit 
at any of the frequencies generated experimentally. Radiofrequency chokes, used 
wherever necessary, are space-wound of 32-gauge wire on 5-mm. glass tubing, and 
fulfil their purpose satisfactorily. 

By detecting oscillations generated by this valve with a heterodyne receiver, 
it has been shown that the magnetic field produced by the cathode-heating coils 
has no observable influence on the nature of the oscillations. When the heating 
current is turned off the cathode remains hot enough to emit for several seconds, 
and the detected oscillations remain unchanged in frequency and intensity for at 
least I or 2 sec., before they gradually decay away. Nickel loses its ferromagnetic 
properties at a temperature far below that at which the cathode normally operates, 
so that no effects can be attributed to magnetization of the cathode box. 

For measuring wave-length, absorption wave-meters similar to those described 
by Moore have been calibrated down to 60 cm. Where these cannot be used, a 
crystal circuit of the type described by Chapman is very loosely coupled to the 
valve. This circuit may also be used to give an indication of oscillation-intensity. 
The coupling is so loose that resonance in the crystal circuit does not visibly affect 
the plate current of the oscillator. There can be no question of appreciable inter- 
action between the two circuits. 

§3. THE EFFECTS OF GAS PRESSURE 

Nettleton in 1922 published a paper^*^ describing “electron*’ oscillations which 
disappeared when the pressure in the valve was reduced to 5’io~* mm. of mercury. 
This immediately suggested that the osdllations were not produced solely by 
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electrons, but required the presence of positive ions. Tonks and Langmuir have 
shown experimentally that an ionized gas can produce oscillations of the correct 
order of frequency. The pressure required to give a sufficiently high ionic density 
must be about 10-^ mm. It is possible, therefore, that at such pressures the positive 
ions do play an essential part in the generation of oscillations in a positive-grid 
triode. 

For the usual cases of oscillations in positive-grid circuits, however, it has been 
proved very conclusively by Grechowa^^^ and by Rindfleisch^*^ that the principal 
effect of gas is to damp the oscillations. These workers found, in independent 
experiments, that the oscillation-intensity increased asymptotically to a maximum 
as the pressure decreased down to 10 ® mm. 

Before experiments were started with the present plane-electrode valve a 
pressure test similar to those described in the above papers was carried out on an 
AT 40 valve. The object was to determine an upper limit for the pressure at which 
oscillation-intensity and wave-length can be regarded as effectively independent of 
the presence of the gas. The AT 40 is an ordinary commercial valve of cylindrically 
symmetrical construction, having an anode-diameter of 12*8 mm. and a grid- 
diameter of 5 mm. A glass tube was sealed into the valve at the tip, a small bulb 
containing charcoal was joined to this tube, and the whole was sealed on to a 
diffusion pump. After baking of the glass, degassing of the electrodes by electron 
bombardment, and heating of the charcoal for some time, the valve was calibrated 
as a positive-grid ionization gauge against a McLeod gauge for several values of 
pressure down to iO“® mm., the lowest pressure readable with any accuracy on the 
McLeod gauge. After further heating and pumping the valve was sealed off and 
removed from the pump. Linear extrapolation of the calibration curve of an 
ionization gauge being assumed to be valid, it was then found that liquid air applied 
to the charcoal would reduce the pressure in the valve to slightly below 2*iO“’ mm. 
By surrounding the charcoal bulb with ice, boiling water, or a heated oil bath, other 
values of pressure could be maintained steadily. Values of optimum grid voltage, 
wave-length, and oscillation-intensity were taken at each pressure, the external 
circuit remaining fixed as a three-quarter-wave system. The results are shown in 
figure 2. 

These results are in general agreement with those previously mentioned. The 
oscillations disappear at a pressure of about 5-10"^ mm., owing probably to the 
electrons losing too much energy to the gas molecules. The considerable increase 
of wave-length with pressure may be due to a combination of two effects. The 
inter-electrode capacity, which forms a part of the resonant circuit, varies with the 
ionic density between the electrodes, so that the resonant frequency of this circuit 
is being changed. The presence of the ions and molecules must also affect the 
electron transit time. The fact that the experimental grid- voltage curve falls much 
more rapidly than the theoretical grid-voltage curve corresponding to the experi- 
mental wave-length curve suggests that the effect of the gas is to reduce the transit 
time. 

For these fairly intense oscillations it is seen that pressures up to io~^ 


mm. 
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do not affect the intensity appreciably, and affect the wave-length by only about 
2 per cent. Oscillations of very small intensity, however, generated at low emission 
current, disappeared when the pressure was increased to about 5*io~® mm., and 
their wave-length at this pressure was about 4 per cent higher than at the minimum 
pressure. They remained unaffected for pressures up to 3*io~^ mm. It may there- 
fore reasonably be considered that at pressures below iO“® mm. both oscillation- 
intensity and wave-length may be regarded as independent of the gas, whatever the 
actual magnitude of the oscillation intensity. 



Pressure (mm. > iO'*) 

Figure 2. Effects of gas pressure on the wave-length and intensity of electron oscillations generated 
in a cylindrical-electrode triode. Filament current and external circuit-length constant. 

Because of the numerous wax and glass seals in the plane-electrode valve, the 
size of the electrodes, and the fact that the electrodes are exposed to the atmo- 
sphere each time the valve is dismounted, the attainment of a pressure very much 
below io~® mm. would require that a great deal of time be spent on checking seals 
and degassing the electrodes. The pump used is a steel mercury-vapour con- 
densation pump, and the connexion from the pump to the valve consists of 20-mm. 
Pyrex tubing. This equipment with a liquid-air trap will maintain the pressure at 
about iO“® mm. even when there are small leaks present, and will produce a much 
lower pressure if the system is perfectly sealed. It will be considered throughout, 
therefore, that gas pressure is not influencing the results to any measurable extent. 

§4. BASIC ELECTRON OSCILLATIONS 

The most fundamental generator for the production of true electron oscillations 
should be one which does not depend on any resonant inductance-capacity circuits. 
Oscillations obtained from such a generator must be regarded as being characteristic 
of some property of the electron motion alone, and not simply as oscillations in- 
evitably produced in a resonant circuit of zero effective resistance. 

Barkhausen and Kurz visualized oscillations of this type in their original paper 
on the subject although they did not actually observe them experimentally. 
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They suggested that the period of the detected oscillations might be the same as 
the period of vibration of the electrons through the grid of the valve, and showed 
that this would result in a relation between wave-length and grid voltage given by 
constant. Most commercial valves will not produce oscillations whose wave 
length follows this equation when the grid voltage is varied over a wide range, 
probably because of resonant circuits inherent in the electrode structure. 

To look for such oscillations with the present plane-electrode valve, the external 
circuit was removed and the potentials were applied through radiofrequency 
chokes connected to the electrode leads immediately outside the envelope. This left 
12 cm. of nickel rod with no terminating condenser as the only possible high- 
frequency circuit external to the electrodes. Its maximum resonant wave-length 
would be 24 cm. With the cathode-temperature sufficiently high to provide space- 
charge-limited grid-current throughout, oscillations were maintained with this 
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Figure 3. Variation of wave-length with grid voltage for oscillations generated by the plane-electrode 
valve with no external circuit. The cathode-temperature is high enough to supply space-charge- 
limited grid current over the whole range of Eg . Cathode-grid distance, 8*7 mm. ; grid-plate 
distance, 10*4 mm. 

circuit for all grid- voltages between 35 volts and the highest value tested, corre-r 
sponding to a wave-length range of from 220 to 130 cm. The oscillation intensity, 
measured on a loosely coupled crystal circuit, increased continuously with the 
energy- input to the valve. The curve of wave-length against grid voltage is shown in 
figure 3 and evidently lies close to a curve obeying the Barkhausen relation. 

The agreement between these two curves means that the period of the oscil- 
lations is linearly related to some electron transit time over the whole range of the 
experimental curve. It is found that the period is almost exactly equal to the 
transit time from cathode to grid and back, space-charge being neglected in the 
calculation. The oscillation mechanism seems to be confined to the space between 
cathode and grid, and three further facts confirm this view. Firstly, for three 
different values of grid-cathode distance the period of the oscillations agreed con- 
sistently with the return transit time across this space. Secondly, variation of the 
grid-plate distance from 5 to 17 mm. in a typical case does not change the wave- 
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length by a detectable amount, although it affects the intensity considerably. 
Finally, earthing either grid or cathode leads just outside the valve stops the 
oscillations, while earthing the plate lead has only a very small effect on their 
intensity. 

Reducing the cathode temperature at any fixed grid voltage causes the oscil- 
lations to disappear when the grid current falls appreciably below the space-charge- 
limited value. Their intensity remains constant at its maximum value for all 
cathode-temperatures above that required to produce this limited grid current. 

Applying a positive plate-potential reduces the intensity of the oscillations, and 
they disappear when the plate is sufficiently positive to collect most of the electrons 
passing the grid. Thus although the position of the plate does not affect the funda- 
mental mechanism of the oscillations, its presence is necessary to provide a returning 
stream of electrons in the grid-cathode space. 

The theoretical curve of figure 3 is based on an electron transit time derived by 
neglecting space-charge. Megaw^'®^ has shown that calculations for a plane- 
electrode valve similar to those of MePetrie^**^ for a cylindrical valve indicate an 
increase in transit time of just 50 per cent when complete space-charge is present. 
There is, however, no existing experimental proof of this fact for a positive-grid 
triode. The agreement of the two curves of figure 3 may prove either that the effect 
does not exist at all, or merely that it does not apply to the particular vibration in 
the electron motion which causes these oscillations. 

A few commercial cylindrical electrode valves are found to give results similar to 
those shown in figure 3, with a slight change in experimental procedure. Filament- 
temperature is found to be a critical variable with these valves, and for each grid 
voltage there is an optimum value of heating-current. This optimum value is in 
general that which places the operating point on the upper knee of the grid-current 
saturation curve. Figure 4 shows a curve of wave-length against grid voltage 
obtained from an Osram R valve, together with a curve obeying the Barkhausen 
relation. This valve has a plate -diameter of 10 mm., a grid-diameter of 4*5 mm., and 
a grid- transparency of about 80 per cent. Circuit conditions are identical with 
those described for figure 3, chokes being connected in all the leads immediately 
outside the valve envelope. Heating-current has been adjusted to the optimum 
value for each experimental point. 

Here again it is evident that the transit time of the electrons is the factor con- 
trolling the wave-length. Calculation shows that the transit time corresponding 
to the oscillation period in this case is that from filament to plate and return. This 
calculation is confirmed by the fact that earthing either plate or cathode terminals 
stops the oscillations. 

Figures 3 and 4 may both be obtained equally well if the chokes are removed 
from the potential leads, provided these leads are kept well separated, so that no 
resonant circuit of low damping is formed by them. 

The conclusion to be drawn from the results of this section is that the source of 
the basic oscillations lies in the space charge itself, and that they are entirely 
independent of and uncontrolled by any external resonant circuits. They are in 
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fact the oscillations which have been referred to throughout the literature as 
Barkhausen-Kurz oscillations in contrast to Gill- Morrell oscillations, and have 
been sought by a number of experimenters, usually with negative results. Moore 
and Kapzov and CJwosdower^**^ have shown some evidence for their existence over 
narrow ranges of grid potential. 
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Figure 4. Variation of wave-length with grid voltage for oscillations generated by a cylindrical- 
electrode valve with no external circuit. The filament current is adjusted to an optimum value 
for each grid voltage, Osram R valve. Grid-radius, 2*2 mm. Plate-radius, 5*0 mm. 

The production of oscillations by a space-charge-limited current has been 
discussed theoretically by Benham^*”*^ and Llewellyn but the present results 
cannot be regarded essentially as a confirmation of their theories. Benham’s theory 
predicts oscillations in a diode, while oscillations could not be obtained from the 
plane-electrode valve unless electrons were allowed to return through the grid to 
the grid-plate space. Llewellyn’s calculations are applied to a positive-grid triode, 
but the complex and varying relation between oscillation-period and electron 
transit time given by his equations cannot be compared with the simple and exact 
ratio found in these experiments. 


§5. OSCILLATIONS WITH EXTERNAL CIRCUITS 

When a low-resistance parallel-wire external circuit having suitable resonant 
wave-lengths is connected to any pair of electrodes of the plane-electrode valve, 
the experimental results assume several new aspects. It is found that the wave- 
length of all oscillations obtained lies very close to one of the resonant wave-lengths 
of the circuit, and variation of any parameter except circuit-length causes only very 
small continuous changes of wave-length. Since the electrodes are always 
approximately at a voltage antinode of the s',anding waves on the circuit, the resonant 
wave-icngths of a circuit of length L terminated by a low impedance condenser are 
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4L, 4L/3, etc. It is also found that space-charge-limited grid current is no 
longer necessary for the production of oscillations. Grid-currents as low as i per 
cent of the limited value may be sufficient. 

A typical experimental curve is that shown in figure 5. This is taken with a 
circuit of fixed length connected to the grid and plate terminals. Grid voltage, 
grid-current and cathode-grid distance are maintained constant. The curve shows 
variation of wave-length and plate current (as an approximate measure of oscil- 
lation-intensity) with grid-plate distance. The grid current is only 1*5 per cent of 
the saturation value for the voltage and dimensions involved, so there can be no 
possible effects of space charge on the electron-motion. 

There are seven distinct regions of oscillation in the curve, across each of which 
the wave-length is constant within i cm. The various wave-lengths correspond to 
the I St, 2nd, 3rd, 4th and 5 th harmonics of the circuit-length — in other words, the 
standing waves comprise 3, 5, 7, 9 and ii quarter wave-lengths respectively. 



Figure 5. Oscillation regions obtained with the planc-electrodc valve connected to an external 

circuit, on varying the grid-plate distance. All other variables are held constant throughout. 

External circuit-length from terminating condenser to centre of cathode, 310 cm. ; grid potential, 

144-2 V. ; grid current, 0-75 mA. ; cathode-grid distance, 5-5 mm. 

The quantity AV^V^ooo expresses, for any oscillation generated in the absence 
of space charge, the distance across which the return electron transit time for the 
grid voltage is equal to the period of the oscillations of wave-length A. It may 
thus be taken as indicating which pair of electrodes is involved in the generation 
of any particular region. The value of this product for the seven regions of figure 5 
together with the most probable analysis of the electrodes involved is given in 
table I. 

The analysis shows that the two most important oscillation regions appear to 
involve a cathode-plate electron-transit, while the three regions second in im- 
portance fit a grid-plate electron transit, and the weakest oscillations are those which 
seem to be related harmonically to the electron-motion. The conception of oscil- 
lations whose period is a simple fraction of the electron transit time between two 
electrodes is contained in every applicable theory, and these dwarf waves have 
been investigated experimentally at some length by Potapenko^*\ 
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It should be noted that while the harmonic wave-lengths of a parallel-wire 
circuit having one end closed are proportional to i, etc., the wave-lengths 
corresponding to harmonics of the electron-motion are proportional to i, etc., 
so that there will be very few occasions where oscillations of harmonically related 
frequencies can be simultaneously maintained with a fixed external circuit. The 
fundamental wave-length corresponding to the electron motion in the seventh 
region of figure 5, for example, would be about 550 cm. This is not even approxi- 
mately equal to any resonant wave-length of the connected circuit, and hence 
oscillations of this wave-length could not be maintained. 

The position of the plate given in table i for each region is that for maximum 
plate-current. This may introduce a slight error because many experiments have 
shown that maximum plate current does not in general correspond to maximum 
oscillation-intensity. The effect could only be appreciable in the two widest regions, 
however, and an inspection of the possible correction shows that the analyses would 
not be affected. 


Table i. The grid voltage is constant at 144*2 V., and the 
cathode-grid distance at 5*5 mm. 


Oscil- 

lation 

region 

Optimum j 
grid- 1 
plate ! 
distance ' 
(mm.) 

Corre- 
sponding 
cathode- 
. plate 
distance 
(mm.) 

Wave- 

length 

A (cm.) 


Probable 

harmonic 

order 

Space in which 
oscillations are 
probably 
located 

1 

7*0 

I2’5 

120*5 

7*2 

Fundamental 

Grid-plate 

2 

9-8 

i5‘3 

255-5 

15-4 

Fundamental 

Cathode-plate 

3 

<9*9 

<15*4 

140*0 

8-4 

Fundamental 

Grid-plate 

4 

14-8 

20-3 

182*5 

10*6 

I St Harmonic 

Cathode-plate 

5 

i8-7 

24*2 

416*0 

24*9 

Fundamental 

Cathode-plate 

6 

21-8 

27.3 

252*0 

I5-I 

I St Harmonic 

Cathode-plate 

7 

24*1 

1 29*6 

182*5 

10*5 

2nd Harmonic 

Cathode-plate j 


A large number of experimental curves similar to figure 5 have been obtained 
for different grid-potentials, circuit-lengths, grid-currents, and cathode-grid dis- 
tances, and all submit to similar analysis leading to the same general conclusions. 
Figure 6 shows such a curve taken with a total circuit-length about one-tenth of that 
used for figure 5. The grid-potential and cathode-grid distance are approximately 
the same as before, but the grid current is about 10 per cent of the space-charge 
saturation value. The grid-plate capacity in this case forms a very appreciable part 
of the external circuit, and moving the plate through 20 mm. causes ^he fundamental 
wave-length of the net circuit to vary by nearly 30 cm. The slight rise in wave- 
length across the second and third regions will not be discussed here, but it is 
obvious that the mean wave-length of the regions decreases as the grid-plate 
capacity is decreased. The analysis of this curve is given in table 2. It is essentially 
the same as that for figure 5. The production of such a small number of regions is 
due to the fact that the short connected circuit has only one resonant wave-length 
at which oscillations might be expected to occur. The first harmonic wave-length 
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of the circuit is 44 cm., and oscillations of this wave-length could be generated at 
the potential used only as dwarf waves of 4th or higher order. 



Figure 6. Oscillation regions obtained with the plane-electrode valve connected to a short external 
circuit, on varying the grid-plate distance. All other variables are held constant tluroughout. 
External circuit-length from terminating condenser to centre of cathode, 32*7 cm. ; grid voltage, 
146*5 V.; grid current, 6*o mA. ; cathode-grid distance, 4*8 mm. 


Table 2. The grid potential is constant at 146*5 V. and the 
cathode-grid distance at 4*8 mm. 


Oscil- 

Optimum 

grid- 

Corre- 

sponding 

cathode- 

plate 

distance 

(mm.) 

! 

1 

Wave- i 

lation 

rtgion 

plate 

distance 

(mm.) 

length 1 
A (cm.) 

I 

II -5 

i6*3 

! i88s 

2 

1 17*0 

21*8 

1 178-5 

3 

1 25-7 

30*5 

1710 , 


^ \ 

2000 

(mm.) 

Probable 
; harmonic 

order 

1 

1 

Space in which , 
oscillations are j 
probably 
located ; 

11*4 

! Fundamental 

Grid-plate | 

10*8 

I St Harmonic 

Cathode-plate ■ 

10*3 

1 2nd Harmonic 

Cathode-plate ! 


§6. RELATIONS BETWEEN WAVE-LENGTH AND 
THE BASIC PARAMETERS 

The experiments of § 5 have shown that the wave-length of electron oscillations, 
where an external circuit is used, depends on three primary parameters. These 
are circuit-length, inter-electrode distance, and grid potential. It has been assumed 
that wave-length is related linearly to the first two of these and is inversely pro- 
portional to the square root of the grid potential. This assumption has been shown 
to be justified at a number of isolated values of the parameters. 

Very simple experiments serve to show that these relations hold accurately over 
wide continuous ranges of all three parameters. The curve of figure 7 is obtained by 
measuring wave-length at several values of circuit-length, with plate-position 
adjusted for maximum plate current at each circuit-length. The circuit is connected 
to the grid and plate of the valve. Grid-potential, grid-current, and cathode-grid 

67-2 
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distance are constant throughout. The curve proves the linearity of the relations 
between wave-length and circuit-length, and between wave-length and inter- 
electrode distance, as exactly as the accuracy of experimental measurement will 
permit. 



Figure 7. Relation of wave-length and optimum grid-plate distance to external circuit-length for a 
typical region of oscillations generated by the plane-electrode valve. All other variables held 
constant throughout. Grid potential, 24 V.; grid current, 3*3 mA. ; cathode-grid distance, 
5*5 mm. 



Figure 8. Relation between grid voltage and optimum grid-plate distance at constant wave-length, 
for oscillations generated under idealized experimental conditions. Constant wave-length, 
23s cm.; external circuit length, 170*5 cm.; grid current, 3*0 niA. ; cathode-grid distance, 
8*4 mm. 


By keeping the circuit-length and hence the wave-length constant, an inter- 
relation between grid potential and electrode spacing for optimum conditions can 
be obtained, as in figure 8. The cathode-temperature is low enough to prevent the 
grid current from becoming space-charge-saturated at any of the grid potentials 
used. The plate-position is adjusted for maximum oscillation-intensity, measured 
on a crystal circuit, at each point. The assumed relation between the parameters is 
again proved within experimental accuracy. 
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§7. OSCILLATION MECHANISM AND THEORY 

It seems necessary to regard the two types of oscillation described in §§ 4, 5 as 
produced by distinctly different mechanisms. This hypothesis is not really a new 
one, but there has not previously existed satisfactory experimental evidence to 
justify it. The experiments in § 4 prove conclusively that a space-charge-limited 
current flow in a triode whose grid is at a high positive potential, and whose plate 
is at cathode potential, is capable of radiating high-frequency energy without the 
assistance of any resonant inductance-capacity circuit whatever. They also prove 
that the oscillation period of this radiation corresponds to some electron transit 
time in the valve, and hence that the oscillations are characteristic of the electron- 
motion. The radiation is obtained only when the grid current is space-charge- 
limited. These oscillations may be designated by the name space-charge electron 
oscillations. 

The oscillations at very low grid current dealt with in § 5 are produced only 
when a resonant circuit is connected to the electrodes, and the oscillation wave- 
length is fixed at some harmonic wave-length of this circuit. The grid current need 
only be sufficient to supply a certain minimum amount of energy to the circuit, 
and may be a fraction of i per cent of the space- charge-limited value. The function 
of the electron-motion can only be the production of a negative resistance between 
the electrodes of the valve, to neutralize the positive resistance of the resonant 
circuit. These oscillations may be designated by the name negative-resistance 
electron oscillations. 

It is not the intention here to develop any mathematical theory for the oscil- 
lations. There are so many variables involved that this must inevitably be a very 
difficult problem. As far as the space-charge oscillations are concerned, some 
theory analogous to those of Llewellyn and Benham may eventually be developed, 
but to explain the present experimental results it is necessary to consider two 
parameters which have not previously been included in space-charge theories. These 
are the grid-transparency and the distribution in phase of the electrons returning 
from the plate to the cathode-grid space. Only variation of the latter can account 
for the change in intensity of space-charge oscillations in the grid-cathode space 
observed on varying the plate-position. 

With regard to the negative-resistance oscillations. Gill and Morrell showed 
many years ago by very simple mathematical treatment that negative resistance may 
exist between the grid and plate of a positive-grid triode at frequencies approxi- 
mately resonant fundamentally or harmonically with the electron transit time between 
these two electrodes. Alfven^*^^ has shown by much more thorough analysis in- 
volving all possible parameters that negative resistance may also exist between 
cathode and plate at frequencies similarly related to this longer transit time. 

It may therefore be considered that there does exist some theoretical explanation 
of the oscillation regions of figure 5 and figure 6. The numerical evaluation of the 
results of Alfven’s theory is unfortunately quite impracticable, so that direct com- 
parison of theory with experiment is not possible. No other theory is sufficiently 
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complete to give such comparison any significance. Negative-resistance theories all 
suggest that maximum oscillation-intensity does not in general occur when the. 
oscillation-period is exactly equal to some electron transit time, but rather that the 
optimum ratio of these two may vary on either side of unity by several per cent, as 
a function of a number of the involved variables. It is questionable, however, 
whether indeterminacies in the electron motion can ever be sufficiently eliminated 
to enable this implication of the theories to be tested experimentally. 

§8. ANALYSIS OF MORE COMPLEX RESULTS 

It is desired to draw only three general conclusions from the experimental 
results given in this paper. The first of these is the necessity of recognizing two 
distinct oscillation mechanisms, as outlined in the last section. The second is that 



Figure 9. A more complex experimental curve that can be explained on the basis of the conclusions 
drawn from idealized experiments. All variables except grid potential are kept constant through- 
out. External circuit-length, 230 cm.; cathode-grid distance, 6*4 mm.; grid-plate distance, 
4*9 mm. The black circles mark the value of S, defined as \\^E^f 2000, at maximum plate 
current in each oscillation region. These are the points used for the analysis in table 3. 

the period of electron oscillations generated in a triode under idealized experimental 
conditions is always very nearly equal to the electron transit time between one 
pair of the three electrodes. The third is that it is possible to obtain oscillations 
of period corresponding to each of the three possible inter-electrode transit times. 

On the basis of these conclusions drawn from simplified experimental results it 
is possible to analyse much more complex results, from which the same conclusions 
could not have been initially deduced. Figure 9 is an example of these more complex 
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results. The experimental conditions under which it has been obtained are a com- 
bination of those used in §§ 4, 5 above, in that an external circuit is connected to the 
grid and plate and the grid current is space-charge-limited. Electrode-spacings 
and cathode-temperature are kept constant throughout. The analysis of the five 
oscillation regions is given in table 3. 

Table 3. The cathode-grid distance is constant at 6*4 mm., and the 
grid-plate distance at 4*9 mm., so that the cathode-plate 
distance is 11*3 mm. 


Oscil- 

lation 

region 

— 

Optimum 

grid 

potential 

(V.) 

Wave- 

length 

A (cm.) 

2000 

(mm.) 

Probable 

harmonic 

order 

Space in which 
oscillations are 
probably located 

I 

IS 

325 

6*3 

Fundamental 

Cathode-grid 

2 

45 

185 

6*2 

Fundamental 

Cathode-grid 

3 

75 

108 

4*7 

Fundamental 

Grid-plate 

4 

97 

131 

6*4 

Fundamental 

Cathode-grid 

5 

142 

106 

6*3 

Fundamental 

Cathode-grid 


Although the external circuit is connected to grid and plate, the analysis suggests 
that the oscillations in four of the regions are taking place between grid and cathode. 
A negative resistance explanation cannot be applied, and it must be concluded that 
the oscillations in these four regions have their source in the grid-cathode space 
charge, and are in effect space-charge oscillations, their wave-length being fairly 
narrowly controlled by the closely coupled low-resistance external circuit. The fifth 
region seems to be due to negative resistance in the grid-plate space. Since the 
grid-plate distance is smaller than the grid-cathode distance, and the grid-trans- 
parency is only 67 per cent, the total current in the grid-plate space can only be a 
small fraction of that required for space-charge limitation, possibly 10 to 20 per 
cent. 

This experiment shows that if a circuit having a resonant wave-length A is 
coupled in some way to a valve generating space-charge oscillations of the same 
wave-length A, currents are induced in the circuit which react on the oscillator, and 
the oscillation-intensity is in general increased. Analogous effects are obtained with 
any oscillator and a closely coupled resonant circuit. Oscillations obtained under 
these conditions may be designated by the name resonant space-charge oscillations. 

The blotting out of negative- resistance oscillations by the resonant space-charge 
oscillations in this experiment suggests that the latter are produced more efficiently 
than the former. This view is supported by the fact that it is found that resonant 
space-charge oscillations can be produced at much lower energy-inputs to the valve 
than negative-resistance oscillations can. In an extreme case these resonant space- 
charge oscillations have been observed at a grid potential of 4*2 V., with a grid 
current of 0-2 mA., making an input of o-8 mW. It is important in relation to § 3 
that this grid voltage is below the lowest ionization or resonance potential of any 
gas or vapour that might be considered present. 
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§9. CONCLUSIONS 

In this paper the effect of continuous variation has been investigated only for 
the three primary parameters of grid potential, inter-electrode distance and length 
of external circuit. In addition to the primary parameters there are three minor 
variables which have a more or less critical effect on electron-oscillation mechanism. 
These are grid-transparency, plate potential, and space-charge density. In the 
present work the effects of the last two have been respectively eliminated by keeping 
the plate always at cathode potential and by using either maximum or negligible 
space-charge density. With regard to the negative-resistance oscillations, further 
experiment indicates that grid-transparency has not a very critical effect on either 
wave-length or oscillation-intensity. The results of figure 6 can be duplicated almost 
exactly with grids of transparency up to 90 per cent. Space-charge oscillations, 
however, are considerably affected by this variable. 'I"he results shown in figure 3 
have been repeated for three different grids of approximately the same transparency, 
67 per cent, but the oscillations produced with a grid-transparency of 80 per cent, 
for example, are no longer confined to the cathode-grid space. It is hoped in a 
future paper to deal in detail with this effect, and also with the results obtained by 
continuously varying each of the other minor parameters. 

How far the results of the present work can be applied to experiments on 
cylindrical-electrode valves is not clear. There seems never to have been any 
indication that oscillations obtained from commercial valves can be restricted to the 
grid-filament space or to the grid-plate space as has been found here. The critical 
effect of heating-current on the space-charge oscillations generated by a commer- 
cial valve, figure 4, also suggests an inherent difference between the oscillation 
mechanisms for plane and cylindrical electrodes. 
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THE EFFICIENCY OF SEPARATION OF HYDROGEN 
AND DEUTERIUM BY ELECTROLYSIS 

By T. H. ODDIE, M.Sc., Natural Philosophy Laboratory, 
University of Melbourne 

Communicated by Prof, T, H, Laby^ May 10, 1935 

ABSTRACT, A method of determining the efficiency of concentration of DgO by 
electrolysis of mixtures of HgO and DgO is described; it takes account of the effects of 
losses by evaporation and spraying. It is found that the hydrogen-ion concentration of 
the electrolyte and the nature of the electrodes do not affect the efficiency a, but a increases 
with increasing current-density. The coefficient a is found to be 4-o±o-2 with current- 
density 0*6 A./cm?, and 4*6±o*i with current-density 2 A./cm? These results are in 
agreement with values predicted theoretically by Urey and Teal. 

§1. INTRODUCTION 

E xperimental work hitherto published shows a marked uncertainty not 
only of the value of the coefficient of separation of hydrogen and deuterium 
by the electrolysis of water under given conditions, but also of the effect on 
the coefficient of changes in these conditions ; thus, published values vary between 
2*6 and 7*3. • Bell and Wolfenden^*^ found that the separation coefficient a depends 
solely on current-density, being greatest for high current-densities, while Collie 
maintains that for efficiency a current-density less than o*i A./cm? is necessary. 
On the other hand, Topley and Eyring^^^ found a dependence of a upon the nature 
of the electrodes and upon the hydrogen-ion concentration of the electrolyte. 
Collie also obtained different values of a with different experimental conditions. 

Values of a obtained by other workers are given in numerical order in table i, 
together with the nature of the electrodes and electrolyte, the current-density and 
the mean DgO concentration. A study of this table fails to indicate any certain 
dependence of a on any of the above factors, but it should be borne in mind that in 
some cases experimental errors are admitted to be large, and apparently no cor- 
rection has been made for the inevitable loss of water by evaporation and spraying 
during electrolysis. 

In this paper is described an attempt to measure a with greater certainty and 
to study the effects on a of four factors, the current-density, the nature of the 
electrodes, the hydrogen-ion concentration (/>H) of the electrol)rte and DgO con- 
centration. 


§2. THEORY OF THE EXPERIMENT 

When a mixture of DgO and HgO is electrolysed, the proportion of Dg molecules 
to Hg in the evolved hydrogen gas is less than the ratio of DgO to HgO in the electro- 
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Table i 


Reference 

number 

Electrolyte 

Electrodes 

Current- 

density 

A./cm? 

Concentration 
of DgO 

a 

z 

HaS 04 

Pb 

0*1 

0*002 

2*6 

I 

NaOH 

Ni 

0*07 

0*001 

37 

I 

NaOH 

Ni 

— 

0*004 

4*0 

I 

NaOH 

Ni 

— 

0*002 

4-8 

13 

NaOH 

Ni 

— 

— 

SO 

3 

KOH 

Ag 

I 

0*07 

5-2 

1 

NaOH 

Pt 

— 

0*002 

5*3 

1 

NaOH 

Cu 

— 

0*002 

5'3 

3 

KOH 

Ni 

I j 

0*07 

5*5 

3 

H2SO4 

Cu 

1 1 

0*07 

5-6 

I 

NaOH 

Ni 

10 ! 

0*001 

5*6 

3 

HjS 04 

Pt 

I 

0*07 

! 57 

4 

NaOH 

Ni 

0*7 

— 

5-8 

3 

KOH 

Cu 

I 

0*07 

6*8 

3 

KOH 

Pt 

I 

0*07 

7*0 

3 

KOH 

Fe 

I 

0*07 

7*2 

3 

KOH 

1 Pb 

I 

1 0*07 

7-3 


lyte. A separation coefficient a may be defined as follows. Let a small fraction 
of the water be decomposed electrolytically; then the fraction of H2O molecules 
decomposed will be a times that of DgO molecules. 

The relation between a and the initial and final volumes and DgO-concen- 
trations of the water has been given by Harteck^'^^ but losses by spraying and 
evaporation of the solution during electrolysis modify the theoretical equation which 
he gives as is shown below. 

Let Aq be the number of molecules of HgO in water initially ; N the number of 
molecules of HgO in water at time t\ the number of molecules of DgO in water 
initially; n the number of molecules of DgO in water at time t\ K the total number 
of molecules electrolysed per second ; and k the total number of molecules evaporated 
per second. 

Now the vapour pressure of DgO is about 0*9 times that of but for a 

correction for loss by evaporation the assumption that the vapour pressures are 
equal gives a sufficiently close approximation. Now for a small loss by electrolysis, 


(x-»). 

{dn\ n 

and for a small loss by evaporation, 

<-). 

where the suffixes i and 2 imply electrolysis and evaporation respectively. Further, 
the number of molecules lost in time dt is given by 

{dN)^-¥(dn\:=^^Kdt (i-2i), 

and {dN)^ + {dn\ ^’-kdt (1*22). 


a 


No,N 

no 

n, t, K 
k 


I, 2 




r,C 


W„ W 

C„ 
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/ J'KT\ .^^JVoC j, 

<*>■— 

and from equations (1*12) and (1*22), 

Thus the total number of molecules lost in time dt is 
for H, 0 . m^(dN),+(dN'k= 

and for DA dn = (dn\ + {dn),= d 


(1-31). 

(1-32). 

•(1-41). 

,(i-42). 

(i-sO. 

■(I- 52 )- 


These equations (1-51) and (1*52) may be combined and integrated to give a 
relation ^+„ , i-C , C , 

,Tr ‘"g A/oT«„=‘"« I ^Co-“ C„ 


where r = klK and C=nl{N+n) = the concentration of DgO. 

This relation is similar to that of Harteck but has the added factor 1/(1 +r) and 
the ratio of the initial and final numbers of molecules {N+n)j{Na’¥n^^) is sub- 
stituted for the ratio of the initial and final volumes. 

The ratio (A^-f-«)/(A^o + «o) is connected with the ratio of initial and final masses 
PTq , fF of water by the relation 

W _ f C-C q) 

W^o-^+« 7 l 9 ) 

very nearly when w/A^y is small, where Q is the initial concentration of DgO. 


§3. EXPERIMENTAL PROCEDURE 


Conditions for accuracy of ol. By differentiating equation (i*6) a relation between 
the errors in WjW^ and C/Q, and the resulting error in a may be found. The error 
in r may be neglected, and also the first term on the right-hand side of the equation. 
We obtain 


dcf. 

a 


log WjW, log'fF/fr„+"(i + r) log C/C„] 
'' - 1 ^C/Q 


d{WjWo) 

WIW<, 




= 1*6 


d{W/Wo) _.. d(CIC„) 
''Wjwl" ** c/c„ 


after substitution of the experimental values given below. 


,( 2 - 2 ), 
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Thus I -per-cent errors in WIWq or in C/Cq give considerably larger errors in a. 

Conditions of experiment. The influence of four factors, (i) current-density, 
(ii) the hydrogen-ion concentration of the electrolyte, (iii) the nature of electrodes, 
and (iv) the concentration of DgO, has been studied, one of these factors being varied 
at a time. 

The experiments were carried out in water-cooled test tubes with either wire 
or metal-strip electrodes. In some the evaporation losses were found by calculation 
from the initial and final volumes of water and the input of electrical energy. In 
the more accurate experiments, however, the latter quantity was not determined, 
but losses were measured directly by passing the electrolytic gases through a glass 
vessel cooled with solid carbon dioxide, and weighing the condensed liquid. The 
concentration of DgO was measured by a float method described in a later section. 

In a typical experiment the initial concentration of the electrolyte, sodium 
hydroxide, was 1*4 per cent. The concentration of DgO was from 2*5 to 10 per cent. 
The current-density was high — about 2 A./cm? The electrodes were of nickel wire. 
The mass of electrolyte was 1*895 g. The masses IT„, W were 133*695 g. and 
19*769 g. respectively. Hence it was calculated that the mass of water evaporated 
was 7*407 g. and the mass of water electrolysed was 106*519 g. The concentration 
of D2O in the tap water was 0*0001 per cent; the initial covicentration Cq was 
0*0246 + 0*00002, and the final concentration C was 0*0970 + 0*0003. The cor- 
responding equilibrium temperatures of the float were 17*21 ± 0*005, 26*635 + 0*005, 
and 49*5 + 0*1° C. Hence from equation (6) a was found to be 4*24 + 0*05. 

§4. EXPERIMENTAL RESULTS 

Hydrogen-ion concentration of electrolyte. The current-density was about 
0*2 A./cinr Electrodes of lead were used with acid solutions, and of stainless steel 
with alkaline solutions. The mean concentration of DgO was 0*002. 

liable 2 


Number of 
experiments 

Electrolyte 

a 


3 

H2SO4 

2*9 ±0*3 


13 

NaOH. 

3*1 ±0*3 

L 


Thus the hydrogen-ion concentration of the electrolyte does not appear to 
affect a. 

Nature of electrodes. The current-density was about 0*6 A./cm? The electrolyte 
was sodium hydroxide, from i to 6 per cent. The mean concentration of DgO 
was 0*002. 

Table 3 


Number of 
experiments 

Electrodes 

a 

I 

Monel 

3*98 + 0*2 i 

3 

Nickel 

3‘93±o*2 I 
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a is independent of the electrodes, as is also shown by the experiment at a 
lower current-density with lead and stainless-steel electrodes given in table 2. 

Concentration of DgO. The current-density was about 0*2 A./cm? The electrodes 
were stainless steel or iron. The electrolyte was sodium hydroxide. 

Table 4 


Number of 

Concentration 


experiments 

of DgO 

a 

17 ! 

! 0-0015 

31 ±0-3 

1 1 

00045 

2-9 ±0*3 


a is a constant for different stages in the process of concentration. 

Current-density. The electrodes were of nickel, iron, stainless steel and nickel- 
chromium, a being independent of these. The electrolyte was sodium hydroxide. 
The mean concentration of DgO was 0*002 to o*o6. 

Table 5 


Current-density (A./cm?) j 

Low, about 0*2 3-0 ± 0-3 

Medium, about o-6 4*o ± 0-2 

High, about 2 4-6 ± 0*05 

It is evident that the current-density has a marked influence on a, high current- 
densities being the most efficient. The determination of the actual value of the 
current-density was rendered very uncertain by such factors as varying depth of 
the electrolyte, current-variations, the shape of the coiled-wire electrodes, and the 
uncertain conducting surface. The electrodes employed were as follows. For 
low current-densities, metal strips 2 cm. wide, in i-in. test tubes; for medium 
current-densities, metal strips i cm. wide, in |-in. test tubes; and for high current- 
densities, metal wires in concentric coils. 

Value of a. The eight most accurate results for a are shown in table 6. 

Table 6 


Number of 
experiments i 

22 

3 * 

3 I 


Current-density (A./cm?) 

0*6 

2 

a 

3- 98 ±0*2 

4- 30±0-2 

3 65 ±0*2 

3*85 ±0-2 

Mean 4-0 ± 0-2 

4*8^ ±0*2 

5*12 ±o-o8 

4-24 ± 005 

4-48 ± o-o8 

Mean 4-6±o*i 


The differences between these readings exceed the experimental errors and are 
due to the variations of current-density, experiments having been performed in 
different test-tubes with different coiled-wire electrodes. 
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§ 5 . MEASUREMENT OF CONCENTRATION OF D,0 


The molecular concentration of DgO in the DjO-HjO mixtures of the above 
experiments was determined with a cylindrical pyrex float 1*5 cm. long and 0*5 cm. 
in diameter. This was so constructed as to float in ordinary water at 17*21'' C. The 
difference between the temperature at which the float neither rose nor sank when 
completely immersed in ordinary water, and a similar temperature for the mixture 
under observation, gave a measure of the difference of DjO concentrations. 

The concentration of DgO in tap water was taken as i in 1 0,000 which figure 
agrees with a determination of i in 8500 made in this laboratory by Christiansen, 
Crabtree and Laby, but not with earlier estimates 

Water samples were distilled five times, a tin condenser being used for all but 
the first distillation. A small correction was necessary for the thermal expansion 
of the float, but calculation showed that the effect of changes in the volume of the 
float with variations of barometric pressure was negligible. 

The water sample was placed in a narrow test tube containing the float, and 
the whole was immersed with a Beckmann thermometer in a large well-stirred 
water bath, the temperature of which was varied slowly. Small movements of the 
float were easily followed by projecting a magnified image of the, apparatus on to a 
millimetre scale at a distance of about 6 ft. 

The calculation of C was carried out by means of a formula derived as follows. 
Taking for the present ordinary distilled tap water as pure HgO, let C' be the 
excess molecular concentration of DgO in the mixture over that in the tap water, 
Ki a constant, di, the density of pure DgO, and dn that of HgO. 

Since the molecular weight of D20 = 20 and of HgO^iS, the total mass of 


water is 


K^{2on + i 8 N) 




and the total volume of water is 


,, , 2on . i8iV\ 

j I 

\ «!) «II ' 


(3-12), 


assuming that when HgO and DgO in the liquid state are mixed the volume of the 
mixture is the sum of the volumes of the constituents. 


Hence the mean density 


/ 20«+i8iV 
' ' 2ondn + i^Ndi 


I)/ 


■ ( 3 -). 

But C^nl{N^-n) (3.31). 

Therefore n = CNj{i-'C) (3*32). 

Thus from equations (3*22) and (3‘32) 

(- — w/ + o*9^ dudi) 

— (3-41). 


(~ Qfj + 


C 

Kn dlyy d\\ 
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p' 


Whence 



(3-4a)- 


But p is the density of the float at equilibrium temperature t in the mixture. Thus 
/3=/)' where ./o' is the density of the tap water at equilibrium tem- 

perature and t' that of the float in tap water, and is the volume coefficient of thermal 
expansion of the float. 

Finally C, the true concentration of Dfi-C ^o^oooij since tap water has 
already one part in 10,000 of DgO. 

C could thus be calculated since p, </,i, dif were known and j8 (3*1 x io~®) was 
measured by determining the resting-point of the float in a solution of sodium 
chloride of known density. 


§6. CONCLUSIONS 

The experimental results given indicate that a, the efficiency of concentration, 
depends solely on the current-density, a conclusion which is in agreement with 
those of Bell and Wolfenden^*\ but not with those of Collie or Topley and 
Eyring^^\ 

The actual value, 4*6, of a obtained with high current-density is lower than the 
mean, 5*4, of values given in table i, but is in better agreement with the theoretically 
predicted values. 

The coefficient a varies with temperature but results given in this paper 
and in table i all relate to room-temperature. 

The theoretical deduction of the value of a is complicated by the fact that 
equilibrium conditions do not hold in practice during electrolysis, and by the 
necessity of making various simplifying assumptions. The equilibrium constant 
of the reaction 

Ha+HDO^HD + H^O 

leads to a value of a equal to 3 and equilibrium conditions have been obtained 
approximately by Washburn, Smith and Frandsen^*°\ who found values of a of 
1-49, 271, 3*14, 2-8 i and 279. 

a has been derived theoretically by Bell^®^ and by Topley and.Eyring^"\ who 
gave a value of about 20; their theory has been criticized by Urey and Teal^**\ who 
calculate values 4*0, 4*3 and 4*55 at o, 50 and 100 moles per cent of DgO respectively. 
These are in better accord with experiment. 
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A TRICHROMATIC COLORIMETER 

By R. DONALDSON, M.A., Optics Division, 

National Physical Laboratory 

Received March 15, 1935 

ABSTRACT, A trichromatic colorimeter is described in which the integrating properties 
of a diffusing sphere are employed to effect the mixture of the three instrumental stimuli. 
Means are described for obtaining linearity of the scales. The general construction has 
been planned with a view to keeping the design as simple as is consistent with 
efficiency. 

§ I. INTRODUCTION 

R outine practice of colour-measurement for scientific and industrial pur- 
poses makes considerable demands on the measuring-instrument in the way 
h. of such requirements as accuracy, simplicity of construction, ease of main- 
tenance. At present these demands seem to be most adequately met by the Guild 
trichromatic colorimeter manufactured by Messrs Adam Hilger Ltd. For various 
reasons it is thought the production of another colorimeter of equal accuracy and 
efficiency would be of value. The Guild colorimeter is an expensive instrument. 
The original model was designed and made for research work at the National 
Physical Laboratory, where special supplies of direct current can be obtained as 
required. There is some difficulty, however, in adapting it for use with alternating 
current, on account of the method of colour-mixing employed. In view of the 
progressive change from d.c. to a.c. in the public supply throughout the country, 
this disadvantage is becoming of increasing importance. The present instrument 
can be used equally well with d.-c. or a.-c. supply. The cost of construction should 
be considerably less than that of the Guild instrument, and it should therefore 
find a field of utility wider than that which was available when the Guild colori- 
meter alone could be considered an instrument of high accuracy. 

The general principle underlying the design of visual trichromatic colorimeters 
may be briefly summarized as follows. Provision is made for the coloured light 
from the specimen under examination to fill one half of a bipartite photometric, 
prism. The other half is filled by a mixture of the three matching-stimuli. These 
matching-stimuli or working primaries are colours of high saturation, usually a 
red, a green and a blue. Means are also provided to vary independently and in a 
known manner the intensities of the matching-stimuli. The basis of operation 
consists in finding the intensities of these stimuli which give a colour-match with 
the specimen. 
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As attention here is confined to the construction of the instrument only, for 
particulars regarding method of use, transformation of results to standard form, etc. 
reference should be made to the paper quoted above and also to the paper on 
the C.I.E. colorimetric system by Smith and Guild^*\ The trichromatic colori- 
meters which have been described from time to time differ only in the methods by 
which the matching-stimuli are produced, mixed, and varied in intensity. In the 
Guild instrument coloured gelatine filters illuminated by a gas-filled lamp con- 
stitute the matching-stimuli. The mixing of these is effected by a rotating prism 
which transmits each stimulus successively to the field of view with sufficient 
rapidity for no flicker, either of colour or of brightness, to be observed. The method 
of variation of intensities can be regarded as an application of the principle of the 
variable rotating sector, but instead of the customary combination of a rotating 
sector and a stationary beam of light, a prism which rotates the beam of light and 
a stationary sector are used. In the instrument now to be described the chief 
feature of the design is the replacement of the rotating prism by a diffusing in- 
tegrating sphere. 

§2. CONSTRUCTION OF THE INSTRUMENT 

Figure i shows the plan of the instrument and figure an end elevation 
showing the plate A which faces the light-source. 

The light-source L is a 250-W. lamp of the projector type run at 90 per cent 
of its rated volts. This reduction of voltage ensures longer life and greater uniformity 
in emission of radiation. A source of this rating at least is needed if a sufficiently 
high field-illumination is to be obtained. 

The three rectangular apertures G, B in the plate A can be uncovered to 
varying extents by shutters sliding in V-shaped grooves. The dimensions of each 
aperture are 8*5 cm. x 2-0 cm. Each shutter is operated by a separate rack and 
pinion. A scale mounted on the shutter allows the extent of the opening to be read. 
The edges of the shutter and aperture are bevelled, and special attention has been 
paid to the fit when the shutter is on the point of closing. 

Behind the apertures are mounted the colour filters, the red being placed in 
aperture R and so on. For reasons of permanence the red and blue filters are of 
glass. The red is a selenium red and the blue is Chance’s No. 7 Contrast filter. 
As no suitable green glass seems to be available at present, the green Wratten 
filter as used in the Guild instrument has been retained. 

The condenser lens C which follows is of the usual type. It was manufactured 
from plate glass of good quality ; its diameter was 6 in. and the radius of curvature 
of the curved surfaces was also 6 in. The lens collects the light transmitted by the 
three apertures and brings it to a focus at the opening D in the sphere S. 

The sphere is 6 in. in diameter, is made of copper, and is silver-plated inside. 
A layer of magnesium oxide is smoked on to the silver in the usual way. The 
apertures D and F are 1*3 in. and 0-25 in. respectively in diameter. Glass windows 
covering these apertures prevent the magnesium oxide from being contaminated 
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with dust. The appropriate half of the photometric prism P is illuminated by light 
from the sphere-wall at E via opening F and prism H, A silvered mirror of thin 
glass can be substituted for the prism H. The function of lens O is to produce an 





image of the observation pupil / at F in order that the opening F may be kept 
small. As the sphere by repeated reflections integrates the light which enters at Z), 
the light observed in the photometric prism is a mixture of the light transmitted 
by the three apertures, and the intensity of each component is approximately 
proportional to the scale-reading on the shutter. 
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In other respects, such as the method of obtaining the standard size of field 
and the optical system for viewing the specimen, the construction follows that 
employed in the Guild instrument. There is a slight variation in the arrangement 
for adding desaturating colour to the colour under test. The prism K acts as a 
mirror and deflects the light from L through M, In the small aperture there is 
mounted a piece of glass ground on both sides to act as a diffuser. The remainder 
of the system, comprising the plate U to hold the colour filters, the circular photo- 
meter wedge V, the lens /, and the glass plate W is similar to the corresponding 
part of the Guild instrument. 

§3. LINEARITY OF THE SCALES 

For a colorimeter to give a satisfactory performance the standard of accuracy 
required in the scales of the matching stimuli is such that, when calibrated against 
sectors by means of brightness-matches in the small photometric field, no measur- 
able error should be found. A more sensitive test can be made by comparing the 
effectiveness of different small parts of the aperture with each other. Experience 
shows that variations up to 2 per cent from the mean value can be tolerated in this 
test. In the present design the factors which tend to destroy The proportionality 
between scale-reading and intensity of stimulus are as follows, (a) Uneven hori- 
zontal distribution of luminous flux within the cone subtended by the aperture at 
the source, (b) Uneven distribution of light over each aperture due to (i) varying 
distance from the lamp, (ii) varying obliquity, (r) Non-uniform transmission 
through the coloured filters, (d) Varying reflection and absorption losses in the 
condenser lens, (e) Varying effectiveness of the sphere as an integrator for pencils 
of light entering at different angles. 

It should be noted that, on account of the fact that the shutters slide hori- 
zontally, vertical variations in the above quantities are of no consequence and only 
horizontal variations need be taken into account. 

The magnitude of (a) was measured in the following manner. The projector 
lamp was mounted on a photometric bench and rotated through the required angle. 
A photometer head some distance away served as an indicator for variation in 
brightness. These are the conditions appropriate to the middle aperture. The upper 
and lower apertures require the projector lamp to be tilted during the measure- 
ments. In all cases no measurable variation could be detected. It is important 
that no obscuring* of one filament by another should take place in the cone defined 
by the aperture. For this reason it is desirable to employ the type of lamp in which 
the filaments are all in one plane. The effect of (b) can be calculated from the 
inverse-square law together with the cosine law. For the middle aperture the 
variation amounts to 6 per cent. 

To insist on absolute uniformity in (r) would involve the rejection of an excessive 
number of filters. Moreover, to draw up a calibration curve of the variation in 
transmission which is applicable when the filter is mounted in the instrument is 
rather difficult. The most practicable course is therefore to reserve the available 
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2-per-cent variation for this item alone, that is, to permit variations not exceeding 
2 per cent in the local transmission through filters. Even with this latitude some 
difficulty has been experienced in finding a suitable piece of selenium glass for the 
red filter. To calculate {d)y rays corresponding to certain points in the apertures 
were traced through the condenser lens, and the reflection losses at the surfaces 
calculated from Fresnel’s formula and the thicknesses of glass traversed measured. 
To estimate the absorption losses the absorption per centimetre of the glass for 
light of the composition transmitted through the apertures was required. This was 
supplied by separate measurements on a plane slab of the same material as that 
from which the lens was manufactured. The variation due to these two sources 
combined was a maximum for the red aperture where, it attained a magnitude of 
7 per cent. 

The following simple test gave a measure of the variation due to (e). A beam 
of light was allowed to enter the sphere and the brightness of a fixed point of the 
interior wall was observed when the sphere was rotated through an angle equal 
to the angle subtended at the opening of the sphere by an aperture containing a 
colour filter. No measurable alteration in brightness could be detected. Deteriora- 
tion of the magnesium-oxide coating can only affect the performance of the instru- 
ment by destroying the integrating power of the sphere to such an extent that the 
above test would produce a positive result. As the interior is completely protected, 
experience with similar surfaces shows that no significant change is likely to take 
place in a shorter period than three months and the coating therefore need only be 
renewed at that interval. 

By combining {b) and {d) a calibration curve was drawn for each aperture. It 
was found that the curve which had been calculated to refer to a line along the 
middle of the aperture was sensibly identical with those referring to the top and 
bottom portions and so could be applied to the whole aperture. As effects {b) 
and {d) work in opposite directions the final correction was much less than had been 
anticipated. In the case of the blue there was practically complete compensation; 
with the green the centre of the aperture was 2 \ per cent more effective than the 


Figure 2. Rectangular aperture modified by templates. 

ends; with the red the ends were more effective than the centre by i| per cent. 
As the application of calibration corrections is undesirable when it can be avoided, 
the need for corrections has been eliminated by modifying the widths of the 
apertures by the insertion of templates, which compensate for these variations and 
so render the scale strictly linear. Figure 2 shows these templates exaggerated in 
size. It is advisable to fit them at both top and bottom so that each shares half of 
the correction because in this way any errors due to an irregular vertical dis- 
tribution of light from the lamp are averaged out. 
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It should be noted that on account of the arrangement of the spiral filaments 
in a projector lamp the vertical variations in brightness are considerably larger 
than the horizontal. This fact caused the abandonment of a design in which it was 
thought the need for calibration corrections would be eliminated by giving the 
apertures the form of sectorial openings. 

A final test of the scales in the completed instrument, made by means of 
sectors, showed that they were sufficiently accurate for colorimetric measurements. 
Generally the departures from linearity were less than i per cent. In the case of 
very small openings in which readings cannot be made to this degree of accuracy, 
the scales were found to be true to the limit to which they could be read. 


§4. PERFORMANCE 

Throughout the design the aim has been to keep the construction simple so far 
as this could be done without loss of efficiency and, as far as possible, to employ 
only components which can be easily and cheaply obtained. The only high-grade 
optical part is the photometric prism. As no correction for chromatic or other 
aberrations is necessary, the small lenses are ordinary spectacle glasses. Of the 
metal parts only the apertures and shutters require high-grade workmanship. 

The standard of performance of this colorimeter is equal to that of the Guild 
instrument. 
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ABSTRACT, The relation between the transverse high-frequency conductivity and the 
pressure of ionized air under the influence of an imposed magnetic field has been studied 
experimentally. The pressure at which such conductivity is a maximum is found to vary 
with the intensity of the magnetic field as is to be expected on theoretical grounds if 
the high-frequency conductivity is due solely to electrons. The significance of the results 
in connexion with ionospheric conductivity is discussed. 

§ I. INTRODUCTORY 

I N a previous communication^*^ from this laboratory an account was given of an 
experimental investigation of the variation of the radio-frequency conductivity 
of ionized air with pressure. It was there shown that, from the value of the 
critical pressure at which such conductivity for a given ionization- content was 
found to be a maximum, the magnitude of the collisional frictional forces experienced 
by vibrating electrons could be estimated. 

The present communication deals with an extension of such experiments to 
cases in which a magnetic field is imposed on the ionized medium. This extension 
was prompted by the need for checking certain deductions from the magneto-ionic 
theory^*^ of wireless transmission concerning the absorptive effect of upper- 
atmospheric conductivity on waves travelling in the ionosphere. 


§2. THE RADIO-FREQUENCY CONDUCTIVITY OF An IONIZED 
MEDIUM IN A MAGNETIC FIELD 

The theory of the propagation of electromagnetic waves through an ionized 
medium under the influence of an imposed magnetic field was given by H. A, 
Lorentz as early as 1909^^^ From the results obtained by Lorentz we can deduce, 
with but slight modifications, the expression which we use here for the radio- 
frequency conductivity of the medium. 
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We consider the medium as consisting of N electrons per cm?, each of charge e N^e 
and mass m, the number of electrons being small compared with the number of m 

uncharged molecules in a given volume of the gas. The conductivity a with which cr 

we are concerned is the transverse value measured for radio-frequency electric 
forces of angular frequency p, applied at right angles to an imposed magnetic field p 
Ho. Ho 

The symbols retaining the same significance, it is easy to show, from a com- 
parison of the equations of Lorentz* and the equations relating to the propagation 
of electromagnetic waves through a conducting dielectric, that we can regard the 
ionized medium as possessing a conductivity, transverse to the magnetic field, 


given by 

"~47r(«2-|8*-y2)2 + 4«*^2 

(I), 


where 

mp’^ 

*”“4^]V72 




0 

4 irVf“ 

( 3 ). 



' ^irNec ^irNe^ 

( 4 ). 

y 

where 

me 

( 5 ). 

pE 


and V is the frequency of collisions of an electron with the surrounding neutral 
molecules, while c is the velocity of light. 

We have here assumed, following Appleton and Chapman^'^^ that the frictional 
force per unit velocity, suffered by a vibrating electron, is equal to mv. We have 
also, following Darwin^^^ omitted the usual Lorentz polarization term. 

(a) Case of zero magnetic field. If there is no imposed magnetic field, equation ( i) 
reduces to 


p ^ 


( 6 ), 


or, on substitution from equations ( 2 ) and ( 3 ) for a and jS 

^Ne^ V 
^ m v^-\-p^ 


( 7 ). 


This expression reaches a maximum for constant N and />, when v=p. If, therefore, 
we find the pressure at which cr is a maximum for constant N and p, we can find 
V for that pressure. This is the basis of the method of measuring v used by Appleton 
and Chapman. 

In discussions of the absorption suffered by radio waves in travelling through the 
ionosphere it has been usual to assume that since, for a given wave-frequency, 
the attenuation factor is proportional to or, the absorption suffered by the waves for 

♦ Lorentz, Theory of Electrons, equation (239), p. 160. In deriving equation (i) we have neglected 
the additional electric force which lorentz includes as arising from the polarization at right angles 
to the applied electric forces. The significance of this omission is discussed later. 


1 ' 

c 
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given AT is a maximum at an atmospheric level for which v=p. There is now 
abundant evidence, however, that the propagation of wireless waves is very 
materially influenced by the earth’s magnetic field, since the effective electrical 
carriers are known to be of electronic mass. It is, therefore, important to find 
whether this level of maximum absorption is altered by the presence of such a 
field. 

{b) Case of imposed magnetic field. Equation (i) for the high-frequency con- 
ductivity transverse to the magnetic field may be written 


~ 4w (a^ + + yY - ^olY 


...( 8 ). 



Figure i. 

Substituting from equations (2), (3) and (4) for a, y, we have 

„ _ yA fo"! 

m 0 + v^+/>hT- 4 /'‘W 

From a practical point of view we are interested in the value of v for which this 
expression becomes a maximum, the values of p and Pu being given. Unfortunately 
it is not possible to obtain this value of 1/ in a tractable algebraic expression, and we 
have therefore been compelled to use graphical methods. In figure i are given the 
results of this analysis where the value of vjp for maximum conductivity is plotted 
as a function of pnjp- 

This curve shows the very marked effect of ps in determining the value of v 
which produces maximum conductivity. The figure calls for two further comments. 
It will be seen that when/>H = o> so that there is no applied magnetic field, the value 
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of v=p for maximum conductivity as was shown above. It should also be noted 
that according to equation (9), from which the figure was derived, the value of v 
for which maximum conductivity is attained when pnlP— is equal to zero. Since, 
however, a value of u equal to zero cannot be attained in a tube of finite size, it 
follows that we must expect divergences between the theory and the experimental 
results when the applied magnetic field has the so-called critical value, i.e. when 
HQ = mcple, 


§3. THE EXPERIMENTAL ARRANGEMENTS 

The method for investigating the variation of conductivity with pressure was 
the same as that used by Appleton and Chapman, the ionized medium being a 
low-pressure gas discharge. The discharge tube selected was 5 cm. in diameter 
and 50 cm. in length, cold aluminium disc electrodes 20 cm. apart being used. The 
applied voltage was supplied from an Evershed-Vignolles motor-generator with a 
saturated diode in the supply circuit. The tube current and thus the magnitude of 
the ionization was conveniently controlled by varying the filament current of the 
diode. 

The variation of conductivity was studied by the use of external plate electrodes 
attached to a Lecher- wire system in which was induced a resonafit radio-frequency 
electromotive force. This arrangement is illustrated in figure 2, where T is a section 



Figure 2. 

of the discharge tube, LL are the Lecher wires and EE the external plates. These 
plates which consisted of copper-foil sheets measured 6x4 cm. and were set 
6 cm. apart. A pair of Helmholtz coils was mounted coaxially with the tube so that 
a uniform magnetic held could be imposed on that part of the discharge situated 
between the external plates. 

The tuning-bridge B on the Lecher-wire system consisted of a rectangular 
copper plate measuring 30 x 20 cm. which could, by means of inlet tubes, be made 
to slide along the wires with its plane at right angles to their length. The entire 
space near the free end of the Lecher system was shielded by means of a metal 
screen and carefully earthed. In this way the effect of the hand-capacity of the 
observer was so reduced as to be negligible. 

The amplitudes of the oscillations induced in the Lecher system from a neigh- 
bouring radio-frequency oscillator was, in the case gf the longer wave-lengths used 
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(i.e. from 80 to 260 cm.), measured in arbitrary units by means of a Duddell thermo- 
galvanometer coupled to the system by means of two small condensers CC con- 
sisting of short brass tubes insulated from the Lecher wires by glass sleeves. For 
the range of wave-lengths studied triode oscillation generators differing in type 
were used. Some were of the simple regenerative type while others produced 
internal electronic oscillations of the Barkhausen-Kurz type. 

It was however considered desirable to test the method with extremely high 
radio frequencies, corresponding to wave-lengths of from 15 to 40 cm., and for 
that purpose a G.E.C. split-anode magnetron oscillator* was used and found to 
work excellently. The Duddell thermogalvanometer was, however, not found 
sufficiently sensitive for use with ultra-short waves. For these extremely high 
frequencies we therefore used a thermocouple made by the Cambridge Scientific 
Instrument Company and working with a sensitive mirror galvanometer. 

In the part of the discharge opposite to the external plates there was fitted a 
probe electrode for the measurement of electron- concentration by the method 
described by Langmuir and Mott-Smith^^\ By means of this we were able to 
verify that when the pressure of the air in the tube was varied through the required 
range, the value of the number of electrons per cm?, did not vary so long as the 
tube current was maintained by the diode at a constant value. 

§4. EXPERIMENTAL PROCEDURE 

The conductivity is shown by the damping which the presence of the discharge 
produces in the oscillations induced in the Lecher-wire system. To study the 
relation between conductivity and pressure, the resonance deflection of the thermo- 
galvanometer was first obtained by means of the tuning-plate bridge. The discharge 
was then started for the minimum pressure, in the range to be investigated, and 
the resonance deflection was again noted. The pressure was then allowed to 
increase in steps by means of a controlled leak, and resonance galvanometer 
deflections were noted at each pressure. In all cases it was found that at one 
particular pressure the amplitude of the oscillations was a minimum. This indicated 
that the conductivity in the discharge was a maximum. Such measurements were 
made both without an imposed magnetic field and with an imposed field, the 
magnitude of which was varied. 

§5. EXPERIMENTAL RESULTS 

In order to test the apparatus, measurements were made of the pressure which 
produced maximum conductivity in the absence of an imposed magnetic field. 
The range of frequencies used was a little larger than that used by Appleton and 
Chapman. 

• We are extremely indebted to the Director of the General Electric Company's Research 
Laboratories for his kind assistance in this matter and to Mr £. C. S. Megaw of the same laboratories 
for helpful advice on many points. 



High-frequency conductivity of an ionized medium 1079 

In figure 3 are shown some of the readings obtained. Here the resonance 
amplitude of the Lecher-wire system is shown as a function of the pressure in the 
discharge tube for three different wave-lengths. In each case it will be seen that 
the critical pressure is unaltered by a variation of brought about by a variation 



Pressure {scale units)- > 

Figure 3. 

of tube current, but that the critical pressure for maximum conductivity varies 
with the wave-length. 

In the subjoined table are tabulated the results obtained for the different wave- 
lengths and the values of v calculated from the relation v=/); see above, and 
particularly equation (7). 

Table 


Wave- 

lengths 

(cm.) 


Frequency 
(c./sec. X 10®) 


Pressure X 
for maximum 
conductivity 
(mm. of 
mercury) 


(sec:^ X 10®) 


X 

I (c.g.s.u. X 10^®) 


The constancy of the figures in the fifth column shows, as was expected, that 
the value of v is proportional to the pressure. 




io8o E. V, Appleton and D. B. Boohariwalla 

In figure 4 are shown some of the readings obtained for various values of the 
imposed magnetic field, the frequency of the applied electromotive forces being 
kept constant and corresponding to a wave-length of 80 cm. The necessity for 
keeping the discharge conditions constant during the run rendered it impossible 
to make measurements at a large number of values of the imposed field. The values 
chosen were ^//q, //q, |//o and 2//0, where Hq was equal to the critical field given 
by the equation 

Hq for the case of 80-cm. waves was thus 133 gauss and corresponded to a current 
of 4*43 amperes through the Helmholtz-coil system.* 



Pressure {scale units) 

Figure 4. 

It will be seen that the imposition of the field had a marked effect on the 
pressure at which the maximum conductivity was obtained. This is further illus- 
trated in figure 5 where the critical pressure is exhibited as a function of the 
imposed field. 

Now since v is proportional to pressure we can compare the experimental 
curve in figure 5 with the theoretical curve in figure i . Apart from certain points 
which are discussed later, it will be seen that there is a striking similarity between 
the two curves. We can, therefore, conclude that both theory and experiment 
indicate that the critical pressure at which the conductivity of an ionized medium 
reaches its maximum value is very markedly altered by the imposition of a magnetic 
field in a direction at right angles to the applied alternating electric forces. 

It will be noticed that the experimental results do not agree with the theory 
for the case in which the magnetic field attains the critical value. This disagreement 
might be partially explained by the fact, previously mentioned, that under our 

• Exactly comparable results, not given in the paper, were obtained for a wave-length of a6o cm. 
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experimental conditions a zero value of v is never attained. But we do not believe 
that this is the only possible reason for the disagreement. It is also probable that, 
owing to the charges on the walls of the glass tube and the influence of positive- 
ion sheaths, somewhat complex polarization forces are introduced. These may be 
expected to be especially important when the quasi-resonance condition is reached 



Figure 5. 

and the electron amplitudes are large. We have attempted a quantitative treatment, 
taking into account the polarization effects of free charges appearing at the boun- 
daries of a dielectric slab of limited extent, and found that in such a case the 
maximum conductivity for critical applied magnetic field would be expected at 
small but not zero values of v ; but as we are not sure that such theoretical premises 
accurately correspond with the experimental conditions we have not pursued the 
matter further. 


§6. DISCUSSION OF RESULTS 


The results summarized above have an important bearing on the current 
theories of the propagation of wireless waves in the ionosphere. The reflection of 
such waves by the upper atmospheric electricity is usually accompanied by a 
certain amount of absorption, and this absorption is attributed to the effects of the 
collision of electrons with the neutral air molecules. It has more than once been 
pointed out that the amount of absorption depends very largely on the amount of 
ionization at a certain critical level in the atmosphere, the height of which depends 
on the frequency of the waves in question. Thus, for example, if there is no imposed 
magnetic field the spatial attenuation coefficient k is given by 


ZnNe^ / ^ \ 

Cfjbtn 


(10), 
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where jx is the refractive index of the medium for waves of angular frequency p. 
Now the quantity in brackets on the right-hand side reaches a maximum value 
when v—p, so that if N/fi is not varying markedly with height there is a maximum 
of absorption at the particular level in the ionosphere where this condition is 
attained^^\ 

It may, however, be shown that the existence of an imposed magnetic field 
alters the height of this level of maximum attenuation just as it alters the pressure 
at which maximum conductivity is attained, the two effects being merely different 
aspects of the same physical phenomenon. We take the two cases of propagation 
along and at right angles to the field in order. 

Case (a): propagation along the imposed magnetic field. Here we have corre- 
sponding to equation (lo) 

_ zirNe^ / V \ . V 

Cfim W+iptpnY/ ” ’ 

where the upper and the lower signs of ps correspond to the ordinary and extra- 
ordinary wave-components respectively. Under the conditions discussed above 
there is a maximum of absorption when 

v=^p±pH (12). 

Now as the value of Pu is comparable with the value of p commonly used in wireless 
experiments we see that the height of maximum absorption is profoundly influenced 
by the earth’s magnetic field. 

Case {b): propagation at right angles to the imposed magnetic field. Here we must 
distinguish between the case in which the electric vector is parallel and that in 
which it is at right angles to the imposed magnetic field. In the former case, of the 
ordinary wave, there is no influence of the magnetic field on the wave-propagation 
and the equation (10) applies. In this case, therefore, the maximum absorption 
occurs when v~p. In the case of the extraordinary wave, where the electric 
vector is at right angles to the magnetic field, we have, to the degree of approxi- 
mation we have previously used in this paper, 

_ ZTrNe'^ . 

^ ciim {v^+p'^-\-pH^Y'-\P'^Pu^ ’ 

Here the relation between the value of v for maximum absorption and p^ is 
similar to that which has been made the subject of experiment in this paper, being 
shown theoretically in figure i and experimentally in figure 5. From these diagrams 
it maybe deduced that for a large range of values of p^/pthc value of vjp for maximum 
absorption differs markedly from the value of unity which it assumes under the 
condition of zero magnetic field. 

A further word is necessary to emphasize the difference between the conditions 
which obtain in the transmission of electric waves and those we have realized in 
the laboratory. For the propagation of wireless extraordinary waves at right angles 
to the imposed magnetic field the medium behaves as if the conductivity or were 
given by ^_p __£(i^2a+ a* + J** +y*) 
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which reduces to equation (i) when the ionization is small and |a|>i. The 
difference between equations {la) and (i) is that the former takes account of the 
electric forces which arise in the direction of propagation and which are brought 
about by the longitudinal nature of the electronic motion. With a medium of size 
small compared with a wave-length, such as we have used in our laboratory 
experiments, we have neglected this effect since in any case it must be small in 
comparison with the local polarization forces arising from the fact that the medium 
is limited in extent. But as Lorentz has shown it should be taken into account in 
electric wave-propagation in an infinite medium and we believe that Pedersen, in 
his book The Propagation of Radio Waves, is unjustified in adopting equation (i) 
and specifically rejecting equation (i «) as the appropriate expression for the effective 
conductivity in radio wave-propagation. 

An allied topic of interest is the case of direct- current conductivities along and 
at right angles to the imposed magnetic field. The relevant formulae in this case 
were given by Townsend many years ago. They are easily derived from our formulae 
by putting p, the angular frequency, equal to zero. Thus for the conductivity oi 
along the field we have, from equation (7), 




_Ne‘^ 
. mv 


(14). 


Correspondingly for the conductivity ay transverse to the magnetic field we 
have from equation (9), 


_ Ne'^ V 


(15). 


Equation (15) is of particular interest, for it indicates that, in higher magnetic 
latitudes, horizontal direct- current conductivity of the ionosphere is markedly 
influenced by the earth’s magnetic field. The transverse conductivity per electron 
(or per ion) reaches a maximum value when v=pB. Now since Ps is equal to 
8*4 X 10® c./sec. for electrons and i‘6i x lo^ for, say, nitrogen molecules, it is clear 
that there will be a level of maximum transverse conductivity per electron and 
another, higher, level of maximum transverse conductivity per ion. Now at these 
two levels of maximum conductivity we have 



Ne^ 

(16). 


<JT — 7 ~ 

zmpji 

or 

. ot ec 

N~W^ 

(17). 


a result of grQat interest, for it indicates that the conductivity per electron or per 
ion is the same at the two levels of maximum conductivity. We thus see that the 
direct-current transverse conductivity due to ions can be just as important at a 
certain level as that due to electrons at a lower level, although in the case of the 
high-frequency conductivity the effects of the ions may be negligible in comparison 
with those of the electrons at all levels of the ionosphere. 
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ABSTRACT, The paper is a critical examination of Appleton’s suggestion that the 
carrier-frequency-change technique should be modified by varying the frequency of 
modulation instead of the carrier frequency. Definite conclusions, which are set out in 
§ 5 of the paper, have been reached. 

§1. INTRODUCTION 

F our experimental methods of estimating the effective heights of the ionized 
regions are known, namely (a) the frequency-change device of Appleton 
and Barnett (b) the group -retardation scheme of Breit and Tuve^^^; 
(r) the angle-of-incidence method of Appleton and Barnett (d) the moving- 
transmitter arrangement of Mirick and Hentschel^®\ It has been shown by 
Appleton that the first two measure the equivalent path-difference between 
the ground and sky rays, while the others enable an estimate to be made of the 
angle of incidence of the sky ray at the ionosphere. 

Appleton* has suggested, as especially suitable for ultra-short waves, a modifi- 
cation of the frequency- change method in which the amplitude of the transmitted 
wave is modulated at a variable audio-frequency but, so far as we are aware, no 
details have yet been given of the technique of ionospheric measurements made by 
this new method. In addition, it is not immediately obvious that the carrier- 
frequency- change and the modulation-frequency- change experiments should 
measure the same quantity. 

* See reference (6). The preliminary experiments were made in 1929 with positive results at the 
Peterborough Radio Research Station by Prof. Appleton and one of us (A. L. G.) by means of 
transmissions from the B.B.C. stations 2LO and 5SW at frequencies of 0-83 and 12 Mc./sec. An 
independent investigation was made in Australia by Dr W. G. Baker at about the same time, but 
the experiments were discontinued when it was learned that the matter was already receiving 
attention in England. 

Further attempts to develop a satisfactory technique were initiated by Prof. Appleton and one 
of us (G. B.) in 1931, but the experiments were again delayed in view of the rapid development of 
the echo work^'^^ 

The present technique is therefore closely related to previous work of both the British and the 
Australian Radio Research Boards, and in particular the new suppressed-carricr arrangement is 
the basis of much of our recent work on control of fading by special systems of modulation at the 
transmitting station. 
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The object of the present paper, therefore, is firstly to supply this deficiency 
and to bring the modulation-frequency-change device into line with the four basic 
experimental methods. Secondly it is desired to put forward a further modification 
of the modulation-frequency-change arrangement in which the carrier wave is 
suppressed at the transmitter, only the modulation sidebands being emitted. 
{h) In what follows we refer to the suppressed-carrier modification as system (b) and to 
(a) Appleton's modulation-frequency-change device as system (a). It will be shown that 
the former arrangement has some marked advantages over the latter, both in the 
actual technique of measurement and in the interpretation of results. Recent 
investigations^*^ involving the measurement of equivalent path-differences have 
demonstrated the superiority of system (b) in this type of experiment. 


§2. THEORY OF MODULATION-FREQUENCY-CHANGE 
EXPERIMENT, SYSTEM (a) 

Before proceeding to the investigation of system (rt), it will be convenient, for 
the purpose of comparison, to summarize very briefly the salient features of the 
Eoi Eg carrier-frequency-change experiment. If Eq, Eg are the vertical components of 

r the electric intensities of the ground and sky rays of radio-angular frequency r, 

6 and 9 is the phase-difference between them, then the signal at the receiver is 


Eq sin rt+2EgSm{rt-\-d) (i), 

where 9 ~-^~ (2), 


D, c 

n 


D' 


Af, w, A 


a 


D is the optical path-difference between the ground and sky rays, and c is the 
velocity of electromagnetic radiation in free space. 

When a frequency-change of amount Ar is made at the transmitter, the received 
signal passes successively through a number An of interference fringes, determined 


by 


Ar dd_ Ar 
2Tr' dr 2 TTC 



P' Ar 

C *27r 


(3), 


where D' is defined as the equivalent path-difference and is the quantity measured 
in the experiment. 

Further, if the receiver includes a square-law detector and the maximum and 
minimum deflections of the galvanometer in its anode circuit are denoted re- 
spectively by and then we define a quantity A which determines the ampli- 
tude of the fringes to be such that 


2a 


(4). 


where a is written for 2EglEQ. From equations (3) and (4) it is therefore possible to 
calculate the equivalent path of the sky ray and the relative intensities of the ground 
and sky rays. 



Modulation-frequency-change technique for ionospheric measurements 1087 

In the modulation-frequency-change system («), three waves are simultaneously 
emitted and the signal at the receiver due to the ground rays is 

£*0 8inrf+^{sin (r+q) ^+sin {r-q) f}j 

which = £0 (i + 0 cos qt) sin (5), 

where q is the angular frequency of modulation of depth 0 . The sky-ray signals at q^ Q 
the receiver are 

2£a sin {rt + 0) -f ^ [sin {(r +q)t->rd'}-^ sin {(r -q)t^ d"}] (6), 

_ 2 


JQ 

where ®' = ®+?^=^+X. 


6 ',X 

' a a 

( 7 ). 

d" 

and, from equation (2), 

dd 

(8). 


Hence, the sky-ray signals may also be written as 



2E,{i+Q cos {qt + x)} sin {rt + 6 ) 

( 9 ). 



which is to be compared with equations (i) and (5) above. 

After square-law detection of the combined ground and sky-ray signals, the 
d.-c. components in the galvanometer are proportional to 


(£oH 4£,2) (2 + 02 cos x) cos 0 (10), 

in which it should be noted that 9 is invariant with respect to q. 

As the frequency of modulation is changed, cos x varies between the limits ± i 
and the number of fringes An produced by a change Aq of modulation angular 
frequency is given by 

(„). 

2TT dq C 2TT ' 

On comparing this result with equation (3), it will be found that both the 
carrier-frequency-change and the modulation-frequency-change experiments 
measure the equivalent path-difference D\ However, in the latter case the ampli- 
tude of the observed fringes is where 

j 2 a cos 6 _ , . 

{ 2 -\-Q^)+^a cos 6 

from which it follows that Ai depends not only on the sky-ray intensity, but also 
on the depth of modulation and on the instantaneous phases of the ground and 
sky rays. Even under the most favourable experimental conditions it is found that 
the fringe-amplitude is very much less than that to be observed with the carrier- 
frequency-change technique and, when the phase-difference between the ground 
and sky rays is such that cos 0 = o, the fringes are ccmapletely eliminated. 
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In practice it is desirable to make use of an artifice* which will facilitate the 
delineation of the fringes. The required effect has been achieved by passing the 
audio-frequency signal components from the anode circuit of the detector to a 
second square-law rectifier to which the galvanometer is connected. 

From equations (5) and (9) it may be shown that the audio-frequency current 
components in the first detector are proportional to 

Eo^ (4(3 cos qt + cos zqt) + {4^ cos {qt + x) + 0“* cos 2 {qt + x)} 

+ cos d |4(3 cos I cos {qt + ^ + Q^ cos (25<+x)| (13). 

and, after rectification of this signal in the second detector, the d.-c. components 
passing through the galvanometer are proportional to 

[i+a^ + 2a^ cos x+2fl cos 6 (i + cos x) (a cos ^ + 1 +«'*)] 

4- ^ [i + + 2a^ cos 2x + 4fl cos 0 {a cos ^ + (i 4- a^) cos x}] (14). 

It will be observed that the harmonic distortion in the first detector, of frequency 
2^, has given rise to a term containing cos 2x which will produce spurious secondary 
fringes on the records. However, the relative amplitudes of the subsidiary to the 
primary fringes are proportional to Q^li 6 and, in practice, it is found that the effect 
is negligible if the depth of modulation at the transmitter is limited to values of the 
order of 30 per cent. 

With this condition fulfilled, the number of fringes is determined solely by 
variations of cosx and is in fact given by equation (ii), as for the first detector. 
On the other hand, the fringe-amplitude is now where 

4 - 4^(fl + cos^)(i4-flc os^) > V 

+ cos 6 )^ 

and, except for the two special cases in which the intensity and phase of the sky ray 
are such that cos 0 = - a or — i/fl, the fringes are easily distinguished. In fact, 
when cos 0=4- 1, equation (15) reduces to A2 = 2al{i+a^), showing that in this 
case the fringe-amplitude is identical with that which would have been observed 
with carrier-frequency- change technique. It should also be noticed that A2 is 
independent of the depth of modulation at the transmitter, whereas the fringe- 
amplitude in the first detector is directly proportional to 

Of the two special cases cited above in which the fringe-amplitude falls to zero, 
only the first is of practical importance. The second condition clearly can only be 
satisfied when the sky-ray signal is greater than that of the ground ray, and this is 
usually avoided in frequency-change experiments. 

An alternative equation which has been found somewhat more convenient than 
equation (15) for calculation, is derived in the following way. We extract the 


• In the preliminary experiments carried out by Prof. Appleton at the Peterborough Radio 
Research Station the same principle was made use of. 
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square roots M and m of the maximum and minimum galvanometer-deflections 
and define a quantity F as a measure* of the signal fluctuations, thus 

p_ M—m _ a (fl + c os d) , 

i + acos^ ^ 

This equation should be used with care if it is suspected that the sky-ray signal is 
greater than that of the ground ray. Signal-fluctuations are greatest when cos 6 = + i 
and when a=i; there are no signal-variations when a = o or —cos 9, in accordance 
with equation (15) above. 

§3. THEORY OF MODULATION-FREQUENCY-CHANGE 
EXPERIMENT, SYSTEM (b) 

Measurements carried out with system (a) have disclosed a number of diffi- 
culties in the technique of the receiving-apparatus, of which the most serious is the 
extreme susceptibility to interference by atmospherics and by adjacent continuous- 
wave transmissions. Both types of interference were found to be considerably 
enhanced by the use of the second detector in the receiver, and the suggestion to 
suppress the carrier at the transmitter was made as a result of a search for a method 
which would obviate the necessity of employing successive rectifiers. It was realized 
that the amplitude of the fringes after one stage of detection would then be suffi- 
ciently great for recording purposes and, indeed, subsequent work has shown that 
when system (b) is used no advantage is to be expected from the addition of the 
second detector. Since it is not necessary to resupply the carrier at the receiver 
it is possible to use the same apparatus for modulation-frequency-change experi- 
ments as is required in carrier-frequency-change technique. 

In system (b) only the modulation sidebands are emitted and the signal at the 
receiver due to the ground rays is proportional to 


£ 

— {sin ^ + sin (r — ^t} — cos qt sin rt (17), 

z 

while the corresponding sky-ray signal is 

E, [sin {(r + g) f + (fl + x)} + sin {(r - ^) f + (^ - x)}] 
which = cos {qt + x) sin (r^ + (18). 

This is to be compared with equations (i), (5) and (9) above. 

In the first detector the d.-c. components which actuate the galvanometer are 

proportional to ’ + cos 9 cos X / (19). 


Thus the number of fringes produced by a change in the modulation frequency is 
determined by variations of cos x» and the equivalent path-difference between the 
ground and sky rays may be computed, as in the case of system («), from equation 

(ii), thus Ao D' 

An=~. — . 

27T C 

* In the carrier-frequency-change experiments it is often convenient to use F in preference to A, 
For comparison with equation (4) above, F^a under the same conditions. 
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It is important to notice, however, that the amplitude of the fringes is now given 
very simply by the equation 




2 a cos 6 


.( 20 ). 


Hence when the instantaneous phase between the ground and sky rays is such that 
cos I, the amplitude of the fringes is as great as would have been obtained with 
carrier-frequency-change technique. At other times there is a definite reduction 
in fringe-amplitude and, in particular, no fringes are observable when cos 0 = o, 


§4. EXPERIMENTAL RESULTS 

A number of comparisons have been made of ionospheric heights by the carrier- 
frequency-change and the modulation-frequency-change techniques at a mean 
frequency of 1*45 Mc./sec. The receiver was located at Liverpool, New South 
Wales, distant 25 kilometres from the emitter at Sydney University. In all cases 
substantial agreement has been found between the two methods, subject to experi- 
mental errors in the measurement of the amounts of the frequency- change in the 
two techniques. 

For example, on October i, 1934, when the carrier-frequency-change was 
6300 c./sec. and the modulation frequency was varied between the limits 900 and 
6300 c./sec., pairs of records were obtained at short intervals starting from 10 p.m. 
E.S.T., and the equivalent heights computed were as shown in the table. 


Time, p.m. (E.S.T.) | 

10.00 

lO.IO 

10.20 

10.25 

10.30 

10.35 

10.40 

Heights by carrier- 1 

frequency-change ( 

107 

107 

258 

256 

260 

255 

262 

Heights by modulation- , 
frequency-change | 

109 

ro9 

262 

262 

251 

253 

260 


It will be observed that a jump occurred from the E to the F region at 10.15 
and that the two series of measurements were in good agreement for both regions. 

On another occasion, September 28, 1934, measurements were made during 
the sunset period during which there was a steady increase of height of the E 
region, followed by a jump to the F region at 6 p.m. Sunset on this day was at 
5.55 p.m. The results of the measurements by the two methods are shown in 
figure I, from which an idea may be gained of the order of agreement to be expected 
between the modulation-frequency-change and the carrier- frequency-change 
techniques. 

A careful check has also been made of the manner in which the amplitude of 
the fringes in the modulation-frequcncy-change experiment depends both on the 
intensity and on the instantaneous phase relationships of the ground and sky rays. 
Figures 3 and 3 show the results, for a typical set of experimental conditions, which 
would be expected to follow from the theory previously given. In both cases the 
experimental conditions correspond to reflection of sky rays, from the E region 
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at nearly vertical incidence, and it has been assumed that D' = 22$ km. and a = 0'S, 
Points in the curves have been computed for a change of modulation frequency 
from 500 to 2000 c./sec., but the extensions required for greater frequency-changes 
will be easily visualized. 

Figure 2, for modulation-frequency-change system (a), has been computed by 
substituting a range of values of 6 in expression (15). The critical phase angle 
between the ground and sky rays which determines the elimination of fringes is 
given by cos 6 = — a, and is 120° for the experimental conditions chosen. When the 
ground- and sky-ray signals corresponding to the carrier are in phase, 0 = 0° and 

300 


200 


' 

100 


Sunset 


4.00 5.00 6.00 

TimCf p.m. {E.S.T.) 

Figure i . Comparison of ionospheric heights measured by modulation-frequency-change of 
5370 c./sec. ® and carrier-frequency-change of 6000 c./sec. x x. 

the fringe-amplitude is a maximum and is as great as would have been observed in 
a carrier-frequency-change experiment. For increasing values of B the fringe- 
amplitude steadily decreases through zero until finally there is a reversal in sense. 
However, in the special case when a=i there is no reversal, but both the fringe- 
amplitude and the mean signal attain zero simultaneously. It should be noted 
that the beginning of the fringe occurs in every case at the same point of a cycle, 
independently of the instantaneous value of B. This result is in striking contrast 
with the carrier-frequency-change case in which the commencement of the artificial 
fading cycle is determined by the momentary state of the natural fading. 

Figure 3, for modulation-frequency-change system (ft), is calculated from 
equation (20). In this case the fringes always have zero amplitude when ^ = 90®, 
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independently of the intensity of the sky ray. The fringe-amplitude is a maximum 
and equal to that observed in a carrier-frequency-change experiment both when 
6 = 0° and 180°. Apart from the reversal in sense as 6 passes through 90°, the 
commencement of each^^fringe is at the same point in the cycle, independently of 
the phase of ground and sky rays. 



Figure 2 . Theoretical variation of fringe-amplitude in the modulation-frequency-change method 
with normal modulation, compared with the radio-frequency phase angle 0 between the ground 
and sky rays. 



Modulation frequency {c.fsec.) 

Figure 3 . Theoretical variation of fringe-amplitude in the modulation-frequency-change method 

with suppressed carrier. 


Drawings from typical records chosen to illustrate these points are shown in 
figures 4, 5 and 6. In figure 4 there are three sets of fringes from the same record 
of the anode current in the first detector, for system (a) and a depth of modulation 
of about 30 per cent at the transmitter. It is seen that the fringe-amplitude was 
alwa3rs small and, at the point marked B, very nearly zero ; at that time the phase 
angle between ground and sky rays was 90°. At A and C, when the state of the 
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natural fading showed that the two rays were respectively in phase and in antiphase, 
the fringe-amplitude was at a maximum. The interesting sense-reversal of the 
fringes, which is predictable from equation (12), is apparent on comparison of 
A and C. For this record the modulation-frequency-change was 5*5 kc./sec., so 
that the 3*8 fringes indicated an equivalent path-difference of 207 km. A set of fringes 
obtained under comparable conditions but with the carrier-frequency-change 
system are shown at Z), and the comparison shows clearly the need for the second 
detector in the modulation-frequency-change experiments when system {a) is 
used. 

— 

e-o» 

0=<^(jo 

B 

e=j«oo 


Figure 4. Experimental comparison of interference fringes obtained with carrier-frequency-change 
and modulation-frcquency-change with normal modulation. By C, first detector in system 
(a) ; Dy carrier-frequency-change system. 




Figure 5. Experimental verification of variation of fringe-amplitude with radio-frjequency phase 
angle 0 between ground and sky waves. Modulation-frequency-change with normal modulation, 
was employed and the fringes were recorded in the output of the second detector. 


jitit/winflr 

0-90'* 


Figure 6. Comparison of carrier-frequency-change method. Ay with modulation-frequency-change; 

By Cy Dy suppressed-caFiier method. 

Figure 5 is for the second detector in tests made with modulation- frequency- 
change system (a). Six complete sets of fringes are shown, each comprising an 
increase and a decrease of modulation frequency of amount 5*5 kc./sec. At C, in 
the middle of the record, the ground and sky rays were in phase and the fringe- 
amplitude was a maximum. At A and the beginning and end of the record, 
the ground and sky rays were in antiphase and the fringes had undergone the sense- 
reversal predicted in figure 2 from equation (i 5). It is known* that the modulation 
frequency was steady and at its minimum value at the points marked'. 4 ,^B, C, D, E, and 
it may be seen from the record that the sense of the fringes was such that the 
received signal at C at first increased as the modulation frequency began to increase. 



* The apparatu which produces the frequency-changes is so arranged that there is a short 
pause of about i sec. duration following the decrease of frequency and a longer pause of about 2 sec. 
after the frequency-increase. 
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whereas at A and E frequency-increases were accompanied by decreases of signal. 
During the time that this record was being taken, natural fading was occurring at 
a rate somewhat too fast to enable the reduction of fringe-amplitude to zero to be 
shown throughout a complete set of fringes. However, the transition, corresponding 
to cos ^ = is clearly observed at B and it seems likely that the phase-difference 
between ground and sky rays was about 120° at this time, in agreement with 
equation (15). 

Figure 6 is for the first detector in modulation-frequency-change system (6). 
At A are shown, for comparison, a set of fringes taken with the carrier-frequency- 
change arrangement i min. previously. The reduction of fringe-amplitude to zero 
and the reversal in sense of the fringes occurred at C, at which time the phase- 
difference between ground and sky rays was presumably 90°, according to equation 
(20). At when 6 = 0°, the short pause was followed by an increase of frequency 
and by an increase of signal, whereas at D, when 6=180°, the fringe immediately 
following the short pause began with a decrease of signal-intensity. 

Many other records have been obtained with both systems (a) and (b), and 
agreement has always been found with the theory given here. It is therefore clear 
that modulation-frequency-change suffers at least one considerable disadvantage 
when compared with carrier-frequency-change, namely that the amplitude of the 
fringes is, on the average, much less with the former technique. Another experi- 
mentally verified peculiarity of the modulation-frequency- change system, that the 
phase at the beginning of a set of fringes is substantially independent of the 
instantaneoiis state of the natural fading, has an important bearing on measurements 
of polarization and will be discussed later. 


§5. DISCUSSION AND CONCLUSIONS 

Although this paper is mainly concerned with the technique of ionospheric 
measurements by means of modulation-frequency- change systems it does not 
appear to be necessary to describe the apparatus in great detail. We are satisfied 
that system (b) is the more satisfactory of the two modulation-frequency-change 
arrangements, so that if this system is used it is unnecessary to make any alterations 
to receiving-apparatus which has already been set up for carrier-frequency- change 
work. As to the transmitter, it is impossible to use the simple arrangement com- 
prising a self-excited oscillator which has hitherto proved adequate for most carrier- 
frequency-change experiments. However, the substitution of a low-power master- 
oscillator and amplifying stages has been found to be an improvement in transmitter 
technique for carrier-frequency-change work, so that when once this replacement 
has been made it is an easy matter to arrange for carrier-suppression. The system 
which we have found useful is shown in figure 7. The output from a beat-frequency 
audio-frequency oscillator is applied in push-pull to the grids of two valves through 
a transformer at A, whereas the carrici is supplied at B to the two valves in phase ; 
radio-frequency chokes and resistances serve to isolate radio- and audio-frequency 



Modulation-frequency-change technique for ionospheric measurements 1095 

circuits. When the valves are carefully matched the output at C consists only of the 
modulation sidebands, since the carrier is balanced out and the output tuned 
circuit presents negligible impedance to currents of audio frequency. 

It has already been pointed out that the phases of the beginnings and ends of 
the fringes in a modulation-frequency-change experiment are, with the exception 
of the phase-reversal, independent of the momentary phase relations of the ground 
and sky rays. On the other hand, a knowledge of these phases in carrier-frequency- 
change work has made possible the measurement of the polarization^^’ of the 
sky ray, of lateral deviation^"’ and of changes in optical path^*^\ The following 
analysis shows that the modulation-frequency-change system is not suitable for 
these experiments and, in fact, it is easy to see that its use is very largely limited to 
measurements of equivalent path. 



Figure 7. Carrier-suppression unit. The circuit is adapted from carrier telephony practice for use 

at high radio frequencies. 

Consider the signals received in a rotatable loop, figure 8 . It will only be 
necessary to work out the case for system (A), since similar results hold for system (a). 

If the plane of the loop makes an angle with the plane of propagation, then the ^ 



Figure 8. Ground plan of magnetic vectors of ground and sky waves, 
signal due to the reception of a ground ray Hq and an elliptically polarized sky ray Hq 


Hi , arriving at an angle of incidence f, is //i , /fi', i 

Hq cos <l> cos qt sin rt 

+ zHi cos <f> cos {qt + x) (^t + 0 ) 

-h 2H1 cos i sin (j) cos +x) sin (r# + 0 ') (21), 


if we assume that the polarization of sky rays of frequency (r+^) and (r-q) is not 
very different from that at frequency r. In that case the polarization of the down- 
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coming ray is determined by the ratio of components, which = cos/, 

and their phase-difference ^ which =0'-^. 

The signal in the loop may be rewritten as 

cos <j) cos qt sin rt + cos {qt + x) sin {rt + (22), 

where //, == cos \/(i + tan^ (f) + 2 Rc tan cos f) (23), 

^ sin 6 +Rc tan (/> sin 6 ' 

~ cosT+jRc tan cos 6 ' ’ 

It should be remembered that both II ^ and 6 ^ are invariant with respect to changes 
in the modulation frequency. The similarity in form of equations (22), (17) and (18) 
shows that the currents passing through the galvanometer after square-law de- 
tection of the signals are proportional to 

cos^ cos <l> cos 6 , cos x (24), 

from which it follows immediately that, although the amplitude of the fringes 
depends on and 6 ^^ i.e. on the polarization of the downcoming ray, the fringe 
phases are determined by x> and are therefore independent of the polarization and 
of the orientation of the loop aerial. Hence, any experimental method of deter- 
mining polarization, such as that due to Appleton and Ratcliffe, which depends for 
its success on recognizing variations in fringe-phases in differently oriented re- 
ceiving aerials, is inapplicable to the modulation-frequency-change technique. 

Similar considerations rule out the use of modulation-frequency- change systems 
in the measurement of lateral deviation and changes in optical paths of the sky ray. 
It is perhaps to be emphasized that we have tacitly assumed throughout that the 
receiving apparatus is sufficiently broadly tuned to be capable of receiving both of 
the sidebands sent out from the transmitter. However, it has been suggested that 
there may be advantages in some cases in observing the two signals in separate 
sharply tuned receivers. With this technique it has been found possible, for example, 
to emit two waves with frequencies differing by 40 kc./sec. but with known relative 
phases, and thus to compare changes in the optical paths of the two sky rays. 

The conclusions to be drawn from this comparison of the carrier-frequency- 
change and the modulation-frequency-change techniques are as follows : 

(i) The number of fringes produced by a change of modulation frequency is 
proportional to the equivalent path of the sky ray, as in the case of a carrier-frequency- 
change. 

(ii) The amplitude of the fringes in modulation-frequency-change is very much 
less than in carrier-frequency- change, unless an artifice such as the two square-law 
detectors in Appleton’s system (a), or the device of suppressing the carrier at the 
transmitter in system (6), is used. 

(iii) After either of these modifications have been made, the fringe-amplitude 
is occasionally as great as would have been obtained with the carrier-frequency- 
change technique. There are certain r<‘lations, however, between the carrier phases 
and amplitudes of the ground and sky rays for which the modulation-frequency- 
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change fringes have zero amplitude, and on the average the carrier-frequency- 
change fringes always have the greater amplitude. 

(iv) In the modulation-frequency-change experiment, the phase at the beginning 
of a set of fringes is independent of the momentary state of the natural fading. 
It is also independent of the state of polarization of the sky ray and of the orientation 
of the receiving loop aerial. Hence, modulation-frequency-change technique is 
inapplicable to experiments where fringe-phases are important ; for example 
measurements of polarization, lateral deviation, or variations of optical path. 

(v) A comparison of modulation-frequency-change systems (a) and (b) suggests 
that the latter is the more satisfactory technique for ionospheric measurements. 
There is little to choose between the two methods in regard to the modifications 
which would need to be made to a carrier-frequency-change transmitter, but there 
are marked advantages in system (b) at the receiver, both in reception technique 
and in the interpretation of records. 
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A RECEIVER DISCRIMINATING BETWEEN 
RIGHT AND LEFT-HAND CIRCULARLY 
POLARIZED WIRELESS WAVES 

By O. O. pulley, Ph.D., B.Sc., B.E. The Halley Stewart 
Laboratory, King’s College, London 

Communicated by Prof, E, V, Appleton^ F.R,S.f May 14, 1935 

ABSTRACT, A brief review of the history of magneto-ionic effects in the ionosphere 
and the apparatus developed for their investigation is given. Because of the inflexibility 
of present methods of determining the polarization of received waves, a new scheme has 
been developed which permits observations to be made over a range of frequencies with- 
out readjustment. The principle employed is that of an effectively rotating loop, the 
rotation being simulated by the modulation in phase quadrature of two loops at right- 
angles. The theory of operation, the errors and the method of adjustment are investigated. 
Adjustment can be made with the aid of a test wave of unknown polarization. 

Some results obtained with the apparatus are discussed, and it is concluded that the 
two magneto-ionic components are almost circularly polarized, and that the relative 
intensities are unpredictable unless the complete {P\ f) curve appropriate to the time of 
observation is available. A Fourier-series treatment of the propagation of a pulse of 
energy of radio frequency in the ionosphere is given in an appendix. 

§ I. HISTORICAL 

A s soon as an attempt was made to use wireless waves for the purpose of 
. determining position by measurement of the direction of arrival of such 
X JL waves from a known station, it became evident that this direction, as found 
from the position of a loop aerial when the received signal was a maximum or a 
minimum, differed from the expected or true direction, and furthermore, that the 
difference varied with time. To account for this, it was suggested by Bellini and 
by T. L. Eckersley that the error is connected with the presence of an abnormally 
polarized component in the received wave, i.e. a component in which the vector of 
electric force does not lie in the vertical plane through sender and receiver. To 
explain the presence of such abnormally polarized waves, the magneto-ionic theory 
was put forward by Appleton who showed that if the effective agents in the 
upper atmospheric reflection were of electronic mass, the effect of the earth’s 
magnetic field would be to cause double refraction and rotation of the plane of 
polarization. Further work has amply demonstrated the correctness of Appleton’s 
theory. 

Smith-Rose and Barfield made a systematical study of the effect by comparing 
the relative signal-amplitudes from various combinations of loop and vertical 
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aerials. Later, Appleton and Ratcliffe^*^ obtained direct confirmation of the theory, 
which was further strengthened by the results obtained by Green working under 
similar conditions but in the southern hemisphere. The method used was for 
studying the variation of signal-intensity as measured on three loops, one in the 
plane of propagation and the other two making angles of ±45° with this direction, 
when the frequency of the transmitted waves was varied. About the same time, 
Hollingworth^"^^ made a similar investigation on the longer wave-lengths with 
apparatus which was slightly simpler but required less acceptable assumptions. 

With the adoption of the pulse method of investigation, Appleton and Builder 
showed the composite nature of the echoes from the upper region, and interpreted 
the doublets as being due to magneto-ionic splitting. Apparatus was then developed 
at the Radio Research Board at Slough for demonstrating the polarization of the 
components of the doublets. The method consists of applying the output, suitably 
amplified, from two loops at right-angles to pairs of plates in a cathode-ray oscillo- 
graph. The resulting Lissajou’s figure is an indication of the state of polarization 
of the received wave, and a simple test determines the sense. 

Almost simultaneously, J. A. Ratcliffe and E. L. C. White^'®^ developed their 
receiver for circularly polarized waves, in which two loops at right angles are 
coupled through a mutual inductance. When the receiver is suitably adjusted, a 
circularly polarized wave having one sense of rotation produces an e.m.f. at the 
grid of the amplifying valves, while one of opposite sense produces no effect. 
Reversal of the sense of the mutual coupling permits the reception of the wave 
polarized in the opposite sense while suppressing the original one. T. I^. Eckersley 
originated a somewhat similar scheme, but detuned the two loops in opposite 
directions in order to effect the cancellation of one sense of polarization. 

The results in all cases were in agreement with Appleton’s magneto-ionic 
theory as far as the actual polarization of the doublets was concerned, though some 
differences of opinion as to the relative intensities of the two components still 
exist. 

German workers have investigated the problem from the point of view of the 
Fourier components of the pulse, and so deal with continuous waves of various 
frequencies rather than with a discrete train of waves of a single frequency. Assuming 
the magneto-ionic theory to account for a path-difference between the two cir- 
cularly polarized components of a wave of given frequency, they observe that the 
plane of polarization of the resultant wave at the receiver varies, with frequency. 
The summation of these component plane-polarized waves, with due allowance 
for the rotation of the plane of polarization with frequency, results in a complex 
pulse, usually a doublet. It is shown in appendix C that this doublet is the resultant 
of two pulses, identical in shape with the emitted pulse, and both circularly 
polarized, but that when the two pulses overlap the polarization varies throughout 
the overlapping region, and the shape of the resultant pulse bears only an indirect 
relation to the shape of the emitted wave since the two components have to be added 
vectorially. The result is quite independent of frequency dispersion and, in- 
cidentally, this factor will not adequately account for the spreading or broadening 
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of echoes of one polarization found experimentally. Both the theoretical and 
experimental results of Handel and Plendl merely confirm the accepted magneto- 
ionic theory. 

The magneto-ionic theory, then, is well established and is of considerable 
importance, not only in the transmission of wireless waves but also in several 
branches of geophysics. But a slight uncertainty with regard to certain points in 
itself justifies another approach to the problem, and the inflexibility, with respect 
to frequency-change, of all present schemes makes such an undertaking very 
desirable. 


§2. DISCUSSION OF AVAILABLE SCHEMES 

All schemes at present in use for the determination of the state of polarization 
of wireless waves require considerable care in adjustment and this adjustment is 
necessary for each frequency. In their present state it would not be possible to 
make observations on more than one frequency in, say, 5 min., and if a range of 
frequencies sufficient to yield a curve of the variation of height with frequency had 
to be covered, then conditions at the end of the run would be quite different from 
those at the beginning. The two-receiver method of the Radio Research Board is 
very convenient for visual observation, but is unsuitable for recording purposes. 
It is expensive, since two separate receivers are necessary; furthermore, the con- 
stancy of adjustment is likely to be poor, since there are many circuits in which 
variations can occur. 

For recording purposes, the polarization ellipse must be reduced to its elements. 
These elements might be the magnitude of the major and minor axes, their angle 
with respect to a reference line, and the sense in which the ellipse is described. 
Alternatively, the magnitude of the two circular components having opposite senses 
of rotation and their phase relation might be used. Since it is to be expected that 
the polarization of the reflected waves will Be nearly circular, the latter scheme is 
preferable; the phase relation is usually omitted for simplicity. 

The methods of Ratcliffe and White and of Eckcrsley^"^ can be used for 
recording the two circular components but, apart from their inflexibility, it is 
necessary to assume that the testing wave is linearly polarized ; as yet, no technique 
has been developed for adjustment when this wave is, of necessity, elliptically 
polarized. 

All methods are very critical in adjustment, for they depend on the phase of 
the currents in the loops, which is much more sensitive to incorrect tuning than is 
the amplitude-adjustment. When a change to another frequency is made, an adjust- 
ment other than retuning is necessary — in one case in the amount of coupling, 
and in the other in the amount of detuning. Finally, in both of these schemes, 
when it is desired to change from the suppression of one sense of rotation to the 
suppression of the other, it is necessary to perform a switching operation in a 
circuit carrying currents of radio frequency, and it is difficult to ensure that circuit 
conditions shall not be altered in the process. 
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§3. A SUGGESTED SCHEME 

If a loop rotates in a clockwise or right-hand direction when viewed from above, 
then it is obvious that a circularly polarized wave of right-hand sense of rotation 
will produce in the loop an e.m.f. of frequency less than that of the incident wave, 
whereas one of left-hand sense will produce an e.m.f. of greater frequency. When 
applied to a superheterodyne receiver these e.m.fs. produce, in the intermediate- 
frequency amplifier, corresponding e.m.fs. the frequencies of which, whatever the 
signal frequency, differ by twice the frequency of rotation of the loop. They 
can then be separated by fixed band-pass filters, and the means of discrimination 
between the two senses of rotation is independent of the signal frequency. With 
continuous waves, this rotation of the loop might be purely physical, but with 
pulses in which the Fourier component frequencies may cover a range of 10 kc./sec. 
or more, rotational frequency of the loop must be greater than this figure, or it will 
not be possible to separate the two components. Such a speed of rotation can only 
be produced by an artifice. Remembering that a rotating vector can be considered 
as the sum of two simple harmonic vectors in time and phase quadrature, it is seen 
that one method is to cause the output from two loops at right-angles to vary 
sinusoidally but in phase quadrature and to add the two outputs." Grid modulation 
with variable-mu valves can be made suitably linear and of the correct form, i.e. 
cos cos/)/ and not cos a»/ (i -f cos/)/), by applying the signal and modulating 
e.m.fs. to the grids in push-pull and connecting the anodes in parallel. After this 
stage of modulation (or of superheterodyne detection as it may be called if the 
matter is regarded from another point of view) the resultant frequencies are passed 
to any ordinary pulse-receiver and the two component frequencies are separated 
as if they were different signals. A convenient check is available in that the direction 
of rotation of the equivalent loop can be reversed, so that either sense of rotation 
can be received at either frequency. For automatic recording, the upper frequency 
is chosen arbitrarily, and either right- or left-hand polarization is received by 
reversing the sense of rotation of the loop. No radio-frequency currents flow 
through this reversing switch, for the operation is performed in the modulating 
circuit, and the adjustment of the high-frequency circuits is unaffected. 

Such a system has been developed in the Halley Stewart laboratory and is 
described and investigated in detail below. 

§4. DESCRIPTION OF THE APPARATUS 

The schematic diagram of the apparatus is shown in figure i. On the left-hand 
side is the modulating oscillator, the frequency of which determines the frequency 
of rotation of the effective loop. This frequency is about 33 kc./sec., well above the 
highest modulation frequencies of the pulse, and the particular value is chosen so 
that convenient commercial values of capacity and resistance (0*01 /xF. and 500 O.) 
may be used in the bridge modulating circuit. Balance to earth is essential through- 
out the apparatus, so the oscillator is in push-pull disposition as shown. Shunt 

70-2 



1 102 0 . 0 . Pulley 

feed to the anodes permits the bridge circuit to be directly connected to the output 
of the oscillator. The bias provided by the resistance-capacity circuit R^y is 
adjusted to give the purest wave-form to the output, since harmonics give rise to 
unwanted frequencies in the output from the modulator. The inductances Li are 
balanced to earth. The main frequency-adjustment is effected by means of the 
condenser C^. The output is taken from across two relatively large condensers Qo, 
of 0*02 /xF. capacity to ensure good balance to earth. I’he resistances Riq provide 
earth connexions for the grids of the valves. This method of coupling reduces the 
harmonic content of the output to a negligible value. 



The output is taken to the two corners Uy r, of the resistance-capacity bridge 
circuit Riy Q, R^^ Q. When the frequency of the oscillator is correctly adjusted, 
l^aci ^bd the voltage across the two pairs of diagonals Vac and are equal and 90° out of 
phase, and the voltages of the opposite points and F^, or Fj, and F^, of either 
diagonal are 180° out of phase with reference to earth-potential. 

The grids of the valves Fi, Fg, Fg, F4 are connected each to one corner of the 
bridge circuit, and the bias on the valves is adjusted by means of the resistance R^y 
which is shunted by smoothing-condenser C5, to obtain a modulating bias of the 
correct form. The anodes are connected together and the output from the set goes 
through the condenser C2 to the first circuit of a superheterodyne receiver normally 
used for pulse-reception. 
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Mounted on top of the screened box containing the modulating stage are the 
mutually perpendicular loops and \ four leads are taken from these to the 
top compartment of the box and connected each to one section of a four-gang 
condenser having a capacity of 0*0005 /lcF. P®** section. Since the moving plates 
and spindle of this condenser are earthed, the loop circuit is suitably balanced, and 
trimming-condensers correct this balance. An auxiliary trimming-condenser Cg 
ensures that the two loops shall be exactly in tune with each other. Each of the 
four leads from the loops is also connected to one of the grids of the modulating 
valves, through a stopping-condenser Cg of capacity 0*0001 yxF. This condenser 
presents a high impedance to currents of modulation frequency, which would 
otherwise be short-circuited through the loops. Similarly, resistances in the 
leads to the grids from the bridge circuit present a high impedance to radio- 
frequency currents. 

Other necessary components in the set are shown. The jacks V J and A J are for 
checking the steady bias and the total anode current respectively. The resistance 
is the anode feed impedance; C2 is the output coupling condenser of capacity 
0*0001 /xF. When the system is operating correctly, currents of modulation frequency 
should be entirely absent from the anode circuit, so that filtering is not essential. 
For the same reason, the dropping-resistance for the screen voltages is smoothed 
by a capacity of only 0*05 /xF. A further dropping-resistance R^ is included in the 
lead to one pair of valves, so that the maximum amplification of each pair can be 
adjusted to equality; the current through this resistance is no longer constant and 
a smoothing-condenser of i /xF. is required. A switch reverses the connexions 
from the bridge circuit to the valves and Fg so that, in effect, the direction of 
rotation of the equivalent loop is reversed. Another switch Sg opens the cathode 
circuit of one of the valves and thus unbalances the set sufficiently to produce 
currents of signal frequency in the anode circuit when desired. The whole apparatus 
is arranged to be as symmetrical as possible about a vertical axis in order to prevent 
coupling between the two loops and their amplifiers, and to reduce unavoidable 
unbalance to a minimum. 

The loops are wound with bronze wire, for mechanical reasons. The extra 
resistance introduced makes the electrical adjustments less critical. The inductances 
of the two loops are adjusted to equality by means of ebonite bridges which strain 
together the wires of the loop. 

§5. THEORY OF OPERATION 

Curve a of figure 2 shows the variation of the mutual conductance with grid- 
bias for a typical variable-mu valve ( VMS^, In both pairs of valves in the modulating 
stage the grids are in push-pull and the anodes in parallel, so to find the curve for 
the resultant mutual conductance curve b must be added to curve a. By suitably 
adjusting the steady bias on the two valves the sum of these two curves, curve c, 
can be made practically linear over a range of ± 5*5 V. about the mean bias of 
— 5*5 V. The load impedance of the stage is small so that the mutual conductance 
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is a measure of the amplification, so that fi==kEgy where is the amplification 
factor of the stage, A is a constant, and Eg is the voltage on the grid, measured from 
the point of steady bias. If, in addition, a small voltage E^ is impressed on the 
grid, it will produce a voltage EykEg across the anode circuit. If Eg is replaced by 
the modulating voltage V cos pty and is replaced by the signal voltage E cos wty 
then the voltage in the anode circuit becomes kVE cos pt cos cjt. 



Now in the other pair of valves the modulating voltage is E sinpty and if the 
incident signal wave is circularly polarized, becomes ± E sin coty according to 
the sense of rotation. The resultant voltage across the anode circuit due to all four 
valves then is 

kVE (cos o)t cos pt ± sin cjt sin pt) 
which = k VE cos (co ±p)ty 

i.e. the frequency is either increased or decreased by an amount equal to the 
modulation frequency, according to th#* sense of rotation of the incident circularly 
polarized wave. The signal frequency is not present, and also, if the sense of rotation 
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of the equivalent loop is reversed, that circular component which produced currents 
at the upper frequency now produces currents at the lower frequency, and vice- 
versa. 

In general, whatever the state of polarization of the incident wave or its angle 
of incidence, the projection of the magnetic vector on to the horizontal plane will 
be the only portion that can aflPect the loops, and this projected vector can in turn 
be resolved into two rotating vectors of opposite sense. One of these rotating 
vectors will produce in the anode circuit currents of frequency equal to the sum, 
and the other will produce currents of frequency equal to the difference, of the 
signal and modulating frequencies. The currents or voltages will be truly pro- 
portional to the magnitudes of the two resolved vectors, and a measurement of these 
currents is a measurement of the state of polarization of the horizontal component 
of the incident wave. 

Since no currents of signal frequency appear in the anode circuit, and the main 
amplifier is tuned to one or other of the two resultant frequencies, pick-up in the 
leads from the modulator stage to the main amplifier introduces no errors. It is 
therefore feasible to locate the loops and modulator at a considerable distance from 
the amplifier and recording apparatus, if this is desired. 

§6. ERRORS AND ADJUSTMENTS 

Only the right-handed and left-handed rotating vectors of the horizontal com- 
ponent of the magnetic field of the incident wave will be considered, with the usual 
convention that the sense of rotation is referred to an observer looking along the 
direction of propagation of the wave before reflection at the ground — i.e. looking 
downwards. The reference modulation voltage is cos pt and the reference signal 
voltage is cos o)t so that the right-handed and left-handed rotating vectors are 
(cos wt -\-j sin (jot) and (cos — j sin oit) respectively. At zero time, the signal 
reference vector makes an angle S with that loop in which the modulation is cos pt. 
Conditions, then, are as shown in figure 3 a. 

Owing to errors in the bridge circuit, the two modulating voltages may not be 
exactly 90° out of phase, so sin pt is replaced by sin {pt-\-d). If correctly tuned to 
resonance, the voltages induced in loop A by the right and left-handed vectors are 
cos {o}t -I- S) and cos (a>^ — 8) respectively, while those induced in loop B are 
sin {oit + 8) and — sin {o)t — 8) respectively. Even if the two loops are not correctly 
in tune, but are detuned by equal amounts in the same direction, i.e. if they have 
the same phase angle, it is still possible to use these two expressions for the induced 
voltages, if zero time is suitably chosen. But if the phase angles differ by, say, an 
amount a, then sin {cjt -f 8) and — sin {tot — 8) must be written as sin {tot 4* 8 + a) and 
— sin {tot -- 8 + a) respectively. Another source of error is that cither the modulation 
voltages on the two loops, the voltages induced in the loops for a given signal 
strength, or the amplifications produced by the two pairs of valves may not be 
equal. Since the voltage in the anode circuit is the product of all three, it is not 
possible to separate the various effects. It is sufficient to say that the output from 
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loop B is (i — n) times that from loop A, Conditions, then, are as shown in figure 3 b. 
The resultant effect due to a component of right-hand sense is 
cos (oi^+S) cos/)^+(i —n) sin (a>^+8 + a) sin 
which = i [cos {(co +/>) / + 8} + cos {{cd —p) ^ + 8} 

+ (i — w) (cos {(oj-/)) f4-8 + a~0}-cos ^ + 8 + a + 0})] 

= (i - ^) cos |(‘» -/>) ^ + 8 + “^-^1 cos “ 

+ - sin \\(Ji—p) t-\-oA \ sm 

+ (i -”) sin |(a>+/>) <+8 + ~| sin -~ 

cos |(w+/)) cos (1). 



(a) (fe) 

Figure 3. 

The resultant effect due to a component of left-hand sense is 
cos {iot — 8) cos pt — sin {o)t — 8 + a) sin {pt + B) 

= - -j cos |(a) +/))/- 8 + I cos 

+ ^ sin |(co+/)) < — 8 + ^^-| sin 
+ (i - ^) sin |(co -/)) f - 8 4- - ~| sin 

+ - cos |(cu —p) ^ - S + j' cos (2). 

Both right and left-hand components produce effects at the upper and lower 
frequencies and it remains to be seen just how the various effects can be made 
obvious. Any apparatus which is sensitive only to a uniformly rotating vector of 
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constant amplitude can have no sense of orientation, in other words the effect 
produced in the apparatus must not vary as it is rotated about the axis of rotation 
of the vector — in this case the vertical axis. It is to be expected that errors will 
affect this axial symmetry. By varying 8 in the above expressions the errors should 
be made apparent. 

The vectors representing the terms in the above expressions are shown in 
figure 4 and their direction of rotation as 8 is increased positively is counterclock- 
wise or clockwise according as the terms contain + 8 or ~ 8, as is indicated in the 
figure. The experimental procedure is to observe the effects at a single frequency, 
so the vectors are regrouped as in figure 5 where, in both diagrams, they are of the 
same frequency and can be added graphically. They rotate in opposite directions 
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Oa= cos |(a>— ^ + 8 + cos I 

08 = - sin |(w— /)) / + 8 + * — - j sin - — 

Oc= ^ j sin ^ + ^ + sin 

Od^^cos |(to+^) ^ + 8 + cos*^; 



Fipfure 4. 


as 8 is varied, so that this addition has to be performed for each value of 8. Terms 

containing ^ sin J (a ± 0) are neglected as being of the second order of small 

quantities. To make conditions quite general, an arbitrary state of polarization is 
assumed, such that.the left-hand component is r times the right-hand one. 

The equations corresponding to figure 5 can be written thus. For figure 5 a 
the resultant effect at frequency («)-/>) 

= (i-^)cos |(a)-/>)f + 8 + ?^| 

“ 3 + 

+ — cos />) 8 h — —> cos— ^ 


( 3 ). 
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For figure 5 A, the resultant effect at frequency (a>+/)) 

“i) {(“’+/’) + 

+ (i-^)sin j(a>+/>)t+8+5i^| sin^ 

+ ” cos |(<«>+/') t + S + ^^^l cos (4). 

The ellipses of figure 5 show the’ variation of output as the loop assertibly is 
rotated, and noting that 8 is measured in opposite directions round the two curves 
(upon which values of 8 are marked) we see that the major axes are almost at right- 



(a) (co-/)) 


Figure 5. 



angles when a is large. As a is decreased, the eccentricity approaches zero and the 
major axes approach each other, one ellipse having passed through the circular 
form in the process. Variation of 6 and n in the correct direction brings the ec- 
centricity still closer to zero until finally both curves become circles and there is 
no variation of output as the loops are rotated. 

This, then, constitutes the technique of adjustment and it is evident that no 
special state of polarization of the testing wave is required. It is inconvenient to 
retune to find the effects at the two frequencies, but, as has been noted above, the 
same effect can be produced by altering the direction of rotation of the equivalent 
loop, i.e. by operating the switch . The set can be adjusted by means of a local 
oscillator, which does not have to be accurately tuned to the desired signal; nor 
does it have to be situated at any great distance from the apparatus, several yards 
being quite sufficient. 
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The method of operation is as follows. The modulator and main amplifier are 
tuned to the signal frequency by unbalancing the former, by operating switch , 
with the modulating oscillator switched off. On closure of and switching on of 
the oscillator, the signal can be found at two settings of the heterodyne oscillator, 
corresponding to the two frequencies {w One of these frequencies is selected 

arbitrarily. The loop assembly is rotated and the positions at which the maxima 
and minima occur are noted, first with the switch in one position so that the 
relay is unoperated, and then in the other so that the relay is operated. If the 
minima are nearly at right angles to each other in the two cases, the trimming- 
condenser Cg is adjusted in such a way as to bring the positions of minima together, 
and one ellipse should pass through the circular form in the process. Then, by 
varying condenser C9 of the oscillator, the variation of output which occurs as the 
loops are rotated can be decreased, and by adjustment of the resistance the 
residual variation can be still further decreased. After a repetition of this series of 
adjustments, the variation for both settings should be negligible. 

This adjustment is made at the high-frequency end of the range of the set and 
then repeated for the low frequency end; but in this case the loops are tuned to 
each other, a being thus reduced, by altering their inductance by means of the 
ebonite bridges, instead of by alterating the trimming- condenser. The residual 
variation that occurs as the loops are rotated can be reduced below ± 2 per cent, 
and it is then not symmetrical, owing to detuning of the loop circuits as the leads 
therefrom twist on rotation. When the adjustment is made at both ends of the 
frequency range, it is found that, for any setting of the tuning condenser, the error 
is less than ±5 per cent; this figure can always be reduced to ± 2 per cent by 
slight readjustment at the required frequency. Thus it becomes feasible to use the 
set to determine the state of polarization of the received wave at a series of fre- 
quencies in rapid succession, for the whole set can be tuned in the same manner as 
an ordinary receiver, and the time taken for a complete {P\ /} curve is not more 
than twice that required for its delineation by the usual manual methods. If 
accuracy better than ± 5 per cent is required considerably more time would have 
to be taken. 

There are a number of other errors which may occur, but they can be tested for 
and eliminated independently. Among these is the elfect of harmonics in the 
modulation stage, with which can be grouped the distortion in the valves. Harmonics 
can only produce effects at frequencies (oj ± 2/)), {oj ± 3/)) . . . , and such effects will 
be filtered out in the’ intermediate stages of the receiver. They introduce no errors 
into the measurements, but merely impair the efficiency of the apparatus and raise 
the general noise-level. Antenna effect may be present, but any voltages due to 
this cause will presumably be in the same phase on both grids of one pair of valves 
so that, to an approximation, the resultant modulation will be of the form 
coscu^ (i-l-cos/)^) and the terms in {o}±p) will have only half the amplitude of 
those due to a loop voltage of the same magnitude ; thus there is convenient dis- 

• There are, of course, two other settings associated with the second channel of the superhetero- 
dyne receiver. 
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crimination. By careful attention to symmetry in construction and by the use of 
push-pull modulation, antenna effect can be made negligible. 

Mutual coupling between the two loops may exist, but it follows from the 
treatment of Ratcliffe and White that its effect is to increase the output due to 
one sense of rotation and to decrease that due to the other by equal amounts, while 
the output from either Sense remains constant as the loops are rotated ; the main 
adjustments are not affected. Denoting the outputs due to the circular components 
R, L, c in the absence of this error by R and L and the diminution due to coupling by c, 
we find that the resultant outputs are (/? + f) and {L—c), The sum is (R+L), 
which is the output from a single loop in the position of maximum signal and is 
evidently independent of the error. The difference is {R-Li-zc) and the output 
from a single loop in the minimum position is (R-L). By comparing these 
quantities, the presence of mutual coupling between the loops can be detected, and 
the test is independent of the state of polarization of the testing wave. The check 
should be made at the high-frequency end of the range since the mutual effect 
increases with frequency if, as is most common, the coupling is inductive. 

Appendixes A and B deal respectively with the magnitude of the errors to be 
expected from difference in phase angle in the two loops, and with variation of 
frequency of the modulating oscillator. The latter effect is not serious but the 
former is extremely critical and, unfortunately, is present in all types of polarization 
analysers. The effect may be minimized by damping the loop circuits, but set noise 
soon limits this artifice. With dipole antennae in place of loops this limitation 
would not be so serious, on account of the greater signal voltage available, and it 
might even be feasible to dispense entirely with tuned circuits in the modulator 
stage. The scheme could then be adapted for the automatic registration of {P\ /} 
curves for one component only. 

The principal disadvantage of the scheme presented is that it is impossible to 
obtain any high degree of preselection in the single tuned circuit of the modulator 
stage, since the resultant frequencies are only separated by twice the modulation 
frequency, i.e. by about 6o kc./sec. As a result the signal-to-noise ratio is lessened. 
In order to improve conditions, the modulation frequency might be raised and this 
would probably be justified, in spite of the slightly greater difficulty incurred in 
the adjustment of the bridge circuit and in the elimination of the spurious effect 
due to switching. Care must be taken that neither fundamental nor harmonic 
frequencies fall within the pass band of the intermediate-frequency filter. 

§7. ADVANTAGES AND DISADVANTAGES OF THE SYSTEM 

Advantages, (i) The system can be adjusted by means of a wave of unknown 
polarization, (ii) The frequency of the testing- wave need not be accurately equal to 
that of the required signal, (iii) The means of discrimination between the two senses 
of rotation is independent of the signal frequency, (iv) The operation of changing 
the sense of rotation to be received is performed in a circuit carrying currents of 
fixed and relatively low frequency, (v) The tuning-controls can be so ganged as to 
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permit the reception of a range of frequencies without readjustment, (vi) The 
system can be used aperiodically. (vii) Physical variation of the circuit constants 
is, in general, self-compensating. 

Disadvantages, (i) The signal-to-noise ratio is lower than in other systems, 
(ii) The system is somewhat complicated. 

§8. RESULTS 

Figure 6 shows a curve of equivalent height against frequency taken with the 
apparatus just described. The transmitted frequency has been varied in small steps 
and alternate frequencies were received with the loop sensitive to one sense of 
polarization only ; the sense is indicated at each step by markings on the upper edge 
of the diagram. The base line only of the time base is recorded, so that only if the 
wave is truly circularly polarized does an echo appear for a single sense. Polarization 
is seldom accurately circular and in general there will be some effect for both senses, 
as in the case shown in figure 6, but a comparison of the relative amplitudes gives 
immediately the eccentricity and the sense of rotation. 

Owing to facilities being limited, the set has been operated actually inside the 
laboratory and the distortion of the polarization due to conductors in the building 
is quite marked at certain frequencies. Thus it is imperative that the apparatus 
should be capable of being adjusted by means of a wave of unknown polarization. 
For the same reason we cannot rely on the measured values of eccentricity, but the 
distortion is never so serious as to lead us to confuse the senses of rotation except 
for almost linear polarizations. 

The record shown was taken in the same time as the usual {P\f} curves, i.e. 
30 sec. at each frequency, and the set was handled exactly as if it were a normal 
receiver. No adjustment of the set, other than the necessary tuning was attempted, 
during the run. The frequency-range covered in the record is from 1-7 to 3-6 Mc./scc. 
and is roughly the critical region for the Appleton region at this particular time 
(midnight). It is seen that the two components are very nearly circularly polarized 
with opposite senses of rotation, at the lower frequencies. The eccentricity departs 
somewhat from zero as the frequency increases but distortion due to the building 
becomes apparent at about 3*5 Mc./sec. ; even at the end of the record, however, 
there is a considerable difference between the amplitudes of one component in the 
two senses. 

From the records taken, it seems quite impossible to state accurately the relative 
intensities of the two components, but the evidence confirms the theoretical result 
that the component having the lower critical frequency is approximately circularly 
polarized with a left-hand sense of rotation, and that having the greater critical 
frequency is also nearly circularly polarized, but with a right-hand sense of 
rotation.* The records have not been sufficiently numerous to lead to any definite 
conclusions as to the relative intensities, but with the evidence available from a 
very extensive series of {P^/} curves, it appears that the intensities are quite 
• Only the range of frequencies above 1*7 Mc./sec. has been under investigation. 
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unpredictable unless the complete {Pyf} curve for a particular time is available also. 
The fact that either component may have the greater time delay has long since been 
accepted. The more complex structure of the ionosphere, which has been revealed 
as the technique of {P', /} measurements has improved, makes it possible that the 
absorption of either component may increase or decrease with frequency. 

Take, for example, the curves of figure 7, which are of a type commonly en- 
countered. The upper curves show the variation of equivalent height of the ordinary 
and the extraordinary rays for the range of frequencies from 2*4 to 6*o Mc./sec. 
Polarization measurements have been made showing that these rays are approxi- 
mately circularly polarized with opposite senses of rotation, the ordinary being 
left-handed and the extraordinary right-handed. Below these curves are the 



corresponding curves for the estimated intensities of the two components. It 
is seen that the relative amplitudes depend very markedly on the particular fre- 
quency under investigation, and either component may be the greater. 

Appleton^*^^ has observed that the {P', f} curves for the two components can be 
made almost to coincide by moving one of them through about 0*7 Mc./sec. 
F. W. G. White has given curves showing that the variation of the intensity 
with time for a fixed frequency follows the same sequence for both components 
and that the extraordinary ray is less intense than the ordinary ray when referred 
to corresponding points on the curve of equivalent height. It is seen that this holds 
also for the {P\f} curves, for in figure 8 the curves of figure 7 have been redrawn 
with the curve for the extraordinary ray displaced by —0*7 Mc./sec., which makes 
possible a comparison of corresponding points on the two curves. In general, the 
extraordinary ray is less intense than the ordinary ray at corresponding points, 
though the difference is less marked at the higher frequencies, because the wave- 
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frequency is far removed from the coilisional frequency of the electrons in the 
layer. 

The results indicate, then, that there is ample evidence in favour of the magneto- 
ionic theory of propagation in the ionosphere, but that deductions from obser- 
vations made at a single frequency may be misleading unless referred to the {P', /} 
curve appropriate to the time of observation. 
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APPENDIX A 

In a circuit consisting of a resistance P, a condenser C, and an inductance L 
in series, the current i which flows when an e.m.f. e of frequency a> is applied is 
given by 

t {P+y (Lco-i/Cai)} = e, 

and the phase angle a is given by 

tan a — {Lett — i lCoj)IR. 

Now if a is small tan a = a 

so = 8C/C = 8a/(5, 

where Q is the voltage step-up at resonance. ' 
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It is desirable to limit the error due to the difference in phase angles of the two 
loop circuits to ± i per cent and, since the error is ±sina, from equations (i) 
and ( 2 ), this requires that a (or in the present notation 8 a) shall be less than o*oi 
radians. The value of Q will be about 10 , whence SC/C=:o*ooi, i.e. the capacity 
must be accurate to o*i per cent, or the condenser-setting must be accurate to 
o-i of a division. A setting of this accuracy is barely possible except with refined 
apparatus, so that it is not feasible to rely on a calibration of the condenser dial. 
The rate of change of phase angle with capacity is most rapid near the resonance 
point, but it is still appreciable when the amplitude of the current has fallen to one 
half that at resonance. 


APPENDIX B 

If we denote the resistances and capacitances in the bridge circuit of figure i 
by R and C respectively, an e.m.f. e equal to E sin ayt applied across one diagonal 
will produce in either branch a current el(R—jlCoy)j and therefore the e.m.f. across 
the other diagonal is 

e {R+j/Cw)l{R-jlCw), which = (/?2-. i/C2co24-y.2iR/Cco)/(i?2^ i/C^cj^) 

and the phase angle 6 is given by 

tan 0 — zRC<ol{R^C'^co^ — i)- 

If R^C^co^—ij i.e. if co—ijRCy then d — Trjz and the e.m.fs. across the two 
diagonals are in quadrature. 

If 0 is replaced by ( 77/2 — 6 )^ then tzn d = {RCa} — i)l 2 RCco and approximately 
Bd — {RC H- I jRCoy^) 8 a>/ 2 . When <0=1 jRC this reduces to BB = Boj/io, 

As in Appendix A, B6 must not exceed o-oi radians so that the frequency of 
the modulating oscillator must be correct and constant to i per cent. Under normal 
conditions this accuracy is easily maintained. 

To determine the sense of rotation of the equivalent loop, we note that in 
figure I the e.m.f. e applied to the bridge is that across the diagonal ac and the 
e.m.f. across the other diagonal is that across bd. Since tan 6, above, is positive, 

leads Vac therefore one side of the equivalent loop passes through W, N, 
£■, S in succession and, if we look down on the loop, this corresponds to a clockwise 
or right-hand sense of rotation. It will be seen that the operation of the switch 
reverses this sense. 


APPENDIX C 

To investigate the effects of magneto-ionic dispersion on*the propagation of a 
pulse of radio-frequency energy, consider an emitted wave defined by cos wtf (/), 
where w is the carrier pulsatance and / (f) is the modulation envelope. If we assume, 
for simplicity, a symmetrical pulse,/ {t) can be expanded in a Fourier cosine series, 
and if, further, the recurrence pulsatance is taken as unity, / {t) can be written 

n*=a 

/ (^) == €14* 2 cos nty 
n—l 
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and the pulse of radio-frequency energy becomes (if we omit the limits of summation) 

cos (A)t {a + cos nt) 

which = a cos wt + {cos (cd + «) ^ + cos (a> — n) t). 

Now the right- and left-hand circularly polarized components of this wave, namely 
a (cos o}t ±j sin cot) 4- \ {[cos (oi + n) ^ ±j sin (cu h n) i\ 

4- [cos (cu — n) t ±j sin (co — n) t]}, 

travel independently in the ionosphere. Assuming that there is a difference between 
the paths Pr and Pi of the right and left-hand components, but that these two 
paths are independent of frequency, the reflected waves arriving at the receiver are 

a [cos o}{t-6) 4-y sin co(t- 0)] + iHbn [cos (a> ±n) {t — 0) +j sin (w ±n) (t- 9)] 
and 


a [cos CO (t — cf)) -j sin co (t — <^)] 4- [cos {co ±n){t— <!>) —j sin (a> ±n){t — <^)], 

where B — P^jc^ <l> = Pi/cy and c is the velocity of light. 

If these waves are received on a simple loop aerial lying in the plane 

(cos a 4-7 sin a), 

the e.m.fs. induced are given by 

a cos {co (^ - 0) 4- a} 4- [cos {(co 4- «) (# — ^) 4* a} 4- cos {(co — n){t-9) + x}] 

and 

a cos {co (f — — a} 4- [cos {(co 4- «) (^ — <^) — a} 4- cos {(co --n) — — a}] 

or cos {co (^ — ^) 4- a} \a + cos n{t — 6)] = cos {co (^ — ^) 4- a} / (^ — 6) 
and cos {co (t — cf)) — a} \a + cos n {t — ^)] = cos {co (^ — <^) — oc}/ (^ — ^). 


Thus the envelopes of modulation are reproduced at the receiver after times 0 
and cf) and these two pulses are the right and left-hand circularly polarized com- 
ponents predicted by theory, and they exist individually at the receiver. When 
combined in the receiver they lose their identities, and because of the vector 
summation the resultant pulse bears little resemblance to the original pulses, unless 
they are completely resolved.* 

Instead of finding the separate effects of the two circularly polarized com- 
ponents, Handel and Plendl combine them into a plane-polarized wave, repre- 
sented by 


2 a cos CO 




0-cl> 


0-<l> 


cos CO - ~ ~ —1 sin CO 

2 •' 2 




4- ^b^ cos (co ±n) i ^0 (“ 2 ” 



* The conditions which have been assumed are very unusual in practice but it can be shown 
that, in the presence of frequency dispersion, expressions similar to the above are derivable, though 
the phase of the carrier wave is determined by the optical path, whereas the envelope of modulation 
is reproduced after the equivalent path of the atmospheric waves; the shape of the modulation 
envelope is not appreciably affected, except under c^ertain extreme conditions. 
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from which it is apparent that the plane of polarization varies with the side-band 
frequency. The e.m.f. induced in the aerial becomes 


2a cos oi 


cos |u, (^) + «} 

+ ILbn cos {oi ±n)(t — cos |(co ± n) + a|- 


The summation of the equivalent of this expression is carried out graphically 
by the authors mentioned, and the possibility of resolving the resultant complex 
pulse into two overlapping pulses is obscured since the two amplitudes at any 
point have to be added vectorially. It should also be noted that the polarization 
varies throughout the overlapping portion, though the beginning and end are 
circularly polarized with opposite senses of rotation. 

The two methods of attack must be strictly equivalent, however, and the above 
expression readily reduces to 

cos {cj {t — 0) -h (x.) f (t — 0 ) cos {cu (t — <l>) — ol) f (t — </>), 
as was found previously. 

In determining the time delay of the components of a complex echo, it is useless 
to take the points of zero amplitude. The echo must first be resolved into two pulses 
similar in shape to the emitted pulse, and the beginning of these two pulses will 
give the correct delay for the two components. If measurements can be made 
from the end as well as the beginning of the pulses, this procedure is not necessary. 
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ABSTRACT, The coefficients of expansion of cast and rolled zinc are measured under 
conditions of steady and of continuously increasing temperature, and marked differences 
between the coefficients are found to occur. On rolling, the random orientation of crystals 
in the cast specimen is broken up and most of the long axes are set perpendicular to the 
plane of rolling. No change is produced in the volume coefficient by rolling. When the 
zinc crystals are small, the continuous expansion is also small but as the size of the crystals 
increases, the continuous expansion also increases. Discontinuities in the continuous 
expansion are traced to the long axis of the crystals. 


§1. INTRODUCTION 

T his paper deals with the expansion of small specimens of cast and rolled zinc, 
as measured with steady and with continuously increasing temperatures. In 
the latter method, the specimen is heated at a steady rate and simultaneous 
readings of length and temperature are taken during the heating; observations are 
also taken during cooling. An optical-lever method measuring down to 8-2 x io“® cm. 
is used to measure the changes of length, while temperatures are measured with a 
nickel-nichrome thermocouple reading to 0-7° C. The specimens are o-i6 cm. 
high and can be heated to 405° C. with safety. 

The scope of the investigation can best be seen from the following summary, 
(i) The expansion of the zinc is compared with that of glass, whose expansion is 
compared with that of silica. The glass has a constant coefficient of 8*6 x io~® up 
to 240° C. During cooling a slightly lower coefficient is obtained, (ii) With steady 
temperatures, well annealed cast zinc gives a coefficient of 30*2 x lO”* up to 250° C. ; 
this shows that a random orientation of crystals exists, (iii) Measurements on cast 
zinc at continuously increasing temperatures reveal sharp discontinuities at about 
200° C. in the slope of the {expansion, temperature} graph. Heating the specimen 
to 400° C. before the experiment moves the discontinuity to a lower temperature 
around 130° C. After quenching of cast zinc, a slight negative movement is obtained 
at lower temperatures followed by a slight expansion. On annealing, the expansion 
increases with the amount of annealing. Thus in the small specimens used, the 
expansion with continuously increasing temperatures is influenced by the state and 
growth of the zinc crystals, (iv) The continuous-cooling curves give reliable 
information and from them the coefficients of expansion of annealed and unannealed 

7I-* 
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zinc can be compared, (v) Steady-temperature measurements with rolled zinc 
0*03 cm. thick show that 90 per cent of the short axes of zinc crystals are in the 
direction of rolling and 80 per cent of the short axes are in the plane but perpen- 
dicular to the direction of rolling, (vi) Continuously increasing temperatures with 
the rolled zinc show that the discontinuities in the expansion are associated with 
the long axes of the crystals, (vii) The volume coefficient of the zinc is found to be 
unaltered by rolling. 


§2. APPARATUS 

The inverted form of furnace and optical system used have already been 
described and it will be sufficient to describe the mounting of the specimen, 
figure I. A tripod D rests with its outer legs on glass and its centre leg on the 
specimen. A microscope cover o*oi in. thick was broken into three pieces and a piece 
was placed under each foot of the tripod to prevent the foot from sinking into the 



Figure 1 . The mounting of the specimen. 

zinc at higher temperatures. Light passes up the silica tube T through the glass 
window A and is reflected by the mirror C back approximately along its own path. 

The legs of the tripod are made as nearly equal as they could be made by 
adjustment with vernier calipers, and then an expansion experiment is performed 
without any specimens. A very slight adjustment of one of the legs is sufficient 
to eliminate the expansion of the tripod. 

Figure i shows a rolled specimen 0*030 cm. thick under the centre leg of the 
tripod. The shaded strip under the centre leg is a small piece of commercial zinc 
in which are cut two slits ; two pieces of rolled zinc are pushed into the slits and so 
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held on edge. The microscope cover piece is now placed across the vertical zincs 
and the foot of the tripod rests on the glass cover. Strangely enough this gives an 
exceptionally steady system that is not influenced by outside disturbances. 

In calculating the coefflcient {IIL)dLldT for continuously increasing tem- 
peratures, a minimum overall accuracy of i in 50 has been maintained, but for 
steady temperatures a much greater accuracy is reached, the expansion being 
measured with an error never greater than i in 150, while corresponding tem- 
peratures are measured to i in 160. The coefficient obtained is in turn averaged out 
on the {coefficient, temperature} curve. 

§3. RESULTS FOR GLASS 

Focusing difficulties prevented zinc from being compared directly with silica, 
so the expansion of the zinc was compared with that of glass which in turn was 
compared with that of fused transparent silica. The coefficient of expansion of 
silica is quoted as 0*54 x 10-® up to 1000° C. 
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Figure 2. The coefficient of expansion of glass. 


After the glass in the furnace had been heated a number of times, observations 
were taken, and figure 2 gives the coefficient obtained on four occasions with 
continuously increasing readings of expansion and temperature. This coefficient is 
actually (//L)dL/d 7 ', i.e. the rate of change of length with temperature at a 
particular temperature. Excellent agreement is obtained for the heating curve, but 
the cooling curve shows fatigue, as might be expected. At a later date the glass was 
again compared with silica, the temperature and expansion being kept constant for 
at least five minutes before a reading was taken. The coefficient thus obtained for 
steady temperature is identical with the heating coefficient shown in figure 2 for 
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continuously increasing temperatures. Table i gives the heating coefficient 
(imdLldTiov glass. 

Table i 


Temperature 

rc.) 

/ dL , 

LdT ^^° 

30 

8*55 

200 

863 

300 

10*10 

380 

16 


Various rates of heating, such that from 38 to 64 minutes were taken in heating 
through 310° C., have been used in the continuously increasing temperature 
measurements, but the coefficient is independent of the rate of heating. The glass 
was tested at frequent intervals and it is quite certain that the anomalous effects 
described later are not due to the glass. 

§4. RESULTS FOR CAST ZINC 

To measure the expansion of the cast zinc under conditions of steady tem- 
perature, a specimen 0*1780 cm. thick was annealed inside the furnace at 350"’ C. 
for 56 hours. The specimen was allowed to cool slowly inside the furnace, and its 
expansion was then compared with that of the glass. The length of the zinc in- 
creased up to 403° C., the highest temperature to which it was heated. Figure 3 
gives the corrected coefficient {IIL)dLldT for the cast zinc and on the same 



Figure 3. Annealed zinc; x Owen and Yates ; 0 present work. 

figure is shown the coefficient worked from the results of Owen and Yates^*\ 
In using the results of Owen and Yates, quoted for the axis of the zinc crystals, 
the average linear coefficient for the zinc is taken as ^ (coefficient long axis + 2 x 
coefficient short axis). Exceptionally good agreement is obtained in the results 
including the upward trend above 260° C. The agreement indicates the reliability 
of the method and also indicates a random orientation of zinc crystals inside a well 
annealed specimen of cast zinc. 

Table 2 gives the mean coefficient over the range extending from 20° C. to 
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icx)° C. as derived from the present measurements and from the results of Gruneisen 
and Goens^^\ 

Table 2 


Mean coefficient for cast zinc from 20° C. to 100° C. x lo* 

Present measurements 

Owen and Yates 

Gruneisen and Goens 

30*3 ±0*2 

29*8 

307 


§5. CONTINUOUSLY INCREASING TEMPERATURES 
Before the expansion of the cast zinc was examined under conditions of steady 
temperature, a specimen was examined under continuously increasing temperature. 
Sharp changes occur in the slope of the {expansion, temperature} curves; so sharp 
indeed are these changes that they constitute well marked discontinuities. Table 3 


Table 3 


Curve 

no. 

Date 

Whether 

previously 

heated 

Observed 

heating 

Dis- 
continuity 
at °C. 

Coefficient 
up to 

discontinuity 

X 10® 

V 

May 16 

— 

3 

210 

29* I 

VI 

„ 19 

— 

4 

192 

29-6 

VII 

>> 22 

Yes 

6 

los 

24-3 

VIII 

„ 23 

Yes 

8 

155 

25*7 

IX 

June 13 

— 

; *5 


22*6 

X 

,, 26 

— 

1 16 

— 

24*3 


indicates their main aspect. From the table it will be seen that heating the specimen 
immediately before the test has the effect of moving the discontinuity to a lower 
temperature, while continued heating causes the discontinuity to disappear. It has 
been found that these discontinuities do not depend on the rate of heating or on 
changes in the rate of heating. 


§6. HYPOTHESIS 

It is suggested that using very small specimens gives rise to an anomalous 
effect that would not be detected in large specimens, and that the growth of zinc 
crystals during a heating experiment may affect the apparent expansion of the zinc. 
The following experiments have been carried out to test this hypothesis. A specimen 
was kept inside the furnace at 350° C. for 20 minutes; the top of the furnace was 
quickly removed and the specimen was quenched in tap water. On being quenched 
the crystals are subjected to severe strain and will be broken up into smaller 
crystals. The day after quenching, the expansion of the specimen was compared 
with that of glass by the continuously-increasing-temperature method. The result 
is shown in figure 4 as curve XXXI. The movement in the eyepiece is exceptionally 
small and in addition gives a small negative expansion at lower temperatures. This 
negative expansion is similar to that obtained at lower temperatures for the first 
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direction (see later) of the rolled zinc. Hence the first direction of the rolled zinc 
the direction perpendicular to the plane of rolling — contains a large percentage of 
small crystals. 

The following day, a second experiment was performed on the same specimen 
without further annealing. The result is shown as curve XXXII, figure 4. These 
two curves would not be expected to be identical, because the specimen has been 
annealed to some extent during its first expansion experiment. The general features 
of the first curve, including the negative movement at lower temperatures, are, 
however, reproduced in curve XXXII. The linear coefficient, corrected for glass, 
over most of the heating range is 10 x io~®. 

3*0 
2*0 

^ 1-0 


V 

e 

^ 0 



Galvanometer deflection 

Figure 4. Cast zinc : continuously-increasing-temperature curves obtained after 
varying heat treatment. 

If the specimen is now annealed at a fairly high temperature, some of the 
crystals will be given a chance to grow at the expense of others and the expansion 
curve should, on this hypothesis, alter. Accordingly, the specimen was placed inside 
the furnace without the tripod, mirror, etc., and kept at a temperature of 350° C. 
for 14 hours. This time does not include the time (about 40 minutes) taken to heat 
the furnace or the time taken for cooling. During cooling, the i-inch observation 
hole in the bottom of the furnace was plugged with asbestos, otherwise strain might 
be set up in the crystals causing them to be broken once more. 

The specimen was subjected to increasing amounts of annealing at 350° C., the 
expansion being measured between each annealing. Some of the experimental 
curves are shown in figure 4, while table 4 gives the data. Curve XXXVII is the 
steady- temperature curve which has already been quoted in the results for cast zinc. 

The coefficient {IIL)dLldl\ corrected for glass, for all the above curves is 
shown in table 4. This table shows clearly that on quenching the small crystals are 
in a state that retards expansion. The coefficient of expansipn increases with the 
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Table 4 


Curve 

no. 

Date 

Type 

Total 

hours 

anneal- 

ing 

Heating 

current 

Coef- 

ficient 

X lo* at 

150° c. 

Symbol 

in 

figure 5 

XXXI 

Jan. 24 

After quenching 

— 

1*2 

17*5 

® 

XXXII 

25 

After quenching 


1-2 

IS 

□ 

XXXIII 

M 31 

After first 
annealing 

14 

0*6 to 1*6 

20*4 

X 

XXXIV 

Feb. 7 

After second 
annealing 

26 

1-2 

3II 

13 

XXXV 

IS 

After third 
annealing 

43 

1*0 

35*5 

EB 

XXXVI 

,, 21 

After fourth 
annealing 

56 

1 

1 

1*4 

413 

© 

XXXVII 

„ 22 

Steady 

1 S6 

— 

31-2 



first and second annealings, when the crystals grow, and approaches the coefficient 
relating to steady temperature. After the third and fourth annealings, the coefficient 
of expansion exceeds that related to the steady state and it is suggested that these 
curves correspond to the actual growth of crystals. This view is supported by the 
way in which the fourth curve falls to the steady-temperature curve at 220° C., as 
if a saturation point had been reached. 
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Figure 5. Cast zinc: cooling values during treatment. The continuous line is 
the steady heating curve. 

Twenty days after the steady- temperature curve had been obtained, another 
continuous-expansion experiment was performed on the same specimen without 
further annealing. Up to 152° C., the expansion was similar to that after the first 
annealing; above 152® C., the expansion was similar to that after the fourth an- 
nealing,. the discontinuity in this curve being identical in nature with the dis- 
continuities already mentioned. On cooling, the coefficient was larger than that 
obtained in an experiment immediately preceded by annealing. 

Figure 5 shows all the cooling-coefficients for the heat-treatment tests of table 4. 
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The outstanding point of this figure is the exceptionally good agreement obtained 
between the coefficients for the different amounts of annealing, except in the cases 
of the quench and first annealing. The full line through these points is the heating- 
coefficient found with steady temperatures; hence the cooling-coefficient with 
continuously changing temperature gives reliable information for the cast zinc 
provided the specimen has been annealed for at least 26 hours. 

These results indicate that the continuous expansion of cast zinc containing 
very small crystals is small also, but as the crystals grow the expansion increases. 
If the specimen is not annealed before the experiment, the expansion is influenced 
by the growth of crystals during the experiment. 

§7. ROLLED ZINC AT STEADY TEMPERATURES 

A cast zinc specimen 0*4 cm. thick was rolled down to 0*030 cm., the same end 
being inserted between the rollers for each rolling. Between each rolling the 
specimen was heated on the forge, allowed to cool for a few seconds, and then gently 
rolled. There was sufficient oil on the rollers to quench the small specimen used. 
An interval of two months was allowed to elapse before expansion experiments were 
performed on the rolled zinc, so that any periodic fluctuations set up by the working 
would have time to disappear. The expansion of the rolled zinc was examined in 
three directions at right angles to each other called the firsts second^ and third direc- 
tions. 

The first direction is perpendicular to the plane of rolling, the second is in the 
plane and in the direction of rolling, i.e. along the length of the rolled strip; and 
the third is in the plane but perpendicular to the direction of rolling, i.e. across the 
rolled strip. 

First direction. To obtain the expansion for the first direction, small pieces of 
the rolled zinc were made into a pile of five specimens 0*1501 cm. thick. The 
expansion of this pile was compared with the expansion of the same pieces of glass 
that were used for the cast zinc. 

Before the expansion at steady temperatures was measured the specimens were 
heated a number of times and, in addition, were annealed at 350° C. for 22 hours. 
The expansion was measured on the three days following annealing. Curve XXXX, 
figure 6, gives the results. At lower temperatures the expansion was slight but 
negative, and irregular in that the results obtained on different occasions did not 
agree, and also irregular in that lagging took place. Around 100° C. the coefficient 
became positive and from 200*^ C to 300° C. fair agreement was obtained between 
five readings. 

In figure 7 the coefficient (//Z.) dLjdT is shown for this work and also for the 
long and short axes of the zinc crystals from the results of Owen and Yates 
The agreement indicates that by the rolling of the specimen down to 0*030 cm. a 
large percentage of the zinc crystals have been turned, so that their long axes are 
now perpendicular to the plane of rolling. At lower temperatures the expansion is 
irregular, the irregularity probably being due to the fact that the crystals in this 
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direction are very small (see the results for continuously changing temperature, 
quoted later). 

Second and third directions. The expansion in the second direction measured 
with steady temperatures is shown in figure 6, and a portion of the cooling curve 



Galvanometer deflection 

Fig. 6. Rolled zinc compared with glass. Steady temperatures. 

also is shown. The highest reading on this curve was kept steady for 37 minutes. 
Up to 240° C. the coefficient is constant at 20*5 x io-«, as shown in figure 7. Also 



Fig. 7. Coefficients of rolled zinc and long and short axes of zinc crystals. 

in figure 7 will be seen the coefficient (//L) dLjdT worked out for the short axis 
of the zinc crystals from the results of Owen and Yates The coefficient for the 
second direction lies close to the coefficient for the short axis, and if the two tem- 
peratures of 130° C. and 170° C. (which appear from the graph to be reasonable or 
average temperatures) are taken for computing the percentage of short axes in the 
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second direction, then the percentage of short axes is 89 at 130° C. and 91 at 
170° C. Thus, when zinc is rolled down to 0*030 cm., 90 per cent of the short axes 
of the crystals lie in the direction of rolling. 

The steady-temperature expansion for the third direction also is shown in 
figure 6 and the coefficient in figure 7. The coefficient for the third direction lies 
between the coefficients for the long and short axes of the zinc crystal and, an 
average being taken as above, it may be concluded that when the specimen is rolled 
down to 0*030 cm., 80 per cent of the short axes lie in the plane of rolling but 
perpendicular to the direction of rolling. 

§8. ROLLED ZINC AT CONTINUOUSLY CHANGINO TEMPERATURES 

The expansion of the rolled zinc has also been measured with continuously 
changing temperatures, the specimen being mounted in the same manner as for 
the steady temperatures. Curve XIX, figure 8, gives a typical continuous-expansion 
curve for the first direction. Even after the expansion of glass has been allowed for 
the curve, XIX A, still indicates a slight negative movement at lower temperatures. 
The minimum on this curve has been obtained on eleven occasions, all with steady 



Fig. 8. Typical of 1 st direction of rolled zinc. Top curve is corrected for the expansion of glass. 

heating-current ranging from o*6 to 1*5 amperes, and in each case the temperature 
of the minimum has been close to 87° C. During this work the specimens were 
piled in a different order, allowed to stand for some days, heated to 400° C. and 
allowed to cool slowly before an expansion experiment, but still the minimum 
occurred. Now a minimum similar to this occurs in cast zinc immediately after 
quenching when the zinc crystals are small; hence it is inferred that after rolling 
also, the crystals are small. Since this minimum is only found in rolled zinc for the 
first direction, the suggestion is put forward that it is the long axes of the zinc cry- 
stals that are associated with the discontinuities obtained fpr the cast zinc. This 
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view is supported by the fact that very little difference is found between the heating 
and cooling coefficients for the second direction containing 90 per cent of short axes. 

The third direction of the rolled zinc contains 20 per cent of long axes, and when 
it is heated bumps are obtained in some three of the continuous-expansion curves 
However, the next two heatings of the specimens, without annealing, did not show 
the bumps but gave constant heating-coefficients of 24*3 and 25*1 x io~*. The 
cooling-coefficients for all these five curves are in excellent agreement with each 
other. 

In the tests of heat treatment for cast zinc, it was found that the cooling curves 
gave reliable information. Hence by means of the cooling curves an average coef- 
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Figure 9. Unannealed zinc : cast ; 0 rolled. 


ficient for the rolled zinc can be worked out at any temperature by adding the 
coefficients for the three directions and dividing by 3. Figu/e 9 shows the average 
coefficient for the rolled zinc found in this way. 

Figure 9 also shows the average coefficient obtained with continuous tempera- 
tures for the three directions of the unannealed cast zinc, and this is practically a 
cooling-curve. The agreement between these two curves for continuous tempera- 
tures is too good to be accidental even though they are both very different from the 
steady-temperature curve of figure 5. It is suggested that the continuously-changing 
temperature curves are valid for unannealed zinc while the steady-temperature curve 
applies to annealed zinc. It follows from figure 9 that the volume coefficient of the 
zinc remains unaltered after the specimen has been rolled down to 0*030 cm. 

The expansion of a metal is usually represented by the equation 

L = Lo (I + ar-h + y P + 8 T^), 
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where a, )3, y and 8 are constants for the metal. On differentiation 

^^=a + 2 i 8 r+ 3 yr»+ 48 r». 

This last expression is what has been called the ‘‘coefficient** in this paper. Hence 
the values of the constants can be found. 



a X 10® 

i 3 x lo® 

y X 10^* 

8 X 10“ 

Cast zinc unannealed (author) 

27-84 

- 47*52 

178 

- 18 

Cast zinc annealed (author) 

29-65 

10-84 

- 68-4 

129 

Annealed zinc (Owen and Yates) 

28-04 

23*39 

- 8i-ii 

Ii 8-2 
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OBITUARY NOTICES 

FRANCIS JOHN WITTS 

Mr Francis John Witts was bom at Newport, Monmouthshire in September 
1878. He was apprenticed to Messrs Dunscombe and Co., opticians, of Bristol. 
He came to London in 1908, and in the same year was elected a member of the 
Optical Society. In 1914 he opened a business as an ophthalmic optician in the 
Buckingham Palace Road, and was particularly successful in dealing with patients 
requiring difficult prescriptions. He was an ingenious man, and invented a rimless 
pince-nez fitting in which the metal work or clip was made in one piece. He 
specialized in the drawing of fine wires, and in 1925 invented* a form of double 
jewel draw-plate with a view to improving the quality of the wires drawn. Mr Witts 
had a kind and generous disposition. He died on March 4, 1934. 

• British patent specification No. 257,366. 


C. F. B. KEMP, A.R.C.S., B.Sc., D.I.C. 

The death of Charles Frederick Barnard Kemp in a motor accident on July 21, 
1934 at the very early age of 31 years has terminated a career which promised to 
be very successful. 

Mr Kemp entered the Royal College of Science in 1921 and took the associate- 
ship course in physics. He was awarded the A.R.C.S; (ist Class) in 1924, and 
took his B.Sc., London, degree (honours physics) in the following year. He was 
appointed to the Research Department, Woolwich Arsenal in 1925, and transferred 
to the A.D.E.E. in 1929, where he remained until his untimely death. 

During the last few years he had undertaken pioneer work on the analysis of 
aeroplane noise, and he attacked this most difficult problem with great energy and 
resource. Some of the experimental results have appeared in the two contributions 
which he made to* the Proceedings of the Physical Society^ and one has only to 
glance through these papers to realize what pains he had taken to master the 
difficult technique of outdoor sound-intensity measurements. 

He had been a member of the Physical Society, as Student and Fellow, since 
1921. 
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SIR ARTHUR SCHUSTER, F.R.S. 

Arthur Schuster was born at Frankfurt-on-Main on September 12, 1851. 
His family was of Jewish origin and had been settled in Frankfurt for a century 
or more when, in the middle of the eighteenth century, the firm of Gebrfider 
Schuster trading in English cotton and other goods was founded. When Napoleon 
after the conquest of Prussia in 1806 confiscated the goods of the firm as English, 
several members of the family moved to England, and Manchester became the 
firm’s headquarters, with Frankfurt, London and Bradford as branches. In several 
of them banking business grew up automatically, and by the middle of the century 
the Frankfurt business was almost exclusively banking, with Arthur Schuster’s 
father Francis Joseph (born 1823) head. He had married in 1849 Marie (born 
1830), daughter of Hofrat Pfeiffer, one of the founders of the Hof bank at Stuttgart. 
By this time many members of the family, including all those in England, were 
Christian, and Francis and Marie became Christian early in their married life and 
their children were brought up in that faith. She was musical and as a member 
of the local choral society took part in its sacred concerts. Arthur, the second son, 
began school at 5 and entered the Gymnasium at 12. Although from his school 
reports he appears to have made satisfactory progress, he was far from happy in 
his school life and left at 16^ without regret. In the autumn of 1868 he was sent, 
as his elder brother Ernest* had been the year before and as his younger Felixf was 
the year after, to live with the Protestant Pastor Goetz at Geneva. Here he studied 
French, and during his two years* stay attended lectures in history, commercial 
geography, mechanics, physics, chemistry and anatomy at the Academy, and learnt 
the routine work of the Observatory. He regarded this as one of the happiest 
periods of his life, and left Geneva with regret in May 1870 for Manchester, where 
his father had the previous year replaced in the business an uncle who had died. 
In due course the family was naturalized, and in 1873 Francis Schuster moved to 
London to join the firm of Schuster, Son and Co., merchants and bankers, Cannon 
Street, which had been founded in 1845, and part of whose business was taken over 
by the Union Bank of London in 1887. 

In the autumn of 1870 Arthur commenced work in the Manchester office of 
his father’s firm. He had, however, set his heart on a scientific career, and he began 
to attend the evening lectures on Chemistry given by Prof. Roscoe in the Owens 
College. At the end of the course, in April 1871, he was awarded the first prize, 
and his mother who, although then blind, had discovered how unhappy he was in 
office work, induced his father to consult Prof. Roscoe as to the feasibility of Arthur 
taking up a scientific career. As a result he entered the day classes at the Owens 
College in October, to study mathematics under Prof. Barker and physics under 
Prof. Balfour Stewart, and to commence spectroscopic research under Prof. Roscoe. 
At the end of the session he was awarded the first prizes in the mathematics, 
natural philosophy and practical physics classes, and the second prize in the extra 

* Afterwards K.C. and an authority on international law. 

t Afterwards Sir Felix Schuster, Bart., of the Union of London and Smiths Bank. 
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physics class. His father was quite satisfied as to his career and took great pride 
in all his future work. In the summer he communicated some of the results of his 
research to the British Association at Brighton, and to the Royal Society. The winter 
he spent at Heidelberg under Professors Kirchhoff, Bunsen and Kdnigsberger and 
in the summer of 1873 the degree of Ph.D. of that University was conferred on 
him. In the autumn he was appointed honorary demonstrator in the Physics 
Department of the Owens College, and commenced a research on the validity of 
Ohm’s law with Prof. Stewart in the new college buildings in Oxford Street. In 
1874 close of the session he spent a few weeks in Prof. Weber’s primitive 

laboratory at Gottingen, the autumn in Prof. Helmholtz’s laboratory at Berlin, and 
Christmas at his father’s house at Hampstead. Early in 1875 he was asked to join 
and ultimately to take charge of the Royal Society expedition to Siam to observe 
the solar eclipse of April 6. On the return journey he spent two months in a tour 
across the Himalayas into Kashmir, and in November he resumed the demon- 
stratorship and his optical work at the Owens College, and lectured to advanced 
students on Maxwell’s Electricity and Magnetism” which had appeared two years 
previously. 

In May 1876 he visited Maxwell at Cambridge with a view to beginning 
measurements of the magnetic properties of rocks, but after discussing with him 
the apparatus which would be required he decided to continue his spectroscopic 
work. He entered the Cavendish Laboratory in October and was admitted a fellow 
commoner of St John’s College in December. In 1878 he went to Colorado to 
take observations during the solar eclipse of July 29, and in 1879 was elected a 
Fellow of the Royal Society. When after the death of Maxwell Lord Rayleigh 
became Professor at the beginning of the Lent term, 1880, Schuster joined with 
him in a re-determination of the British Association ohm, the value of which was 
then uncertain to about 4 per cent. In the following Michaelmas term he lectured 
on radiation to post-graduate students. In 1881 he was elected to the newly consti- 
tuted chair of applied mathematics at the Owens College, which had become one 
of the constituent colleges of the Victoria University. He there commenced the 
researches on the passage of electricity through gases which he described in his 
Bakerian Lectures to the Royal Society in 1884 and 1890. In 1882 he went with 
Abney to Egypt to photograph the corona during the solar eclipse of May 17, and 
in 1886 with L. Darwin and Maunder to the West Indies for that of August 29. 

In 1887 he married Cary, the eldest daughter of George Loveday of Wardington, 
Banbury, Oxon., and in 1888 succeeded Balfour Stewart as Professor of Physics at 
Manchester. 

The great increase in the number of students taking physics necessitated the 
addition of three rooms to the three which had served previously as the physical 
laboratories, and in 1898 an independent building for physics, to the design of 
which he gave much time and thought, was commenced. It was opened in 1900. 

When the Charter of the University of Manchester was granted in 1903 Schuster 
became Dean of the Faculty of Science and representative of the University on the 
Education Committee of Manchester. His father died in 1906, and he resigned his 

PHY 8 . 8 OC. xlvii,6 7^ 
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Professorship in 1907, being succeeded by Rutherford. Already a good painter in 
water colours, he now took up oil painting as a recreation and in the course of a 
tour of India in 1908 he produced a number of oil paintings of Indian scenery. 

From 1912 to 1914 he was President of the Physical Society. From 1912 to 1919 
he was Secretary and from 1920 to 1924 Foreign Secretary of the Royal Society. 
In 1913 he removed from Manchester to Twyford, Berks. He was on his way to 
the Crimea for the solar eclipse of August 21, 1914 when the great war broke out 
and he oply succeeded in returning from Constantinople via Egypt at the end of 
September. Next year he was President of the British Association at the meeting 
in Manchester, and on the formation of the International Research Council in 1919 
he was elected Secretary’. 

He was knighted in 1920 and in 1924 served on the Royal Commission on the 
Universities of Oxford and Cambridge. 

In 1923 he lost the sight of one eye through an accident. It was a considerable 
shock to his general health and well-being, and he had to abandon his recreation 
of painting. A severe illness in the winter of 1927-8 left him much weakened, and 
he became a greater invalid as the years progressed. He died at his home at 
T^vyfo^d on October 14, 1934, and a memorial service was held in St James’s 
Church, Piccadilly on October 18. 

Lady Schuster, one son and four daughters survive him. 

When Schuster became a student under Roscoe he was already searching for 
harmonic relations amongst the spectral lines of substances, and it was not till 
ten years afterwards that he showed that such relations were only accidental. 

When 25 years later Rydberg had divided the lines of a spectrum into series, 
known respectively as the P, S and D series, Schuster discovered independently 
of Rydberg the equality of the wave-number of the first line of the P series and 
the difference between the limits of the S and D series, a relation which is now 
included in the modern theory of series spectra. 

On the advice of Roscoe he commenced in the Physical Laboratory an experi- 
mental investigation into the origin of the second or band spectra of gases under 
low pressure, and by 1872 had concluded that the band spectrum of hydrogen was 
due to hydrocarbon impurities derived from the lubrication of the taps of the 
containing tubes and that of nitrogen was due to the oxides of nitrogen. Widening 
of the lines of the spectra of gases he ascribed a year later to increase of pressure 
exclusively, and not to increase of temperature. During his tenure of the physics 
demonstratorship under Balfour Stewart his experimental tests of Ohm’s law led 
to doubts as to its validity. In 1876 he solved the question of* the origin of the 
motion of the vanes ih a radiometer exposed to radiation by surrounding them 
with a transparent bell, which he showed rotated in the opposite direction to the 
vanes, thus proving that both motions were due to the action of the residual gas. 
At Cambridge he continued his investigations of the spectra of metalloids and was 
led to consider the wider question of the mechanism of the passage of electricity 
through gases. With Lord Rayleigh he determined the British Association standard 
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ohm in absolute units by the rotating-coil method, and found it i*i per cent too 
small. For several years after his return to Manchester his principal experimental 
work was on the electrical conductivity of gases, which he held to be ionic in 
character. He showed that a solid obstacle in the cathode dark space of a vacuum 
tube cast shadows on both cathode and anode, and on deflecting the rays from the 
cathode by means of a magnetic field he concluded that these rays consisted of 
particles of nitrogen. The potential at a distance x from the cathode he expressed 
as where k was a constant. His Bakerian lectures of 1884 and 1890 

dealt with this pioneering work, which led him on to the investigation of various 
types of disruptive discharges in gases, such as lightning, and in 1900 with 
Hemsalech he showed that when a spark passes through a gas the current is in 
the first instance carried by the gaseous ions and immediately afterwards by those 
of the vapourized metal of the electrodes. In 1890 he showed that the experi- 
mental work of others on the sparking- distance between electrodes of various forms 
could be coordinated by calculating the maximum electric field between the elec- 
trodes in each case, and in 1904 he determined the coefficient of recombination of 
the ions in atmospheric air as 3-4 x 10 cm?/sec. 

The four solar eclipses in which he had taken observations of the corona led 
him to consider the question of the constitution of the sun, and its effect on the 
electrical properties of the earth’s atmosphere and the magnetic state of the earth 
itself. He was one of the first to work out quantitatively the consequences of 
Balfour Stewart’s hypothesis of the existence of a conducting layer in the atmo- 
sphere, and he showed in 1889, on the assumption that the forces which produced 
the daily variation of the magnetic state of the earth had a potential, that those 
forces resided in the atmosphere and produced electric currents whose effect was 
modified only slightly by their inductive action on the material below the surface. 

In his presidential address to the Physical Society in 1912 he reviewed some 
of the theories which had been put forward in explanation of the magnetism of 
the earth and rejected such as were based on electric currents within the surface. 

Out of his researches in terrestrial magnetism his general method of searching 
for hidden periodicities in recorded phenomena, described in his ‘‘Periodogram” 
paper of 1906, appears to have developed. 

His early spectroscopic work and his contact with Lord Rayleigh engendered 
an interest in optical questions which persisted throughout his life. In 1870 his 
method of adjusting the collimator of a spectroscope appeared, and in 1905 his 
conclusions as to the best width of slit to use. His simplified methods of dealing 
with diffraction and interference effects, some based on the hypothesis that light 
consisted of irregular impulses which were converted into periodic disturbances by 
the optical apparatus, appeared in a series of papers from 1891 onwards. Absorp- 
tion and scattering of light (1920) and their bearing on cosmical effects (1905) also 
interested him. 

In other fields he made determinations of the mechanical equivalent of heat, with 
Gannon, as 4*193 (1895), of electrochemical equivalents, with Crossley (1891 and 
1894), defects of colour vision (1890), and he wrote a series of “electrical notes 

72-a 
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His published works are as follows: 1896, Intermediate Practical Physics (with 
Lees); 1901, Exercises in Practical Physics (with Lees); 1904, An Introduction to 
the Theory of Optics \ 1911, The Progress of Physics^ 1875-1908; 1917, Britain's 
Heritage of Science (with Shipley); 1931, Biographical Fragments. 

The Royal Society awarded him a Royal Medal in 1893, a Rumford Medal in 
1926 and a Copley Medal in 1931. He was elected an honorary or a corresponding 
member of many scientific societies at home and abroad and his fluency in French 
and German made him invaluable in international conferences. He took a pro- 
minent part in the foundation of the International Association of Academies and 
from 1919 to 1928 was Secretary of the International Research Council. Many 
foreign delegates to scientific conferences in this country look back with pleasure 
to his hospitality. 

His wide interests in science and his sound common sense rendered him a most 
desirable member of research committees, and he served for many years on such 
committees of the Royal Society and the British Association. He had terms of 
office as Chairman of the Executive Committee of the National Physical Laboratory 
and as Vice-Chairman of the Meteorological Committee of the Air Ministry. As 
a Secretary of the Royal Society he took an active part in the organization of 
scientific research required by government departments during the great war. 

He gave much time and thought to the affairs of the scientific and educational 
institutions with which he was connected and contributed most generously to their 
finances. 

C. H. L. 


THOMAS FRANCIS CONNOLLY 

Mr Thomas Francis Connolly, who died on November 23, 1934, was born 
in County Monaghan, Ireland, in 1878. He graduated as M.Sc. at Liverpool in 
1899. R® spent eight years at the Solar Physics Observatory, Kensington, at the 
end of which time the Observatory was transferred to Cambridge. Mr Connolly 
was then appointed Assistant Inspector of Scientific Supplies at the India Store 
Department. In 1921 he was placed in charge as Inspector of Scientific Supplies. 
During the war he worked at the Ministry of Munitions in connection with the 
supply of optical instruments, and was awarded the M.B.E. for his services. 

Mr Connolly had a wide range of knowledge, and the secret ‘of his success as 
an inspector was his capacity for knowing what were the essential parts in the 
construction of an instrument, and insisting on good workmanship in them. He 
invented a simple form of theodolite, a reversible level, and a portable standard 
compass, all three instruments being known by his name. He also published 
various papers in technical journals dealing with instrument problems. 
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SIR ALFRED EWING, K.C.B., F.R.S., 

March 27, 1855 — ^January 7, 1935 

Many appreciations of the work and personality of Sir Alfred Ewing have appeared 
in the Press* and to these the reader may be referred who would know something 
of Sir Alfred as engineer, and something of those physical researches which added 
so much to our knowledge of the classical magnetism, and gave a new word to the 
English language. There, too, the reader will find the discreet story of Room 40, 
and accounts of that genius for administration which revolutionized naval education 
and guided the destinies of the University of Edinburgh through a critical period 
of expansion. 

Very scant reference, however, has been made to Sir Alfred’s work in furthering 
the study of the scientific basis of refrigeration, and the writer of this note, who 
has been in touch for many years past with this side of his activities, would place 
on record a tribute to the memory of one who was a great physicist and a great 
engineer. Sir Alfred was, indeed, throughout his long working life as much 
physicist as engineer. His interest in the purely physical side of thermodynamics 
was as great as his interest in its applications. He possessed a deep knowledge of 
the work of the founders of the science, and Sadi Carnot’s immortal Reflexions sur 
la Puissance Motrice du Feu drew from him unstinted admiration. His own contri- 
butions to the science, his Thermodynamics for Engineers and his articles in the 
Dictionary of Applied Physics have moulded the thought of some generations of 
students, and their influence is still profound. 

In 1897 he established his reputation as a leader amongst writers on refrigera- 
tion by a course of Howard lectures delivered to the Royal Society of Arts. These 
lectures were published eleven years later under the title The Mechanical Production 
of Cold, The book, charming and lucid in its style, is. a classic in the literature of 
science. 

Sir Alfred was the Chairman of a Committee of the Institution of Mechanical 
Engineers which was set up “to consider and define a standard in refrigeration 
and its units of measurement”. This committee published a report in 1914 in 
which was given a series of tables and charts of the thermodynamic properties of 
refrigerants. 

When the Food Investigation Board was established. Sir Alfred accepted the 
chairmanship of its Engineering Committee and continued, without missing a 
meeting, to preside until his death. He made an admirable chairman, and an 
investigator of nervous temperament, when presenting his report, had the path 
smoothed for him by Sir Alfred’s genial manner and his clear exposition of the 
salient points. It was an invariable rule with him to go through the report with 
its author before the meeting, and any obscurity was cleared up before presentation. 

• Times y January 8; Engineering y January ii; Naturey January 26, 1935. Sir Alfred’s auto- 
biographical volume An Engineer*s Outlook (Methuen) should also be consulted. 
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He was keenly interested in the work of the International Union of Physics and 
took an active part in the work relating to thermodynamic symbols and the defini- 
tion of the thermal unit. One of his last public appearances was at the meeting 
of the Union in London in October 1934, when the report of the Symbols, Units 
and Nomenclature Commission came up for discussion. 

His work as Principal of a large university left him, in his later years, small 
opportunity for research, but on one occasion — ^when a flowmeter was under con- 
sideration — Sir Alfred’s enthusiasm was roused to the point of commandeering his 
bathroom for experiments. An account of the work was published in the Pro- 
ceedings of the Royal Society of Edinburgh, It is interesting to note that this type 
of flowmeter — a ball in a conical tube — had been suggested by him 50 years 
previously. 

He was a Fellow of the Physical Society for 37 years, and served a term of 
office as Vice-President. 

Sir Alfred Ewing was loved by all who came into intimate contact with him; 
in losing him the world of science has lost an outstanding personality. 

EZER GRIFFITHS 


DAVID KING MORRIS 

Dr David King Morris, a Life Fellow of the Physical Society, passed away 
after protracted ill-health on May 14, 1935, at the age of 61 years. 

Dr Morris became a student in the Engineering Department of University 
College, London in 1891 under Profs. Hudson Beare, Carey Foster, and J. A. 
Fleming, and was able to maintain himself at college for the full four-year period 
by means of the prizes, scholarships and exhibitions which he gained. In the third 
and fourth years he carried out in conjunction with the present writer research 
work on dielectric hysteresis and on the measurement of currents in inductive 
circuits; these were published by the Royal Society and in the Philosophical 
Magazine, He then proceeded as an 1851 Exhibition Scholar to the University 
and Polytechnicum of Zurich, where he was awarded the degree of Ph.D. in 1897 
for a dissertation entitled “The Magnetic Properties and Electrical Resistance of 
Iron as dependent on Temperature”, and on his return to England he was elected 
a Fellow of University College at the early age of twenty-four. 

He was successively demonstrator at the S.W. Polytechnic (London) and 
Lecturer in Electrical Engineering at the Mason University College (which later 
became the University) at Birmingham. In the latter position Dr Morris was 
responsible for the entire work of the Electrical Engineering Department and in 
addition to his teaching duties much valuable research work was carried out or 
inspired by him. 

The equipment of the new laboratories, admittedly at the time one of the finest 
in the country, was undoubtedly the result of his experience and foresight. 
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In the years 1904-1908 he contributed four joint papers to the Institution of 
Electrical Engineers. The paper on eddy-current brakes for testing motors (1905) 
was in front of its time, and the mathematical theory developed by him is now 
found to be of real service in engineering practice in the design of brakes for 
electricity-meters. 

He later helped to found the firm of Morris and Lister at Coventry. 

During the war as director of the M.L. Magneto Syndicate he became one of 
the chief suppliers of magnetos for aircraft. 

A. W. P. 


ARTHUR LYNCH 

Colonel Arthur Lynch, who was born at Smythesdale, near Ballarat, in 
Australia in 1861 and died in a London nursing home this year, was almost a 
legendary figure. To some who were permitted to glimpse his achievements in the 
most diversified fields he may well have appeared something like a universal genius, 
and that is an interpretation of his character which he would not have put himself 
to any particular pains to contradict. Others, meeting him in his more expansive 
moods, may have been inclined to murmur “charlatan**, in which they would 
have done him less than justice. 

To the public in the opening years of the century Colonel Lynch was “the man 
who fought for the Boers** and was sentenced to death and reprieved. Opinions 
differ about the importance of the Irish Brigade which he is understood to have 
commanded, but it may be said with some confidence that it made no great 
difference to the military history of the campaign, and it was a wise act of clemency 
that made it possible for the rebel “Col.” Lynch of the Boer war to be colonel of 
the loth Battalion, Munster Fusiliers in France in 1918. From 1901 to 1903 he 
sat in the House of Commons as Nationalist member for Galway and he returned 
to the House in 1909 and sat until 1918 for West Clare. When the propriety of 
putting him forward in 1909 was challenged by a timorous member of the Selection 
Committee on the ground that he had “killed Englishmen *‘, another member with 
an acid wit which Lynch himself could appreciate, retorted that the Colonel had 
killed more Englishmen when he was a doctor in London than when he was a 
soldier in South Africa. 

That was not a verdict he would have accepted, for he took himself seriously 
as a scientist. “ I have had**, he used to claim, “a longer academic training than 
any other man living.** After leaving Melbourne University with degrees in arts 
and engineering, he studied at Berlin University, took the diploma of the ficole 
Sup^rieure d*filectricit6 in Paris, followed a medical course at the Hopital Beaujon 
in Paris and qualified for the Medical Register in this country by taking the con- 
joint examination from St Mary’s Hospital, entitling him to inscribe himself 
M.R.C.S., L.R.C.P. 
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His engineering studies were interrupted by the attractions of journalism in 
Paris, and it is probably a sound estimate of his career to say that he was essentially 
a journalist. He had that convenient type of mind that enables its possessor to 
pass any examination with little effort, and a real flair for “news value To this 
must be added an Irishman’s love of being against the conventions. He was a 
warm supporter of Spahlinger’s claims in the field of tuberculosis, but a caustic 
and unsparing critic of the psycho-analysts. 

His attitude towards scientific questions is embodied in a pungent volume 
which he wished to call Humbugs of Science, The late Sir John Murray, however, 
preferred the more decorous title Science^ Leading and Misleading^ under which 
it ultimately appeared. But the fight which he considered “the best and the last” 
was against Einstein. He regarded relativity physics as a confused sort of meta- 
physics and ultimately got his book published. His confident declarations to 
publishers that he could “knock Einstein out in one round” delayed the issue. 

Lynch published novels, poems, a two- volume book on psychology which, he 
claimed, laid the foundations of a new and true system, and a book on the future of 
the Empire. The book he most wanted to write at the end was a defence of re- 
publicanism, in which he held a passionate belief that not even first-hand experience 
of republics had succeeded in eradicating. 
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Electron Emission and Adsorption Phenomena^ by J. H. de Boer. Translated from 
MS. by Mrs H. E. Teves-Acly. (Cambridge: The University Press.) 21s. 

The author of this book is on the research staff of the Philips Lamp Factory at 
Eindhoven. It contains an account of thermionic and photoelectric effects, both external 
and internal, written with special reference to the influence of adsorption at the outer 
surfaces and internal flaws of the material. Following a preliminary account of thermionic 
emission, the second chapter gives a careful discussion of the forces which can give rise 
to adsorption, and their relative importance in the case of atoms and ions, polar and non- 
polar systems. Apart from a digression in chapter vii to give an account of the photo- 
ionization of gaseous molecules and the Franck-Condon principle, the remainder of the 
book shows how the ideas of the second chapter can be applied first to the emission of 
electrons from complex surfaces such as are widely used for dul 1-emitter filaments, and 
next to the phenomena of internal conduction associated with the names of Gudden and 
Pohl. 

A very large number of experimental results are described, including many of the 
author’s own ; these, however, seem to have been selected with a view to illustrating the 
theory rather than to giving a complete account of the subject. For example, in the chapter 
on the selective photoelectric effect only two lines deal with the liquid sodium-potassium 
alloy with which so much of the work has been done. Again, more reference might have 
been made to the work of Przibram and his school on the coloration of alkali halides. 

The author’s views, which are a development of ideas due to Langmuir, Becker and 
others, are well set out. On a basis of the forces between surfaces and the atoms adsorbed 
on them he is able to explain a wide range of phenomena, many of them of commercial 
importance. Objections are dealt with fairly, and the general impression with which one 
is left is that the author has succeeded in presenting a probable explanation of the main 
facts and one capable of extension in other directions. 

The style is, in some places, decidedly clumsy, perhaps as a result of too literal a 
translation, but in spite of this the book is readable. q p j 

The Optical Basis of the Theory of Valency^ by R. de L. Kronig, Ph.D. Pp. x-h 246. 
The Cambridge Series of Physical Chemistry. (Cambridge: The University 
Press, 1935.) i6^. net. 

Knowledge of the nature of chemical valency has developed rapidly in recent years 
from G. N. Lewis’s hypothesis of octets and sharing of paired electrons to the more 
detailed theories of Heitler and London (1927), Pauling and Slater (1931) and Hund and 
Mulliken (1932-3). This development is a consequence of the progress made in the 
quantum-theoretical interpretation of molecular spectra, and has been achieved very largely 
by the application of purely physical methods. It is not only the chemist who has found 
difficulty in keeping abreast of this outgrowth of modern physics and felt the need of a 
clear exposition in English book form. To present the subject adequately within the rather 
narrow limits of some 250 pages is no easy task for any author, be he theoretical physicist, 
physical chemist or spectroscopist. However, it has been achieved most admirably in 
this work by Dr Kronig, who has already won world-wide fame not only by his important 
contributions to modern theoretical physics but also by his powers of lucid exposition 
of the essentials of the subject in our language as well as his own. 
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Taking advantage of the fact that detailed accounts of the analysis of atomic and 
molecular spectra and of the quantum-mechanical theory of spectra and valency are 
available in other recent books, Dr Kronig has reduced to a minimum both the mathe- 
matical argument and the spectroscopic detail, thereby widening the scope of the work 
and making it more acceptable to the chemical reader. As will be seen from the following 
outline it is not entirely spectroscopic, nor is it for the chemist only. The opening chapter 
deals with relevant chemical facts, atomic theory, atomic models, etc., the next with the 
investigations of atomic and molecular structure by means of X-ray and electron diffraction . 
The third chapter is given to atomic spectra and the periodic system, and the next two to 
band spectra and chemical binding in diatomic and in polyatomic molecules. The pheno- 
mena of optical and thermal dissociation are dealt with in the last chapter. A table of 
atomic electron configurations and ground states is appended. 

Some of the notes made in the course of a first reading may not be out of place here, 
(i) It is clear from the first paragraph of p. 88 that a in equation (21*15) is a positive 
quantity; hence equations (21*16) and (21*20) must, if they are to agree with observation, 
have + in place of their — signs, whatever the theoretical justification for the latter may 
be. (ii) It is no longer true of all the measurements of rotation bands that, as is stated on 
p. 95, they were made in absorption and so refer to v = o. Actually Strong has measured 
fairly extensive rotation bands of HCl in emission for v = o (to 7 = 33) and for v=i 
(to 7 = 23). (iii) The table of constants for the ground states of diatomic molecules on 
pp. 100-4, which the author has supplemented the data in this Society's report by 
more recent data (to April 1935), is by no means complete; many emitters recorded before 
that date are omitted, and for a few others the data are not the latest. NiH looks ill at 
ease in the class of halogen hydrides on p. loi. (iv) The proximity of the dissociation 
energies of Ng and CO is closer than appears on p. 1 18, the latest value of the latter being 
as low as 8*41 V. as against the earlier estimate of 10 V. quoted there and on p. 136. 
(v) The spectrograms in the plates facing pp. 170 and 222 would gain in usefulness if 
provided with scales of either wave-lengths or wave-numbers, (vi) In the 12th line from 
the foot of p. 236 either the two values should be interchanged or the word respec- 
tively** should be deleted. 

This is an important work, which should find an even wider circle of readers than the 
author’s well-known Band Spectra and Molecular Structure. As usual, the work of the 
Cambridge University Press is beyond praise. YV. J. 


La Spectroscopic appliquee^ by P. Swings. Pp. 188. (Biblioth^que scientifique 
Beige. Paris: Hermann et C*®, 1935.) 15 francs. 

In spite of the great progress made in spectrographic analysis in recent years, it 
appears that the method has not been applied in Belgium to nearly the same extent as it 
has in many other European countries and the U.S.A. To remedy in some measure this 
unsatisfactory state of things is the main object of this excellent little monograph, which 
is based to a large extent on a course given by the author in the Technical Faculty of the 
University of Liege, and is the first of its kind in the French language. An entirely 
practical point of view is adopted throughout. After an introductory chapter on the 
history, advantages and physical basis of the spectroscopic method of analysis, we have 
one chapter on instruments (spectrographs and light-sources), two chapters on qualitative 
and quantitative analysis by means of emission spectra, and two on typical applications 
to chemical, technical and biological problems. Then follow a chapter on analysis by 
means of absorption spectra, one on other methods (infra-red. X-rays and fluorescence), 
and one outlining the physical interpretation of atomic and molecular spectra. A useful 
bibliography and a folding plate of spectrograms are appended. This small book contains 
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a remarkable amount of useful information, which is both well-selected and well arranged. 
It can be thoroughly recommended to English readers. j 

Molekukpektren und ihre Anwendung auf Chetnische Prohleme: /, Tabellen^ by 
H. Sponer. Pp. vi4-iS4. (Berlin: Julius Springer, 1935.) RM. 16, bound 
RM. 17.60. 

The usual plan of tabulating numerical data in an appendix to the main text of a 
comprehensive work, especially one on such a wide and rapidly growing subject as mole- 
cular spectroscopy, has the disadvantage that it makes no provision for two probable 
requirements: many readers may require the tables only, and the tables may require 
revision and expansion more frequently than the text. Prof. Sponer and her publishers 
have therefore done wisely in issuing these valuable tables as a separate volume, which 
is to be followed by the text in volume ii. The work is an addition to the well-known series 
of Struktur und Eigenschaften der Materie monographs founded by Professors Bom and 
Franck. 

Both diatomic and polyatomic molecules are included, each class occupying about a 
half of the volume. For diatomic molecules there are tables of constants for all the 
known electronic states and band systems, observed predissociation effects, isotope effects, 
alternating intensities and nuclear spins, and electron-impact processes. Most of these 
are founded, as Dr Sponer very handsomely acknowledges, upon the corresponding 
tables (Appendix II and Tables 12 and 26) of this Society’s Report on the subject, supple- 
mented where possible by data as to the electron configurations and dissociation products 
of the various molecular electronic states, as well as by new data from original papers 
that have appeared since 1932. Those chemists and spectroscopists who have pointed 
out the need of a new edition of Appendix II will certainly find here all they require for 
the time being. The tables for polyatomic molecules are entirely new; they cover infra-red 
absorption and Raman spectra (with diagrams of the modes of vibration of the various 
molecules in their ground states), electronic bands, and electron-impact processes. The 
work is brought up to date as far as possible by two supplementary tables containing matter 
which was published in 1934 and early 1935 while the rest of the volume was going 
through the press. Each group of tables is preceded by a few explanatory paragraphs and 
followed by a list of references to original papers, and an adequate eight-page index is 
provided. 

Great care has obviously been taken in the preparation of the tables, and the omissions 
and numerical slips so far detected are very few indeed. Perhaps it would be well to point 
out here that the entries 6*266 and 5‘i8i on p. 13 for two states of Lig are the values of 
, not itself ; this error is the result of a rather unusual method of presentation 
in the original paper. Spectroscopists and physical chemists will undoubtedly find these 
tables invaluable and will look forward to the appearance of the text itself. ^ j 

Optical Rotatory Power ^ by T. M. Lowry, C.B.E., F.R.S. Pp. xiii-i-483. (London, 
Longmans, Green and Co., Ltd.) 30s. net. 

This is, we believe, the first original English work on a subject which, during the 
century or more that has passed since Biot’s discovery, has attracted much attention, and 
has accumulated a wealth of special literature. Prof. Lowry’s volume is hardly likely to 
find a rival in our generation. His treatment of the subject which he has made so peculiarly 
his own is scholarly, full and well-balanced, and the citations from the literature are detailed 
enough to save even the specialist much rummaging in the dusty files of the original 
papers. 
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The scope of the book may be indicated sufficiently by the titles of the four parts 
into which it is divided — Historical and General, Polarimetry , Special Cases, and Theoretical 
Considerations, Theory and experiment are held admirably in balance, the book is well 
up to date — Born’s latest views receive adequate and detailed treatment — and the descrip- 
tions of apparatus and instruments leave nothing to be desired. The book, indispensable 
to the physical chemist, may be read with pleasure and profit by anyone interested in 
the history and advance of purely physical science. 


The Theory of Atomic Spectra, by E. U. Condon, Ph.D., and G. H. Shortley, 
Ph.D. Pp. xiv + 441. (Cambridge: The University Press, 1935.) 42^. net. 

The theoretical interpretation of the structure of line spectra of neutral and ionized 
atoms has now extended over a little more than two decades. In the first Bohr’s quantum 
theory, a combination of quantum postulates with classical kinematics and dynamics, was 
developed, and its limitations were ascertained. In the second the new dynamical theory 
was developed along two different lines, the matrix mechanics by Heisenberg and the 
wave mechanics by Schrddinger, afterwards unified by Dirac to form the system of 
quantum mechanics, in terms of which all the observed structural features of atomic 
spectra are much more completely understood and at least semi-quantitatively explained. 
In addition to the many books of various degrees of difficulty which have appeared on 
quantum mechanics itself, we have had several on the theoretical interpretation of atomic 
spectra, which, with one notable exception, were written from the point of view of Bohr’s 
correspondence principle. The exception is White’s Introduction to Atomic Spectra 
(McGraw-Hill, 1934) which meets the requirements of those taking up the subject for 
study in the laboratory, especially if it is used in conjunction with Bacher and Goudsmit’s 
Atomic Energy States (McGraw-Hill, 1932). Although several fundamental theoretical 
problems still await solution, and more detailed theoretical calculations on atomic spectra 
are desirable, the present state of the interpretation of such spectra may be regarded as 
fairly closed and highly satisfactory, and, therefore, a fitting subject for a complete and 
authoritative survey such as is provided in this masterly treatise. 

In the introductory chapter the authors give a brief and well-balanced historical 
sketch, and in the second an exposition, along the lines laid down by Dirac, of the 
quantum-mechanical principles used in the rest of the work. The next two chapters are 
devoted to the presentation of special results of the general theory which are used through- 
out the book. 'Fhe detailed development of the theory of atomic spectra begins with 
chapter v and continues as a unified and logical deduction of their structure from quantum 
mechanical principles throughout the remaining fourteen chapters. The theory is given 
in complete detail and the results are compared with experimental facts, but no attempt 
is made to adhere to chronological order. While admitting the value of the group theory 
in atomic physics the authors derive all the results without it in order to avoid unnecessary 
addition to the mathematical apparatus; there are, indeed, already three recent books 
by Weyl, Wigner and van der Waerden in which atomic spectral theory is regarded from 
the standpoint of the group theory. A discussion of universal constants and natural 
atomic units is appended. The book is well indexed, and, as goes without saying, magnifi- 
cently produced. To describe it as a monumental work is no idle repetition of a reviewer’s 
stock phrase; it really is one. It will be especially welcome to those spectroscopists who 
have for some time past had to seek theoretical results in widely scattered papers, as well 
as by those who wish to continue their reading beyond White’s book, which, indeed, will 
serve as an excellent introduction to this fuller work. w t 
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A Text-book of Lights by L. R. Middleton. Pp. viii + 288. (London: G. Bell and 
Sons, Ltd.) 6^. 

This book covers the ground required for the subject of Light in the Higher School 
Certificate and the Intermediate Science examinations, although it aims at a treatment 
rather more general than that of a text intended only for preparation for such tests. 

It may be said at once that the author has a clear style of exposition. The general scope 
of the book is well conceived, and an attempt is made to awaken interest in optical instru- 
ments and the phenomena of physical optics. It is disappointing, however, to find that 
he has completely ignored the recommendations of the Physical Society’s Report on the 
Teaching of Geometrical Optics^ so that the use of the book can only tend to perpetuate 
the unhappy confusion and division already existent between school optics on the one 
hand and technical optics on the other. Furthermore, the most objectionable features of 
the usual school optics, such as the use of unsymmetrical equations of the type 

(M I /Lt— I 

V u~~ r 

are again encountered. 

While a desire to awaken an interest in optical instruments is praiseworthy in an 
author, the appearance of such general statements regarding a telescope as 

,, ... diameter of objective,, 

magnifying power ^ ^ 

diameter of eyepiece 

(p. 123) may very justly disturb our confidence in the author’s wisdom in venturing off 
the beaten track. The paragraph on “night glasses” is really entirely concerned with 
explaining the enhanced visibility of stars obtained with a telescope, and has little or 
nothing to do with “night glasses” in the ordinary sense of the term. The whole section 
is most misleading, and the same thing must be said of some other parts of the book. 

Much better things than this must be expected before there can be any valid reason 
for abandoning some of the older school books of the same type. L. c. M. 

Origins and Development of Applied Chemistry^ by Prof. J. R. Partington, M.B.E., 
D.Sc. Pp. xii + 597. (London: Longmans, Green and Co., 1935.) 455. net. 

In spite of all that has been written on the subject during the last thousand years, the 
plain truth is that the origin of chemistry remains an unsolved mystery. The course of 
the science from Islam to Latin Christianity, and its subsequent growth to the majestic 
proportions that characterize it to-day, are clear enough. It is also pretty well established 
that the Muslims obtained their initiation into chemical knowledge mainly by way of 
Alexandria, and that the Alexandrian Greeks derived much from Egyptian sources. But 
the simple hypothesis that chemistry arose ab initio in ancient Egypt, and that the chemical 
succession is unbroken through Moses, Mary the Copt, Zosimos the Panopolitan, Khalid, 
Jabir, Razi, Roger Bacon, Albert the Great, Paracelsus, Lemery and Boyle, has little but 
its simplicity to recommend it. We now know, for example, that Assyria possessed 
competent practical chemists as early as the seventh and sixth centuries b.c.; that alchemy 
in China is at least as ancient as in Alexandria, and possibly much older; that much the 
same is true of chemical theory and practice in India; and that Persian alchemy show’s 
many signs of a very remote indigenousness. The wealth of discoveries of this kind pub- 
lished during the present century has thus not made the problem of the origin of chemistry 
any easier; on the contrary, it has shown that the whole matter is far more complicated 
than had been suspected, and that a great deal of research will have to be carried out 
before any sort of finality is reached. It has also become clear that the data for speculation 
are insufficient, and consequently require to be supplemented by the patient accumulation 
of as many relevant facts as possible. 
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This kind of work is exacting, tedious and pedestrian. It offers no alluring prospect 
of spectacular discoveries, and demands the closest attention and perseverance in the 
establishment of detail. It is, in short, the kind of work that everybody would like to 
see done, but hopes that someone else will do. Prof. Partington has unselfishly attacked 
the task, and all who read the present book will agree that he has made a noble beginning. 
He is, of course, admirably equipped for the purpose, most especially in his unswerving 
determination to be accurate, to give line and word of his authorities, and to refrain from 
supposition; with Newton he would say hypotheses non Jingo. He has, however, the addi- 
tional qualification of possessing as wide a knowledge of old chemical literature as any 
man now living, with the probable exception of Prof. E. O. von Lippmann — and von 
Lippmann read the greater part of the book while it was still in manuscript. There could 
thus have been no more appropriate a choice for the work, and we must count ourselves 
fortunate that Prof. Partington, rejecting fields in the history of chemistry where honour 
is more easily to be gained, has methodically dug ground too intractable and too arid 
for any of less resolution than he. 

The plan of the book is simple. Prof. Partington deals in turn with Egypt, Babylonia 
and Assyria, the Aegean Civilization, Troy and Cyprus, Asia Minor, Persia, Phoenicia, 
and Palestine. In each part, a short account of the general history' and archaeology of 
the region concerned is given first (an extremely useful feature which the reader will 
appreciate) and this is followed by sections on metals and non-metals; each section is 
further divided into sub-sections, within which individual metals, minerals and other 
substances are separately considered. By this arrangement it is easy for the reader either 
to get a view of the technical chemical knowledge of a particular region, or to turn up all 
that was known of a given substance in the whole of the various regions. 

It is difficult in a review to indicate the wealth of facts which Prof. Partington has 
amassed, docketed, arranged and fully indexed. There are, for instance, over loo index 
references to lead and about the same to iron, while gold, as might be expected, occupies 
more than half a column of the subject index. Within the limits he has chosen, it would 
be hard to find any fact of importance that Prof. Partington has omitted ; but not content 
with mere compilation, he has added comments and corrections from the chemist’s point 
of view in cases where the facts reported are obviously doubtful or erroneous. 

The general impression left by the book is one of surprise at the wide, deep and 
accurate knowledge of an empirical chemical kind possessed by the nations of antiquity. 
It seems, also, as if no one nation showed any remarkable pre-eminence over the others, 
with the possible exception of Egypt ; and it is thus not very hazardous to suggest that 
research will have to be pushed back still further before the period and region of the 
principal discoveries — e.g. the smelting of ores — can be definitely fixed. Furthermore, 
the problem of the origin of the corpus of alchemical doctrine does not yet make contact 
with the chemical facts recorded by Prof. Partington ; but his book is a long step towards 
the provision of a terminus a quo in this connexion. 

Those who know the discipline of historical research in science will best appreciate 
Prof. Partington’s achievement ; but it would be a mistake to look upon his book as one 
for the specialist only. The general reader interested in the story' of man’s gradual conquest 
of the material world will find it a storehouse of relevant and reliable information, pre- 
sented in a scholarly and attractive manner. ^ j holmyard 


A Symposium on Illumination, edited by Webber Grieveson, B.Sc., M.A., with a 
foreword by Lt.-Col. K. Edgcumbe. Pp. xv + 229. (London: Chapman and 
Hall, Ltd.) i^s. 6 d. net. 

In 1933 a series of lectures was given (mainly at the Regent Street Polytechnic) under 
the auspic^ of the National Illumination Committee and the Illuminating Engineering 



Reviews 1 145 

Society, The lectures, which are reprinted in this volume, demonstrate admirably the 
amazingly rapid advances made in this, as in so many other branches of physics, pure and 
applied. The topics considered are best shown by a catalogue of the lecture titles : Lighting 
in the Service of Mankind (C. C. Paterson); Radiation — Light and the Eye (J. W. T. 
Walsh); Electric Lamps and their Characteristics (W. J. Jones); Gas Lamps and their 
Characteristics (F. C. Smith); Daylight: Coloured Light (J. W. T. Walsh); Photometric 
Standards, Lamp Photometry and Illumination Measurement (J. T. MacGregor-Morris); 
The Redistribution of Light (G. H. Wilson); Lighting for Decoration and Entertainment 
(A. B. Read); Public Lighting (J. F. Colquhoun); and Lighting for Safety, Health and 
Welfare (H. C. Weston). 

The treatment is what has been called semi-technical ; it is popular in the best sense 
of the word; it is never cheap; and the lectures hold the reader’s attention from the 
opening sentence of Mr Paterson’s brilliant discourse, to that last page on which Mr Weston 
gives sage advice on spectacles for fine work. 

A book to be thoroughly commended. 

The Scientific Journal of the Royal College of Science, Vol. v. Pp. 137. (London: 

Edward Arnold and Co.) 75. 6 d. net. 

The topics dealt with in the fifth volume of this journal are perhaps a little more 
pedestrian than those discussed in previous issues. Nevertheless the volume maintains 
the high standard of its predecessors, and contains adequate reports of some very valuable 
lectures. Seven addresses are reported under the heading of the (Chemical Society’s 
section, four under the Natural History section, and three only under the section allotted 
to the Mathematical and Physical Society, of which one address of special interest — that 
of Prof. Milne on the Expanding Universe — is reported only in abstract. We trust that 
succeeding issues of this journal, the importance of which increases with each year of 
issue, will see a more even distribution of topics between the sections allotted to the 
three Societies concerned. a f 


Actualites Scientifiques et Industrielles, (Hermann et Cie., 6 Rue de la Sorbonne, 
6, Paris.) 

Under the above general heading we have received the monographs listed below. 
Each is written by an authority on his subject and the treatment is, in general, concise 
and clear. 

222. Y. Rocard. Propagation et Absorption du Son. 15 fr. 

225. H. Mineur. Dinombrements d*£toiles. 15 fr. 

230. P. M. S. Blackett. La Radiation Cosmique, I. Apergu Gdn^al. 10 fr. 

231. P. M. S. Blackett. La Radiation Cosmique, II. La Mdthode de la Chambre de 

C. T. R. Wilson. 8 fr. 

232. P. M. S. Blackett. La Radiation Cosmique^ III. U Action du Chiimp Magn^tique 

Terrestre. 7 fr. 

233. P. M. S. Blackett. La Radiation Cosmique^ IV. La Perte d'Energie par Ionisation. 

10 fr. 

234. Y. Rocard. La Stability de Route des Locomotives. 15 fr. 

236. Pierre Fleury. G^niraUtis sur les Mesures. 15 fr. 

241. P. Swings. Les Spectres des Nibuleuses Gazeuses. 10 fr. 

245. Manuel Valadares. Transmutation des EUmints. 10 fr. 

247. G. Gu^ben. Structure NucUaire. 10 fr. 

248. B. Rossi. Rayons Cosmiques. 12 fr 
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X-Rays in Theory and Eocperiment^ by A. H. Compton and S. K. Allison. pp. 
xiv-l-828. (London: Macmillan and Co., 1935.) Price 32^. 6 d, 

Compton's X-Rays and Electrons y published in 1926, was a book of very strongly 
marked individuality; it was, moreover, largely given up to the study of a relatively small 
number of the outstanding X-ray problems of its time. This being so, it is more than 
usually interesting to see how the book transforms, nine years later, into a second edition. 

In the first place, there has been an inevitable increase in bulk; the new work is more 
than twice the size of its predecessor. Secondly, Compton and Allison have transformed 
the book into a systematic and just sufficiently encyclopaedic treatise which covers a con- 
siderable portion of the whole domain of the physics of X-rays. In brief, the change, in 
the book is well enough indicated by the change in the title; the new edition justifies the 
new title, comprehensive though that is. 

The chapter headings give the clearest indication of the scope of the work. They are: 
(i) Discovery and Properties of X-rays (55 pages); (2) Production of X-rays (60 pp.); 
(3) Scattering of X-rays (147 pp.); (4) Dispersion Theory applied to X-rays (53 pp.); 
(5) Study of Crystal Structure by means of X-rays (49 pp.); (6) Intensity of Reflection of 
X-rays from Crystals (107 pp.); (7) Phenomena associated with the Ejection of Photo- 
electrons by X-rays (iii pp.); (8) Interpretation of X-ray Spectra (89 pp.); (9) Some 
accurate Methods of X-ray Wave-length Measurement and their Results (85 pp.). There 
are eleven Appendices of very varied content, which includes some valuable absorption 
data, as well as matter of more theoretical interest. 

In general most stress is laid upon those divisions of X-ray research which are most 
germane to the major problems of atomic structure and of radiation. Other sections — on 
which one would normally consult such treatises as those of the Braggs or Siegbahn — are 
developed as a rule in less detail. This is not, however, to say that they are inadequately 
handled: in fact their salient features are in general depicted in a most illuminating 
fashion. The result is that while the book is still very directly addressed to the X-ray 
specialist, it is also fitted to serve as a scholarly and inspiring introduction to the subject 
for readers whose interests are less localized. There is an extensive bibliography for which 
completeness is not claimed, but which is ample for the needs of those beginning serious 
research in the physics of X-rays. 

It is pleasant to note that in the course of its revision and expansion the book has not 
lost its original air of spontaneity; it still smells healthily of the laboratory. In other words 
the authors, having played an active part in building up the experimental material which 
they discuss, have naturally succeeded in presenting that material as part of a live and 
vigorous organism. 

This is a notable and much-needed addition to the literature of X-rays, and we are 
fortunate in more ways than one in having it presented to us in English. It is salutary to 
think of the price which would have been demanded for a treatise of similar extent if it 
had happened to bear the title “ Theoretisches und Experimentelles fiber Rdntgenstrahlen 
As it is, we have a great deal of good book for a relatively very modest price. 

Printing and production are excellent, but it would assist cross-reference (especially in 
view of the way in which the equations are numbered) if the chapter numbers were in- 
serted at the head of each page. For this, the present reviewer would willingly sacrifice the 
subject titles which head alternate pages, and which must have been far more troublesome 
to draft and print. 


H. R. R. 
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